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ABSTRACT

We extend the material symmetry group of the non linear polar elastic continuum by taking inte account
microstructure curvature tensors as well as different transformation properties of polar and axial tensors.
The group consists of an ocrdered triple of tensors which makes the strain energy density of polar elastic
continuum invariant under change of reference placement. An analog of the Nell rule is established. Four
simple specific cases of the group with corresponding reduced forms of the strain energy density are dis

cussed. Definitions of polar elastic fluids, solids, liquid crystals and subfluids are given in terms of mem

bers of the symmetry group. Within polar elastic solids we discuss in more detail isotropic, hemitropic,
cubic symmetric, transversely isotropic, and orthotropic materials and give explicitly corresponding
reduced representations of the strain energy density. For physically linear polar elastic sclids, when
the density becomes a quadratic function of strain measures, reduced representations of the density
are established for monoclinic, orthetropic, cubic symmetric, hemitrepic and isctropic materials in terms
of appropriate joint scalar invariants of stretch, wryness and undeformed structure curvature tensors.

1. Introduction

Material symmetry group of the non linear micropolar contin
uum was first characterized by Eringen and Kafadar (1976). They
discussed all density preserving deformations and all microrota
tions of reference placement of the continuum that cannot be
experimentally detected. Simple micropolar solids and simple
micropolar fluids in the spatial description were defined in terms
of members of the group. After 35 years we are still not aware of
any detailed discussion of the material symmetry group of non lin
ear micropolar continuum and of appropriate reduction of consti
tutive equations in terms of members of the group.

In the present report we restrict ourselves to the non linear po
lar elastic continuum, which material behavior is described by the
strain energy density W per unit reference volume. As compared
with Eringen and Kafadar {1976) we introduce three modifications:

1. At each material peoint our density W, satisfying the principle of
material frame indifference, depends explicitly not only on nat
ural Lagrangian stretch E and wryness I tensors, but addition
ally upon the reference microstructure curvature tensor B as a

* Correspending author. Tel.: +48 58 6% 95 263; fax: +48 53 341 61 44.
E-mail addresses: eremeyev.vicrter@gmail.com (V.A. Eremeyev), pietrasz@imp.
gda.pl, pietrasz@karol.imp.gda.pl (W. Pietraszkiewicz).

parametric tensor. Eringen and Kafadar {1976) used similar
strain measures in W, but introduced referential mass density
p and microinertia tensor J,, as parametric quantities.

2. In discussing invariance properties of W we take into account
that, while E is a polar tensor, I and B are axial tensors which
change signs under inversion transformation {mirror reflection)
of 3D space. Eringen and Kafadar (1976) did not take into
account that their I' was the axial tensor.

3. Our material symmetry group %, consists of ordered triple of
tensors: unimodular P, orthogonal R, and second order L. These
tensors appear from transformation of E, I' and B under an arbi
trary change of reference placement of the micropolar body.
The transformation properties of B are quite different from
those of J,.

As aresult of these modifications, our material symmetry group
%, does not coincide with the group introduced by Eringen and
Kafadar (1976).

The tensor B appears naturally during description of the refer
ence placement, see Pietraszkiewicz and Eremeyev (2009). The
case B # 0 indicates non uniform distribution of directors in the
reference placement. From the mathematical point of view the
case B > O relates to non Euclidean geometry of polar material be
cause the directors can be considered as a nonholonomic basis.
From the physical point of view necessity of taking into account
B in constitutive equations corresponds to proper description of
microstructure of materials. B can be considered as an analog of



the curvature tensor in the theory of shells or of material parame
ters describing helical substructures of rods, see for example Erem
eyev and Pietraszkiewicz (2006), Lauderdale and O’Reilly (2007).

Within Cosserat type theories of shells and rods various defini
tions of material symmetry groups were proposed for example by
Murdoch and Cohen (1979), Eremeyev and Pietraszkiewicz (2006),
Luo and O’Reilly (2000), Lauderdale and O’Reilly (2007). The mate
rial symmetry group of the second grade elastic materials was con
sidered for example by Huang and Smith (1967), Elzanowski and
Epstein (1992). Huang and Smith (1967) took into account differ
ence between axial and polar tensors in construction of the mate
rial symmetry group. Let us note that the invariance of the strain
energy density under transformations of the reference placement
is similar but not the same as the uniformity and homogeneity
properties considered by Epstein and de Leon (1996, 1998).

The paper is organized as follows. In Section 2 we recall after
Pietraszkiewicz and Eremeyev (2009) some basic relations of
non linear micropolar continuum. In particular, we remind defini
tions of stretch E and wryness I" tensors, of undeformed structure
curvature tensor B, of strain energy density W satisfying the prin
ciple of material fame indifference, of referential S, K and Eulerian
T, M stress and couple stress tensors, as well as appropriate forms
of equilibrium conditions.

Transformation properties of various fields under change of ref
erence placement are discussed in Section 3. Then in Section 4
invariance requirements for W under change of reference place
ment are analyzed. This allows one to derive the material symme
try group %, of the polar elastic continuum. The group ¥, consists
of an ordered triple of tensors which make W invariant under
change of reference placement. For %, we establish an analog of
Noll’s rule, see Noll (1958).

Four specific cases of 4, with corresponding considerably sim
plified forms of W are discussed in Section 5. After introducing in
Section 6 property of isotropy of the polar elastic material, polar
elastic fluids are defined by requiring ¢, to be the maximal group.
It is found that polar elastic fluids are always isotropic and their
strain energy density W is the hemitropic scalar valued even func
tion of the structure curvature tensor C of deformed placement. By
the representation theorem of Smith and Smith (1971) the density
W is reduced to the scalar valued function of the deformed density
p and of six scalar invariants of C. The constitutive equations for T
and M are derived, which generalize the ones proposed earlier for
polar elastic fluids for example by Aero et al. (1965), Eringen
(1966), Eringen (1997), Allen et al. (1967).

In Section 8 we define the group %, of polar elastic solids using
an additional hypothesis that elements of ¥, are described by
orthogonal tensors which are the same for the position vector
and the directors. Polar elastic liquid crystals and subfluids are
then defined in Section 9 by %, which contains some elements
not belonging to the orthogonal group. Examples of Kelvin's med
ium defined by Grekova and Zhilin (2001) and of Ericksen’s liquid
crystal proposed by Eringen (1997, 2001) are briefly discussed.

Simplified representations of W for some forms of anisotropy of
polar elastic solids are discussed in Section 10.

