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Nested punctual Hilbert schemes and
commuting varieties of parabolic subalgebras®

MicHAEL BuLoist LAURENT EvaIn?

April 27, 2016

Abstract:

It is known that the variety parametrizing pairs of commuting nilpotent ma-
trices is irreducible and that this provides a proof of the irreducibility of the
punctual Hilbert scheme in the plane. We extend this link to the nilpotent
commuting variety of some parabolic subalgebras of M, (k) and to the punc-
tual nested Hilbert scheme. By this method, we obtain a lower bound on the
dimension of these moduli spaces. We characterize the cases where they are
irreducible. In some reducible cases, we describe the irreducible components
and their dimensions.
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1 Introduction

Let k be an algebraically closed field of arbitrary characteristic.

Let SI" denote the Hilbert scheme parametrizing the zero dimensional
schemes z, in the affine plane S = A? = Spec k[x,y| with length(z,) = n.
Several variations from this original Hilbert scheme have been considered.
For instance, Briancon studied the punctual Hilbert scheme S([)"} which
parametrizes the subschemes z, with length n and support on the origin
Br|, and Cheah has considered the nested Hilbert schemes parametrizing
tuples of zero dimensional schemes zx, C 2z, C --- C 2, organised in a tower
of successive inclusions [Chll, [Ch2].

Let C(M,,) be the commuting variety of M,,, i.e. the variety parametrizing
the pairs of square matrices (X,Y) with X € M, (k),Y € M,(k), XY =Y X.
Gerstenhaber [Ge] proved the irreducibility of C(M,,). Many variations in the
same circle of ideas have been considered. For instance, one can consider C(a),
where a C M,, is a subspace (often a Lie subalgebra), or N'(a) C C(a) defined
by the condition that X, Y be nilpotent (cf. e.g. [Pal, Bar [Pr, Bul [GR]).

There is a well known connection between Hilbert schemes and commut-
ing varieties. If z, € S™ is a zero dimensional subscheme, and if by, ..., b,
is a base of the structural sheaf O, = k[z,y|/1,,, the multiplications by x
and y on O, are represented by a pair of commuting matrices X,Y. The
scheme z, is characterized by the pair of commuting matrices (X,Y) up to
simultaneous conjugation. This link has been intensively used by Nakajima



[Na]. Obviously, variations on the Hilbert scheme correspond to variations
on the commuting varieties.

The goal of this paper is to study the punctual nested Hilbert schemes
S¥and S and their matrix counterparts A (pj.) and A(qy.). Here
S([]k’"] C S([)k] X S([)"] parametrizes the pairs of punctual schemes zy, 2, with z; C
zp, and Sgk’"ﬂ C S([]k} X S([]HH X+ X S([)"] parametrizes the tuples 2, C 2441 -+ C
Zn, Pen C M, is a parabolic subalgebra defined by a flag Fy C Fj, C F,, with
dim F; = ¢ and q,, is associated with a flag [y C Fy--- C Fj, C F,.

Our interest in the nested punctual Hilbert schemes stems from the the
creation and annihilation operators on the cohomology of the Hilbert scheme
introduced by Nakajima and Grojnowski [Na, |Gr]. The geometry of the
nested Hilbert schemes controls these operators. A typical application is the
vanishing of a cohomology class which is the push-down of the class of a
variety under a contracting morphism. It is often necessary to describe the
components of the nested Hilbert schemes and/or their dimension to simplify
the computations [Nal [Le, [CE]. On the Lie algebra side, the subalgebras
Prn C M, are the maximal parabolics, hence are prototypes for the study of
general parabolics. On the other hand, the algebras gy, are used as a tool to
study some other cases and are well behaved for our computations.. Closely
linked to this setting, note also that gy, , is a Borel subalgebra of M,,. Some
properties of N'((,.,) can be found in [GR].

Let Py, resp. Qkn, be the groups of invertible matrices in py ,,, resp.
Jkn- It acts on Py, resp. qi,, by conjugation. In the Lie algebra setting,
Py, resp. Qg ., is nothing but the parabolic subgroup of GL,, (k) with Lie
algebra Py, resp. qpp-

It is possible in our context to make precise the connection between
Hilbert schemes and commuting varieties. Since zero dimensional schemes
are characterized by pairs of commuting matrices up to the choice of the
base, the expectation is that Hilbert schemes should be quotients of com-
muting varieties. This is correct in essence, provided that one takes care of
the existence of cyclic vectors. Moreover, the acting groups P, and Qi ,, are
not reductive. Nevertheless, we will construct a geometric quotient in the
sense of Mumford [MFK], as follows.

Let NcyC(pk,n) and /chc(qk,n) be the open loci in N(pr,) x k™ and
N (qk.n) x k™ defined by the existence of a cyclic vector, i.e. these open loci
parametrize the tuples ((X,Y),v) with k[X,Y](v) = k™ They are stable
under the respective action of Py, and Q.



Theorem [3.2l

1. There exist geometric quotients ¢ : ./T/’Cyc(pk,n) — /chc(pkm)/Pk,n and
¢ NU(qrn) = NY(qrn)/Qr.n and they are principal bundles locally
trivial for the Zariski topology.

2. There exist surjective morphisms 7, : N%(p,,) — S([)”_k’"} :
Tom s N (qun) — SEH

3. There exist isomorphisms i : N Ye(prn)/Pen — S([)n_k’"] and 7' :
N V( Q) / Qe — Sg"_k’nﬂ. These isomorphisms identify the pro-
jections to the Hilbert schemes with the geometric quotients, 1.e.
i0q=Tp,and i oq =7 .

This is directly inspired from the general construction of Nakajima’s
quiver varieties (see e.g. [Gi]), the cyclicity being a stability condition in
the sense of [MFK]. It can straightforwardly be generalized to any parabolic
subalgebra of M,.

We then investigate the dimension and the number of components of
N(©en), Ndrn), SE™ and S Many of our proofs consider the prob-
lem for N (p.n), N(qrn) firstly and then use the above theorem and some
geometric arguments to push down the information to the Hilbert schemes.
Conversely, sometimes, we pull back the information from the Hilbert scheme
to the commuting variety. The general philosophy is that the problems on the
commuting varieties are in some sense “linear” versions of the corresponding
problems on the Hilbert scheme which are “polynomial” problems. This ex-
plains why the most frequent direction of propagation of the information is
from commuting varieties to Hilbert schemes.

Theorem [5.111 S([)k’"] is irreducible if and only if £ € {0,1,n —1,n}. The
variety N (py.) is irreducible if and only if £ € {0,1,n — 1,n}.

Theorem Sgk’"] is irreducible if and only if k € {n —1,n} or n < 3.
N (qk.n) is irreducible if and only if £ € {0,1} or n < 3.

When k£ = 2 or k = n — 2, we have precise results on the number of
components and their dimensions.

Theorem [7.3l Let v = gy, or ps,. Then N (tv) is equidimensional of

dimension dimto — 1. It has ng components.
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Theorem B, S, s> gl'=2m qre equidimensional of dimension

n — 1. They have ng components.

The similarity between S and S "™ follows from a transposition
isomorphism between N (p ) and N (p,—x.). Note however that there might
be profound differences between the Hilbert schemes and the corresponding
commuting varieties because of the cyclicity condition, see remark [3.15]

Without any assumption on k& € [0,n], we have an estimate for the
dimension of the components.

Proposition (Section [6]).  Each irreducible component of Sgk’nﬂ has
dimension at least n— 1 which is the dimension of the curvilinear component.
Each irreducible component of S([)k’"} has dimension at least n — 2, which is
the dimension of the curvilinear component minus one. Each irreducible
component of N () has dimension at least dim qi,, — 1. Each irreducible
component of N'(pg,,) has dimension at least dim py, ,, — 2.

Note that the result is not optimal for py ,, and S([)k’"} as Theorems and
show.

Our approach does not depend on the characteristic of k. One reason
that makes this possible is that we often rely on the key work of Premet in
[Pr] made in arbitrary characteristic.

Several statements in the paper allow generalisations or abstract reformu-
lations. To keep the paper readable by a large audience, we have chosen a pre-
sentation which minimizes the prerequisites. Hopefully, the paper is readable
by a non specialist in at least one of the domains Hilbert schemes/commuting
varieties.

Acknowledgments. We are grateful to Markus Reineke for computing and
communicating to us the example mentioned in Remark[7.4)

2 Reducible nested Hilbert schemes

Throughout the paper, we work over an algebraically closed field k of arbi-
trary characteristic.

In this section, we produce examples of reducible nested Hilbert schemes,
and we identify some of their components via direct computations.

Let S = A? = Spec k[z,y] be the affine plane. We denote by
S the Hilbert scheme parametrizing the zero dimensional subschemes



2, C A? of length n. We denote by Sk < SWK x Sl the Hilbert
scheme parametrizing the pairs (zx,z,) with zx C z,. We denote by
Sln] Sk » SE+1] 5 ... x S the Hilbert scheme that parametrizes the
tuples of subschemes (zx, zx11,...,2,) With zx C 2zg41 -+ C 2,. An index
0 indicates that the schemes considered are supported on the origin. For
instance, S([]k’n] C S([]k} X S([]"} is the Hilbert scheme parametrizing the pairs
(2k, 2n) With 2z C 2, and supp(zy) = supp(z,) = O.

All these Hilbert schemes have a functorial description. For the original
Hilbert scheme, see [Gro| or [HM] for a modern treatment. For the nested
Hilbert schemes see [Kee|. For the versions supported on the origin, a good
reference is [Ber]. Section [3.1] will recall the main technical descriptions that
we need.

Proposition 2.1. For k #0,1,n—1,n, SF™ is reducible.

Proof. Recall that a curvilinear scheme of length n is a punctual scheme
which can be defined by the ideal (z,y™) in some system of coordinates
i.e. this is a punctual scheme included in a smooth curve. The curvilinear
schemes form an irreducible subvariety of S([)"] of dimension n — 1 [Br]. We
prove that S([)k’"} admits at least two components: the curvilinear component
where 2, and z, are both curvilinear (of dimension n — 1 since 2z, = (z, y*) is
determined by z, = (x,3") ) and an other component of dimension greater
or equal than n — 1. The families that we exhibit below are special cases of
more general constructions which give charts on the Hilbert schemes [Ev].

Consider the families of subschemes z;, z,, with equation I, and I,, where
Iy = (2" Y yx + 077 at, v + 3207 agya' ™ 4 b 2). Let ¢ be the change
of coordinates defined by = + z, y = y — 2 aw’~!. Then ¢(I,) =
(21 yx,y* + bx"~?). In particular, for each choice of the parameters a;, b,
the scheme z, has length n.

We may suppose n > 4, otherwise there are no integers k to consider in
the proposition. Then all the generators of I, have valuation at least two
and it follows that z, is not curvilinear.

