N

N

A local limit theorem for densities of the additive
component of a finite Markov Additive Process

Loic Hervé, James Ledoux

» To cite this version:

Loic Hervé, James Ledoux. A local limit theorem for densities of the additive component of a
finite Markov Additive Process. Statistics and Probability Letters, 2013, 83 (9), pp.2119-2128.
10.1016/j.spl.2013.05.032 . hal-00837498

HAL Id: hal-00837498
https://hal.science/hal-00837498

Submitted on 22 Jun 2013

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00837498
https://hal.archives-ouvertes.fr

Local limit theorem for densities of the additive component of
a finite Markov Additive Process
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Abstract

In this paper, we are concerned with centered Markov Additive Processes {(X¢, Y;) }ter
where the driving Markov process { X }:cr has a finite state space. Under suitable condi-
tions, we provide a local limit theorem for the density of the absolutely continuous part of
the probability distribution of t~/2Y; given X,. The rate of convergence and the moment
condition are the expected ones with respect to the i.i.d case. An application to the joint
distribution of local times of a finite jump process is sketched.

Keywords: Gaussian approximation, Local time, Spectral method, Markov random
walk.

1 Introduction

When {X}},>1 is a sequence of centered independent and identically distributed (i.i.d.) real
valued random variables such that Y, := """ ; X; has a bounded density for some n, it is
well-known that the density f, of n=1/2Y,, satisfies the following Local Limit Theorem (LLT)

lim sup|fn(y) — =0,
HmyeR\f () — ()|

where 7)(+) is the density of the Gaussian distribution N'(0,0?), with 02 := E[X?]; see [Gne54]
and [IL71 [Fel71] for detailed discussions. If X; has a bound(?d devnsity and a third moment,
then the rate of the previous convergence is O(n~'/2); see [SS65, [Sah66, [KZ98].

This paper extends the last result to centered Markov Additive Processes (MAP) {(X¢, Y3) bet
with state space X x R?, where X := {1,...,N} and T := N or T := [0,00). Recall from

[Asm03] that {(X;,Y;)}ter is a Markov process on X x R? with a transition semi-group,
denoted by {Q¢}ier, which satisfies

V(k,y) e X xRY V(¢,B) e X x B(RY), Qu(k,y; {¢} x B) = Qu(k,0;{¢} x B—y). (1)

The transition semi-group of the driving Markov process { X }ser is denoted by {P;}ier. The
stochastic N x N-matrix P := P; is assumed to be irreducible and aperiodic. Moreover
the mass of the singular part of the conditional probability distribution of t=1/2Y; given
Xo = k is supposed to converge exponentially fast to zero. Let fj+(-) be the density of the
absolutely continuous part of this conditional distribution. Under a third moment condition
on Y; and some conditions on f .(-) and its Fourier transform (see (ACHI)-(ACR])), we prove
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in Theorem that, for every k € X, the density fj+(-) satisfies essentially the following
property:

sup | Fri(y) = ms(y)] = O(t™/?)

where 7, (-) denotes the density of N'(0,%). Matrix ¥ is the asymptotic covariance provided
by the Central Limit Theorem (CLT) and is assumed to be invertible. Our moment condition
and rate of convergence are the expected ones with respect to the i.i.d. case. The proof of
Theorem is based on the spectral method (e.g. see [GH88, [HHO1] when T := N, and
[FHLI2] when T := [0, +00)).

To the best of our knowledge, Theorem is new. The known contribution to LLT for
densities of additive components of MAP is in [RS08|, where only the discrete time case is
considered and exponential-type moment condition on Y7 is assumed (the rate of convergence
is not addressed). Note that, for discrete time, our Theorem only requires a third moment
condition on Yi. Moreover it is worth noticing that the probability distribution of Y; is
not assumed to be absolutely continuous with respect to the Lebesgue measure on R%. An
application to the joint distribution of local times of a finite jump process is provided in
Section Bl The proof of Theorem is given in the last section. In order to save space, some
details are reported in a companion paper which is referred to as [HL]

This work was motivated by a question in relation with a self-attracting continuous time
process called the Vertex Reinforced Jump Process (VRJP) recently investigated by [ST11].
This process is closely related to the Edge Reinforced Random Walk (ERRW) and was instru-
mental in the proof of the recurrence of the ERRW in all dimensions at strong reinforcement.
In a paper in progress, [ST13| make a link between the VRJP and accurate pointwise large
deviation for reversible Markov jump processes: it appears that the limit measure of the
VRJP |[STTII] is closely related to the first order of pointwise large deviations which are de-
rived in [ST13] for continuous time Markov processes using the present local limit theorem

and Remark 2.3

Notations. Any vector v = (v;) € CV is considered as a row-vector and v' is the corre-
sponding column-vector. The vector with all components equal to 1 is denoted by 1. The
Euclidean scalar product and its associated norm on C¥ is denoted by (,-) and || - || respec-
tively. The set of N x N-matrices with complex entries is denoted by My (C). We use the
following norm || - [|o on My (C):

VA = (Agy) € Mn(C),  [|Allo := max {| Ay, : (k,£) € {1,...,N}*}.

