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SYMETRIZATION OF VLASOV-POISSON EQUATIONS*

BRUNO DESPREST

Abstract. We detail the spectrum of the linearized Vlasov-Poisson equation, and construct an
original integro-differential operator which is related to the eigenstructure. It gives a new representa-
tion formula for the electric field, and yields new estimates for the linear Landau damping. Then we
apply the technique to a problem with a dependence to the Debye length, and show weaker damping
for small Debye length. A non linear variant of the main quadratic framework is finally discussed.

Key words. Vlasov-Poisson equation, Landau damping, integro-differential operator, Debye
length.

1. Introduction. In this work we study various symetrized formulations of the
Vlasov-Poisson equation and related equations. It will be performed mostly for the
linearized versions of the non linear equations, even if we will consider the non linear
problem at the end of this work.

The first model problem that we consider is a Vlasov equation for electrons in
dimension one with periodic boundary conditions, that is x € I = [0,27]per. The
ions are fixed, have total mass equal to v/27, and have vanishing current. With these
hypothesis a first model problem writes

{ Of +v0,f —EO,f=0, t>0, (z,v)€elxR,

(1.1) O E =2r — [, fdv, t>0, xz€l.

The equation on E is the Gauss equation. It can be checked that it is compatible with
the Ampere equation &, E = [vfdv if the total momentum vanishes [; [, fvdv = 0,
which means that the total electric current vanishes: this is a reasonable assumption
with respect to the physics. We deduce an alternative Vlasov-Ampere formulation

{ Oif +v0,f —EO,f =0, t>0, (x,v)€lxR,

(1.2) WE = [pvfdv, t>0, zel,

which the one used in this work. The equivalence between (1.1) and (1.2) is true if
the two conditions are fulfilled at initial time

0:E =21 — [ fdv att=0andVzel,
J; Jg frdv =0, at t =0,

which is considered as granted in this work. The solutions of the Vlasov-Poisson
equation satisfy the conservation of the physical energy

(1.4) % </I/Rf(t,x,v)v2dvdx+/IE(t,m,v)2da:> =0

and the boundedness of the density

(1.5) 0 < f(t,z,v) < || foll oo (1xR)> J(0,2,v) = fo(z,v).

(1.3)
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Let us consider the normalized Maxwellian profile G(v) = exp(—%) so that [ G(v)dv =
v/2m. The linearization of (1.3) for f close to a Maxwellian, namely f = G + g, yields

(1.6) {8tg+v6xg+EuG:07 t>0, (z,v)€lxR,

OE = [y vgdv, t>0, zel

The Gauss relation reads now
(1.7) 0 F = —/gdv.
R

The starting point of the analysis is the fact that (1.6) is endowed with a L? conser-
vation property which writes

(1.8) 4 //devder/Ezd:v =0
' dt \JrJr G I -

This conservation law is an indication that symetrization is possible, and that the
solutions can be expressed as the action of a linear semi-group. The rest of this
work is devoted to the consequences of such a structure, that will also be extended
to non Maxwellian equilibrium function, provided they have one bump, that is they
possess one and only one maximum point. The linear semi-group will be calculated
in full details, and so is an extension of the method used in [17, 4, 5]. It yields a
complementary approach to the seminal method of Landau [11] for which the modern
treatment is to be found in [13]. We also apply the tools developed in this work to
the non linear Vlasov-Poisson equation [6, 15] for ions

{ Ouf +v0sf + Edf =0, t>0, (x,0)€IxR,

(1.9) M0, E = [o fdv—ne, >0, zel.

Here n, is the density of electrons E = —3d, logn., and Ap > 0 is the Debye length.
The interesting physical regime is when Ap is small. The formal limit Ap — 0F
equation has been called the Vlasov-Dirac equation [2]

&gf—l—vamf—@wlog(/fdvlog)@vfzo, t>0, (x,v) el xR
R

known to be singular or close to be singular [8].

The most original object that is constructed in this work is a new integro-
differential operator, denoted as L in the following, which has the ability to transform
any solution of (1.6) into a solution of the transport equation in free space, that is
without electric field. The foundations of the method come from a detailed calcula-
tion of the generalized eigenvectors of the linear semi-group attached to the energy
identity (1.8).

This integro-differential operator allows an explicit calculation of the decay in
time of the electric field in function of the regularity of the initial data. We obtain
for example that the solution of (1.6) satisfies for ¢ — oo

(1.10) I1E#) || Lo () < Cn provided éo € L*(I: H"(R)), n>1,

- 3
where the constant C,, is independent of the initial data. The extension of this
estimate to the linearized version of (1.9) is

D
IEO =) < —-

. provided % € L*(I: H"(R)), n>2,
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where the constant D,, is independent of the Debye length Ap if n > 2 which is more
restrictive than in (1.10). We therefore observe that a small Debye length results in
a slightly weaker damping of the electric field for low regularity initial data.

This work is organized as follows. Our first section is devoted to the construction
of the eigenvectors of the linearized Vlasov-Ampere equation around Maxwellians.
The next section uses this construction to design a certain operator for more general
equilibrium functions. It will be applied to obtain new formulas for the damping rate
of the Landau damping in the linear regime. Next we extend some of the results to the
non linear Vlasov-Poisson equation (1.9) and detail the sensibility of the asymptotic
damping with respect to the Debye length. Finally we study the quadratic stability
of the non linear Vlasov-Ampere equation which gives a more general setting in which
the tools developed in this work can be employed.

Properties of the Hilbert transform, used everywhere throughout this work, can
be found in [16].

2. Symetrization of the linearized system (1.6). In this section we continue
for convenience to work with Maxwellian profiles. This hypothesis will be relaxed in
the next section.

The square root of the Maxwellian is itself a Maxwellian

M(v) = /G(©) = exp(—7).

Let us define the function u = % which is solution of
(2.1) ou+vou = —vME, t>0, (z,v)elxR,
’ o FE :fRudev, t>0, xz€l,

with the energy identity & ([, [ u?dvdz + [, E?dz) = 0.