For each z,, there is a one dimensional family of subschemes z, C z,. We
check this claim in the coordinate system where I,, = (2", yx, y* + ba"~2).
Consider [}, = (2%, y—caz*1). Modulo I}, we have z"~! = 0 and yx = ca* = 0.
Since k <n—2and k > 2, y? +bax" 2 = y? = (ca* )2 = 0. Thus I, C I,
as expected.

All the ideals I,, and I are pairwise distinct since their generators form a
reduced Grobner basis for the order y >> z and a reduced Grobner basis is



unique ([Eis|, Exercise 15.14). We thus have two families of dimension n — 1,
namely the curvilinear component and the family we constructed with the
parameters (a;, b, ¢). It remains to prove that they cannot be both included
in a same component V' of dimension > n. For this, we prove that the closure
of the curvilinear locus is an irreducible component.

Let p be the projection S([)k’"} — S(g"]. Let C™ C S([]"} be the curvilinear
locus and C*" = (p~1(C™)),eq be the reduced inverse image. Note that
p restricts to a bijection between C*" and C™. Let V be an irreducible
variety containing the curvilinear locus C*". Since C™ is open in p(V) C S
by [Bx] and since p restricts to a bijection between C*" and C", we have
dimV =dimC" =n — 1. O

In general S([)k’"} has more than the two components exhibited in Proposi-
tion 2.1l For instance, corollary [7.5] shows that S([)z’"} is equidimensional with
ng components. As a first step towards this goal, we count the number of
components of dimension n — 1.

Proposition 2.2. S([f’"} contains exactly |n/2] components of dimension
n—1.

Proof. Consider the action of the torus t.z = tfz (k >> 0) , t.y = ty on k[z, y]
and the induced action on S([)"}. There is a Bialynicki-Birula decomposition
of S([)"] with respect to this action. According to [ES, Proof of Proposition
4.2], any cell is characterized by a partition of n, and the dimension of the
cell with partition A= (A = --- > Ay, ) is n — Ay

There is a unique cell of dimension n — 1 of Sé"} and it is associated with
the unique partition A = (1,1,...,1) of n with A\; = 1. Geometrically, this
cell parametrizes the curvilinear subschemes which intersect the vertical line
y = 0 with multiplicity one. We call it the curvilinear cell and we denote it by
Foump. There are [n/2] cells Fy C S([]"} of dimension n—2 corresponding to the
partitions A with n boxes and A\; = 2 : one has to take A = A, := (27, 1°7%),
withb>a>1and a +b=n.

Following [Ev], we may be more explicit and describe the charts cor-
responding to the Bialynicki-Birula strata. Since 552’2] = Séz} is home-
omorphic to P!, where (¢ : d) € P! corresponds to the subscheme
29 € S([]z} with ideal (cz + dy,z?% y*), the proposition is true for n =
2 and we may suppose n > 3 . If b = a, the Bialynicki-Birula
stratum Fj,, is isomorphic to Spec k[c;] with universal ideal (2% 3> +



> ictonyieit, a1y CiiT'Y’). I b > a, the stratum is Spec klc;, d;, e;] with
universal ideal (2% yz® + Zie{l,...b—a—l} et y? + Zie{l,...,b—a—l} cyrt +
2ieftia-1y G+ 2 5e0 bma1y GTT)  Dic(o-a, -1y €6T7)

There is at most one term of degree one in the generators of the ideal,
which appears when (b —a = 0,¢19 # 0) or (b —a = 1,e; # 0). In these
cases, the corresponding point of the Bialynicki-Birula cell parametrizes a
curvilinear scheme and it parametrizes a noncurvilinear scheme if b —a > 2
or e; =0 or ¢ = 0. There are [n/2] — 1 partitions A, with b —a > 2.

Consider the projection p : S&*™ — SI" and 2, € SI". The fiber p~1(z,)
is set-theoretically a point if z, is curvilinear. If z, is not curvilinear, the
fiber is S([)z] which is homeomorphic to P'.

It follows that p~'(F,y,) and p~'(Fj,,) with b —a > 2 are irreducible

varieties of dimension n — 1. There are [EJ such irreducible varieties. To

prove that their closures are irreducible components, note that S([]z’"] is a
proper subscheme of the n dimensional irreducible variety S([)"] X S([)z}. In
particular, any irreducible closed subvariety of dimension n —1 in 552’"] is an
irreducible component.

It remains to prove that there are no other components. Let L be a
component with dimension n — 1. Since S([f} is one-dimensional, the generic
fiber of the projection L — Sé"} has dimension 0 or 1 thus the projection has
dimension at least n — 2. If the projection has dimension n — 1, then the
generic point of L maps to the generic point of the curvilinear component
for dimension reasons, and L is the curvilinear component p=1(Fy,.,). If the
projection has dimension n — 2, then the generic point of L maps to the
generic point of a Bialynicki-Birula cell of dimension n—2, Fy_,, or to a non
closed point of F,,.,. Since the generic fiber has dimension 1, the generic
point of L does not map to Fi,, nor to the generic point of Fy, ,, b—a < 1.

Hence L is included in one of the components p~!(F},,) constructed above
with b —a > 2, and the equality follows from the equality of dimensions. [

Remark 2.3. [t is possible to prove along the same lines that S([)"_Zn}

has exactly |n/2| components of dimension n — 1.  More precisely,
the universal ideal (Py = b, P = ya® + Zie{l,...,b—a—l} T Py =
y? + Zie{l,...,b—a—l} ciyr’ + Zie{l,...,a—l} di(yz' + Zje{l,...,b—a—l} Cj:CHj) +
Zie{b—a,...b—l} e;x’) over Fy,, with b —a > 2 as above defines a n — 2 di-
mensional family of subschemes z, of length n. For each such subscheme
Zn, there is a one dimensional family of subschemes z,_o(t) parametrized
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by t with z, o(t) C z,. In coordinates z, o(t) is defined by the ideal
(Py/z, Py/x + ta®1, Py) which is well defined since x divides both Py and
Py. By the above, the component containing the couples (zp_a,2,) has di-
mension dimension (n —2) 4+ 1 =n — 1. Adding the curvilinear component,
we obtain in this way the |n/2| components of dimension n — 1.

3 Hilbert schemes and commuting varieties

The goal of this section is to make precise the link between Hilbert schemes
and commuting varieties in our context. More explicitly, we realize the
Hilbert schemes S %™ and SI" ™" as geometric quotients of the commut-
ing varieties /chc(pkvn) and /chc(qk,n) by the groups P, and Q. (The-
orem [3.2]). As a consequence, we point out a precise connection between
irreducible components of SI"™™ (resp. Sy and those of N¥(p;.,)
(resp. N¥°(qy.,)) in Proposition 3.13

We first introduce the notation to handle the commuting varieties. Let
M,, 1. be the space of n x k matrices with entries in k and let M,, := M,, ,,. The
associative algebra M,, will more often be considered as a Lie algebra g via
[A, B] :== AB — BA and we will be interested in the action by conjugation of
G =GL,onit (¢9- X =¢gXg™'). If w is a Lie subalgebra of M,, and X € w,
we denote the centralizer (also called commutant) of X in w by

Y = {Y ew|[Y,X] =0}

The set of elements of tv which are nilpotent in M, is denoted by ", We
define the nilpotent commuting variety of to:

N() = {(X,Y) € (w")? | [X,Y] =0} C v x 10.

If a subgroup @ C G normalizes tv then QX is the stabilizer of X € t in Q.
The group @ acts on N () diagonally (¢ (X,Y) = (¢ X,q-Y)).

Theorem 3.1. If X° denotes a reqular nilpotent element of M,,, we have

N (M) = G- (X0, (M)

In particular, the variety N'(M,,) is irreducible of dimension n* — 1



Recall that an element X € M, is said to be regular if it has a cyclic
vector, i.e. an element v € k™ such that (X*(v)|k € N) = k. This easily
implies, and is in fact equivalent to, dim GX (= dim MX) = n. There is only
one regular nilpotent orbit. This is the orbit of nilpotent elements having
only one Jordan block.

This theorem was first stated in [Bar] using the correspondence with
Hilbert schemes (with a small correction in the proof of lemma 3, see Math-
Reviews 1825165). We can find other proofs of this theorem in [Bas03] and
[Px]. In [Pr], the result is proved whithout any assumption on char k.

Let V = k™ and (ey,...,e,) be its canonical basis. We will identify
M,, with gl(V), the set of endomorphisms of V', thanks to this basis. For
1 <i<n,letV; = (e,...e;). We define py,, (resp. qi,n) as the set
of matrices X € gl(V) such that X(V;) C Vi (resp. X (Vi) C V; for all
1 <i< k). Given X € py,, we denote by X*) the linear map induced by
X on V/Vj. Let Py, C GL, (resp. Qrn. C GL,) be the algebraic group
of invertible matrices of py, (resp. qin). In the Lie algebra vocabulary,
Py, and Qg (resp. pin and qi,) are parabolic subgroups of GL,, (resp.
parabolic subalgebras of gl(V')) and Lie(Py,) = Pin, Lie(Qrrn) = qrn- In
fact, all the content of this section can easily be generalized to any parabolic
subalgebra of gl(V') and a corresponding nested Hilbert scheme. Namely, the
parabolic subalgebra stabilizing a partial flag Fy C F, C --- C Fy, C F,
(dim F; = j) is in correspondence with the nested Hilbert scheme with length
n—k <---<n—k <n. N

In Definition B:9 and Proposition .10, we define a scheme N“(tv), whose
k-points are the triples (X,Y,v) with (X,Y) € N(w) and v € V is a cyclic
vector for the pair of endomorphisms X, Y.

In Section [B.1.2] we also describe an action of the group Py, (resp. Qk.n)
on the scheme N(p.,.) (resp. N(qpn)). Set-theoretically, this action
is given by ¢-(X,Y,v) = (9Xg~ ', gY g™ ', gv). The following theorem asserts
that a GIT quotient in the sense of Mumford [MFK] exists, and that the
quotients are nested punctual Hilbert schemes.

Theorem 3.2. 1. The geometric quotients q : N%(pp,) —

Ncyc(pk,n>/Pk,n and ¢ : NCyC(Qk,n) —» X/Cyc(qkm)/Qk,n exist and
they are principal bundles locally trivial for the Zariski topology.

2. There exist surjective morphisms

T s N (prn) =S¢,

10



Tl K (g1 S0

3. There exist isomorphisms i : X/Cyc(pk,n)/Pkm = S([]"_k’"] and i
NY(Gn)/Qrn = Sg"_k’"ﬂ. These isomorphisms identify the projec-
tions to the Hilbert schemes with the geometric quotients, i.e. ioq = Ty,
and i’ o q =T ..