For any bounded positive measure v on R¢, we define its Fourier transform as:

V¢ eRY, D) = / eV du(y).
R4

Let A = (Ajy) be a N x N-matrix with entries in the set of bounded positive measures on
R%. We set

VB € B(RY), A(1p) = (Ax(1B)), V¢ eRY,  AC) == (Ag(0)). (2)
2 The LLT for the density process

Let {(X¢, Z¢)}ser be an MAP with state space X x R?, where X := {1,..., N} and the driving
Markov process {X;}ier has transition semi-group {P;}ier. We refer to [Asm03, Chap. XI|
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for the basic material on such MAPs. The conditional probability to {Xo = k} and its
associated expectation are denoted by P and Ej respectively. Note that if 7 : R —R™ is a
linear transformation, then {X;, T(Z;)}ier is still a MAP on X x R™ (see Lem. C.1 in [HLJ|).
We suppose that {X;}ier has a unique invariant probability measure w. Set m := E.[Z;] =
S, m(k)Eg[Z1] € RY. Consider the centered MAP {(X¢,Y;)}ier where Y; := Z; — tm. The
two next assumptions are involved in both CLT and LLT below.

(I-A) : The stochastic N x N-matrixz P := Py is irreducible and aperiodic.
(Ma) : The family of r.v. {Yy}yeo,1)nT Satisfies the uniform moment condition of order a:

M, :=max sup E;[[|[V,]|*] < oo (3)
keX ye(0,1)nT

The next theorem provides a CLT for t~'/2Y;, proved when d := 1 in [KW64| for T = N and
in [FHG7] for T = [0, 00); see [FHLI12| for p-mixing driving Markov processes.

Theorem 2.1 Under Assumptions (I-A) and (M2), {t~'/2Y;};er converges in distribution
to a d-dimensional Gaussian law N (0,X) when t — 4o0.

Remark 2.1 When T = N, the moment condition reads as: E.[|Y1]|?] < co. When T :=
[0, 00), since X is a finite set, we know that Condition (M2) on the family {Yy },e0,1)nt i still
equivalent to E[|Y1|?] < oo [FH6T]. Moreover, note that (I-A) is satisfied in the continuous
time case provided that the generator of {X;}i>0 is irreducible.

Now let us specify the notations and assumptions involved in our LLT. For any ¢ € T and
(k,£) € X2, we define the bounded positive measure Yy s, on R as follows (see (I)):

VB € BRY), YVioi(lp) :=Pu{X; =Y, € B} = Q(k,0; {¢} x B). (4)

Let ¢; denote the Lebesgue measure on R%. From the Lebesgue decomposition of Yy ¢4
w.r.t. £g, there are two bounded positive measures Gy, and p ¢4 on R? such that

VB € BRY), YVioi(1B):= Gret(18) + prer(1p) where Gpoi(1p) = /ng,z,t(y) dy (5)

for some measurable function gz ¢ : R4 —[0,+00), and such that py ¢, and ¢4 are mutually
singular. The measure Gy ¢, is called the absolutely continuous (a.c.) part of Yy ¢, with
associated density gi ;. For any t € T, we introduce the following N x N-matrices with
entries in the set of bounded positive measures on R%

Vi = Vret)koexz, Gt = (Gret)knexzs M= (1ket) kpex, (6a)

and for every y € R?, we define the following real N x N-matrix:
Gy (y) = (gk,f,t(y)) (k,0)ex2: (Gb)
Then the component-wise equalities (B read as follows in a matrix form: for any ¢t € T

VB e BRY), Vi(lp) = Gi(lp)+ My(1p) = /BGt(y)dy—kMt(lg). (6¢)

The assumptions on the a.c. part G; and the singular part M; of ); are the following ones.