Applying representation theorems of the scalar valued tensor
functions derived by Spencer (1965, 1971), we analyze possible
reduction of W for isotropic, hemitropic, cubic symmetric, ortho
tropic, and transversely isotropic non linear polar elastic solids.
As in Section 6 we apply the theory of representation of scalar val
ued functions of several tensorial arguments summarized in Spen
cer (1971), Boehler (1987), Smith (1994), Zheng (1994) where
other references can be found. For polar elastic solids the material
symmetry group is described by orthogonal transformations alone.
This gives possibility to represent W in terms of joint invariants of
the strain measures E and I'" as well as of the structure curvature
tensor B.

Finally, in Sections 11 and 12 physically linear polar elastic sol
ids are analyzed under mirror reflection as well as under mono
clinic, orthotropic, cubic, hemitropic, and isotropic symmetry
conditions. For each case of symmetries reduced forms of W in
terms of appropriate joint scalar invariants of tensors E, I', and B
are given. In Appendix A we present table with invariants for the
isotropic symmetry.

2. Some relations of the non-linear micropolar elastic
continuum

Let the body # consisting of material particles X, Y,. .. deform in
three dimensional (3D) Euclidean physical space & which transla
tion vector space is E. According to Cosserat and Cosserat (1909),
Truesdell and Toupin (1960), Eringen and Kafadar (1976) for exam
ple, each material particle X € 4 of the polar elastic continuum has
six degrees of freedom of rigid body.

In the reference (undeformed) placement ®(%) B, C & posi
tion x € & of X € # is given by the vector x € E relative to origin
o € & of an inertial frame (o,i,), where i, € E, a=1,2,3, is a right
handed triple of orthonormal vectors. Orientation of X € # in E is
fixed by the right handed triple of orthonormal directors h, € E,
so that h, = Hi,, where H=h, ® i, € Orth* is the proper orthogonal
structure tensor of B,, H ' =H’, det H = +1, and ® denotes the ten
sor product.

In the actual (deformed) placement (%) B, x(By)
€6,y 7yox !, position y € B, of X € # becomes defined by the
vector y € E taken here relative to the same origin o € &. Orienta
tion of X becomes fixed by the right handed triple of orthonormal
directors d, € E or by the structure tensor D = d, ® i, € Orth* of B,
As a result, the finite displacement of polar elastic continuum can
be described by two smooth mappings (see Fig. 1):

y X Q(x)h, (1)

where u € E is the translation vector and Q =DH' =d, @ h, € Orth*
is the proper orthogonal microrotation tensor, Q '=Q7, det
Q =+1. Two independent fields u(x) and Q(x) describe translational
and rotational degrees of freedom of polar elastic continuum.

Natural Lagrangian relative stretch and wryness (or change of
microstructure orientation) tensors E and I are defined according
to Pietraszkiewicz and Eremeyev (2009) as

L T %E:(QTGradQ>. (2)

Xx+ux), d,

E Q'F

Here F = Grady, det F > 0, is the classical deformation gradient ten
sor taken relative to B,, I is the identity (metric) tensor of 3D space

Fig. 1. Micropolar body deformation.



E,E= IxIis the 3rd order skew permutation tensor with x the
vector product, while the double dot product : of two 3rd order ten
sors A, B represented in h, is defined as A:B = AgmnBmnphg ® hyp. The
strain measures defined in (2) are not symmetric, in general, ET # E,
=T

Gradient of vector field v(x) € E is a 2nd order tensor field
Gradv € E® E and gradient of 2nd order tensor field AcE®E is
a 3rd order tensor field GradA € E® E® E defined by (see for
example Ogden (1984))

[Gradv(x)]a diV(X + ta)l; o,
t (3)

[GradA(x)]a %A(x+ ta)|, o, foranyteR, ackE.

In particular, gradient of product of 2nd order tensor A(x) and
vector v(x) fields is calculated according to

Grad (Av) vGradA" + AGradv. (4)

The wryness tensor I' can also be expressed in several equiva
lent forms, see Pietraszkiewicz and Eremeyev (2009), for example

r %hax(haQTGrad Q) Q'CF B, (5)

where B and C are the respective microstructure curvature tensors
of polar continuum in the reference and actual placements defined
by

1
2
with the operator grad being taken in the deformed placement B,.

In what follows B and C play an important role because they
characterize non uniform distributions of directors h, and d, in
the reference and actual placements, respectively. In particular, if
h, are constant in space then B =0.

Material behavior of the micropolar (hyper)elastic continuum is
described by the strain energy density W, per unit volume of
undeformed placement B,. The density W,, satisfying the principle
of material frame indifference takes the reduced form

B h, xGrad h,, C %da x grad dg, (6)

W, W,(E,T;x B). (7)
We call the polar elastic continuum homogeneous if there exists a
reference placement B, such that W,, does not depend on x and
materially uniform if W,, does not depend on B or B=0.

Constitutive equations for referential stress S and couple stress
K tensors introduced in Pietraszkiewicz and Eremeyev (2009) are
now defined as

oW, W,

OE ’ K ar - ®)
It is apparent that S and K are not symmetric, in general, ST # S,
K" =K.

The local Lagrangian equilibrium equations as well as kinematic
and dynamic boundary conditions of the non linear theory of
micropolar continuum are, see Pietraszkiewicz and Eremeyev
(2009), Appendix A,

S

DivTy+p,f O, 9)
Div My + ax(T{VFT FrN) +p,6 0 inB, (10)
x x° 0, Q Q° 0 along 8By. (11)

nTy t° 0, nMy m’ O along dB,. (12)

In Egs. (9) and (10), divergence operator Div in B,, is defined as, for
example, in Billington (1986) by

DivA(x)]a DiviA(x)a], VAcE®E, VacE. (13)

In Egs. (9) (12), Ty, My € E ® E are nominal stress and couple stress
tensors following from the generalized Cauchy theorem t(,) = nTy,
m;) = nMy, in which t.;) and m, are surface traction and moment
vectors applied at any point of boundary P, of P, C B,, but mea
sured per unit area of 9P, respectively, with n being the unit vector
externally normal to P,. The nominal tensors Ty, My are related to
the referential tensors S and K given in (8) by

v SQ", My K'Q" (14)

Additionally in (9) (12), f, c € E are the external force and couple
vectors applied at any point of B, but measured per unit mass of
B, p, is the mass density in B,, while t°, m°® € E are the external
boundary force and couple vectors applied on part of the deformed
boundary B, but measured per unit area of 9B,;, respectively. The
vector x° and the tensor Q° given on 9B,y describe translation and
rotation of particles prescribed on 0B,q4, respectively, where
OB, = OBy q U 8Buf, OBy N 8B%f= .

Formally different than (9) (12) but equivalent coordinate free
forms of local equilibrium conditions follow by applying alterna
tive definitions of gradient and divergence operators as well as of
the Cauchy theorem, see for example Maugin (1974, 1998), Scarp
etta (1989), Lurie (1990), Zubov (1997), Yeremeyev and Zubov
(1999), Dai (2003).