3.1 Functorial definitions

Hilbert schemes are often defined through their functor of points (see [EH]
or [St] for an introduction). We will use this setting to prove Theorem B2
A useful example for us is the functor of points of the k-vector space V. This
is the functor which associates

e to any k-algebra A, the set V(A) ==V ®x A = A"

e to any morphism A — B, the natural map V(A) — V(B) = V(A) ®4
Bov—ouv®l

In particular, the functor represented by M,, (resp. Vi, pi,) associates to
any k-algebra A, the set M, (A) of n X n-matrices with coefficients in A (resp.
Vi(A) = Ve ® A C V(A), ppn(4) = {X € M,(A)| X(Vi(4)) C Vi(A)}),
see [St, Example 2.1]. In the following, we will usually only make explicit
the value of the functors on objects, their value on morphisms then being
standard. For more involved examples, the notion of relative representability
turrns out to be useful.

3.1.1 Relative representability

We recall from [Gro2] the notion of relatively representable morphism of
functors, with some obvious adjustments to fit our context. We will use this
language to prove the representability of our functors.

Let F,G be functors from the category of k-algebras to sets. Suppose
that F' is a subfunctor of G, ie. for every k-algebra A, F'(A) is a subset of
G(A). The inclusion F' C G is relatively representable if, for every k-algebra
A and every g € G(A) , there exists a subscheme Z C Spec(A) satisfying
the following property: for every ¢ : A — B, the morphism Spec(B) —
Spec(A) factorizes through Z if and only if the element f € G(B) defined
by f = v.(g) satisfies f € F(B). Grothendieck, [Gro2, Lemme 3.6] proves
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that if G is representable and if F' C G is relatively representable, then F' is
representable.

In intuitive words, a relatively representable subfunctor F' C G is a sub-
functor of G defined by subscheme conditions on the base. We illustrate this
through the following elementary lemma.

Lemma 3.3. The functor which maps a k-algebra A to the set Py, (A) ==
{X € ppn(A)] det X is invertible} is representable. The corresponding
scheme 1s P .

Proof. In the previous setting, we let G(A) := pr.n(A) and F(A) := Py ,.(A).
Given A and g € G(A), we set Z = {p € Spec(A)|detg ¢ p}. Obvi-
ously, Z is an open subscheme of Spec(A). For every ¢ : A — B, we
consider the element f := ¢,(g) € G(B). We have f € F(B) < det ¢.(g) =
o(det g) is invertible < Vp € Spec(B) detg ¢ ¢~1(p), that is, the comor-
phism Spec(B) — Spec(A) factorizes through Z. In particular, F C G is
relatively representable, hence F' is representable by a subscheme of py ,,. The
k-points of I are those of the open subscheme Py ,, C pi,. Hence P, with
the open subscheme structure represents F'. O

This also applies when F' is a subfunctor of G defined by the inclusion of
two families according to the following lemma, proved in [Kee, Lemma 1.1].

Lemma 3.4. Let X C Spec(A) x W, Y C Spec(A) x W be two families of
subschemes of a scheme W with X finite and flat over Spec(A). There exists
a subscheme Z C Spec(A) such that, for every morphism f : Spec(B) —
Spec(A), the following two conditions are equivalent:

e f factorizes through Z

o X X Spec(A) SpeC(B) cY X Spec(A) SpeC(B)

Proposition 3.5. Let ny > ny--- > n; > 0 be integers. Let F™" be the
functor from k-algebras to sets defined by F™"(A) = {(L1,...,1;)} where
o for every i, I; C Alxy, ..., x4 is an ideal,
o Alxy,...,xq4]/1; is locally free on A of rank n;,
° (:L’l, . ,l’d)ni C I;,
o [ Cly---CIj.
Then F™>" s representable.

Proof. For j = 1, the functor F™ parametrizes families of punctual sub-
schemes of length n; in the closed subscheme W defined by the ideal
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(x1,...,24)™ in the affine space Spec klxy,...,z4. It follows that this
functor is representable by the Hilbert scheme Wl = Wo["l] We then pro-
ceed by induction. Let G™" be the functor defined similarly to F™ ",
except that we replace the condition Iy C Iy--- C I; with the condition
I, C Iy--- C Ij—;. The functor G™" is representable by X; x X,, where
Xy represents F™"i-1 well defined by induction, and X, represents F"7.
The inclusion of functors F™™ C G™" is defined by the extra condition
I,_y C I;. According to the last lemma [3.4], this corresponds to a subscheme
condition on the base of the families, ie. F"1" C G™»" is relatively
representable. It follows that F™" is representable. O

3.1.2 Definitions

The functorial description of the Hilbert scheme S is classical, but we need
to precise the functorial description of Neve and of the variants S([)"], S([)k’"} of
the Hilbert scheme that we use.

Consider the Hilbert-Chow morphism S — Sym™(A?), and compose
it with the natural map Sym™(A?) — Sym™(A') x Sym™(A'). We ob-
tain a morphism p : S — Sym™(A') x Sym™(A') which set-theoretically
sends a subscheme z, to the tuples of coordinates ({1, ..., 2}, {¥1,-- -, Un})
where (z;,y;) are the points of z, counted with multiplicities. A mor-
phism Spec R — S factorizes through p=1(0,0) if the corresponding ideal
I(Z) C R[z,y] satisfies (z",y™) € I(Z). However, this property gives a spe-
cial status to the lines x = 0 and y = 0 as shown by the following example,
whose verification is straightforward.

Example 3.6. Let R = k[a,b]/(ab,b?) and I = (y + ax + b,2*) C R[z,y].
Then x* € I, y* € I, but for any t € k*, (v +ty)* ¢ I.

Consequently, we do not define S([)"] as being p~1(0,0) and we ask for
a coordinate-free definition. The dimension of the ambient space S plays
no role in the definition. We shall give a general definition for the Hilbert
scheme ZO["] parametrizing subschemes z, of length n in a scheme Z of any
dimension d supported on a smooth point o € Z.

For this, we recall the well-known remark that a subscheme z, of length
n in a scheme Z is supported on a smooth point o € Z if and only if I(0)" C
I(z,), ie. if z, is a subscheme of Speck[z1, ..., x4 /(z1, ..., x4)" where d is the
dimension of Z at o. This leads to the following definitions for the localized
Hilbert scheme ZO["] and the localized nested Hilbert scheme Z(g"j Myl

13



Of course, they include our two main objects of study S¥" and S with

Z=S5=A?and o= (0,0).

Definition 3.7. Let Z be a scheme over k, o € Z a smooth point such that
the local dimension of Z at o is d. The Hilbert scheme Z([)"} is the scheme
that represents the functor F™ of Proposition[3.4. Let ny > ng--->mn; >0
be integers. The Hilbert scheme Z0™ "™ s the scheme which represents
the functor F™"2 "

As long as we consider topological properties, a superscript 1 plays no role
since the schemes S([)l’"] and Sé" are homeomorphic. In fact, the following
proposition shows they are even isomorphic as varieties.

Proposition 3.8. Let (S([)l’"])red and (S([)"})red be the varieties obtained from
S([]l’"] and S([)"] with the reduced induced closed subscheme structure. Then

(S5 rea 22 (SY)rea

Proof. The functor F™!' associated with S([)l’"} is defined by F™(A) =
{(L1,I3) C Alz,y] with (z,y)* C I, C I, (z,y) C Iy, Alz,y]/L; locally
free of rank n, A[x,y]/I; locally free of rank 1}. In particular, I, = (x,y) is
the only possibility. In other words, if F™ denotes the functor associated with
S([)"}, then F™! can be seen as a subfunctor of F" defined by the condition
I, C (z,y). By Keel’s lemma 4], this inclusion is relatively representable
and SI"™ is a closed subscheme of S, When A = k, k[z,y]/(z,y)" is a
local ring with maximal ideal (x,y). It follows that the inclusion Iy C (z,y)
is always satisfied or equivalently, that the embedding S([]l’"] C S([]"} identifies
the k-points on both sides. This proves the proposition. O

Definition 3.9. Let A be a k-algebra. Let V(A), Vi(A) and pin(A) be as
in the beginning of Section[3dl. Consider the functor m from k-algrebras to
sets where m(A) is

(X, Y]=0, X"=X"1Y=..=Y"=0,
(XEN=k — ... = (YE)=k = 0 on V/V,(A)
ev, and ev,_ are surjective

(X,Y,v) €
Prn(A) X prn(A) x V(A)

where

oo { Alz,y] — V(A) ~ A" and ev {
"\ Plz,y) — P(X,Y)() "E Pl y)

are the natural evaluation morphisms.

14



Proposition 3.10. (Functorial definition of./vcyc(pk,n) C P X P X V).
The functor m is representable by a scheme NV (py.,).

Proof. We give a sketch of the proof. Let m’ be the functor given by the
same conditions as m except the surjectivity of ev, and ev,_;. In view of
[St, Example 2.1], m’ is representable by a closed affine subscheme of py,,, X
P X V. Then, the inclusion m C m/' is defined by surjectivity conditions,
or equivalently by the invertibility of some determinant. It follows that this
inclusion of functors is relatively representable, using the same argument as
in the proof of Lemma a

__ The first point of the following lemma shows that the closed points of
N(py..,) are the expected triples (X,Y,v). Since, on k-points, we require
X and Y to be nilpotent, it could seem natural in the above definition of the
functor A — m(A) to replace the condition X" = X" 1Y = .. =Y" =0
with the simpler condition X" = Y™ = 0. The second point of the lemma
shows that this would add extra embedded components to N'%“(py,,) and we
are not interested in these components.

Lemma 3.11. (i) Let X,Y € M, (k) be a pair of nilpotent commuting ma-
trices. Then X'Y"™" =0 for all i € [0,n].

(ii) The above conclusion may fail when replacing k by an arbitrary (even
noetherian) k-algebra R.

Proof. (i) From reduction theory, it is an elementary fact that X and Y are
simultaneously strictly upper trigonalisable. Hence the equalities.

(i) Take R = k[a,b]/(ab, b?), X — (0 0),Y: <2 2) Then X? —

Y2:OandXY:YX:(2 8) O

Finally, we can define the action of P, on N Y(Pkn), i-e. the morphism
vt P X X/Cyc(pkvn) — ./T/’Cyc(pk,n) at the functorial level. Let g € Py, (A),
t = (X,Y,v) € m(A) so (g,t) € Hom(Spec A, Py, x N°(pi.,)). Then the
element t' = (X', Y’,v') € m(A), image of (g,t) by the action morphism =,
is X' =gXg LY =gYg L0 = gu.