AC1 : There exist ¢ >0 and p € (0,1) such that
vt >0, [Mi(lga)llo < cp’ (7)
and there exists ty > 0 such that p"® max(2,cN) < 1/4 and

Tty (Q) = sup  [[Gu(Q)llo —> 0  when [[¢[|— +oo. (8)
wE[to,Qto)

AC2 : For anyt > 0, there exists an open convex subset Dy of R such that Gy vanishes on
Rd\Dt, where Dy denotes the closure of Dy. Moreover Gy is continuous on Dy and differentiable
on Dy, with in addition

sup sup [|Ge(y)]lo < o0 sup [|Ge(y)llo = O(t_(d+l)/2) where 9Dy := Dy \ Dy
t>0 yeﬁt yEaDt

. 0Gy
=1,....d: — .
j=1,..., sup sup | oy W), < o

The next theorem is the main result of the paper.

Theorem 2.2 Let {(X¢,Y:)}er be a centered MAP satisfying Assumptions (I-A), (M3),
(ACO)-(AC2]). Moreover assume that the matriz ¥ associated with the CLT in Theorem [2]]
is invertible. Then, for every k € X, the density fr+(-) of the a.c. part of the probability
distribution of t~Y/2Y; under Py, satisfies the following property:

sup | fre(y) — 0y ()| < O(E™2) + O( sup ng (t7/2y)) (10)
y€ERL y¢Dy

where 1, () denotes the density of N'(0,%).

Remark 2.2 (Non-lattice condition) To derive a LLT, it is standard to assume some
non-lattice condition which writes for the MAP {(Xy,Y:) }er as (e.g see [FHL12)):

(NL) : there is no triplet (a, F,0) with a € RY, F a closed subgroup of R?, F # R¢ and
B X =R such that: Vk € X, Y1+ B(X1) —B(k) € a+F Py-a.s..

Actually Condition (NL) holds under (I-A) and (ACIT]) (see the proof of Lemma [{-3).
Moreover, when {Y;}1>0 is an additive functional of {X;}i>0, the matriz ¥ in the CLT for
{t=1/2Y;} 150 is invertible under (NL). Indeed, if not, there is (o € RY such that (Cy, X¢o) = 0.
Thus, {t=Y2((o,Y:) }is0 converges in distribution to O (which is a degenerate Gaussian random,
variable). It follows from [HST0O, Th. 2.2] that, for every k € X, (o, Y1) = b(X1) —b(k) Pg-a.s.
for some b: X—R. But this is impossible under (INL).

Remark 2.3 (A uniform LLT with respect to transition matrix P) Let P denote the
set of irreducible and aperiodic stochastic N x N -matrices, equipped with the topology associated
with (for instance) the distance d(P, P') := ||P—P’||o (P, P’ € P). Assume that there is some
compact subset Py of P such that P := Py € Pg, where {P,}ier is the transition semi-group
of {Xi¢}eer. To keep in mind the dependence on P, the positive measures Vi ¢ in (4) and
the matriz 3 in Theorem [2] are denoted by y,{jg,l and $F respectively. Finally let (M, drv)
be the space of bounded positive measures on R% equipped with the total variation distance

dry (i.e. V(u, i) € M2, dyy (p, ') = sup{|p(f) — ' (f)], |f] < 1}. Let us assume that the
centered MAP {(Xy,Y;) et satisfies the following conditions:



U1l : For any (k,f) € X2, the map P+ y,ﬁm is continuous from (Pg,d) into (M, dry ).
U2 : There exist positive constants a and 3 such that

VP € Py, VCERY,  allC|® < (¢,E¢) < B¢ (11)
U3 : The conditions (M3), (ACHO]) and (AC2]) hold uniformly in P € Py.

Then, under Assumptions (Ud)-(UB), for every k € X, the density fL,(-) of the a.c. part of
the probability distribution of t=1/2Y; under Py, satisfies the following property when t — +00:

sup sup | £ (y) = ngp ()] = O(?) + O( sup sup n_,. (¢7%y)).
PEPy yeRd PEPo y¢ Dy

This result follows from a suitable adaptation of the proof of Theorem (see Remark [A.1]).

3 Application to the local times of a jump process

Let {X:}+>0 be a Markov jump process with finite state space X := {1,..., N} and generator
G. Tts transition semi-group is given by: V¢t > 0, P; := e!“. The local time L;(i) associated
with state ¢ € X, or the sojourn time in state ¢ on the interval [0, ], is defined by

t
Vit > 0, Lt(Z) = / 1{XS:2'} ds.
0

It is well known that L(i) is an additive functional of {X;};>¢ and that {(X¢, L(7)) }+>0 is
an MAP. Consider the MAP {(X}, L) }+>0 where L; is the random vector of the local times
L; = (Ly(1),...,Li(N)). Note that, for all t > 0, we have (L;,1) = ¢, that is L; is S;—valued
where

Sp={ye [0, +00)N @ (y,1) = t}.
Assume that G is irreducible. Then Condition (I-A) holds true and {X}:>o has a unique in-

variant probability measure w. Set m = (my,...,my) := E;[L;], and define the Sgo)—valued
centered r.v.