The local Eulerian equilibrium equations and dynamic bound
ary conditions in the actual placement B, corresponding to (9)
(12) are

divT+pf 0, divM+ax(T' T)+pc 0 inB, (15)

nT t° 0, nM m® 0 along dBy. (16)

In (15) and (16), T and M are Cauchy type stress and couple stress
tensors which are related to the referential stress measures by

T (detF) 'FTy (detF) 'FS'Q’, (17)
M (detF) 'FMy (detF) 'FK'Q’, (18)

p is the mass density in B,, div is the divergence operator in B, de
fined as in (13), t°, m° are measured per unit area of 0B,;, with n
being the unit vector externally normal to 9B,.

3. Change of reference placement

Let us introduce another reference placement %.(#) B, € & of
4, in which position x, € B, of X € # is given by the vector x, rel
ative to the same origin o € & and its orientation is fixed by three
right handed orthonormal directors h,, (Fig. 2). Let P, det P >0,
be the deformation gradient transforming dx into dx,, and
R € Orth* be the rotation tensor transforming h, into h,,, so that

dx, Pdx, h, Rh,. (19)

In what follows all fields associated with deformation relative to B,
will be marked by lower index x.

Let us analyze how transform the strain measures E and I" un
der change of reference placement B,, — B..

Since dy = Fdx = F,dx,, where F, = Grad,y(x,), det F, >0, is the
deformation gradient relative to B, and rotation h,, into d, is given
by Q. =d, ® h,, € Orth*, from (1) and (19) it follows that

F FP, Q QR (20)
Thus, from (2); and (20) we immediately obtain
REP ' +RP ' 1

E. QF 1 RE+DP' L (21)

To find I, one needs first express B, through B. Using (4), (6),,
(19) and applying the chain rule Grad,h,,= (Gradh, )P !, we
obtain



Fig. 2. Change of reference placement.

B, %hm « Grad.h.,

R[%ha x RT<ha Grad R” + R Grad haﬂP 1

% [(Rh,)Grad (Rh,)]P !

RBha x (haRT Grad R” + Grad ha)}P ' RBP' L (22)

L RBha x (haR Grad RT)}P !

REE: <R Grad RTﬂP ' Rzp',

1_ T
z 5E.(RcradR). (23)
As a result,

I, Q'CF. B, RQ'CFP' RBP'+L RIP'+L (24)

Let us note that the 2nd order tensors B, C, I', My and K are ax
ial tensors (pseudotensors), not usual (polar) ones. Axial tensors
differ from polar ones in that they change signs under inversion
transformation I of 3D space E. Pseudoscalars, pseudovectors
and pseudotensors are widely used in modern physics, see for
example Nye (1957), Korn and Korn (1968), Feynman et al.
(1977), Arfken and Weber (2000). An example of pseudovector is
the vector product a x b of two polar vectors a, b € E. If O € Orth
is an orthogonal tensor then (0a) x (Ob) = (detO)O(a x b) and the
vector product changes signif 0= L. An example of axial 2nd or
der tensor is the skew tensor Q = @ x I with the polar vector w € E.
An example of axial 3rd order tensor is the permutation tensor E.

Within classical (or Cauchy type) continuum discussed for
example in Truesdell and Noll (1965), Truesdell (1966, 1991) it is
enough to consider polar 2nd order tensors when defining the
material symmetry group of Green elastic body. However, for the
micropolar (or Cosserat type) continuum one has to take into ac
count that I" and B appearing in the density W, defined in (7)
are axial 2nd order tensors, not the polar ones. Thus one has to ex
tend B, by allowing R in (7) to be an orthogonal tensor R € Orth and

by requiring P to be non singular tensor, detP = 0. Additional
inversion of space orientation does not correspond to any real
deformation of the reference placement. It simply reflects neces
sary invariance of constitutive equations under mirror reflection
of the reference placement or, equivalently, under change of orien
tation of the base vectors h, from right hand to left hand one. Then
the refined transformations (22) and (24) become

B, (detR)RBP '

L, I, (detRRTP'+L. (25)

4. Definition of material symmetry group

The form of elastic strain energy density W,, of the micropolar
body at any particle X € 4 depends upon the choice of reference
placement, in general. Particularly important are sets of reference
placements which leave unchanged the form of energy density.
Transformations of reference placement under which the energy
density remains unchanged are called here invariant transforma
tions. Knowledge of all invariant transformations allows one to
precisely define fluid, solid, liquid crystal or subfluid as well as to
introduce notions of isotropic, hemitropic or orthotropic polar
elastic continua, for example. Similar approach is used in classical
continuum mechanics and in non linear elasticity by Truesdell
(1964), Truesdell and Noll (1965), Wang and Truesdell (1973),
Truesdell (1991), Rivlin (1980), as well as in non linear theories
of shells by Wang (1973), Murdoch and Cohen (1979), Eremeyev
and Pietraszkiewicz (2006).

The elastic strain energy density W, relative to B, depends in
each point x, € B, on the stretch tensor E,, the wryness tensor
I',, and also upon the structure curvature tensor B,. This depen
dence may, in general, be different than that of W, (E,I";x,B). How
ever, the strain energy of any part of continuum should be
conserved, so that

e ff



for any part P,, C B, corresponding to P, C B,, because the functions
W, and W, describe strain energy densities of the same deformed
state of P, ¢ By = x(Px) = x.(P.), where x, is deformation function
from B, to B,.

Changing variables x, — X in the right hand integral of (26), we
obtain

///pxw*[E*("*%F*(x*);x*,B*(x*)} do,
JIJ | 1dete WE.00.T. (0B )] d

Thus, from (26) it follows that W, and W, are related by
|detP| W.(E,,T.;x,B,) W,(E,I';x,B).

Here E,, I',, and B, are expressed as in (21) and (25).

From physical reasons invariant transformations of the refer
ence placement should preserve elementary volume of B,. Hence,
the transformation tensor P should belong to the unimodular
group for which |detP| = 1.

The assumption that the constitutive relation be insensitive to
the change of reference placement means that explicit forms of
W, and W, should coincide, that is

W, (E,T;X,B) W,(E.,K.;x,B,).

In other words, one may use the same function for the strain en
ergy density independently upon the choice of B, or B,, but with
different expressions for stretch and wryness tensors as well as
for the microstructure curvature tensor. In what follows we not
always explicitly indicate that all functions depend also on the
position vector x and W is taken relative to the undeformed
placement B,,.

Using (21) and (25) we obtain the following invariance require
ment for W under change of reference placement:

W(E,T;B) W|REP '+RP ' I (detR)RIP '+L; (detR)RBP ' L|.