15



3.2 The Hilbert scheme as a geometric quotient

In this section, we prove Theorem

The cases of N¥“(py.,,) and N¥°(qy,,) are similar and we consider only
the first case. The strategy is the following. We first construct a categorical
quotient. Using the functorial properties of both the categorical quotient and
the Hilbert scheme, we construct the isomorphism between N%“(py )/ Pen
and S([)"_k’n}. Finally, using the description of the quotient via the Hilbert
scheme, we show that the categorical quotient turns out to be a geometric
quotient.

Let A, C A, be two sets of monomials {§; = z%y%} of respective
cardinality n — k and n. Let A = {A,_x, A,}. For each such A, there is
an open subscheme N Ve C N “Y°(pg.n) whose support is the locus where the
evaluation morphisms ev,_; and ev,, are surjective using only the images of
the monomials in A. More precisely, let A[A;] be the free A-module with basis
A;. The open subscheme N5 corresponds to the subfunctor ma(A) € m(A)
containing the triples (X, Y,v) € m(A) such that eva, : A[A,] = A", §; —
(6:(X,Y)(v)) and eva, , @ A[An_x] = A"F 8§ — (6:(X,Y)(v))mod Vi(A)
are surjective.

Recall that the surjectivity of the A-linear maps eva, , and eva,, is equiv-
alent to their being an isomorphism (JAtM], Exercice 3.15), thus to their
determinant being invertible in A. In particular, N V¢ is defined by the non-
vanishing of a determinant in N (pg,,) X k™, hence it is affine.

Since we have a covering of N Y°(pg) with open affine P ,-stable sub-
schemes NZyC ~ Spec Ba, it is possible to construct a categorical quotient

on each open subscheme as N5/ Py, := Spec BA*" with the invariant func-
tions. Since the group is not reductive, Bik'" is not a priori finitely generated
(and we cannot apply [MFK, Thm 1.1]). We have to show without the gen-
eral theory that the local quotients are algebraic (i.e. of finite type over k)
and that the local constructions glue to produce a global categorical quotient.

Recall the functor h which defines the Hilbert scheme S([)k’n}. If Ais as
above, there is a subfunctor ha of h. By definition, ha(A) contains the pairs
(I,J) € h(A) such that A[z,y|/I (resp. A[z,y]/J) is free on A of rank n — k
(resp. of rank n) and such that the monomials §; in A,,_; (resp. in A,)
form a basis of A[z,y|/I (resp. Alx,y]/J). This is a relatively representable

subfunctor, which is representable by an open subscheme S C S(g"_k’"}.
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There is a morphism of functors m — h defined by
(X,Y,v) € m(A) = (I = Ker(ev,_),J = Ker(ev,)) € h(A)

and a morphism of schemes 7y, : N V(Pprn) — S([)"_k’"} associated with
the morphism of functors. By construction, this map is invariant under the
action of Py ,. From the universal property of the categorical quotient, we
obtain a factorisation N&°/ Py, — SV whose image is in S, hence the
factorisation i : N V) Pen — Sa.

To prove that in is an isomorphism, we will construct an inverse pa.
Let (I,J) € ha(A). We choose a basis by,...,b, of Alz,y|/J such that
be+1,--.,by is & basis of A[z,y|/I. Such a basis exists since we can take b;
to be the monomials in A. If we replace each element b;,7 < k by a suitable
combination b; + ..., ai;b;, we may suppose that the kernel I/J of the
map Alx,y]/J — Alz,y]/I is generated by by,...,b.. This choice of our
basis yields an effective isomorphism A[z,y]/J ~ A". The multiplication by
x and y on Alz,y|/J then correspond to matrices X,Y € p;,(A). Choose
v=1¢€ Alz,y]/J. Then (X,Y,v) € m(A) and corresponds to a morphism
v: Spec A — N Y°(pk,n). This morphism is not canonically defined because
of the arbitrary choice of the basis by, ...,b,. However, if v; and 1, are two
possible choices for the morphism v, and if ¢ € Py ,(A) = Hom(Spec A, Py.,)
is the decomposition matrix of the basis defining 17 on the basis defining v»,
then vy = v o (p,14), where 7 is the action morphism. Since vy and vy differ
by the action of Py ,,(A), it follows that the morphism 1 = gov; = gous is well
defined. The map which sends (7, J) to n is a morphism of functors. This is
the functorial description of a scheme morphism pa : Sa — N V)P By
construction, pa and ia are mutually inverse.

Since we proved that our local quotients N°/Py, are isomorphic to
an open subscheme Sa of the Hilbert scheme S([)"_k’k}, these local quo-
tients are algebraic. Gluing these local quotients to form a global quotient

N Y(Pk.n)/ Prn is straightforward: this corresponds to the gluing of the open
subschemes Sx in the Hilbert scheme Sé"_k’k].

So far, we have proved that the Hilbert scheme S([)"_k
quotient of Ne¥e, There remains to prove that this quotient is locally trivial
in the Zariski topology. This will imply the remaining statements of the
theorem, namely that the quotient is geometrical and the surjectivity of
the quotient morphism. We shall prove the local triviality over Sx. More

Vis a categorical
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precisely, we shall exhibit a pair of inverse isomorphisms ¢1, 5 to prove that
SA X Py, and NJ° are isomorphic as schemes over Sa.

Remark that we have constructed a (non-canonical) map ha(A) — m(A)
sending (I, J) to v. Since this map depends functorially on A, this functor
corresponds to a section sa : Sa — /\73’0 of the map 7y, : NZyC — SA. We
define ¢, to be the composition

sa,Id) ~
Sa % Py "0 N x Py, — NG

where the second arrow is given by the group action.

The identity map idﬁzyc on N ~ Spec(Ba), is an element of ma(Ba).
It yields an evaluation map (ev,); and the following diagram, where J is the
kernel of (ev,); and I is the kernel of ¥ o (ev,);.

I 1)J
{ {
J = Balr,y] ‘" V(Ba)
Ly
V(Ba)/Vi(Ba)

Using the map sa o Tg, : N U= N V¢ instead of the identity map, we get
a similar diagram with (ev,)s instead of (ev,); and I,.J unchanged. The
morphism g = (ev,)1 o ((ev,)2) ™' € GL(V(Ba)) is then well defined. Since
((evn)a) M (Ker(y)) = I, g sends I/J = Ker()) = Vi(Ba) to itself and
g € Pyn(Ba) = Hom(Spec(Ba), Pr.,). We define ¢y :./VXyC — SA X Py, by
@2 = (Tkn,g). By construction, the morphisms ¢, and ¢, are inverse.

3.3 From N to NV

In the previous section, the Hilbert schemes S([)k’"} ans Sgk’"] have been
constructed as quotients of the schemes N¢(py,,,) and N°(qz,) which
parametrize triples (X,Y,v). In this section, we show how to throw off the
data v. From this point and until the end of the article, we only need to
work with the underlying variety structure on our schemes. In particular, we
will consider the following variety for w = py,, or q

N (1) := {(X,Y) € N(w)| Fv € V s.t. (X,Y,v) € N¥(tv)}.

18



Lemma 3.12. (i) The action of Py, (resp. Qrn) on /chc(pkm) (resp.
NY(qr.n)) is free.

(ii) Let vi,vy € V such that (X,Y,v;) € /chc(pkm) (resp. NV(qn)).
Then (X,Y,v1) and (X,Y, ve) belong to the same Py, (resp. Q. )-orbit.

Proof. (i) Let (X,Y,v) € N¥*(tv) and g € GL(V) stabilizing (X, Y, v). Then
g stabilizes each X“Y7(v) and, since these elements generates V', we have

g=1d.

. V =V

() Let 929 p(xX, V) o POX,Y)ap
k[z,y]|P(X,Y).v; =0} = {P € k[z,y]|P(X,Y) = 0} by the cyclicity condi-
tion. Moreover g is linear and g.v; = vs.

For any S € K[z,y], we have gXg '(S(X,Y).v) = gXS(X,Y)(v;) =
g(S"(X,Y)(v1)) = S"(X,Y).vg = X(S(X,Y)(vq)) where §" = xS € k[z,y].
In particular, g stabilizes X by cyclicity of v and the same holds for Y.

A similar argument shows that any subspace V; C V stable under X and Y
is stabilized by g. The cyclicity property implies that g.v; = S(X,Y)(v;)
and that V; is generated by (R;(X,Y")(v1)); for some polynomials S, (R;); of
klz,y]. Then g¢.V; is generated by (¢g.R;(X,Y)(v1)); = (Ri(X,Y)(g.v1)) =
(Ri(X,Y) x S(X,Y)) (1)) = (S(X,Y)(R(X,Y)(v1))); C V;. Hence g sta-
bilizes each such subspace V; and the result follows from the definitions of
Pk,n and ka. ]

It follows from Lemma [B.12{(ii) that the following set-theoretical quotient
map

It is well defined since {P €

S([]n—k,n]
(Ker(ev,_), Ker(ev,)) N
(= Tn(X,Y,0) Vo € V st. (X,Y,v) € N¥(prn))

N (prn) —
Theom, - (X,Y) —
klz,y] — ol(V/Vk)

P P(X(k),Y(k)) and EUp,

is well defined where ev,_, : {

klz,y] — gl(V)
P — P(X,Y)"
S[[n—k,n]]
0 .

This also allows to define m,, : N4 (qpn) —

Proposition 3.13. 7, induces a bijection between irreducible components
of S([]n_k’"] of dimension m and irreducible components of N(py.,) of di-
mension m+(dim pg, —n). The same holds for 7, ,, SRl gnd Neve(qy, ).
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Proof. As usual, we give a proof only for py ,.

Let Z, Z5 be varieties and f : Z; — Z5 be an open surjective morphism
with irreducible fibers. Then, the pre-image by f of any irreducible com-
ponent of Z, is irreducible (e.g. see [TY] Proposition 1.1.7]). On the other
hand, the image of any irreducible component of Z; by f is irreducible. Hence
f induces a bijection between irreducible components of Z; and Z,.

Then, since a geometric quotient by a connected group satisfies the above
assumptions on f, we can apply the previous argument to 7 ,,. It also works

S N (pen) — N(pra)
for pr : { (X.Y.0) = (X,Y) .
since fibers of 7y, are of dimension dimp (Lemma (1)) and those of pr
are of dimension n (given (X,Y), the set {v| (X,Y,v) € N(pg.)} is open in
V). O

The dimension statement follows

The correspondence with commuting varieties allows us to see in an el-
ementary way some non-trivial facts on the Hilbert scheme. We give an
example.

Proposition 3.14. Given a pair (z, 1, 2,) € S([)"_k’"}, there ewists a chain

of intermediate subschemes z,_ C zp_p+1 C --- C z,. In other words, the
projection map Sg"_k’"]] — S([)"_k’"} is surjective. The same holds for the
projection map SF"F s SR ih k> k.