K:Lt—tm

where ng =T _4m(S;) with the translation T, by vector —tm in RY. Note that SEO) is a
subset of the hyperplane H of R defined by

H:={yeR": (y,1) =0}. (12)

We denote by A the bijective map from H into RY~! defined by A(y) := (y1,...,yn_1) for
y:= (y1,...,yn) € H. Recall that £y_; denotes the Lebesgue measure on RN~1. Let v be
the measure defined on (H, B(H)) as the image measure of £;_1 under A~!, where B(H)
stands for the Borelian o-algebra on H. Finally, under the probability measure Py, fi; is
the density of the a.c. part of the probability distribution of t~1/2Y; = t_l/z(Lt — tm) with
respect to the measure v on H.

Proposition 3.1 If G and the sub-generators Gicic = (G(k,£))gecqiye, @ = 1,...,N are
irreducible, then there exists a definite-positive (N — 1) x (N — 1)-matriz ¥ such that:

Vk € X, sup ‘fkt (277)—(N—1)/2(det E)—1/2e—§<AhT,2AhT>| _ O(t_l/g)‘
heH



Proof. Let Y/ be the (N — 1)-dimensional random vector A(Y;) = (Yi(1),...,Y:(N — 1)).
Then {(X;,Y/)}i>0 is a X x Dy—valued MAP where D; is the following open convex of RV~!

D; = {y' eRV"1.j=1,...,N—-1, y;- € (—mjt, (1 —mj)t), (v,1) < mNt}. (13)

Using the assumptions on G and results of [Ser00], the MAP {(X},Y/)}:>0 satisfies the con-
ditions (M3) and (AC1)-(AC2) (see details in Section 5 of [HL|). The matrix ¥ in the CLT
for {t=1/2Y/}~¢ is invertible from Remark and O(sup,gp, N (t~12y)) = O(t~/?) from
(I3). Thus Theorem 2.2 gives that

VkEX, sup |fi.(y) — @m) N2 (et )23 | = 01 1?),
yreRN—l

where f , is the density of the a.c. part of the probability distribution of =1/ 2y/. Finally, using
the bijection A, it is easily seen that the density fy, is given by: Vh € H, fi+(h) := fi ,(Ah).
This gives the claimed result. O

Remark 3.1 First, the assumption on the sub-generators of G in Proposition [31] is used
to obtain the geometric convergence to 0 of the mass of the singular part of the probability
distribution of Y/ required in (ACH]) (see Section 5 of [HL] for details). Second, it can be
seen from |Pin91| that X is the definite-positive matriz

\V/(Z,j) S {1, PN ,N — 1}2, Ei,j = Wici,j + chj,i where C .= —/ (etG — ].Tﬂ') dt.
0

4 Fourier analysis and proof of Theorem

Assume that the conditions of Theorem hold. Note that {(X;, 2~ Y2Y;)}ier is an MAP
with the identity matrix I as asymptotic covariance matrix. It still satisfies the assumptions
of Theorem since the associated bounded positive measures of (B are the image measure
of Gret and My ¢ under the bijective linear map »-1/2, Thus, we only have to prove
Theorem when ¥ = I . This proof involves Fourier analysis as in the i.i.d. case. In
our Markov context, this study is based on the semi-group property of the matrix family
{j\}t(C)}teT for every ¢ € R? which allows us to analyze the characteristic function of Y;.
In the next subsection, we provide a collection of lemmas which highlights the connections
between the assumptions of Section 2] and the behavior of this semi-group. This is the basic
material for the derivation of Theorem in Subsection .21

Let us denote the integer part of any ¢ € T by |¢|. Using the notation of (], the bounded
positive measure Eévzl G0t With density g ; := Zévzl gk is the a.c. part of the probability
distribution of Y; under Py, while py, 4 := Zé\f: 1 Mot 1s its singular part. That is, we have for
any k € X and t > 0:

VB € BRY), Pul¥ie B} = [ o) du-t me(ln) (14)