(27)

The relation (27) holds locally, i.e. it should be satisfied at any x
and B, and tensors P, R, L are treated as independent here. As a re
sult, local invariance of W under change of reference placement is
described by triple of tensors (P,R,L).

In what follows we shall use the following nomenclature:

Orth={0: 0 '=0",det0 = +1}
Orth*™ = {0: O € Orth,det 0 =1}
Unim={P: PcE®E,det P= %1}
Lin={LcE®E}

the group of orthogonal tensors;

the group of rotation tensors;
the unimodular group;

the linear group.

Here Orth and Unim are groups with regard to multiplication,
and Lin is the group with regard to addition.
Now we are able to introduce the following definition:

Definition 1. By the material symmetry group %, at x and B of
the polar elastic continuum we call all sets of ordered triples of
tensors

X (P e Unim,R € Orth,L € Lin), (28)

satisfying the relation

W(E,T;B) W|REP '+RP ' I, (detR)RIP '+L; (detR)RBP ' L}
(29)

for any tensors E, I, B in domain of definition of function W.
The set %, is group relative to the group operation o defined by

(P1,Ry,Li)o (P, Ry, L) [PiP2RiRo. Ly + (detR)RILP, .

Let us check that if X; = (P1,Rq,L1) € 4, and X; = (P2,R;,Ly) € 4,
then also X; o X; € %,. Indeed, if X; € 4, and X, € %, then

W(E.T';B) :W[R1 EP,' +RP," I (detR;)R;KP," +L;;(detR;)RBP,’ Ll]

—W([REP," + R, 1,(detRy)RoI'P, " + Lo (detRy)R:BP, ' Lo

Taking these relations into account we have
W{R1R2EP21P1]+R1R2P21P1] I,
(detR;)(detR,)R{R,I'P, 'P, ' +L; + (detR;)R,L,P, ;
(detR;)(detR,)R;R,BP,'P," L, (detR1)R1LzPll]
W{R: (REP,' +RoP, ' l)Pl‘ +RP O,
(detR;)R, {(detRz)RerZ1 +L2} P, +Ly;
(detR;)R; {(detRz)RZBPZI LQ}Pl‘ L}
W[RZEP21+R2P21 I,(detRy)R,T'P," +Ly; (detR;)R,BP," L,
W(ET;B),

which proves that X; o X; belongs to the group %, indeed.
The unit element of 4, is I (I, 1,0), and the inverse element to
X € %, is given by

X'=PRL ' [P'R, (detRR'LP|.
Indeed,
XoX '=(P,R,L)o(P,RL) '
[PP ".RR'.L (detR’RR'LPP '| (1L0).

Our symmetry group %, differs from the one of micropolar elas
tic materials proposed by Eringen and Kafadar (1976). We take into
account explicit dependence of W upon B as parametric tensor,
while in Eringen and Kafadar (1976) dependence of T, M and other
quantities on the microinertia tensor J,, is assumed. In our notation,
definition of %, by Eringen and Kafadar (1976) is based on the
formula

W(E.T;]J,) W[REP "4RP' LRIP'+L RJ%RT]. (30)

The microinertia tensor J,, appearing in (30) has another nature and
transforms by another rule than B under change of reference place
ment. Moreover, in what follows we take into account that I' and B
as arguments of W are axial tensors. Eringen and Kafadar (1976) did
not take into account that I' was the axial tensor. The mentioned
differences in definitions of ¢, lead to different restrictions of con
stitutive relations of polar elastic continua.

Let us show that Definition 1 allows one to establish an analog
of Noll’s rule given for classical simple material continuum by Noll
(1958). Since the material symmetry group depends not only on
particle X € # but also upon choice of reference placement, let us
analyze how symmetry groups corresponding to different refer
ence placements are related. Let By and B, be two different refer
ence placements, and %; and %, be material symmetry groups
relative to these reference placements, respectively. In what fol
lows quantities described in the placements B, and B, are marked
by the respective lower indices 1 and 2.

Let now P be a non singular deformation gradient, detP # 0, R
be an orthogonal tensor associated with the transformation
B; — By, as well as P ! and R be an inverse deformation gradient
and an inverse orthogonal tensor associated with an inverse trans
formation B, — By, respectively. Cases detP <1 and detR= 1 cor
respond to change from right handed frame in B; to left handed
one in B,. Then, by analogy to (21) and (25) we can relate the strain



measures E; and E,, I'y and I',, as well as the structure curvature
tensors B; and B, defined relative to two different reference place

ments by

E;, REP'+RP' I, I,
B, (detRRB,P' L, L

(detR)RI,P ' + L. (31)
(detR)RZP . (32)
Let W; and W5 be strain energy densities defined relative to the

two reference placements. From (26) it follows that W, and W, are
related by

|detP| W, (E,,T5;B,) Wi (Ey,T;By).

Taking into account (31) and (32) we have

|detP| W, {Rl-:lp "+RP' I, (detR)RIP ' +L;(detR)RB,P ' L
Wi (E;, T'q;By).
33)

Let the element X; = (P;,Ry,L;) € ¢;. Then using (33) we
obtain

|detP| Wo(Ey, T:By)  Wi(E{,T1;By)
W;iREP,' +RIP," 1,
(detR;)R{T;P, " +Ly;
(detR;)R;B;P,' L
|detP| W,[RR,E;P,'P ' + RR}IP,'P ' 1,
(detR)(detR;)RR;K;P,'P '
+ (detR)RL,P ' +L;
(detR)(detR;)RR;B;P,'P !
(detR)RL,P ' L]
|det P| W, [RR,R"E,PP, 'P '
+RR,RIPP,'P ! 1,
(detR;)RR;R"K,PP, 'P '
(detR;)RR;R"LPP,'P !
+ (detRy)RL,P ' +L;
(detR;)RR,R"B,PP,'P '
+ (detR;)RR;R"LPP, 'P !
(detRy)RL,P ' L] (34)

From (34) it follows that the element X; = (P,,Ry,L;) € %,, where

P, PP.P! R,
L, L+ (detR,)RL,P'

RR;R’,
(detR;)RR,R'LPP,'P .

It is easy to show that X, PoX;oP !, where P = (P,R,L).

Indeed,

PoX; = (P,R,L)o(P;,R;,L;) |PP;,RR;,L+ (detR)RTLP].

Taking into account that P ' [P ',R", (detR)R'LP], we obtain

PoX;oP ' |PP,P ' RR{R" L+ (detR)?(detR;)RLP '

(detR)*(detR;)RR,R'LPP, 'P 1]

from which follows the sought result.
Thus the material symmetry group under change of reference
placement transforms according to

Yy Po%oP . (35)

The transformation (35) is a counterpart in non linear micropolar
elasticity of the well known Noll rule for symmetry groups of sim
ple materials in classical continuum mechanics, see Noll (1958),
Truesdell and Noll (1965), Wang and Truesdell (1973).