Proof. The first assertion follows from the fact that any commuting pair
(Xvi» Yivi) € gl(V}) is simultaneously trigonalizable by an element of GLy, C
Py .. Hence, in the new basis, it stabilizes the flag Vi3 C Va,--- C Vj. The
second one is the same argument applied to the pair (X®, Y®) € gl(V/V}).

]

Remark 3.15. Note that there is a Lie algebra isomorphism between py, ,, and
Prkn (namely, minus the transposition with respect to the anti-diagonal).
Hence the two varieties N (p.n) and N (pn_r.n) are isomorphic.

Ncyc(pn—k,n)(w N(pk,n) _<_)Ncyc(pk7n) .

open

ank,nl lﬂ'k,n

S([)k,n} Sén—k,n]

We use this duality in Lemma[5.7 where we pull back informations related
to irreducibility from S([)l’"} to N(pn-1n) = N(p1n). Eventually, this turns
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out to be a key part of our proof of the irreducibility of S"™ (cf. Corollary
[29).

However, the cyclicity condition breaks the symmetry and there might
be profound differences between NY“(py.,) and NY(p,_y.n), hence between
SR and SEM. For instance, S1Y and SP® both contain a curvilinear
locus as an open subvariety, and these curvilinear loci are isomorphic. On the
boundary of this curvilinear locus, the two Hilbert schemes are quite different:
when the scheme z3 has equation (2, xy,y?) there is set theoretically only one
length 1 point z1 in zs, but there is a P! of zo with length 2 satisfying zo C 2.

4 Technical lemmas on matrices

In this section, we collect technical results that will be used later on. Most
of these results aim to describe a™ C a, where a is a space of matrices
commuting with a Jordan matrix of type A € P(n) and a™ is the set of
nilpotent matrices of a. In particular, we will make frequent use of Lemmas
and Proposition Parts of the results shown are well known in the
more general framework of Lie algebras. Our goal is to translate this in
the matrix setting and to provide a low-level understanding of the involved
phenomena.

Lemma 4.1.
(i) (M,)"" is an irreducible subvariety of codimension n in M,,.

(i) Assume that p is the parabolic subalgebra defined by p = {X €
M,|Vj, X(Vi,) C Vi,} where the i; are k + 1 indices satisfying 0 = iy <
11 < ...ip = n. Then X € p is nilpotent if and only if the k extracted
matrices

Xij71+17ij71+1 Xij—l'f‘l,ij

X; = 1<j<k

J

e M,

G—lj—1

Xijiz a1 e X

are nilpotent.

(iii) If p is a parabolic subalgebra of M, then p™ is an irreducible subvariety
of p of codimension n.
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Proof. (i) See [Bas03, Proposition 2.1] for an elementary proof of this classical
fact.

(ii) First, note that X; can be viewed as the matrix of the endomorphism
induced by X on V;,/V;,_,. Then, as vector spaces,

= Ty (Bnd(Vi, Vi, 1))
n:={Xep|X(V,) TV, }

and n is a nilpotent ideal of p. Hence X = X+ X, € p is nilpotent if and
only if X is nilpotent. This is equivalent to the nilpotency of each Xj.

(iii) Up to base change, one can assume that p satisfies the hypothesis of
(ii). Thus p™ is isomorphic to H;?:l(End(Vij /Vi,—1))" x . Tt then follows
from (i) that p"? is an irreducible subvariety of p of codimension Z?Zl(z’j —
'éj_l) = n. ]

p = [En where {

Let us explain (ii) in a more visual way.

Example 4.2. A matrix of the form

a b c d e
fg h i
X=100%k1 m
0 0n o p
0 0 g r s
is nilpotent if and only if the two following submatrices are nilpotent
0 b k'l m
Xl = ( f ) ) X2 = n o p
g q r s

Fix an element A = (A\; > --- > A4, ) in P(n), the set of partitions of
n. We define X, € M, as the nilpotent element in Jordan canonical form
associated to A. In other words, in the basis (f; := exnizt )\Hj)%gzd?, we have
i

i ={ a7t )

else.
For Y € M, we denote the entries of Y via Yf;f = Z(i,j) Yj;,,f; and use the

following notation
Y = (Y.i’.if ) .
P77 g) (@5
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An explicit characterization of MX* := {Y € M,]| [Xx,Y] = 0} is given by
the following classical lemma.

Lemma 4.3. Y € MX* if and only if the following relations are satisfied:

Yt =0 ifj>7" orhi—j<X—7j,
Y=Y if2< < and N —j = N — §.

Picturally, this means that Y can be decomposed into blocks Y"' & My, x,
where

Y'lljf “}/’11772@ L }/il”)l\i/
0 Y -
Ly ) : O . ' : .}/il7727/
S IR RS ¢ B R
0
0 0 c 0
0 ... 0 Yo oYy Y,
0 oo e 0 YR .
yii' — 2 if i < v
P U S
Proof. See [TA] or [Bas00, Lemma 3.2] for a more recent account. U

Fix A € P(n). For each length ¢ € N* appearing in A (i.e. Ji €
[1,dx], i = €), we define 7, = #{i|\; = (}. Let W, := (f{|\; = (). This
is a filtration of W := Wy = (f{|i € [1,d,]) whose associated grading is
given by the subspaces W, := (fi|\; = £)/{fi|\i > £) of dimension 7.

It follows from Lemma L3 that each W, is stable under MX*. Hence

we have a Lie algebra morphism M ™% M, where the extracted matrix

Preat(Y) = You = (Yff/)“/ can be seen as the element induced by Y on
W = Ker X)‘.

Lemma 4.4. The image (MX>)ep: of the morphism prey is the parabolic
subalgebra
{Z € de |Z(Wg) Cc Wy, Vil e N*}
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Proof. 1t is an immediate consequence of Lemma [£.3] O

Similarily we define the surjective (cf. Lemma E3) maps M > ¢ M, =:
MXx(¢) = gl(W)) where

Y

pro(Y) =Y (0) = (Y] ) (i) =y =0) (2)

can be seen as the element induced by Y on W/. We also define (M X*),, :=
M> = (M) gr

Vo= Yo =1LY()
We have a natural section ¢ : (M;>), — M* of the Lie algebra mor-

and @((Yi’i')i,i/) =

[T, M**(¢) and pr,, as the surjective map:

. o it LY i =g N =
phism prg, by setting Z.7, := { 0 olse

(Z;:;l,)(i7j)7(i/7j/). Hence, we can view (M;X*),,. as a subalgebra of MX* and

V.

vl

X
M,

I

(Mri()\)fﬂ‘ ©n, (

w
~—

R

where n := Ker(pry,). A similar decomposition holds for preg: M
(M), ® ny where ny := Ker(pre).

Proposition 4.5.

(i) Y € M> is nilpotent if and only if Y, is. In other words (M) =
(Mx )l ny

(ii) Y € M** is nilpotent if and only if each Y () € M., is.

(iii) (M) s an irreducible subvariety of M of codimension dy.

Proof. We associate to each basis element f; the weight w(f;f) ==X, J)
We order the weights lexicographically. Lemma asserts that Y € MXx
is parabolic with respect to these weights, i.e. Y (ff) = Zw(fg,’)gw(fg) iy fa.
Remark that two elements f! and fI have the same weight if and only if
Ai = Ay and j = j. We order the basis f; with respect to their weight. The
base change from the f]Z lexicographically ordered by their index (i, ) to the
f; ordered by their weight transforms the matrix ¥ into a matrix Z.

Let w be a weight and f;l,ff,...f;’“ be the elements with weight w
and ¢ := )\;,, (for any m € [1,k]). The diagonal block of Z corresponding
to the weight w is Y(¢) (Lemma [A.3]). In other words, Z and Y, have
the same diagonal blocks Y (¢), the difference being that the same block
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is repeated ¢ times in Z.

n
conclude.

In conclusion, Y, is nilpotent iff its diagonal
blocks Y (¢) are nilpotent, iff Z and Y are nilpotent. This proves i) and 7).
Since (M;>)gr = [jere Mr, and Y o 7¢ = dx, Lemma AT (i) allows us to

O

In the Lie algebra vocabulary, (MX*),, is a reductive part (in M,,) of the

n

centraliser of X in M, and n is its nilpotent radical so (3] can be written

as a Lie algebra isomorphism MX» = (MX

v.S.

of Proposition (ii) valid for a general reductive Lie algebra.

Example 4.6. Letn =12, A = (4,2,2,2,1,1) hence

)gr X 0. See [Pr] for an analogue
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Y is nilpotent if and only if Y. is nilpotent if and only if the three matrices
Y (¢) are nilpotent. This corresponds to the siz(= dy) independent conditions

Tr(Y(2)) =0
TT(Y(4)) =a = 0, €16y + ese3 + ese; — /{?1/{?3 - /{?4/{?6 - /{?2/{?5 =0 s
det(Y(2)) = 0

Tr(Y (1))
det(Y (1))

0
0

Definition 4.7. Let A € P(n) and w be a subspace of M,, (e.g. a Lie
subalgebra of M, containing Xy ). We define the following vector spaces

XX =t N M (™), i= {Y, [V € >},

The following lemmas relate the geometry of (ro**)"! to the one of
()5 or (19 ()

Lemma 4.8.
(i) There exists a vector space ny such that the following isomorphisms of
algebraic varieties holds

> = (mXA)gT X Ny, (o) = (mX'\)Zﬁl X Ny,

(i) (0*>\)" is irreducible if and only if (032" is and

X)\>’n2l X>\>n2l

codim x5 (1o o

= codim (yx),, (10

Proof. (i) Let ny = Ker((pry)xx). The first equation follows and the state-
ment about nilpotent elements is a consequence of Proposition (i).
(ii) is a consequence of (i). O

Let o¥x(€) := pry(w®) = {Y(0)|Y € w**} C M,,. We have a natural
analogue of Proposition .5 (iii) in this case under some necessary restrictions.

Lemma 4.9. Let v be a subspace of M,, such that the decomposition mgfﬁ =

[T,(w**)(¢) holds.
(i) The variety (0**)"! is irreducible if and only if each (0**(£))™" is and

codim, x, (0~Xx)" = Z codim ,xx (@(mxA ().
¢

(ii) In particular if, for each £, w**({) is isomorphic to M,,, Prrr, OT Qi 1,
(1 <K < 1) then (0™ s irreducible and codim x, (03)" = d.
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Proof. (i) follows from Lemma .8
(ii) is then a consequence of Lemma (.11 O

Remark 4.10. The previous lemma is in general sufficient for our applica-
tions. But, in some cases, we have (w**), C [],n0*x(¢). A slightly less
precise decomposition may remain valid in these cases. Define 0> ({1, 4y) :=
Proge(w™) = {(Y(0), V(L)Y € whh C w(l) x ¥ (6).  As-
sume that there exists a decomposition of the form roj» = (w**)(£y, ly) x
Loz e, 00y (07 (0).