4.1 Semigroup of Fourier matrices and basic lemmas
The bounded positive measure Y, is defined in (Gal) and its Fourier transform Y is (see (@)):

V(t,Q) € Tx RY V(k,0) € X2, (Vi(Q)),p = Bk [Lixemey €M), (15)

6



Note that j\it(O) = P,. From the additivity of the second component Y;, we know that
{Vi(Q)}ter cera is a semi-group of matrices (e.g. see [FHL12] for details), that is

e RY W(s,t) € T2, Viwal) = Vul) Du(0). (8G)
In particular the following property holds true
VCERL VneN,  Vu(Q) = Exllixa=n €““"™)) gexe = V1 (O™ (16)
For every k € X and t € T, we denote by ¢y, the characteristic function of ¥; under [Py:
VCERY, (€)= Eu[e O ] = endu(()1T, (17)

where ey, is the k-th vector of the canonical basis of R

Under Conditions (I-A)and (M2), the spectral method provides the CLT for {(t~/2Y;) }ser.
To extend this CLT to a local limit theorem, a precise control of the characteristic function
¢r+ is needed. This is the purpose of the next three lemmas, in which the semi-group prop-
erty (SG) plays an important role. The first lemma, which is the central part in the proof of
Theorem 2.2} provides the control of ¢, on a ball B(0,6) := {¢ € R? : ||¢|| < §} for some
§ > 0. The second one is on the control of ¢ ; on the annulus {¢ € R?: § < ||¢|| < A] for any
A > 4. Finally the third lemma focuses on the Fourier transform of the density g ¢ of the
a.c. part Gg oy of Vi ¢4 in () on the domain {¢ € R?: ||¢|| > A} for some A > 0.

Lemma 4.1 Under Assumptions (I-A) and (M3), there exists a real number § > 0 such
that, for all ¢ € B(0,6), the characteristic function of Y; satisfies

VEeX, VEtEeT, ¢4(C) = MOW Lyt (Q) + Rit(Q), (18)

with C—valued functions X(-), Ly +(-) and Ry .(-) on B(0,0) satisfying the next properties for
teT, R and k € X:

IKh<o = Q) =1-cl?/2+0(CIP) (19a)

t>2, [tV <d = |AETVEOW - eI <7120 (1 4 I¢)P)eII/E - (19b)
1Kl <6 = [Les(¢) -1 < C ¢l (19¢)

37 € (0,1), sup{| Ry.+(C)| : [I¢]| < 8} < Crlt] (194)

where the constant C' > 0 in (I9D)-({I9d)) only depends on § and on Ms in (M3) (see ([3)).

Proof. Assumption (I-A) ensures that Y1 (0) = P, = I1 + N, where II := (I; 5) i,j)ex is the
rank-one matrix defined by II; ; := 7 (i) and N € My(C) is such that |[N"|o = O(x") for
some # € (0,1). Moreover note that the map ¢ — Y;(¢) is thrice-differentiable from R? into
Mn(C) due to (I5) and (M3). Then the standard perturbation theory shows that, for any

€ (k,1), there exists § = §(r) > 0 such that, for all ¢ € B(0,6), Y1(¢)™ = A(C)"IL(()+ N (¢)™
where A\(¢) is the dominating eigenvalue of JA/l(C), II(¢) is the associated rank-one eigen-
projection, and N(¢) € Mn(C) is such that [|[N({)"|lo = O(r™). Moreover the maps A(-),
II(-), and N(-) are thrice-differentiable on B(0,0). These properties and (7)) provide all the
conclusions of Lemma 1] for ¢t € N (see [HHO1, Prop. VI.2| for details). For Properties (I9al),
([I9d) and ([19d)), the passage to the continuous-time case T := [0,+00) can be easily derived
from ¢p+(¢) = eV (O, (O1T with v := ¢ — [t] € [0,1) and the fact that ¢ — Y (()
is thrice-differentiable from R? into My (C) with partial derivatives uniformly bounded in
v € (0,1]. See [FHLI2, Prop. 4.4| for details. For (I9h), the passage to T := [0,+00) is an
easy extension of Inequality (v) of [HHOIL, Prop. VI.2|) (see details in [HL]). O



Lemma 4.2 Assume that Conditions (I-A), (AC1) and (Ma) for some a > 0 hold. Let
3, A be any real numbers such that 0 < 6 < A. There exist constants D = D(6, A) > 0 and
T =7(0,A) € (0,1) such that

VkeX, VteT, sup{|ori(Q)]:0<]¢] <A} <Drl. (20)

Proof. Lemma can be classically derived from the spectral method under the non-lattice
condition (NL) of Remark 2.2l and moment condition (Mea) for some « > 0 [FHLI2, p. 412]
(see also the proof of Lem. 6.2 in [HL| for details). Therefore, it is enough to prove that
{Y, }ier satisfies (NL) under Assumptions (I-A) and (AC1).