5. Material symmetry and reduced forms of strain energy
density

The structure of %, puts some constraints on the form of W
which allow us to considerably simplify this form.
In this Section we consider some simple specific cases of %,.

Case 1. Let us discuss the trivial symmetry group %, consisting
of two elements: 1 and 1 ( I, I,0). Applying [, from defini
tion of ¢, it follows that W should be an even function of I' and
B, that is

W(E,T;B) W(E, TI; B). (36)

The condition (36) means, in particular, that explicit expression of
W(E,T'; B) cannot have terms linear in I" alone such as tr(E'T"). Only
when explicit dependence of W on B is taken into account, terms
linear in I' of the type tr(B'I") or tr(B'T'E) are allowed.

Case 2. If 9, consists of tensor triples containing two identities
and an arbitrary tensor L € Lin, then the number of arguments in W
can be reduced.

Indeed, let X

W(E,T;B)

(LLL) € %,. Then
WE,T+L;B L), VLEe€lLin. (37)
Introducing one parameter family of transformations

W(E,T;B) W(E, T +tL;B (L), VLelin, VteR,

and differentiating the latter equation with regard to t at t =0, we
find that

Wy | Wy
ar '~ 0B

This equation is satisfied if and only if

0 :L, VLelin.

W W(ET+B) W(E,II)

where IT1=T + B. Here : denotes the double dot (scalar) product of
two 2nd order tensors, A:B= tr(A™B) = AnnBumn.

Alternatively, since (37) should be satisfied by any L let us take
L to be equal B. Then from (37) it directly follows that

W(E,T;B) W(E, T +B;0) W(E, II).

Case 3. Let us consider the reduced form W= W(E,T), i.e. let us
neglect its explicit dependence on B. This form is widely used in
the literature, see for example Maugin (1998), Nikitin and Zubov
(1998), Eringen (1999), Ramezani and Naghdabadi (2007), Rame
zani et al. (2009).

Ifg, {X:X (ILIL)} contains an arbitrary tensor L € Lin, we
have W(E,I')= W(E,I" +L). Then we can again introduce one
parameter family of transformations

W(E,T) W(E,T +tL), VLelin, VteR.

Differentiating this equation with regard to t at t = 0, we obtain
ow .

ar L 0, VLelin,

from which it follows that 9W/dI" = 0. Thus in this case W takes the
reduced form

W W(E). (38)

Such a significant reduction of W= W(E,I') follows directly from
assumption that the material symmetry group contains an arbitrary
tensor L. To keep the second argument I' in W it is necessary to
avoid using material symmetry groups containing an arbitrary ten
sor L.

The form (38) of W corresponds to so called reduced elastic
Cosserat continuum in which the couple stress tensor K vanishes



while the stress tensor S still remains non symmetric, in general.
The couple equilibrium equations (10) and (15), reduce to

ax(TyF FTy)+p,c 0 inB, (39)
ax(TT T>+pc 0 inB,. (40)

These equations become non trivial here and can be used to find the
field of rotation Q. However, since (39) and (40) constitute the sys
tem of non linear arbitrary equations with respect to Q, it is not
possible to assume arbitrary rotation Q at the boundary 0B,.

The linear version of reduced Cosserat elastic continuum was
used to describe wave propagation in soils and rocks, see for exam
ple Grekova et al. (2009).

Case 4. Let the material symmetry group of reduced Cosserat
continuum (Case 3) be wider: %, {X:X (I,ReOrth",
L € Lin)}. Then it describes the classical non linear Green elastic
material (Truesdell and Noll, 1965; Ogden, 1984) for which
W = W(U), where U= (F'F)'/2.

Within the reduced Cosserat continuum tensors P, R and L be
long to %, if
W(E) WREP'+RP' I) WRQ'FP' I).

Let us substitute here P=I and R=A’Q, where A is the proper

orthogonal tensor following from the polar decomposition F = AU
of deformation gradient F and Q € Orth*. Then we obtain

WE) WAQQ'F I) WA'F I) WU I) WxU).

In this case the corresponding Cauchy stress tensor T becomes sym
metric, T =T, The proof is based on straightforward calculation of S
using W = W*(U) which gives us the formula

T (detF) 'AUS*A”,

where $* = dW*/dU, and $*T = §*.

Since K = 0, the couple equilibrium equations (10) or (15), are
identically satisfied for vanishing couple vector c. Material symme
try groups and representations of constitutive equations of non
linear elastic continuum were discussed for example in Truesdell
and Noll (1965), Wang and Truesdell (1973), Ogden (1984).

Four simple specific cases discussed above demonstrate that
knowledge of elements of the material symmetry group allows
one to substantially simplify the form of W. In next sections we
consider some cases of %, which lead to definitions of polar elastic
solids, fluids, liquid crystals, or subfluids, and to their reduced con
stitutive equations.

6. Polar-elastic isotropic material

As in case of non polar elastic materials, property of isotropy of
the polar elastic material is expressed in terms of orthogonal
group.

Definition 2. The micropolar elastic continuum is called isotropic
at x and B if there exists a reference placement B,, called
undistorted, such that the material symmetry group relative to
B, contains the group %,

Sy C Gy, Sy={P 0,0,0): OcOrth}. (41)

From physical point of view this definition means that uniform
rotations and mirror reflections of the undistorted reference place
ment B, cannot be recognized by any experiment.

7. Polar-elastic fluids

The strain energy density of micropolar elastic fluids should be
insensitive to any change of reference placement, i.e. the Eq. (27)
should be satisfied by any triple of tensors P € Unim, R € Orth,
L e Lin.

Definition 3. The micropolar elastic continuum is called the polar

elastic fluid at x and B if there exists a reference placement B,,

called undistorted, such that the material symmetry group relative

to B, is given by

4y Uy = {(P € Unim,R € Orth,L € Lin)}. (42)
Hence, the strain energy density of the polar elastic fluid satis

fies the relation

W,(E,T:B) W,[REP ' +RP ' I,
(detR)RBP ' LJ,

VP € Unim, VR € Orth, VL € Lin. (43)

(detR)RIP ' + L;

From Noll’s rule (35) it is easy to verify that any reference place
ment of the polar elastic fluid becomes undistorted, similarly as it
is for the non polar elastic fluid, because the symmetry group be
comes here maximal. Obviously, any polar elastic fluid is also
isotropic.

Strain energy density of polar elastic fluid satisfying (43) takes
the form

W W(E, )

W (detF,C) (44)

where C is the structure curvature tensor of the deformed place

ment B, defined in (6),. Since C does not depend on the choice of
reference placements, it is easy to check that (44) satisfies the
requirement (43).