Then (02" s drreducible if and only if (r0*({1,05))"" and each
(XX ()™ are. Then

codim, x, (X)L = codim mxk(éhb)(mx*(fl,€2))ml

+ Y codim g (0N (0). (4)
£g{t1,62}

5 Irreducibility of N (p;,) and S([)”—ljn]

The aim of this section is to prove that N (py,,) is irreducible (Theorem [(.8)).
We obtain as a corollary that a necessary and sufficient condition for the
irreducibility of A'(py,) and S5 is k € {0,1,n — 1, n} (Theorem BIT)).

In this section, we will use the simplifying notation p := p; ,,. The strategy
is the following. We introduce a variety M (p) of almost commuting matrices.
Since M(p) is easily described as a graph, we get its irreducibility and its
dimension. The dimensions of the components of N (p) are controlled through
the equations defining NV'(p) in M(p). From this dimension estimate, we have
a small list of candidates to be an irreducible component. We finally show
that only one element in this list defines an irreducible component.

In this section we assume n > 2. Recall that (e, ...,e,) is the canonical
basis of V- =k", V; = (eq,...,e;). Also, we note U; := (€;11,...,¢e,). We will
mostly be interested in this section by V; = ke; and Uy = (e, ..., €,). Recall
also that p = py,, = {X € gl(V) | X(V1) C Vi}. By virtue of Proposition
.13, we can study AN (p) in order to get informations on S([)"_l’"}.
We have

p = gl(V1) @ Hom(Uy, Vi) @ gl(Uy) 2k @ My, 1 © M, (5)
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With respect to this decomposition, for any X € p, we set X = X; +
X5 + X3 where X = )(W1 € g[(Vl) =k, X5 € Hom(Ul,Vl) = Ml,n—l and
X3 S g[(Ul) = Mn—l- That is

(Xa Y) € p27j € Hom(Ula Vvl)
X, Y nilpotent : (0)

M(p) = (X, Y.)) et 0 —0

The following Proposition and Corollary are prototypes for several similar
results of Section [6l The main ideas for this approach are taken from [Zol.

Proposition 5.1. If n > 2, then M(p) is irreducible of dimension n® — 2

Proof. Let us compute

0] XoY;—YaXjy
0
(X, V]=| . : (7)
: [X37 }/3]
0

Hence, we have an alternative definition of M(p):
(X37 }/3> € N(g[(U1>>7
(X,Y,])EM(]J)@ Xl:}/lzou (8)
J=XoY5 — Yo X5
In other words, M(p) is isomorphic to the graph of the morphism

N(Mn—l) X (Ml,n—1)2 — M,
((X37}/é)7 (X27}/2)) — X2¥é — YéXg ’

and the result follows from Theorem [3.11 O
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Corollary 5.2. The dimension of each irreducible component of N (p) is
greater or equal than n®> —n — 1.

Proof. If n =1, the result is obvious.

)/X(ng : é\)/l(,(};/), 0) Hence, N (p) is defined in M(p)

by the n — 1 equations 0 = j € My, (cf. (8)). Then, we conclude with
Proposition (.11 O

Else, we embed (

Let us consider the set of 1-marked partitions of n

dx
Pl(n) = {0, Qa2 - 2 Ag)) | DN =, > 1},
i=1

Given XA € P'(n), we let g := (i1 M)+ for { 1<) <A and we define
X\ €pvia '
7\ g;'—l lfj > 17
Xalg)) = { 0 ifj=1 (9)

Note that these X with A € P’(n) are a priori different from the X, with
A € P(n) in spite of the similar notation used.

Lemma 5.3 (Classification Lemma). Let P := {x € p | detxz # 0} be the
connected subgroup of G with Lie algebra p and let X be a nilpotent element

of p.
There ezists a unique X € P'(n) such that P- X = P - Xj.

Proof. Let us describe the P-action on p"¥.

0 . 0
Let X = ) € p™ and p = i € P (hence,
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pit | —p ' peps?

0
p1 € k¥ ps € GL(U,) © GL,_; and p~! = . ). Then
: D3
0
0| paXsps' +p1Xops®
0
p-X=pXpt=| . : (10)

p3Xspy '
0
Hence, in order to classify P-orbits of p™", we can restrict ourselves to the
case where X3 is in Jordan normal form and study P’ - X where P’ = {p €
P | ps € GL23,}. More precisely, we fix u € P(n—1) and fi=exizt
(1<i<d,,1<j<p) and assume that

+j+1

; Lo ifi> 1,
X?’(fﬂ'):{ 0 =L

Recall that we identify Hom(Uy, Vi) with E = ('f?);; = k™. The action
of GL,,_; on this vector space that we consider is the natural right action.
For any p; € GL}?,, we have pyXsp;' = pop3' X3 and {pop3' X5 | p2 €
E} = Im("X3) = ('f; | j # 1) for any p3 € GLX3,. On the other hand,
set ip = min{i | Xy(fi") # 0 for some 4’ such that p; = py} (If Xy = 0, set
ig :=d, + 1, i, = 0 and 'f{° = 0). We have

{pngpgl

(p1ld, 1 CGLY3

k* nl _ .
pie ; } + Im(th) = J {X2p31 | pP3 € Gijl} + Im(th)

ps € GL3,

PR = ) \ {0)
+ " fi 1 # L or py > ) (11)

As a consequence, the P-orbit of X is uniquely determined by p and ig. A

representative of P- X is Y = . Finally, an elementary base

change in P obtained by a re-ordering of the ( f;)” sends Y on X, where
Aim (g + 1, (2 > iy > pa,)): O
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Remark 5.4. In the special case X° := Xyo where X° := (n, () € P'(n), we
also get
P X0 = X3 + Hom(Uy, V1)

as a consequence of (L), where P’ is the subgroup of P defined in the previous
Proof.

When A € P'(n), we say that X, is in canonical form in p. Let
Na(p) = P (Xx, (p™)™). (12)
Then

dimNx(p) = dim P - Xy + dim(p*>)™"
= dimp — dim p** 4 dim(p*>)"*
= dimp — codim x, (p**)"". (13)

Lemma 5.5.

Np) = || M)
)

AP/ (n
Moreover, (p™)" and Nx(p) are irreducible and dim Ny (p) = n>—n+1—ds.

Proof. The decomposition into a disjoint union follows from Lemma [5.3]

Let A € P'(n) and use notation of ({@)). In order to apply results of section
H, we have to define a new basis (f;) in which X := X} is in canonical form
for M, as in (). Set iy := max({i|A\; > A} U {1}) and

f; = g;-+1 if i < 10 , M = )‘i-l-l if i < 19 .

In this basis, X becomes X, with p = (111 = -+ = pg,) € P(n) and p is
defined in M, by the single property Y € p < Y (f{°) C kf{°. Hence, the
subspace (p~), (cf. Definition EET) is also characterized in (MX),, by the
single property .

Yor € (0%)gr & Yor(£1°) C kS,

In particular, letting 7, := #{i | \; = ¢} = 8{i | u; = £}, we have
X ~ MTe 1f € 7A )‘1 X o X
ACER PSRRI | (XU
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Then, Lemma (i) provides the irreducibility statement for (pX) and
hence for Ny (p). Together with (I3)), it also provides the dimension of Ny(p).
U

Combining this with corollary[B.2, we get that the irreducible components
of N(p) are of the form Ny(p) where A € P’'(n) has at most two parts (dy <
2). The unique irreducible component of maximal dimension is associated
with A? = (n, () € P'(n).

There remains to show that

Na(p) C Nyo(p) (14)
when A has two parts. In order to prove this, we distinguish two cases.

Lemma 5.6. If A = (A, (X2)) € P'(n) with \y < Ao + 1, property ([4) is
satisfied.

Proof. For (X3,Y3) € N(gl(Uy)), we look at the fiber over (X3,Y3) in N (p)
and Nyo(p):

Fx, v, = {(Xs,Y2) € (Hom(Uy;, V1))? | (X2 + X3, Yo + Y3) € N(p)},

F, v, = {(X2,Y2) € (Hom(Uy, V1))? | (X + X3,Y2 +Y3) € Nyo(p)}.

Since Fy,y, = {(Xs,Ya) | ‘X355 = 'Y5'Xo} (cf. (@) is a vector space,
it is irreducible. On the other hand, the two varieties Fi, y, and FY, . are
closed and satisfy Fy, y, C Fix,y;. So

FX3,Y3 = F;(37y3 & dim FX37y3 = dim F&37YB. (15)
We can compute the dimension of F, y, in the following way:
dim Fyx,y, = dim(Im("X3)NIm("Y3)) + dim Ker(*X3) + dim Ker("Y3)
= dimIm(*X3) + dim Im("Y3) — dim(Im(*X3) + Im("Y3))
+ dim Ker(* X3) + dim Ker(‘Y3)
= 2(n—1)— dim(Im(*X3) + Im(*Y3)).
Set X0 := X,0. Then, identifying Hom(Uy,V;) with (‘es,...,%,) and
using notation of (@), we have Im(*X9) = (es3,...%,) and for any Y3 €

(g1(U7)X3)™ | the inclusion Im('Y3) C Im(*X9) holds. Since dimIm(*X?) =
n — 2, we get dim Fxoy, = n. An other consequence of the inclusion
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Im(*Y3) C Im(*XY) is the following: for any X, € Hom(Uy, V}), there exists
Y, € Hom(Uy, Vi) such that (X3,Y3) € Fig y,. Combining this with Remark
B4 we get that XJ + X, € P.XY for a general element (Xy,Ys) € Fxoy, and

Y. e (g[(U1)X:’?)W
0 = ’ 3 3
_/V')\ (p) GL(Ul) {(X3 +X27}/é +}/2) (X27}/2) c FX%YS .

In particular, a general element (X, Y) of the irreducible variety Nyo(p) satis-
fies dim F, y, = n. Moreover, since N(gl(U1)) = GL(U1).(X3, (gl(Up)*3)nit)
(Theorem B.1]), we see that any (X3, Y3) € M(gl(U)) lies in fact in Nyo(p) by
considering the inclusion N (gl(U;)) C N (p) given by X, = Y5 = 0. Hence
Fy. y, # 0 and

V(Xs,Ys) € N(gl(Uh)), dim Fy, y, > n. (16)

From now on, we fix X := X and want to show that a general element Y

of (p*)" satisfies (X,Y) € Nyo(p). This will prove the Lemma since (p* )"

is irreducible (Lemma [.5) and we will then have (X, (p%)") C Nyo(p).
Define Z € p by

,- 2, ifi=1,j>1,
2095) = { 0 else.