For t large enough, the function g ; is nonzero in the Lebesgue space L' (R%) since the
mass i ¢(1ga) goes to 0 when t — +o0 from Assumption (AC1). Let us fix £ € X and some
integer ¢ € N* such that g, # 0 in L1(R?). Assume that {Y;}ser is lattice. Then there exist
a€R? §:X—R?and a closed subgroup F in R? F # R?, such that

Y, +0(X,)—0k) € a+F Pp—asf

For any ¢ € X, define the following subset of R%: Fj, := (k) — 0(¢) + a + F. Note that
Lq(Fy ) = 0 since F is a proper closed subgroup of R?. Since k,0,q and £g are singular, there
is By € B(RY) such that Cq(Exy) = 0 and py 0 4(B) = pikeq(B N Eyy) for any B € B(RY).
Set Ej, := Ué-vzlE]w- and FE.°:= R?\ Ej. Observe that i e,q(ERS) = 0. We obtain

N
VB e BRY), P{Y,e BNE;} = > Pu{X,=10Y, € F,nBnE}

=1
N N

= Z/ Ikeq) dy + > pireg(Lp, nBnes) = 0.
=17 FreNBNE =1

On the other hand, we have using (I4)

VB e BRY), PY,cBnE)= / Gha() dy + g (Lpms) = / Graly) dy.
BNES BRES

From these equalities and (q(Ey) = 0, it follows that [ gkq(y) dy = [prge 9rq(y) dy = 0.
k

But this is impossible since gi , # 0 in L!(R%).

Lemma 4.3 Under Condition (ACHI]), there exist positive constants A and C' such that

t

1= A = V(k0) € X2, VE€ [to, +00),  [Grer(C)] < C 7o

Proof of Lemma 3. Let us introduce the following matrix norm: VA € My (C), | Al =
SUP|[ylg=1 |AvT . It is easily seen that

vA e Mn(C), Al < | Alle < N|[Allo- (21)

2The lattice condition is classically expressed under P, with ¢ = 1 by using the spectral method. However
this condition can be similarly expressed with Y; for any ¢ € N*. Moreover it can be stated under Py, for every
k € X since X is finite and P is irreducible and aperiodic from (I-A).



Let (¢,¢) € T x RY. From (Bd) we have Y(¢) = G¢(¢) + /\A/lt(g) and the semi-group property
([SQ) gives for any (s,t) € T? and ¢ € R%:

ViesQ) = Gras (O + MissO) = JOIQ
(Ge(Q) + M) (G5(C) + M, (Q))
= Gi(Q)Gs(C) + Gu(OM(C) + M()Gs(C) + Me(Q)Ms(C).

Thus

—~

Gis(C) = Ge()Gs(C) + Ge(OM(C) + Mi(C)G(C) + Me(OM(C) — Myys(C)-

Then, we obtain using the matrix norm || - ||oc:

1Gess@llse < 18 aclGulOlle + 1Gu(O) | M ) e + IO 118 ()
IR e MOl + MOl (22)

Moreover we deduce from () and (21I]) with p and ¢ given in Condition (ACHI), that:
Vu >0, V¢ €RY [ Mu(O)loo < Nept. (23)
We set, with gy given in (ACI]),

K :=max(2,N¢) and I'(¢)=max (20, sup ||§w(C)||OO)
wG[to,Qto)

Let us prove by induction that the following inequality holds for any n € N* and v € [0, ¢9):

¥ ERY,  [Gtyru(Qlloo < [L+ (L+ K)(n— 1] T(Q) (TEC) + EpP)" ™' (24)

First, ([24]) is obvious for n := 1. Second assume that (24]) holds for some n € N*. Then, using
@2) with t := to + v and s := nty, it follows from (23] and the definition of I'(-) that

1Gttvpase(Olloe = IGtorutnto(O)loc

< DO NGnto(Olloo +T(C) K " + K pl|Gnt (Ol + 2 K?ptotnto
< (T(Q) + Kp)[[Gnto (Olloo + T(C) Kp™ + 2 K2 plotie
<

(by induction) [1 +(1+K)(n— 1)] r'(¢) (F(C) + Kpto)" FT(C) Kp™o 9 K2plo+nto,

Next, using Kp™° < (Kp')" < (I'(¢) + Kp')™ and 2p' < T'(¢), we obtain

L(Q) Kpo + 2 K20t < T(Q) (I(C) + Kpl)" + 2K p (D(C) + K p')"

<
< (1+K)D(Q)(T(C) + Kp')".