2.1. Notations. To continue the analysis, we introduce the Hermite polynomials
H,,(v) which are orthonormal with respect to the Maxwellian weight G(v), see [1].
e The Hermite polynomials admit the representation
d’n
H,(v) = (-1)"G(v) "' =—G(v).

dom

The degree of H,, is n. The parity of H, is the parity of n.
Hermite polynomials are orthogonal with respect to the Maxwellian weight

/ H,, (v)Hp (0)G(v)dv = (27)2n) 6pm, n,m € N.

One has the recursion formula

Hyq(v) =vH,(v) — Hp—1(v).

The family of Hermite polynomials is a Hilbert basis of the space of functions
such that [; f2(v)G(v)dv < co.

Let us define for convenience I,,(v) = (27)"in!~2 H,, (v) and the Hermite func-
tions which constitute a Hilbert basis of L?(RR)



The family (¢, )nen is by construction orthonormal: [, 1, (v)Ye(v)dv = 0. The first
terms of the series are

Yo(v) = (2m) "I M(v), ¥i(v) = (2m) TwM(v), a(v) = (87) 7 (v? = 1)M(v).

The recursion formula becomes after rescaling

(2.3) Vn + 1,11 (v) = v, (v) — Vb, —1(v), for all n.

The system (2.1) is therefore rewritten as

(2.4) Oyu + v0u = —a B, t>0, (z,v)elxR,
’ oF =a [purdv, t>0, xzel,

where o = (271’)% > 0 is a given real number which comes from our normalization of
the mass of ions.

Assuming in view of the energy identity that u(t) € L?(I x R), we define the
moments «,(t) € L?(I) by

u(t,z,v) Zantan an:/uwndv.
R

By construction Hu||L2(IxR) = neN ||a"||L2(I)' We now construct the vector U(t) =

(E(t), ap(t), ar (t), aa(t),...)" € (L2(I))N. A natural space is [? = {w = (w,), Yy |wnl? <

oo} equipped with the norm

lwllie = [> lwal?.
N

The Fourier transform in space will be denoted as @, = @(k) = [, e~ "**w(z)dx for
k € Z. The inverse formula is

1 ikx ~
(2.5) w(z) = Py Ze w(k)
kEZ
Other natural norms used throughout this work are for example
i rsey = [ [ Iuto)Podo = 55057 i
kEZ neN

and

||U||L2(1 H™(R)) u(z,v)

dxdv = ZZ/

p=0keZ

Fov 0
2.2. Matrix formulation. The system (2.4) can be rewritten as
oU + A0,U = —iBU

where A € RN and B € CY*N are sparse hermitian matrices

0 0 0 0 0
0 0 1 0 0
0o 1 0 22 0 ...
(2:6) A=l o 2ot 0 3t 0
0 0 0 32 0 42
43



and

0 0 —ia 0 0

0 0 0 0 0

a0 0 0 0
B= 0 0 0 0 0 0

0 0 0 0 0 0

This is evident from (2.3-2.4). After Fourier reduction it becomes
O,U (k) = —iAgU(k),

where the matrix of the system is Ay, = kA+ B

0 0 —ia 0 0
0o 0 kK 0 0
ia k0 k23 0
=10 o k2t o k32 0
0 0 0 k32 0 k4s

We refer to [9] for a similar formulation with moments.

REMARK 1. The matriz Ay is sparse, hermitian for k € Z. Since A is an
unbounded matriz, Ay defines an unbounded operator for k # 0. The matriz B is a
finite rank perturbation. This fact will be of great help for the determination of the
spectrum of Ay by means of a perturbation method.

The solution of the equation 8;U (k) = —iA,U (k) is given by representation for-
mula

(2.7) Ur(t) = e~ "¥t T, (0).

Nevertheless Ay ¢ L(1%), so special care has to be devoted to the definition of the
exponential of the matrix

(2.8) ekt =) <_“>nAg.

n!
neN

We will rely on two different methods. The first one is based on a direct elemen-
tary proof of the convergence of the series (2.8). The second one is related to the
computation of the spectrum of Ayg.

2.3. Convergence of the series. The subspace of X, C 12 of series with com-
pact support less than p + 1 is

Xp:{v:(vn)612;vn20forn2p—|—l}, peN.
One has Ay X, C Xpt1 which shows that
A € L(Xp, Xpy1)) pEN

That is Ay can be seen as a bounded operator in £(X,,, X;,+1) still equipped with the
quadratic norm.



PROPOSITION 2. One has

(29) ||A||L(XP,XP+1) S 2\/57 Vp

Proof. Let us denote by || - ||; the associated ' norm and by || - ||« the associated
[° norm. We proceed by interpolation between the I', {2 and {® norms using

Al 2, X000 < VAL Alloo-

Classical formula shows that the norm of an hermitian matrix M = M™* of size N is

1Ml = IMllo =D > Imyl.

1<i<N 1<j<N

The first case for p = 0 is trivial ||A||1 = ||A||cc = 0. The general case is p > 0: one
gets

Al = |Alloe = VP =1+ v/B < 2.

It yields the result. O
PROPOSITION 3. There exists a constant C(k) € N such that

4|\
(2.10) 4gllecs, vy < (01) Vi o).

«

Proof. A consequence of the previous proposition is that [|Axllz(x, x,.,) < o+
2kp%. By iteration

AR 2x, 02y <TG (4 2lk[vp+4q), n>1,
that is
2|k|

1A% 2 x,02) < " (1+BvVp+aq), B= 5

Let C(k) be the maximal entire such that 81/C(k) < 1. Assume C(k) < p. Then
1 < By/p < B+/p + q for non negative q. So

(n—l—p—l)!.

i (14 8VhFa) < 28" 20Ve+ 0 = 26" |5 2y

A crude bound yields the result and ends the proof. O
The estimate (2.10) implies the normal convergence of the series (2.8) in the space
L(Xp, X). That is e~*4*ty, is well defined in [? for all v, € X}, and for all p.
PROPOSITION 4. The exponential of the matriz (2.8) is well defined in L(X).
Proof. This is standard, we refer to [3] for complementary details.
Since —i Ay, is an anti-hermitian matrix, one has that the usual property | e vl =
|lvup|| for all v, € X,. Any function v € X can be approximated in X as close as
needed by a sequence of function v, € X, that is v, = v in X with v, € X,. It

—1 At

defines e~y as the limit in [2 of the Cauchy series
e~ rty = lim e_iA’“tvp.
p—0o0
0



2.4. The spectrum of Aj. The matrix Ay is a non bounded operator so may
have continuous spectrum as well [10]. Any non zero vector U € CN such that

AU =)\U,  MAeC,

is called an eigenvector. Eigenvectors in the discrete spectrum belong to ?: they are
the classical eigenvectors. Eigenvectors in the continuous spectrum are not in [2: they
may be called generalized eigenvectors.