We have Z € (p*)™! under the hypothesis made on A (Lemma E3) and
Im("Zs) + Im("X3) = (93.---.95,,93-- - 93,) s0 dim Fx, 7, = n. Since the
(P = N

Y — dimFXS’YS
from (IG) that W := {Y € (p*)" | dim Fy, y, = n = dim F%, ,, } is a non-
empty open subset of (p¥)". For Y € W, we have (X,Y) € (X3,Y3) +
Fxyy, C NAO(p> by (m) [

The following Lemma can be proved with purely matricial arguments.
However, we find the given proof more interesting. It uses the isomor-
phism p;, = p,_1, and enlighten a bit the correspondence between S([)l’"}

and S mentioned in remark 317

application is upper semi-continuous, it follows

Lemma 5.7. If X = (A1, (A\2)) € P'(n) with Ay > Ao, then Property (I4) is
satisfied.
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Proof. Seen as varieties, we have S} = S (Proposition BR). In par-
ticular, the irreducibility of SJ"™ follows from that of S\ [Br, P and
N(p,,_1.,) is then also irreducible (Proposition B.13).

We have a Lie algebra isomorphism given by

/. pl,n — pn—l,n
Y { X = —s(X)s7! (17)

where s is defined on the basis (€;)ic[1,n) by s(€;) := en—;. In particular, the
restriction ¢ : N(p1,) = N(pn_1,) is an isomorphism of varieties. More-
over, (X, Y) has a cyclic vector if and only if (*X,'Y") does.

Note that (Nyo(p1,)) = Nyo(Pn_1.) and that Nyo(p1,) is open
in N(p1,). It is then straightforward to check that ©¥(Nyo(p1n)) C
NY(p,_1,). Hence, it follows from Lemma and the irreducibility of the
open subvariety NY¢(p,,_1,) C N (pn-1.) that Y (Nyo(p1.,)) = NU(Pp_1.0)-

Consider now X given by (@). We can define Y € (p;,,)"" via

1 . .
i) ogi if 1=2,
Yig) ‘_{ 0 if i=1.

Under our hypothesis on A, we have Y € p2 (Lemmal3) and ‘g} is a cyclic
vector for (*Xy,'Y). In particular, (Nx(p1n)) N N (p,_1,) # 0 so the
irreducible subset ) (Nx(p1.,)) is contained in N¥(p,_1,) = YV(Nyo(p1n))-

Since v is an isomorphism, (I4) is proved in our case. O

Finally, it follows from discussion above (I4]) that the following theorem
holds.

Theorem 5.8. The variety N (p1,) is irreducible of dimension n®> —n =

dim Pin — 1.
Hence, by Proposition B.13k
Corollary 5.9. S([)"_l’n} is an irreducible variety of dimension n — 1.

Remark 5.10. The above corollary was already proved in [CE] with other
techniques (Bialynicki-Birula stratifications and Grébner basis computa-
tions).

Theorem 5.11. S([)k’"} is irreducible if and only if k € {0,1,n—1,n}. N(pr.n)
is irreducible if and only if k € {0,1,n — 1,n}.
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Proof. Since S is irreducible [BY, [P1], since SJ"™ is homeomorphic to S\
and S([)n’"] is isomorphic to S([)n}, this proves together with Proposition 2.1l the
assertion of the Theorem for SI"™. The variety A (p.,) is irreducible for
k =1 by Theorem 5.8 The transposition isomorphism of (I7) implies that
N(Pn_1n) =2 N(p1,n) is irreducible too. The varieties N (pon) = N (pnn) =
N (M,,) are irreducible by Theorem Bl Finally, the number of components
in N (pgn) is greater or equal than the number of components of N¥¢(py )
which is, in turn, equal to the number of components in S([)n_k’"] (Proposition
BI3). It follows that N (p,) is reducible for k € {2,...,n — 2} O

Corollary 5.12. Sgk’"] is irreducible if and only if k € {n —1,n} orn < 3.
N (qk.n) is irreducible if and only if k € {0,1} or n < 3.

Proof. Note that SI*™ ~ ¥ for b = n — 1,n and N (qen) = N (pr) for
k = 0,1. The “if” part then follows from Theorem [5.11] and easy computa-
tions when n < 3. For £ > 2, we have a se?uence of surjective morphisms
Neve(qy) — Shhnl  gln=2nl o gln=2nl (propositions and B.14)).
Since S([)n_z’"] is reducible when n > 4, the corollary follows. O

6 General lower bounds for the dimension of
the components

The goal of this section is to give lower bounds for the dimension of the
components of N (pg.n), N(qr.n), S([)k’n},Sgk’"]] which are valid for all k, n.
Letn>2and 1<k <n—1.

Proposition 6.1. Each irreducible component of N (qx.n) has dimension at
least dim qy, , — 1.

Proof. We proceed by induction on k, the case k = 1 being proved in Theo-
rem .8 since q;,, = P1,,. Assume now k > 2. The proof mainly follows those
of Proposition 5.1l and Corollary

For any X € qj,, we decompose X = X; + Xy + X3 as in (@), with
X3 € (g[(Ul) N qkm) = Jk—1,n—1- We let

. 0
M(qk,n) = (X> Y>]) S (qz,lif X Hom(Ul, ‘/1) [X> Y] - . =0
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Then
(X35,Y3) € N(qe—1,n-1),
(X,YV,])EM(C[]%”)@ Xlz}/lzou
J=XoYV3 - YoX3

Thus M(qy ) is isomorphic to the graph of

0 N(Qr—1n-1) X (M1,-1)> — M,
' ((X37Y23)7 (X271/é)) — XQYé — YéXg ’

Hence, by induction, each irreducible component of M(q ) has a dimension
greater or equal than dimqg_;,—1 — 1 +2(n —1).

Since k — 1 > 1, and X3,Y3; € gl(U;) are nilpotent, we get X3(es) =
Y3(es) = 0. So the image of ¢ lies in (*es,...%e,) and N (qx,) is defined in
M(qrn) by n — 2 equations. Then the dimension of each of its irreducible
component is greater or equal than dimqx_1,-1 —1+2(n—1) — (n —2) =
dimqg_1p—1 +n—1=dimgqs, — 1. O

Hence, by Proposition 3.13k

Corollary 6.2. Fach irreducible component of Sg"_k’"ﬂ has dimension at
least n — 1 which is the dimension of the curvilinear component.

Remark 6.3. When k = n, Proposition [6.1] provides a lower bound for
the dimension of the nilpotent commuting variety of the Borel subalgebra
qnn- In this case, a simpler proof is given by considering the bracket map
n X n — [n,n| where n is the nilradical of a Borel b. Its fibers, in particular
its null one which is equal to N'(b), are of dimension greater or equal than
2dimn — dim[n,n] = dimb in an arbitrary semisimple Lie algebra. When
b acts on n with finitely many orbits, a computation similar to (I3)) then
shows that N'(b) is an equidimensional variety. This simplifies some of the
arguments of [GR], where this result was first proved, since it allows to avoid
Strategy 2.10 (2-3) in this case.

Unfortunately, concerning py,, we are only able to give the following less
effective bound.

Proposition 6.4. Fach irreducible component of N (pr.n) has dimension at
least dim py, , — 2.
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Proof. Let

0
M(prn) = (X,Y,B) € p;,, x Hom(Uy, Vi) [ X, Y] — | . -0

Once again, we proceed in a similar way to Proposition 5.1l

Hence, M(py.) is isomorphic to the graph of a morphism with an ir-
reducible domain of dimension (k? — 1) + ((n — k) — 1) + 2k(n — k) and
N (prn) is defined in M(pyn) by k(n — k) equations. Hence, the dimen-
sion of each irreducible components of N(py,) is greater or equal than
K4+ (n—k)?+k(n—k)—2=dimp, — 2. O

Finally, we have the following consequence concerning nested Hilbert
schemes (cf. Proposition B.13]).

Corollary 6.5. Each irreducible component of Si" ™™ has dimension at least
n — 2, which is the dimension of the curvilinear component minus one.

Applying naively the same argument to a general parabolic subalgebra
p whose Levi part has ¢ blocks, one can show that the dimension of any
irreducible component of N'(p) (resp. of the corresponding Hilbert scheme)
has dimension at least D — (¢ —1) with D = dimp—1 (resp. D =n—1). We
think that the correct dimension should be D but were only able to prove
this in special cases such as qj,. In fact, in this case as in some others,
the extra codimension yielded by the Levi-blocks of size 1 can be discarded
easily, hence the optimal result.

7 Detailed study of S([)Q’n]

In the special cases k = 2 and £ = n — 2, we have a more precise estimate
for the dimension of the components. The goal of this section is to describe
the number and the dimension of the components for N'(pa,) ~ N (pn-2.),
N (qz.n), SE™M str=2m gln=2nl e general strategy is the same as in Section
5]

Our first aim is a classification of orbits.
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We identify g2, with

gl(Vi) ® Hom(U1, Vi) @ {X € gl(U1)[ X (e2) € Ces} = k® Mijp1 @ drn1-

Again, we decompose each X € g3, with respect to this direct sum

(18)

For any A= (A, (A2 = -+ = Ag,)) € P'(n), we set Agy 41 = 0. Let

neoN oo [ =\ for some i € [2,dy + 1]
P(n).—{()\,l,e)ep(n 1) x N x {0,1} e=1= (1> orl—0) .

(19)
For = (X, 1,€) € P"(n), we define g} := exi-t 54541 and iy = min{i’ > 1|
[ =X} €[2,dx + 1]. In the basis (e, (g;:)(lgi'g[b\)), we define X, € qq,, via

1<5<
9;'_1 ifj>1
i ) een ifi=1j=1
Xuler) =0, Xulg)) =9 o =i andj—=1 -
0 else
e o o 1 0 0
1
1
0
X, = 0T
1
0
—_— _—
A1 Ai

Note that in the basis (g7); ; of Uy, we have (X:)g = X, in the notation of
[@). We claim that (X,)uepr ) is a set of representatives of nilpotent orbits
of q2,n~
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Lemma 7.1. Each nilpotent element of qa,, (resp. Pan) is Qan(resp. Pay,)-
congugated to X,, for some p € P"(n).
Moreover Qs - Xy = Qo - Xy if and only if p = p'.

Proof. Thanks to the inclusion (GL(V2) x Idy,) C P,,, we can trigonalize
the gl(V3)-part of any element of py,, hence each element of py,, is P -
conjugated to an element of qs,. Since Q2,, C P, it is therefore sufficient
to prove the result for qq,.