Hence R
1G (n1t0+0(Olloe < [1+ (1 4+ K)n] T(C) (T(C) + Kp")".
The induction is complete and proves (24]).

Now let ¢t € [tg,+00). By writing ¢t = nty + v with n € N* and v € [0,%y), Lemma (A3
follows from (24) and Condition (ACI). Indeed @I)) gives I'(¢) < max (2p', NT'y,(¢)) with
Iy, (+) defined in (8). From (ACI]) we have Kp' < 1/4, and from (§) and K > 2 we deduce
that there exists A > 0 such that sup¢>4 I'(() < 1/4. Using n = (t — v)/to with v € [0,9)
and (21]), we derive the expected inequality in Lemma 3] O
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4.2 Proof of Theorem

The density fj of the a.c. part of the probability distribution of t~1/2Y; under Py, is given by

(see (1))
Yy e &= t_1/2Dt7 fra(y) = #d/2 gk,t(tl/zy)-

Denote the closure and the frontier of £; by £; and 0&; respectively. The following properties
of fi+ are easily deduced from (AC2]).

Lemma 4.4 Condition (AC2]) is assumed to hold. Then, for each k = 1,...,N and for all

t > 0, the function fi; is continuous on & and differentiable on ;. In addition, we have

_ fkt
sup |fie(w)] = OG%)  sup |fie()] = O(%)  max sup [ (y)] = O@H).
ye€t yE€OE: EVAS yeé‘t

For any t > 0, set d(y,0&;) := inf{d(y, z), z € 0} and define
L= {y € & dly,08,) >t~ (25)
Theorem follows from the two following propositions.

Proposition 4.1 Under Condition (ACR), there is a positive constant C' such that

VteT, Yy e RI\ &, | fuely) —my)| <CE 2+ up n1(y))-
Yy t

Proof. First let y € & \ &. By definition of £'(t), there exists some y; € O&; such that
ly — ]| < 2¢~(4/2+D) | From Taylor’s inequality and Lemma B4l it follows that

|fet@) = @) < | frt@W) = Frio| + | fre(we) = nr(ye)| + |nr(ye) — nr(w)|
t= @2 Od+H/2) L O(t=Y2) 4 sup{n(x) : x € D&} + 2t~ (/2D

<
< Ot V?) + sup{ni(z) : = € 9&}.

Second, let y € &; \ & = 9&;. Then |fkt(y) — nr(y)| < Ot~ Y2) + sup{ns(x) : € d&} from
Lemma 4l Third, let y € R4\ &. Then |fr+(y) — n1(y)| = [n1(y)| < sup{ns(z) : = ¢ &}.
The proof of Proposition 1] is complete. O

Proposition 4.2 Assume that Conditions (I-A), (M3), and (ACI)-(AC2) hold true. Then

there exists a positive constant C' such that
Ve T, Yy e, [fruly) —my)| <CtV2

Note that the inequality above is valid for £ € X and t € [0,to] where tg is given in (ACHI])
since 7y is bounded on R and f#,¢ is uniformly bounded on R? with respect to k and t € [0, to]
from Lemma [4.4]

Proof. For any p € N*, let 1, 1 be the function defined by Yy € R%, 0, 1(y) := p?nr(py). The
usual convolution product on R is denoted by the symbol . Write for all p € N*:

|fk t(y (y)|
\fk 1) = (.1 * Fod) W) + [Op,r * Fret) ) = pr > 00) ()| + | (p. % 10) () = 11 ()|
= KLp( )+ Kap(y) + Ks3,p(y). (26)
The conclusion of Proposition follows from the two next lemmas. O
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For t > ty we define the following positive integer p; := [t473/2] + 1.
Lemma 4.5 There exists D > 0 such that
Vt € [to, +00), Vp > pi, Yy €, Kip(y) + Ksp(y) < Dt 2
Lemma 4.6 There exists E > 0 such that
Vt € [to, +00), Yy € RE, Koy, (y) < Et~Y2

Proof of Lemma 5l Note that [on, 1(u)du = 1. Let y € £;. Using the definition of &} (see
(25))) and the fact that &; is open, one can prove that, for all u € R? such that ||u|| < ¢=(4/2+1)
we have y + u € & (prove that sup{a € [0,1] : y + au € &} = 1). By applying Taylor’s
inequality to fj+ and using Lemma 4] we obtain

| fetW) = (mpr > fron) ()| < / Mp,1 (W) | frp(y) — fre(y — )| du

lulj<t=(@/241)

! /II | >t—(@/2+1) 77p,1(u) ‘fk,t(y) - fk,t(y — u)| du

< O(t™V?) + 0@tV / 01 () do.