A key observation is that Ay is designed by adding a finite rank perturbation to
kA. That is why we will first compute the eigenvectors of A, and after that use a
perturbation method to compute the eigenvectors of Ax. This is a standard approach
in scattering theory. We will use the notation that

ep=(0,...,0,1,0,...)"

where the coeflicient 1 is in the pth position.
PROPOSITION 5 (First step). The spectrum of A is S(A) = Sq(A) U S.(A) where
Sa(A) = {0}: there is one eigenvector ug = ey associated to the eigenvalue 0,
Sc(A) =R: the generalized eigenvector Uy = (0,%o(N), ¥1(N),2(N),...)" is in the
continuous spectrum for all A € R.
These eigenvectors are complete: for all U € 12, one has the representation formula

U = (U, ugp)ug —|—/ (U, Uy) UrdA
R
with

(2.11) 102 = (U, uo)|? + / (U, U2 d.

Proof. First ug = e is of course an eigenvector. Second the recursion formula
(2.3) shows that Uy is indeed an eigenvector for the eigenvalue A. The two last
formulas come from the fact that the family of Hermite functions (¢, (\))nen is an
Hilbert basis of L?(R). O

REMARK 6 (Spectrum of Ay for k = 0). For k = 0, the spectrum of Ag = B is
fully discrete. It is made of {*a} which are the eigenvalues of B and {0} associated
to an eigenspace of codimension 2.

We now turn to the determination of the spectrum of Ay, for k # 0. By comparison
with the spectrum of A, it is reasonable to expect one eigenvalue in the discrete
spectrum and a continuous spectrum.The eigenvalue in the discrete spectrum is easy
to identify. Indeed

(2.12) vy = (k, —ia,0,0,...)" € 12

is associated the eigenvalue 0 which is therefore in the discrete spectrum. The con-
tinuous spectrum is more involved. A natural idea is to "modify”, in a sense to be
explained, the eigenvectors of kA to obtain those of A;. We develop a priori such
eigenvectors using the basis of eigenvectors of A, that is

(2.13) V¥ = akug + /R £ (1)U, dp
7



where af € C a complex number and f§ a function to be determined. Let us now
discuss the type of ”function” ff that we need to consider. Since we develop a pertur-
bation method, we desire to have the possibility to recover the continuous spectrum
of A in case B is set to zero. In other words we desire that V/\k = U, can be obtain
in (2.13) with a certain ”function”: it is therefore necessary to assume that f¥ could
be a Dirac mass ). To treat the general case, we add principal values which can be
considered as some continuous approximations of Dirac masses. So we will consider
representations like

k
£ (n) = b5oy + Z’\(u))\, where 8% € C and 7§ a function.
Such a representation is very common for special solutions of transport equation.
Actually this representation is the same as the one used in the normal mode method
of Van Kampen [17, 4].

In summary we look for two complex numbers aﬁb? € C and for a smooth
function cﬁ such that

U.dp

k
V¥ =ale; + bRU, + P.V./ D)
RU—A

is an eigenvector of Ay associated to the eigenvalue kA. The eigenvalue equation
ARVE = AV = kAVE + BV = MkVE writes

k k
AKDAU + P.V./ k:uc%(u))\Uudu B (a’;el LB, + P.V./ C’A(”A)Uudu)
R M R M
k
(2.14) = \kaYe; + \kbpUy + P.V. / AkMUMdu.
. _
It simplifies into
ck(p)

(2.15) k/c’i(u)Uudu+Ba’§el + B (bgUwP.v./ uA
R R

)\Uﬂdu> = \kafe;.

Equation (2.15) can be decomposed in two parts.
The first part is all equations in this infinite vectorial system, except the first one.

We remark that BU, is colinear to e; = ug for all u, and that Be; also belongs to

e1. One obtains a reduced infinite set of equations in the orthogonal of e; (ei) of

codimension one
k/Rc’/{(,u)Uudu + Bake, = 0.
The definition of ¢; and of the U, implies that
Beqp = iaes = ia/}Rwl(u)Uud,u.

One obtains

(2.16) ke (1) + dat (1)al = 0,
8



We now must add one scalar equation. It could be the first equation of the infinite
system (2.15), which means taking the hermitian product of (2.15) against e;. How-
ever we prefer to use the orthogonality relation (meg) = 0 since the calculations
are simpler (it can be checked to it is equivalent to the first equation of the infinite
system). One obtains

k
C
al(e1,0f) + bA(U, vf) + P.V. / M*E“A)(Uu,vé@)du )

that is

— Lo A ; ci(m)
0 = kag, + briago(A) +iaP.V. p Aq/Jo(u)d,u.
o [l —

Elimination of the unknown function c§ using (2.16) yields

0= <k2 +a?P.V. / 1/’1(“)1/’0(“)@) ay +iatp(\)kby
R H—A
or after simplifications by «

(2.17) 0= (k2 + P.V./ MAM(M)Qd;O ay +iM(u)kby.
R H—

This formula is a compatibility formula between the two numbers af and b. Tt
appears after inspection that the term between parentheses may vanish as well. That’s
why we consider the particular solution of (2.17)

a¥ = —iM(\)k

and
b = k2 +P.V./ ().
N

We can also completely determine cj with (2.16): cp(p) = — 2y (u)agy = —puM (u)?>M(N).
Finally the eigenvector V/\k may be written as
(2.18)

Vi = —iM()\)kel—i-(kzz + P.V./ ”M(M)Qdu) UA—M(A)P.V./ —E U, M (p)dp.
R M= A R M= A

For non zero k, the two last contributions cannot vanish at the same time. Therefore
V/\k ¢ X and is indeed in the continuous spectrum.