The strain energy density (44) describes polar elastic contin
uum which is insensitive to arbitrary deformations preserving an
elementary volume element. However, it is still sensitive to change
of orientation of particles.

By the principle of material frame indifference (invariance un
der superposed rigid body deformation) the function W* satisfies
the condition

W(detF,C) W~ [det(QTF),oTco], VO € Orth",

i.e. W* is the hemitropic function with regard to C.

Using general representations of isotropic and hemitropic sca
lar valued functions of one non symmetric tensor C given by Spen
cer and Rivlin (1962), Smith (1965), Smith (1994), Spencer (1965),
Spencer (1971), Smith and Smith (1971) with the help of algebraic
theory of the invariants, W* can be constructed as a function of six
invariants j,, n=1,...,6,

W W~(detF,ji,jo, - - ,Js) (45)
where
i, trcC j, uC j; uc j, tr(CCT), (46)

js tr(CZCT)., js tr<C2CT2>

as was used for example in Kafadar and Eringen (1971).

Since detF = p,/p, the strain energy density of the polar elastic
fluid may be given in another form more convenient in
hydrodynamics,

w W(pvc) W(p7j17j27"'1j6)' (47)

Because C is the axial tensor, it changes sign under change of frame
orientation. Thus, W should be an even function of
C, W(p,C) W(p, C), and its invariant expression should have
the property

W(p7jltj27j3:~j47j57j6) W(p* j17j27 j37j47 j51j6)'

As a simple example of the polynomial strain energy density we can
propose the following quadratic function:

W(p,C)  o(p) + ouji + 0oy + 013, (48)



where o, a=1, 2, 3, are assumed to be constants.
Constitutive equations for T and M corresponding to (47) are
w 2 oW
M, m 2W o, oW (49)
Py 0C P, Op
For example, with the strain energy density (48) the couple stress
tensor M is given by the constitutive equation

T pl

M 2pﬁ(oc1jll +0,C + 05C).
n

Basic equations of viscous micropolar fluids were proposed by
Aero et al. (1965), Eringen (1966). Similar theory of fluids with
three rigid directors as primary quantities was introduced by Allen
et al. (1967). Within the framework of these models the strain en
ergy density had the form W = W(p), which is the particular case of
(47). Strain energy density (44) of the polar elastic fluids was
established by Zubov and Eremeev (1996), Yeremeyev and Zubov
(1999) without introduction of material symmetry group.

8. Polar-elastic solids

Material symmetry group of non polar non linear elastic solids
is constructed with the help of orthogonal transformations
describing rotations and reflections of reference placement, see
Truesdell and Noll (1965), Wang and Truesdell (1973), Ogden
(1984). But for polar elastic continua material symmetry group
consists of ordered triple of independent tensors, 4,  (P,R,L).

In Definition 3 of the polar elastic fluid tensors P and R are en
tirely independent from each other. Considering directors h, as
unit orthogonal vectors rigidly attached to rigid particles (e.g.
molecules) of the fluid, it is apparent that P need not coincide
with R. This is also true in the mechanical modeling of sand, pow
der, etc.

In polar elastic solids both P and R describing change of the ref
erence placement should be orthogonal. Then corresponding con
stitutive equations might be sensitive to differences of both
orthogonal tensors P and R, which would be difficult to accept.
Hence, we assume here that P = R € Orth.

The case L # 0 corresponds to a non homogeneous field of R,
see (23). It can be shown that the material symmetry group with
L # 0 would lead to constitutive equations describing polar elastic
liquid crystals and subfluids. Hence, for the polar elastic solids the
following hypothesis seems to be physically justified:

Hypothesis. The material symmetry group of the polar elastic
solids consists of all transformations of reference placement
performed by the same orthogonal transformations of position
vector and directors. Additionally we assume that L=0.

The hypothesis requires that P =R and values of R should be
long to a subgroup of Orth.

Accepting the hypothesis we can propose the following
definition:

Definition 4. The micropolar elastic continuum is called the polar
elastic solid at x and B if there exists a reference placement B,,
called undistorted, such that the material symmetry group relative
to B, is given by

49, %.={P 0,0,0): OcO,cCOrth}. (50)

The group %, is fully described by a subgroup ¢, of orthogonal
group Orth. Invariance requirement of W leads here to finding the
subgroup ¢, such that

W(E,T;B) W[OEOK(detO)oroT;(detO)OBoT] VO € 0.
(51)

Both our definitions of fluids (43) and solids (51) differ from
definitions proposed by Eringen and Kafadar (1976) by factors
det R and det O, which take into account that our I" and B are axial
tensors. Additionally, the tensor B appears instead of J,, in the list of
arguments of our W.

9. Polar-elastic liquid crystals and subfluids

The strain energy density of polar elastic continuum may also
admit other material symmetry groups, in general. For example,
it is possible to construct material symmetry groups of W in anal
ogy to symmetry groups used to model liquid crystals or subfluids
in continuum mechanics of simple materials, see Coleman (1965),
Wang (1965), Truesdell and Noll (1965), Wang and Truesdell
(1973). However, those mathematical models differ from physical
models of liquid crystals used for nematics, smectics and other
materials, which are usually based on introducing one rigid direc
tor, c.f. Truesdell and Noll (1965), de Gennes and Prost (1993),
Ericksen (1998).

Definition 5. The micropolar elastic continuum is called the polar
elastic liquid crystal at x and B if the material symmetry group %,
does not coincide with %,,, but there exist elements X € %,, which
are not members of any group constructed using only orthogonal

e hition 5 means that a polar elastic liquid crystal is neither a
polar elastic fluid nor a polar elastic solid.

Within micropolar elastic continuum the number of material
symmetry groups corresponding to polar elastic liquid crystals is
larger than in case of non polar elastic liquid crystals, because
the structure of %, of the former is more complex. The Cases 2 4
considered above belong to polar elastic liquid crystals by their
definitions. Below we give other examples of polar elastic liquid
crystals.

Grekova and Zhilin (2001) defined the Kelvin medium as a spe
cial case of polar elastic solids, which strain energy density
W=W(E,I') is insensitive to rotation by any angle ¢ about a fixed
axis with unit vector e. It is possible to prove that the Kelvin med
ium should in fact be considered as a polar elastic liquid crystal,
because its material symmetry group contains non orthogonal
tensors.

Within non polar elastic materials Wang developed constitu
tive equations of 14 classes of the simple subfluids being special
cases of non polar liquid crystals, see Wang (1965), Truesdell and
Noll (1965), Wang and Truesdell (1973), Cohen and Wang
(1983). The material symmetry group of simple subfluids con
tained only elements of the dilatation group, that is the group of
all unimodular tensors having three fixed linearly independent
vectors as their proper vectors. The dilatation group consists of
tensors

Iy {P:PeUnim,P p,e ®e +p,e;0e;+p;e30es,pip,p; +1}.