[[of| >p ¢~ (4/2+D)

Next, if p > t9473/2, then Markov’s inequality gives

/ nr(v)dv < (271)_d/2/ e II7/2 g0 — O(t_(d+1)/2),
|lv||>p t—(d/2+1)

lol]> ¢(@+1/2

This gives the claimed conclusion for K ,(y). Similarly we can prove that K3 ,(y) = O(t~'/?)
using the fact that 77(-) and its differential are bounded on R¢. O

Proof of Lemma 6. Since fi+(y) = td/2gk7t(t1/2y), we have fk,t(g) = E]\k,t(t_l/%). For any
t > to and ¢ € R?, we set

Api(C) = [GrptY2¢) — e7IEIP2),

Let 0 < 6 < A (fixed) be given by Lemmas T and B3l From 0 < 7, 1(¢) = 77(p~%¢) < 1 and
the inverse Fourier formula, the following inequality holds for all p € N* and y € R%:

(2m) Kaply) < /R Al r(p1¢) de

< / Aa(Q)dC + / Ara(Q)dC + / Apa(O) r(p1¢) de
I<]I<6vE SVEL|IC|I<AVE I<lI>AVE

=J; (t) + Jg(t) + Jg,p(t).

From ([4) we obtain ¢y ¢(¢) = Ex[eY* | = Gy4(C) + fir+(¢). Using this equality and (), we
obtain for all ¢ > tq:

s A<||<a\/‘¢’“’t(t_l/2o_e_”c”z/2|dC+cpt0(td/2) = L()+0(t7?).
<oVt

bra(t7120) — VW2 d¢ + cp O(t7?) = L) +O(t71/?).

o
=
A

/6\/E<IICII<A\/Z
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Now we obtain from Lemma [4.1] and Lemma respectively

L(t) < /
llK<svE

= / <|Lk,t(t‘1/2<)| AtV — emlelP2
lIclI<ovt

AEV2OM Ly 1 (87Y2C) + Ry o(671/2¢) — e I6P/2) ¢

4 e_||C||2/2‘Lk7t(75_1/2C) — 1| + |Rk,t(t_1/2<)|> d¢

IN

t—1/20{<1+5c> / (L+[ICIPe 175 g + / |r<ue—“<“2/2d<}+crw / dg
R? R? ¢clI<évt
Ot 12) + o(t¥*rlt)y;

/ ‘(ﬁk,t(t_l/zCH dc + / e lICI?/2 ¢
SVIS|ClI<AVE SVELS|CII<AVE

O (9211 + / e~ ICI2/2 g
RN

IN

Ix(t)

IN

IN

Thus, we have proved that there exists a constant e; > 0 such that
Vi > to,  Ji(t) + Jo(t) < eg t7 Y2 (27)

It remains to prove that: Vt > to, Ja,,(t) = O(t~1/2). We have for any p > 1
Taad) = [ et 20 — I ) dc
lI¢lI>AvE

= / \ﬁk,t(t‘1/2C)\ﬁz(p‘lc)d¢+/ e~ IKI2/2 g
IclIzAvE ICl=AVE

The last integral is O(t~1/2). Next, picking p = p;, we deduce from Lemma E3] that: ¥t > tg

d
et (20 (o < b /A “1¢yde < NC LPt / - .
/||<||2A\/z‘gk’t(t Oirp =0 dC < NC o Rdm(pt Q)dC < NC o7 Rdm(()dg

Thus there exists a constant ez > 0 such that: V¢ > tg, J3,,(t) < ez t=1/2, O

Remark 4.1 The uniform version of Theorem [2.2 in Remark [Z.3 holds because the conclu-
sions of Lemmas[{.1], [{-3 and [-3 are valid uniformly in P € Py under (Udl)-(UBI). This is
obvious for Lemma[{.3 The uniformity in P € Pq for Lemmas[{.1] and[{.3 is derived from
the fact that the map (P, () — J/J\l(C) is continuous from Py x R? into My (C) under (UL
when the moment condition (M3) holds uniformly in P € Py. See Section 6 in [HL] for
details.
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