Since
P.V./ LU#M(u)du = / U, M(p)dp + )\P.V./ —U, M (p)du
RHM—A R R M= A
1
= aes + )\P.V./ —U, M (p)du
RU—A

using the orthogonality of the Hermite functions, it is possible to rewrite the eigen-
vector in a slightly different form



uM(p)Uy — )\M()\)U“M(,u)du.

VE = —iM(\Nkey — aM(N)eg + K2Uy + P-V./ h\
R =

PROPOSITION 7 (Spectrum of Ay for k € R*). The spectrum of Ay, k # 0, is
S(Ak) = Sd(Ak) U SC(Ak) where
S4(Ax) = {0} : the eigenvector is vf (2.12).
Sc(Ag) = R: the generalized eigenvector associated to the eigenvalue Nk is given in

(2.18).

This spectrum is complete.

Proof. The completeness that we desire to prove [10] is: if U € [? is such that
(U,v§) = 0 and (U,V¥) = 0 for all A, then U = 0. To do so, let us use the notation
that U = (ag, a1, - ..) and define

g(\) = Zap V)fc’p

p=>1

together with

FO) =Y a, Usl,.

p>1
The assumption (U, vf) = 0 writes
aok + iaa; = 0.

The assumption (U, V¥) = 0 with V¥ given by (2.18) shows that

o) = (14 v [ Loardn) 109

_M(\)PV. / MLA F)M ()dp + M(Nikao.
o L —
Let us define the function
H 2

q(A ::P.V/iM,u dp.

o [
Simplifications yield

(2 +40) F) = MOPV. [ s f0M )i+ M (Ve =
-

By definition aay = [; f(p)M(p)dp. So one obtains the equation



that is after simplification
1
2 _ _ —
(2.19) (k2 +q(N) F(V) AM(A)/R M (=0

After splitting between real and imaginary parts, we can as well assume that f is a
real quantity. Therefore multiplication by f and integration yield

@20) [ 02+ a) SO [ FOAMWPY. [ f MG =o.

o Let us first show that ¢ < a?. By definition

w
=PV. M(w)?
q(v) V. v (w)*dw
1 d 1
:—P . / = — — = /
V/RU_wG(w)dw 7 RU_wG(w)dw ' (v)

where c(v) = [, =M (w)?dw. The function c satisfies the equation

R w—wv

ve(v) +c (v) = —P.V. v wM(w)Zdw = —a?.
RU—W
Since ¢(0) = 0, a direct integration shows that ¢(v) = oty I e ds and

S0
02 v
q(v) = —c(v) = *042677’0/ eTds + a.
0

It yields the upper bound ¢(v) < o2 for all v.
e We now show the lower bound —a? + 32 < ¢ for some 8 > 0. Assume that

v > 0. Then
Y s2 v vs w2
Oﬁv/ €7d8§v/ ers:Z(eT—l)
0 0

In this case one gets the lower bound

2

a? +q(v) > 202 — 202 (l—e_%) >0 Yv € R.

But ¢ is continuous and tends to zero at infinity. It shows the lower bound
for >0

(2.21) o+ q(v) > 2.

e Properties of the Hilbert transform yields that

A /]R FOOAM(N) <P.V. /R /%A f(u)M(/\)du) i

-/ (P.v. / HﬁAf(u)Mm)?du) (FOVM() dA

11



Therefore A is the half sum of these two expressions

A:—%/Rf()\)M(/\) <P.V/Z i (1 )M(A)du> A
e So (2.20) yields

-1 (/R f(A)M(A)dA)Q.
(2.22)

/R<k:2+P.V/RMﬁ)\M(M)2du) VA (/R f()\)M()\)d)\>2 o

Since the function ¢ is bounded, the kernel k% + q()) is positive for k? large
enough. In this case it shows that f vanishes, which ultimately shows that g =
0 and ag = 0. If k? is small but positive, the result follows from the analysis
of the operator L in the next section, see proposition 15. The completeness
of the Hermite polynomials yields that U = 0.
0
Let us assume k # 0 and the Gauss compatibility condition (1.7) is satisfied. From
spectral representation theorems [10] for non bounded hermitian operators, there is
in theory a weight A — w(\) such that the representation formula holds

1
(2.23) U= =0 7 (U, vkl + /(U VEYVEw(N)dN, U e’

Notice that the contribution of the discrete eigenvector is normalized in this formula
since |[v§]|?> = a2 + k2. One also has the energy relation

ky[2 k|2
(224) 017 = gz () + [ |07 wjan

Even we do not know explicitly the weight w, let us analyze some consequences
of these formulas. The action of the exponential (2.8) writes

(2.25) e W = (W, vf)uf + / e MW, Vi) Viiw(u)dp,
R

The initial Gauss compatibility condition 0, E = — [, gdv = —a [ utho(v)dv is equiv-
alent to ik(W,e1) + (W, e2) = 0 that is the orthogonality
(W,v5) = 0.

So the corresponding term vanishes in (2.25). One sees that
et = / “HHW, VIV Ew(p)dp.
The linear Landau damping is a consequence. Let Z € X. Then as a consequence
(Ze W) = [ VWVl

tends to zero as t — 0, provided the function p — k() = (Z, VF)(W, Vi) w(p) is
smooth enough. We see that phase mixing if the reason of linear Landau damping,
which is a well known fact [4, 17, 13]. However we will not pursue in this direction
since a more direct and quantitative technique will now be considered.

12



3. The operator L. To be more general we partially relax the Maxwellian
hypothesis. We consider a solution (g, E') of the linear Vlasov-Ampere equation (1.6)
where G is a bump. That is we assume there exists a smooth positive function
v +— M(v) > 0 such that

(3.1) G'(v) = —vM?(v).