Let X = X;+X2+X3 € g2, be anilpotent element. We have X; = 0. The
element X3 is nilpotent so, up to conjugacy by an element of (/dy, X Q1,,—1) C
(Q2.,, we may assume that X3 = X for some fixed A € P'(n—1) (Lemmal5.3]).
Let Q" C Q2,, be the subgroup of elements stabilizing this part X5 = Xj,

0
thatis Q' =< ¢ = . q3 € Qfg . For ¢ € Q' we get (cf. ([I0)):
: a3
0
0| @1Xaqs" +aXags" 0] Xoqigs' + q2q5 X
0 0
¢ X =1 . = .
. X)\ . X)‘
0 0

S
i

I

Hence, we are reduced to classify the different @'-orbits in Hom(Us, V1)

~Y

("g5)i; = k"1 with respect to the action of Q' given by
q- X2 = Xoq1g3 ' + q2g5 Xax.

In particular, Q' - X = Xok* QA ; + (K" ™) Xx = XoQ72_; + Im(*X).
We have Im(*Xx) = (g} | j > 2) and this subspace is stable under the
right action of Q‘fﬁl_l. There remains to understand the Qfg_l—action on
the quotient space k"!/Im(*X,) = (*¢i | i € [1,ds]). Under notation
of section M| this corresponds to the right action of (Qf A ext oW =
(*qi | i € [1,dx]). In the left action setting on (g} | i € [1,dA]), (Qfg_l)m
can be described as the subgroup stabilizing (gi) in the parabolic subgroup
stabilizing each W, = (gi|\; = ¢) (Lemma [E.4)).
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Picturally, this corresponds to a group of the following form:

0 0 x % %

X
( 1,2—1)6:1% =
0 0 * * *

* * *

* * *

. . . . 0O 0 =*
0 0 0 o o0 o0 o0 o

0
1\1/1 {ilx; > A1} {ilx; < 21}

In the right action setting, let W, := (g} | \; < £,i # 1). We see that
(Qfg_l)emt is the subgroup of My, stabilizing k‘gi & W), and each W, (£ €
N*).

Let 4o := min({i > 1| Xy(g!) # 0 for some ¢’ > 1 such that \; = Ay} U
{dx+ 1}) and, if ig = dx + 1, we let 'g;® := 0. We get

1 >1
A < )‘io > =4

NSW N ORC

On the other hand, if X5(g;) # 0, we set € = 1; otherwise we set ¢ = 0.
Then:
1> 1,

*(t 1 t 1 : _
Xy - (Qfg_l)emt = A+k (o) + < 9 A <\ > ife=1, (20)
A if e =0.

X2 ' (Qfg—l)emt 2 <tgi

Hence, if €e =1 and \;; < Ay, we have X € ()2, - X, with p := (X, 0, 1).
Else, we have X € Q2,, - X, with p := (X, Ay, €).

Moreover, given XA € P’(n), different elements (A, 1, ¢€), (X, I',€") € P"(n)
give rise to different (Qfg_l)ext—orbits thanks to (20). So if p # ', we have
Q2,n ' Xu % QZ,n : Xp/' O

Note that we may have Py, - X, = P, - X,y with p # p/. A full
classification of nilpotent orbits should throw away those cases. However,
the description of Lemma [{.T] will be sufficient for our purpose.
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If p = (Nel) e P’(n), we denote by d,, the number of parts in the
partition of n associated to GL,, -X,,. That is

q — dx+1 ife=0and[ =0,
B dy else.

It follows from Lemma [7.1] that

N(p2n) = U Nu(pon),  where  Nyu(p2n) = Poy - (X, (p;(mml)’

peEP” (n)

N(@zn) = | ] Nal@on),  with  Nou(don) = Qo - (X, (950",

HEP" (n)
Lemma 7.2. Let w0 = gy, 07 P, and p = (X, €,1) € P"(n).
1. (oXm)"il s an drreducible subvariety of wXn of codimension

o — dy,—1 ife=1andl >0,
N else.

2. N, () is a closed irreducible subvariety of N'(t0) of dimension dim ro —
Cu

Proof. The computation (I3)) remains valid when one replaces p(= p1,) by
P2y, O q2,. Hence, the second assertion is a consequence of the first one.

The proof is based on case by case considerations on (mX“)”” and the use
of Lemma [L.9] (or Remark 4.10) in a similar manner as in Lemma

Firstly, assume that ¢ = 0 or [ = 0. The proof of Lemma can easily
be translated here. An elementary base change ( f]’)” based on a reordering
of (e1,(g})i;) transforms X, into an element in Jordan canonical form in
M, with partition g/ € P(n). In these cases, (tv**),, is defined in (Mii")gr
by a condition of one of the types given in the RHS below, for some iy and
possibly ;.

( Y;]r(fllo) ka (621,l20)
Y e (w*), < (or) th(fl:O) = wiind Yir( {-1) “Hi f::lp:::%lz}: N )
Yor(f1), Yor(F1') € (1, 1) Wo=uh =141
| Yo (i) € ki and Yo, (Fi) € (fin, i) ("5 20
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In particular, (ro*#),. = J],w*#(¢) and each ro*#(¢) is isomorphic to
M., 91+, P2, OF q2,,. We then finish as in Lemma

If e =1 and [ > 0, we have a more subtle base change to operate. Let
ip = max{i|\; > A1 }. Recall that the condition € = 1 implies the inequality
1 <, < i (cf. [IT)). Let

g if i <idg,i+1%#1i,and 1 <)< A\g,
g5t ifi+l=d,and1<j<\,+1,
fi=q e  ifi+tl=iyandj=1, (21)
gj —g ifi=igand 1<) <A
9; ifvr>9and 1 <5<\,

In this new basis, X, is in Jordan canonical form associated to a partition
p' = (uy = - = py) € P(n) and qa, (vesp. py,) is characterized by the
two conditions

Y(fi" ) €kfir™ (resp. V([ ) € ([T M+ )
Y € g (resp. pon) & { ; ip—1 ! =1 g 12‘#—1 b 2 ’
V(A" + L") e A+ R )
(22)
Define ¢, := u;ﬁ_l =N, +1= l{ 1 and fo := p, = A1 From NOwW on, we
assume that ¥ € M;*. Then Y (f{*"") has no component in f3* ' (Lemma
[4.3)). Hence, for such Y, the two conditions on the first line of (22]) are both

equivalent to the existence of some « € k such that Y (f{* ') = afi* ™.

Now, write Y (f{°) = 32, Bifi and Y (f3#~1) = 32, vi fi4+.f3 (Lemma E3).
We note that 7/, _; = avand, since i _; = A;, +1 > A\ +2 = p; +2, we have
7; = 0 for all i such that pj = i (Lemma [.3)). Hence the second condition
of @), Y (fi*+ £ ") =€ T HO(f0+ 7)), implies iy, =0 =7, =«
and 3; = 0 for all ¢ # i such that j; = p;, . Thus, we have the following
characterization of (Xu),, in My *:

(0% Al « Ag ack
Y, € (), o Y, Yt = | | / A € M,
gr gr 1) 2) — . s . s J 1,ng—1,
- B L By Bj € M, _..
0 0 ;

Hence > = me(ﬁh&) X Tligqer.0y 02 (0); WX (€) = My, for £ # €1, 4
and (to%# (01, 05))"" is characterized in ™= (£, ¢5) by the conditions a = 0,
B, By nilpotent (Lemma 1]). Thus (to*# (1, 5))" is an irreducible variety
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of codimension 74, + 7, — 1 in to*#(¢1, 5) (Lemma [£1)); the variety (ro*Xw)ni
is also irreducible and codim x, (t0*#)"" = d, — 1 (Remark AI0). Hence
we have proved the first assertion follows in this last case. O

Theorem 7.3. Let v = qa, o1 pa,. Then N(w) is equidimensional of

dimension dimto — 1. It has L%J components.

Proof. We have min{c,|pu € P"(n)} = 1. Hence, it follows from Lemma
and Proposition that each irreducible component of N'(qz,,) has dimen-
sion dim qs,, — 1. There are two types of p € P”(n) such that ¢, = 1.

e = ((n—1,0),0,1) which is the only element whose associated parti-
tion of n has just one part.

o 1= ((A\,A2), A2, 1) with Ay > A;. Its associated partition of n has two
parts: (Ay + 1 > \y), cf. (2I) for more details. Note that this covers
(the transpose of) the partitions involved in the proof of Proposition
2.2l since A >\ & ()\2"‘1) — A = 2.

There are ng such elements, whence the statement for w = qg,.

It follows from the description above that the map {u € P"(n)lc, =
1} — P(n) which sends p to the partition associated to GL,, .X,, is injective.
In particular, the different such X, belong to different P, ,-orbits. So the as-
sociated varieties NV, (p2.,), which are the irreducible components of maximal
dimension of N (ps,), are all distinct.

There remains to prove that there is no other irreducible component in
N(p2n). Let (X,Y) € N(p2y). The pair (X}, Y)ip) is a commuting pair in
gl(V3) hence, up to GL(V2) x Idy,(C Psp)-conjugacy, we can assume that
X(e1) = Y(er) = 0. That is (X,Y) € N(q2,). In particular, there exists
p € P"(n) such that (X,Y) € N,(q2,n) C Nu(p2n) and ¢, = 1. We have

therefore shown that
N(p2,n) - U Nu(p2,n)a

cp=1

and we are done. O

Remark 7.4. (i) The key point of this last proof in the case o = py,, is that
dim N, (qa,,) and dim N, (ps,,) are both related to the same integer c,,. This
is what allows us to carry out the equidimensionality property from N (qz.n)

to N(pg,n)
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(ii) The method used in this section is deeply based on the decomposition of
N (1) as a finite union of the irreducible subvarieties Ny, (o). For this, the
classification into finitely many orbits of Lemma [7-1] plays a key role. This
situation breaks down in general for py.,. Using quiver theory and techniques
similar to [Bd], M. Reineke communicated to us an example of an infinite
family of Ps12-0rbits in pe 2.

(iii) Similarly, in [GR|, the authors show that some continuous families of
Qnn-orbits exist in q,,, (Borel case) as soon asn = 6. From this, they deduce
the existence of irreducible components of N (qn.n) of dimension greater or
equal than dimgq,,, showing that the variety is not equidimensional in these
cases.

Corollary 7.5. Si>" sh=2n, Sg"_z’"ﬂ are equidimensional of dimension n—

1. They have bJ components.

Proof. The number of components in S([f’n} is (Proposition B.13]) the number

of components in N¥¢(p,,_5,,), thus at most the number ng of components

in the variety N (pn—2,,) which may contain noncyclic components. On the

other hand, we have exhibited L%J components of dimension n— 1 in S([)z’"] in

Proposition 2.2 hence the conclusion for S([)z’"]. The same argument applies
to S([)"_z’"}, using Remark

Finally, from the existence of a surjective morphism Sg"_Z’"]] — S([)"_z’"}
(Proposition [3.14)), we see that S§”‘2’"ﬂ has at least |2| components. But

Theorem implies that there are at most [EJ components, and that these

components have dimension n — 1. The result follows. O
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