It is still possible to renormalize v = 44 so that

Ou+vo,u = —vME, t>0, (z,0v)elxR,
(3.2) O E = [guwMdv, t>0, zel,
) :—fRuMdv, t>0, xz€l,

still holds. It is immediately possible to determine the family of polynomials which
are orthonormal with respect to the weight G = M? and to determine generalized
Hermite functions 92, These functions are a natural generalization of the Hermite
functions (2.2). The difference with the previous material is mainly the coefficients
of the recursion formula (2.3) which implies a modification of the matrices A, B and
Aj. But up this modification, it is possible to generalize the previous analysis and to
determine the eigenvectors and the spectrum of Ay even for a non Maxwellian profile
M.
That is why we consider that M > 0 is a positive weight which satisfies three
main properties.
1. M(v) decreases sufficiently fast to zero for |v| — 0 so that (3.1) holds and the
family of generalized Hermite functions is an Hilbert basis of L?(RR)

(3.3) Yu € L*(R), 3!(ay,) € I? such that u = Zanw,ﬂf,

and JJull7zgy = X ey lanl*
2. The mass of M? is arbitrary. So we redefine the constant «

(3.4) i = / M (v)?dv.
R
3. We finally assume regularity of the weight as follows
(3.5) M e H"(R) ¥neN*.

Let us define the integro-differential operator which corresponds to the Fourier
transform of the operator seen in (2.19). L is the sum of a Poisson operator in the x
variable plus an integral operator in the v variable.

DEFINITION 8. The operator integro-differential L is defined by

(3.6)  Lu(x,v) = (=0 + q(v)) u(x,v) — UM('U)P.V./ u(z, w)M(w)dw.

RW—U

This operator has quite strong properties.
PROPOSITION 9. Take u that satisfies

Ou +v9,u +vME =0
13



together with the Gauss law 0, E(t,x)+ [ u(t, z,v)M(v)dv = 0. Then h = Lu satisfies
the transport equation is free space

(3.7 Och +v0yh = 0.
Proof.
Let us start from
O + vO,u +vM(W)E = 0.
Since 9;L = L0, one has
Oth + L (v0,u) + L (vM(v)E) = 0.

The second term is

L (v0;u) = v0y; ((—0zx + q(v))u) —vM(v)P.V. / wOpu(x, w)M (w)dw

RW—U

= v0y Lu — vM (v) /R Oru(z, w)M(w)dw = v0p Lu — vM (v)0, /]R w(z, w)M(w)dw

where we have used that —*— = —*— + 1. The last term is

w

w

M (w)?dw

w—v

L(vM)E) = vM)(—0gs + q(v))E — EUM(’U)P.V./R

=M )(=0ps + q(v))E — EvM (v)q(v) = —vM (v)0y E.

The Gauss law 0,F + [ u(w)M (v)dw = 0 implies cancellations in the sum of these
two terms which simplifies into

L (voyu) + L (vM(v)E) = v0, Lu = vO,h.

The proof is ended. O
For convenience we define Z the part of L which acts on the velocity variable

1

w—v

Zf(w)=q)f(v)— ’UM(’U)P.V./R fw)M(w)dw.

PROPOSITION 10. The operator T is continuous from L*(R) into L?(R).
Proof. First the function g is bounded so f +— ¢f is continuous. Second the
Hilbert transform is an isometry, see [16] in L?*(R). It implies that

w—v

HP.V./IR Lt w) M (w)duw

L2 (R)

= ||f(w)M(w)||L2(R) < ||M||L°°(R) ||f||L2(R) :

The proof is ended. O
14



Next we study the structure of Z. Two preliminary results in this direction are
the following.

PROPOSITION 11. One has M = o3, M.

Proof. By definition

v

IM(v) = q(v)M(v) — M(v)P.V./ M (w)?dw.

w—v

B

ut
v w
PV. M (w)?dw = P.V. M(w)?d —/M 2dw = — a3,
[ Mwpde = Py, [ EoMwdw - [ M(wfde = o(0) - o,
It ends the proof. O

PROPOSITION 12. One has Z(vM) = 0.

Proof. Indeed

Y M(w)2dw =0

Z(vM) = q(v)oM (v) — vM(v)P.V./ p—
by definition of ¢. O

By linearity we obtain that Zy)}! = o2, and Zyp}M = 0. The general case is as
follows.

PROPOSITION 13. Let n > 2. Then Z(¢)") € Span,<,,_{v}'}.

Proof. We use the fact that ¥ (v) = IM(v)M(v) where I} (v) is a polynomial
of degree n. One has the formula

'lUM’U—’UM’LU

M (w)?dw
R w—v

— M(v) /R WM(U))%@U—M(U) /]R M () M (w)2duw

=0

where the last vanishes since [, 1) (w)I§" (w)M (w)*dw = 0. The function In (V)= 1o (w)

w—v
is a polynomial of partial degree at most n — 1 with respect to v or with respect to
w. So vaWM(w)de € Span,,,,_1{I,}. The result follows. O

PROPOSITION 14. The operator T is Hilbert-Schmidt.
Proof. We split T =1, — Zy. First I f = q(v) f(v) is Hilbert-Schmidt since

Z ||Il¢£4||2L2(R) = Z ||¢1(’U)¢24||2L2(R) = /RCZ(U)sz = ||q||2L2(R)'

By definition q(v) = P.V [, ——=wM (w)?dw. The isometry of the Hilbert transform
yields

1gl172 ) = Nl M (0)?|| 2Ry < 00
The second part is

1

w—v

I f(v) = UM(’U)P.V/R

15
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Let us define C' = [[uM (v)| o (®) so that

1
1 Toton | 2wy < ch.v. /

RW—UV

U (w) M (w)dw = Cllon M ()| L2 ®)-

L2(R)

Therefore

S 22t ey < ClnM ()fgey = O [ MwPdu < .

n

Since the difference of two Hilbert-Schmidt operators is Hilbert-Schmidt, the proof is
ended. O
Consider

Ly =kI,+Z: L*R)— L*R)

PROPOSITION 15. Whatever k # 0, Ly, and L} are invertible in £ (L*(R)) with
continuous inverse. Moreover there exists a constant K > 0 such that || L, llzc2@®y) =
Ly erem)) < & for all k € Z*.

Proof. By propositions 11 to 13, Z* can be represented as a infinite lower trian-
gular operator in the basis () with a non negative diagonal

a2 0 0 0
X 0 0 0
A X X 0 0
X X X 0

So L} has the same structure but with a positive diagonal

E24+a?2 0 0 0
X 2 0 0
0

[\~

X X x k

So L} is into. Since L} = k? (Id + %) where %—2 is a compact operator (since Hilbert-

Schmidt), the operator Lj is invertible with continuous inverse. By duality Ly, is also
invertible.

Assume k* > 2||Z]|z(r2(r)): the Neumann series is L' = 1%2 > >0 (—k%)n So
1 1 2
1 o
1Ly ez my) < 12 Z on T 2

n>0

Next we define

K = max (KL 2Lz my)) = max kQILI;1||£(L2(]R))72> < 00.

max
k;ﬁo;kQSQHIHL(Lz(R))

Same bound holds for the inverse of Lj,. The proof is ended. O
16



PROPOSITION 16. Let n € N*. There exists a constant C,, > 0 such that

_ _* Cn .
IL: e )y = 1L "2y < 2 keZ

Proof. e We first detail the proof for n = 1 and the direct operator. Let us
consider the unique solution of the problem L;f = g where f,g € L*(R). Assume
g € HY(R). Then one can derive the equation L f = g to get

Lkavf(v) = 81}9(”) + h(’U)
where h = —(9,Lg) f, that is

o) = =0/ (0)(0) + 4 (M) PV. [ = flw)M(w)do
+wﬂwPVAUHmﬂw%%MWMw

By definition || 2wy < O/ fll2m) < cllgllz2®) for some constants C,c > 0. Using
the result of the previous proposition, one gets

C C
[0, fHLZ(lR) <3 (||3u9||L2(R) + HgHL2(R)) ?”g”Hl(R)

The result is shown for n = 1.
e The proof for all n > 1 can be done by using the Leibniz formula for the
expansion of the derivatives

dr 2&: nl dp o dnP

o (Lef) = mmhmﬁ

p=0
and the fact that J Lk is a bounded operator in £(L?(R)) for all p. It yields

dp dn—r

—f=—— —L
dv"f dv"g Z (n— p'dvp kdv"—?’f

from which the proof is completed after recursion.
e By duality, same bounds hold for L, *. O

3.1. Linear Landau damping. We apply the previous material to the analysis
of the linear Landau damping phenomenon which expresses the fact that the electric
field is damped and tends to zero as time tends to infinity. Our formulation is slightly
different from the usual one. We start from the electric potential ¢ defined by

Oy = —E

This makes sense since fI Edx = 0.

THEOREM 17 (Linear Landau Damping). Consider a solution (u, E) of the lin-
earized equations (3.2). Assume the initial condition is ug € L*(I : H"(R)). There
exists a constant C,, > 0 such that

Ch
(3.8) [o(Olwoe (1) + [0 (t) || Lo (1) < m||u0”L2(I:H"(R))~
17



Proof. From the Gauss law 0, E = — [ u(z,v) M (v)dv and the fact that

// u(z,v)M (v)dvdx = 0,

there exists a continuous function a, : I — I such that

(3.9) Et,z) / / w(t, g, v)aw (y) M (v)dzdv.

Next one has that

0,010 = O F = / vu(v)M(v)dv.
R
Therefore Oy can be represented by a formula similar to (3.9)

(3.10) Op(t, ) // (t,y,v)az(y)vM (v)dzdv.
The bound

o) lwree 1y + [10:dE) | oo 1y < Clluol|L2(1:L2(m))

is evident from these expressions. So the point is to get the t” behavior.

e The function a,(y) is defined up to a constant. A easy calculation shows that

w O<y<.’L’
a'z(y): —y+7§:+7r
— r<y<2m
2w

is convenient This function has vanishing mean in the sense that [ 7 az(y)dy = 0 and
f] a;(y)dz = 0. So there exists (ar(z))gez= such that
as(y) = 5= 3 ax(a)e
N 2w '

)

Precisely
, 1 .
ag(x) = /am(y)e’kydy = k # 0.
I ik

Note that the normalization of the Fourier transform is here different from (2.5): this
is useful to obtain simpler intermediate notations. One has the representation formula

az(y) Z ag(x _myM (v).
T 20

e On the other hand, the boundedness of L,;l provided by propositions 15-16, yields
similar estimates for (L})~!. So there exists by € L*(R) such that

Libp(v) = M(v), k#0.
18



Since the function v — M (v) is by hypothesis in all H"(R), one has for every n € N*

Cn
10k || () < T2 k # 0.
Let us define the function

(3.11) = ap(z)e M (v)

k#0
Equipped with these notations, one can rewrite (3.9) as
(3.12) E(t,z) = (u,a; M) = (u, L*by) = (Lu, by) = (h,by) .

It yields the integral formula

(3.13)  E(t,2) // (5, 0)ba (3, v )dwdv—//ho — ot )by (y, v)ddv,

e Let us now bound the integral by means of Fourier decomposition. The initial value
is hg = Lug where

(3.14) uo(z,v) = Z e my, (v)
k

So one gets the Fourier representation

(3.15) ho(x,v) = Z e ep.(v) with ¢ (v) = Lymyg(v).

The boundedness of ug € L*(I : H"(R)) is characterized by

HUOH%Z’(I:H"(R)) = Z ”mk”%I"(JR) < o0

which yields

1B0l|72 (7.5 (RY) Z (K + D) [mal|7m gy
k

where D,, = ||Z||z(a»®)) > 0 is a constant independent of k. The electric field is
obtained by inserting (3.11) and (3.15) into (3.13)

E(t,x) Z/ vt (v)ag(z)b_g (v)dv.
k#0
Integration by parts with respect to v shows that

, 1 an

It yields

/ e kvt (v)by (v)dv
R

E,
\kI”t"” kll ) Ok 1o ()

19



E,
|k|ntn

c, F,
< ((K? + D) [l rm gy ) <,€2> = |k|ntn”mk”H

So
G,
|E(t, x)| < Z — Ml g gy lax(z)] < m”mkHH"
oy |k’| t |k[ntit

A standard Cauchy-Schwarz inequality yields

2

1 H,
(3.16) |E(x,t)| < tT > Il Finwy ZW < ol p2ren ) -
k0 k0

N

It shows the result for d,¢ = —FE, and also for ¢ by integration in the x direction.
From (3.10) the same inequality is obtained for d;¢. The proof is ended.
O

4. Influence of the Debye length. We now generalize the integro-differential
operator L to the non linear equation (1.9). Our objective is to exploit the explicit
nature of the operator L to analyze the sensitivity of the damping rate of the electric
field with respect to the Debye length Ap. To simplify the analysis, in particular the
proof of proposition 19, we assume that G(v) = exp(——) That is we consider that

’02
(1) M(v) = exp(~2)

in this section.
The electronic density can be written as n. = a?exp ¢ so that the linearization
of (1.9) is based on the formal decomposition

f=G+g, E=0+e, nc=a’(1+¢+0(¢").
It yields the linear problem

019 + v0,g + €0,G = 0, t>0, (z,v)elxR,

(4.2) A 0p00 + 02 = [pgdv, t>0, zel,
e=—0,9, t>0, zel.

One has G’'(v) = —vM?(v). Let us define u = £ which is solution of

(4.3) Oy + vOyu — evM (v) =

The convenient generalization of the integro-differential operator L is L
(4.4)

LPu(z,v) = (—A) 00 + a® + q(v)) u(z,v) — vM(v)P.V./R P

u(z, w)M (w)dw.

The companion definition for mode k € Z is LkD

LPu(v) = (A\pk?* + a3y + q(v)) u(v) — vM (v)P.V. / !

RW—UV

u(w)M (w)dw.

20



PROPOSITION 18. Let u be a solution of (4.3) with the electric field given by
(4.2). The function h? = LPu is solution of the transport equation

9hP + vd,.hP = 0.

Proof. The structure of the proof is the same as the one of proposition 9. First
one has LOu = 9:h”. Second

LD(vamu) = (—A%@m + oz?v[ + q(v)) vOpu(z,v)

—vM(v)P.V. / wdpu(x, w)M (w)dw

RW—V

= 'Ua:c (_>‘2Daﬂcgc + O‘?M + q(’U)) U(I, U)

—vM(v)P.V. /

R\W—V wW—20

(“’ vy ) Opu(z, w)M (w)dw

= 'Ua;z (_>‘2D83:x + O‘?M + Q(U)) U(ﬂi, U)

+, (’UM(”U)P.V. /R <w 1_ v) u(x,w)M(w)dw)

—oM (v)0y /Ru(x, w)M (w)dw = vd, LPu — vM(v)d, /R u(z, w)M(w)dw.

And third
LP(evM(v)) = (=A}0us + a3y +q(v)) evM (v)

1

w—v

—oM (v)P.V. /]R (ewM (w)) M (w)dw

=M (v) (—ApH0se + 03f) € = —0M ()0, (—ADOrs + 03f) &

due to the last equation of (4.2). One gets after summation

0 = 0;h? + v, hP + vM(v)0, (/ u(z, w)M(w)dw — (=2} 0ps + ay) (b) ,
R

where the term between parenthesis vanishes in view of the second equation of (4.2).
The proof is ended. O

It is convenient to define the velocity part of the operator L

ZPu(v) = (ad; + q(v)) u(v) — ’UM(U)P.V./ n ! u(w)M (w)dw.

R W—7
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PROPOSITION 19. The operator IP is coercive in L*(R).

REMARK 20. This is not the case for T which was proved only to be Hilbert-
Schmidt.

Proof. The calculations are based on the ones that give (2.22). One has

(TPu,0) 1o ) = /R (02 + q(v)) u(v)?dv + % ( /R u(v)M(v)dv>2 .

The result follows from the double inequality —a? + 82 < ¢ < a that was proved in
(2.21) for the Maxwellian profile. O

The proposition 16 is then easily generalized. A consequence is that LkD has
continuous inverse in H"™(R) with the bound

Cr

o TP S N
H( ¥) LHM(R) — ALk + 52 p>0

Next step is the writing of an integral formula for the electric field. From —A\%0,.,¢ +
a’p = fR gdv = fR uMdv, one can write the Fourier representation formula

1 ) )
o) =3 g () et ontoyyn) e,
kz;ﬁo 271'()\%]{72 —+ a2) I JR
also rewritten in a more compact form as ¢(z) = [, [ u(y, v) K. (y,v)dydv with
1

];) 2r (AL k2 + a?)

ik(z—y)

The electric field is directly
e(r) = —0.¢ = //Ru(y,v)l/(\'z(ym)dydv
I

with K, = 9, K,
I?a:(ya U) = Z %dk(jﬁ_y)M(v)
s 2r(A\L k% 4+ a?)
One can write directly

e(t,z) = (Lu, (LP) " K,) = (h, (L") K,)

since ZP is coercive in L?(R) which yields that L? is invertible. We obtain in Fourier

Zk 1k(x— —%
et,r) = /I/R ho(y — vt,v) > WOLEE 1 a?)° ME(LY) T M (v) | dydo.
k0

Using the expansion (3.15) of the initial data hg, one gets

ike't —ikut Dy—x*
e(t,fI;) = ;} Wuoﬁ)/ﬂ{e Ck(’U)(Lk ) M(’U)d'[}
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Since [|(L)™* M (v)|| g r) < #’;52, one gets the bound after integration by parts
D
in the v variable

> K
< n(R)-
(el = O O g+ g (e |

Here ¢, = LkDmk and my is the Fourier decomposition (3.14) of the initial data ug.
Let 42 > 0 be a measure of the norm of ZP in L(H"(R)). One can writes

c k' (A E2 +42)
oy < — E m n
||6( )”L (I) — tn k;éo ()\QDkQ +Oé2) ()\QDkQ +62) || k‘HH (]R)

s § mg||H»(R)-
tn P ()\2 k.2 62) (R)

Finally a Cauchy-Schwarz inequality yields

~ 2

Cn 1
(4.5) el < - luoll2(ranr
(I) n ( (R)) % (AQDk2 +ﬁ2)2 |k[2n—2

If A > 0 is considered as a fixed positive coefficient, this formula does not bring
anything new with respect to (3.16). The interesting physical case when AP tends to
zero is discussed below.

THEOREM 21. Assume that ug € L*(I : H"(R)) with n > 2. Then the electric
field tends to zero uniformly with respect to the Debye length with a rate at least t~™.
This is evident from (4.5).

REMARK 22. On the other hand if n = 1 and Ap = 0 one cannot predict any
damping rate from (4.5) since the series diverges.

5. First non linear estimates. We desire to show that some parts of the
symetrization method can be generalized to the non linear case. This can be con-
sidered as a first and elementary step in the understanding of the non linear Landau
damping with the tools developed in this work. It also answers positively to a question
addressed in [17] about the validity of quadratic estimates for non linear equations.

Keeping the non linearity in the Vlasov-Poisson system (1.3) yields

(5.1) 0ig +v0,g +EvM? = FEd,9, t>0, (v,v)€lxR,
’ o.F — [vgdv =0, t>0, zecl.
Rewriting as before with u =  one gets
ou+viyu +vME = Eﬁ@vg, t>0, (z,v)elxR,
oF — [uwwMdv =0, t>0, zel

which is more conveniently rewritten as

(5.2) Ou+vo,u +vME —Edyu = 3vEu, t>0, (z,v)€lXxR,
’ o kE — [uvMdv =0, t>0, xzel.

Only the right hand side has influence on the L? energy balance.
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The quadratic term EQ,u is compatible with the quadratic estimates pursued
in this work because this term vanishes after multiplication by u and integration.
However it is not the case of the other term %vEu. Indeed a direct use of (5.2) yields

i (//quxdv+/E2dx) :/<E/vu2dv> dz.
dt \Jr Jr I I R

Since [g [v[u*dv cannot be controlled by [g u®dv, it shows a defect in the control of
higher moments which is not convenient to get bounds on the L? norm.
Fortunately one has the trick

1
VO U — ivEu = Uefé‘ﬁale%d’u

where ¢ is the electric potential 9,¢ = —F. Therefore we pre-multiply the equations
by e2?, that is we define

w(t,z,v) = e%¢(t’$)u(t, x,v) and F(t,z) = e%‘z’(t"””)E(t, x).

These quantities satisfy
(5.3)
ow +vow +uvMzF —Ed,w = %(%d)w, t>0, (z,v)elxR,
{ oF —waM%dv =300F, t>0, zel.

The quadratic norm is

E(t)://devda:—&—/ng:E.
1Jr I

PROPOSITION 23. Solutions of (5.3) are endowed with the energy identity

d
(5.4) %E(t) = / oo / w?dvdx + / OrpF2da
where ¢ is bounded by
(55) 1060l =) + 19:6(0) [z 1y < Cmin (1,E(1)F)
and C' is a universal constant.
Proof. The proof of (5.4) is immediate. It remains to prove the inequality.
o The electric field E is bounded uniformly in L? for the non linear Vlasov Poisson

(1.2) using (1.4-1.5). A classical consequence is the following [14]: first one has
Jufdv € L%(I ) uniform in time using the energy identity and the L*° bound on f.

Indeed
/ fdv
lv|<R

/vfdv / v fdv
R [v|>R

1
The optimal choice R = || fo|| ;2 UR vzfdv‘ 3 yields

’/vadv /szfdv

<R

1
— < 2R? o+ — 2fd
= < 2R pllm + | [ s

2
3

1
< 3|[foll 7
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1 2
which gives after integration in space || [ vfdeL%(I) < 3\ follfs (f; Jg V2 f fafv)®.
Since the L* norm and the total energy are bounded (1.4-1.4), it yields the uniform

estimate
‘ / vf(t)dv
R

Therefore 0, (0:¢)(t) € L2 (I) uniformly in time. By integration in space one obtains

Orp(t) € L>(1 ) uniform in time . This is the same for d,¢ = E, which yields that

0,¢(t) € L>=(I). By integration on the periodic domain on gets that ¢(t), d¢¢(t) and
0, ¢(t) bounded in L>°(I) uniformly in time. It yields

10ep()| Lo (1) + 1020 oo (r) < C

which is one part of the inequality (5.5).
e The remaining part is obtained as follows. The Gauss equation writes

<C, Vt>0.
L3

0, F = —/uM%dv.
R

1
Since ‘fR uM%dv‘ <C (fR uz) 2 for a universal constant, one gets that

102 El Lo (1) < Cllu(®)]|L2(1xR)-

The electric potential being bounded in L>: [[u(t)|| z2(1xr) < Cllw(t)||L2(1xr) It shows
that 0,6(t) = E(t) is indeed bounded in L>(I) by C&(t)2. Starting from

0,0:0 = O FE = / wv M2 dv
R

one gets the same result for the time derivative ||0,$(t)|| o (;) which is also bounded
by CE(t)z. The proof is ended. O

We now detail an easy consequence of this estimate.

PROPOSITION 24. Consider an initial data (ug, Eo) (resp. (wo, Fy)) which is
small in quadratic norm. Then the solution of (5.2) (resp. (5.3) remains small in
quadratic norm for a long time.

More precisely one has E(t) < 2E(0) for all t < T, where

T, =0 (5(0)‘%) .

REMARK 25. This estimate gives some complementary informations about the
stability of BGK waves discussed in [12]. Since our quadratic functional setting is
slightly different from the one used in this reference, it questions the existence of BGK
waves in our setting, together with the possibility of using the integro-differential L
to get understanding of non linear Landau damping [13]. This is left for further
research.

Proof. An immediate bound for a(t) = ()7 is La(t) < Cmin (a(t),a?(t)),
which turns into

a(t) < a(0) + C/O min (a(s), a*(s)) ds.

The discussion is as follows.
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e Assume «(0) > 1 that is min (a(0),a?(0)) = «(0). Then a(t) < e“‘a(0)
using the Gronwall lemma.

e Assume on the contrary that «(0) < 1. Then one has a(t) < g(t) for
g(t) = a(0) + Cfot a?(s)ds for t under some threshold value T*. Since
g'(t) = Ca?(t) < Cg?(t) one gets that g(t) < =gl So if t < Th = g
the inequality yields

(0)
o) < T Ca)’

e The general solution is obtained by choosing the worst case. For initial data
smaller than 1 which is the interesting situation, a second threshold time
1

T**:m—l.

One gets that if ¢ < T, then a(t) < #{Sgo)t,

The proof is ended by noticing that for small initial data

(17]
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