Here ey, e;, e5 are three orthogonal unit vectors called the preferred
basis.

In analogy to Wang (1965) we can define polar elastic subfluids
as follows:

Definition 6. The micropolar elastic continuum is called the polar
elastic subfluid at x and B if its material symmetry group %,
contains elements of the dilatation group, that is

4, {(P,R,L):Pe%,,ReOrthL e Lin}.
Discussing application of micropolar elastic continuum for

modeling liquid crystals, Eringen (1997) developed constitutive
equations based on the strain energy density



W Wi(p,v:j), (52)

where j=QJ,Q", y=QI'F ! in our notation. The relative Eulerian
wryness measure y determines relative changes of orientation of
the polar elastic continuum, see Pietraszkiewicz and Eremeyev
(2009). From (5) it follows that

Yy C QBF'

Hence, v =C if and only if B=0. In case of B # 0 the strain energy
density W in (52) corresponds to a special type of polar elastic con
tinuum, neither a fluid nor a solid, because W depends on the rela
tive wryness measure y which is sensitive to change of orientation
of continuum particles with respect to the reference placement. Un
der change of the reference placement vy transforms according to

Y, Y+QZF ',

wherey, C Q,B.F

Using j as the structural tensor, Eringen derived various types of
constitutive equations. Since in our model B is used as the para
metric tensor instead of j, Eringen’s model may be incomparable
with ours in sense of the material symmetry group.

Brief discussion stretched above and in Section 5 indicates that
polar elastic liquid crystals and subfluids deserve detailed presen
tation in a separate paper.

10. Some material symmetry groups for polar-elastic solids

Let us discuss simplified forms of W for some particular cases of
anisotropy.

Definition 7 (Isotropic material). The polar elastic solid is called
isotropic at x and B if there exists a reference placement B,,, called
undistorted, such that the material symmetry group relative to B,
takes the form

4, 4,={P 0,0,0): OcOrth}. (53)

This definition means that the strain energy density of the
polar elastic isotropic solid satisfies the relation

W(E,T;B) W[OEOT,(detO)oroT;(detO)OBoT], VO € Orth.

Scalar valued isotropic functions of a few 2nd order tensors can be
expressed by so called representation theorems in terms of joint
invariants of the tensorial arguments. To construct representation
for W(ET";B) as an isotropic function of joint invariants of E, T,
and B, we recall first the results of Spencer (1965, 1971) on isotropic
scalar valued functions which are invariant with respect to proper
orthogonal tensors O € Orth*. Then, we apply additional restriction
on the representations by requiring also invariance with respect
to mirror reflection, i.e. additionally considering 0= L
Decomposing non symmetric tensors E, I', and B into symmet

ric and skew parts,

E Es+Es Es
' Is+Ta I

B Bs+B, B i(BH;T), B, i(B BT),

we represent W as scalar valued function of three symmetric and
three skew tensors,

W W(Es,Es, T's,I's; Bs,By). (54)
Integrity basis for the proper orthogonal group is given by Spen

cer, see Table 1 in Spencer (1965) or Table II in Spencer (1971).
These tables are too lengthy to be presented here. Number of

members of integrity basis of Es, E4, I's, I'4, Bs, B, is much larger
than number of components of these tensors. However, there are
some polynomial dependencies between elements of the integrity
basis of three symmetric and three skew tensors. Hence the num

ber of functionally independent invariants can be reduced, but it is
still very large, see Zheng (1994).

For proper orthogonal group there is no difference in transfor
mations of the axial and polar tensors. It is not the case if one con
siders transformations using the full orthogonal group. Since T,
T4, Bs, B4 are axial tensors, not all invariants listed in Spencer
(1965, 1971) are absolute invariants under orthogonal transforma
tions, because some of them change sign under non proper orthog
onal transformations. Following Spencer (1971), we call such
invariants relative invariants. Examples of relative invariants are
tr Ts, tr T3, tr EsTs, tr EsBs, etc. This gives us the following property
of W:

W (Es,Ea,T's,Ta;Bs,By)  W(Es,Ea, T's, I'a; Bs, By). (55)

There are 119 invariants of non symmetric tensors E, T', B pre
sented in Table A.1, see Appendix A. The strain energy density of po
lar elastic isotropic solids can be any scalar valued function of these
invariants which satisfy (55).

If we neglect explicit dependence of W on B, or assume that
B=0, then W=W(E,T). Integrity basis of two non symmentric
tensors under the orthogonal group contains 39 members. Follow
ing Zheng (1994), Ramezani et al. (2009) listed these invariants for
the non linear polar elastic solids and proposed corresponding
constitutive equations. Let us note, however, that not all 39 ele
ments of this integrity basis are functionnally independent. Kafa
dar and Eringen (1971) constructed the functional basis for two
non symmetric tensors taking into account these functional
dependencies. Table A.1 contains the invariants of Ramezani
et al. (2009) and of Kafadar and Eringen (1971) as well as aditional
joint invariants of E, I', and B. According to Kafadar and Eringen
(1971), as the isotropic scalar valued function of two non symmet
ric tensors E and I, W is expressible in terms of 15 invariants,

W WL, ... &Is), (56)
where I, are given by

I; trE, I, trE, I, trE,

I, trEE’, Is trE*E", g tr E’E",

I; trEr, Ig trE*r, Iy trEI?

Ly trT, L trr? L, trr3,

Ly trII7, Ly ", s trre

Taking into account that W= W(E,I") is an even function with re
spect to T’, because in our case the group .#,, contains the reflection
I,W becomes also an even function with respect to some
invariants,
W([l7121131[47157167[7718719711071117112711371147115)
W, I, 5,145,016, I7, Is,ly, lo,l1, la, 53, L, lis).
(37)

Expanding W into the Taylor series relative to E and I', and
keeping up to quadratic terms, we obtain the approximate polyno
mial representation of (57),

W wo+ a1y +azlip + b]]? + bzl]l]o + b31¥0 + b4I4 + b5[2 + b617
+ bylyy + bylys + 0(max(|E[’, |,
where wy, aq, ay, by,...,bg are material constants. Applying to the

latter expression the property (57), we finally obtain the following
polynomial representation of W up to quadratic terms of E and T'":



w Wo+(1111 +b11? +b31?0+b414+b512 +b711] +b8113~ (58)

We may also consider the representation of W as a sum of two
scalar functions each depending on one strain measure,

W Wi(E) + W (). (59)

The form (59) was used for example by Ramezani et al. (2009) in or
der to generalize classical neo Hookean and Mooney Rivlin models
to polar elastic solids. As in Section 7, one can use here the repre
sentation theorem for isotropic scalar valued function of one non
symmetric tensor given by Smith and Smith (1971). This leads to
the following representation of W:

W Wih,...,Ie) + Wa(l,....Iis), (60)

where W, is such that

WZ(IIOJH,112,11371147115) WZ( 11071117 1127113; 1147115)~ (6])

Expanding (60) with (61) into the Taylor series and keeping up to
quadratic terms in E and I, W takes the form (59) with

Wi Wo+11111+b11%+b414+b5127 W, b31%0+b7111+b3113-

Definition 8 (Hemitropic material). The polar elastic solid is called
hemitropic at x and B if there exists a reference placement B, called
undistorted, such that the material symmetry group relative to B,
takes the form

9, /={P 0,0,00: 0cOrth"}. (62)
The strain energy density of the hemitropic polar elastic solid
satisfies the relation

W(E,T;B) W(OEOT,OFOT;OBOT), YO € Orth*. (63)

The hemitropic polar elastic solid is insensitive to change of ori
entation of the space. In case of reduced strain energy density
W =WI(E,TI") the representation of W is given by (56), but the prop
erty (57) does not hold, in general. Obviously, the polar elastic iso
tropic solid is also hemitropic.

Definitions (53) and (63) are somewhat similar to the corre
sponding definition of the isotropic polar elastic solid proposed
by Eringen and Kafadar (1976), who required

W(E,T:],) W<0E0T,OFOT;OJ%0T), VO < Orth. (64)

However, properties (57) or (61) do not follow from (64) and addi
tionally dependence of W upon J,, is disregarded here.

Definition 9 (Orthotropic material). The polar elastic solid is called
orthotropic at x and B if the material symmetry group for some
reference placement B, takes the form

%, {(P 0,0,0)}:

65
0 {IL I, 2e1®e (65)

I, 2e;0e; 1 2e3@e; 1},
where O are orthogonal tensors performing mirror reflections and
rotations of 180° about three orthonormal vectors ey.

Obviously, the polar elastic isotropic solid is also orthotropic.
Thus, all invariants in Table A.1 can be used for representation of
the strain energy density of the polar elastic orthotropic solid.
There are 60 additional absolute and relative invariants responsi
ble for orthotropic properties of polar elastic solids, so that the to
tal number of invariants becomes 179.

Definition 10 (Cubic symmetry). The polar elastic solid is called
cubic symmetric at x and B if the material symmetry group for
some reference placement B, takes the form

4, {(P 0,0,0)}:
0O {IL I, e;e;7e;xI, e;e,Fe;, xI, es®e; Fe; xI},
(66)

where O are orthogonal tensors performing mirror reflections and
rotations of 90° about three orthonormal vectors ey.

Definition 11 (Transversely isotropic material). The polar elastic
solid is called transversely isotropic at x and B with respect to a
direction described by e if the material symmetry group for some
reference placement B,, takes the form
%, {(P 00,0}: 0 {I I O(ge), Vol (67)
where O(pe)=(I e®e)cosp+exe+e xIsing is the rotation
tensor with the rotation angle ¢ about the unit vector e.

There are 167 absolute and relative invariants for polar elastic
transversely isotropic solids.

11. Physically linear polar-elastic solids

Let us consider the polar elastic strain energy density as a qua
dratic function of E and T,

7% %E:C:E—&-E:B:F—i—%F:D:R (68)

where C, B, and D are 4th order tensors of elastic moduli of the po
lar elastic solid. Components of tensors C and D have symmetry
properties

Cijmn Cmm‘j-, Dijmn Dmnij-

With (68) corresponding referential stress measures S and K follow
from (8) to be

S C:E+B:I', K E:B+D:TI.

The model based on (68) can be called the physically linear polar
elastic solid. In this case tensors C, B, and D coincide with the tan
gent stiffness tensors introduced by Ramezani et al. (2009). Since E
and I'" are non symmetric tensors, W contains 2 45+81=171
independent material constants, in general. In what follows we

find restrictions for C, B, and D corresponding to some particular
material symmetry groups.

1. Mirror reflection. Let ., contain two elements, &, {I, [}.
Substituting [ into (51) we obtain

1

1 1 1
EE.C.EJrE.B.FJriF.ID.F jE.C.E E.B.FJril".ID.F,

from which it follows that either B~ O, where O is the 4th order
zeroth tensor, or as has been shown above (Case 1 in Section 5), W is
an even function of E and I'. In this case one has 90 independent
scalar elastic moduli. In what follows we always assume that %,
contains [ with only one exception for the hemitropic solid. Hence,
W, S, and K take the reduced form

1 1

w —E:C:E—&-EF:D:F, S C:E K

5 D:T. (69)

In the tensor base comprised of directors h, the tensors C and D can
be expressed as symmetric 9 x 9 matrices. For example, the matrix
of Cis



Ci111 Ciizz Cisz Ciizz Ciist Ciiz Cisz Cins G
Ca222 Caa33 Cozzs Cozzt Caziz Cazsz Caziz Caoon
C3333 C3323 C3331 Cs312 Cszzz Ca313 Cazpn

C2323 Cazz1 Co312 Caszy Caziz Cosog

[C] G131 Gaiiz Gaizz Gaiis G
Ci212 Ciz32 Ci213 Ciomn

SYM C3232 Caz13 Canan

C1313 C1321

C2121

Since [D] has the same structure as [C], in what follows we restrict
ourselves to representation of [C].

2. Monoclinic symmetry. The corresponding material symmetry
group ., consists of mirror reflection and rotations of 180° about
unit vector e: 0 ={I, I,2e ® e I}. Using e as coordinate vector of
the 3rd axis, we obtain that matrices [C] and [D] should have some
zero elements, so that [C] takes the form

Ciinr Ciizz Gz O 0 Gz O 0 Cun
Coozp Copz3 O 0 Cpin O 0 Con
Cs33 0 0 Cuiz O 0 GCan
Ca33 Coz31 0 Cozzp Coziz O
[C] Caizr 0 Caizp Gz O
Ciiz O 0 Cixn
SYM Cs32 Gz O
Ciziz 0
Caiz1

The polar elastic physically linear monoclinic solid is described by
50 independent elastic moduli.

3. Orthotropic symmetry. In this case we have 30 independent
elastic moduli. The corresponding matrix [C] is given by

Ciinn Cuiizz Cizs O 0 0 0 0 0

Copp Copz3 O 0 0 0 0 0

C3333 0 0 0 0 0 0

Caz O 0 GCysn O 0

[C] Cazr O 0 Gus O
Ciz O 0 Cimn

SYM Cp3z O 0

Ciiz O

Caiz1

4. Rotations by 90°. Additionally to the previous case, let us
require invariance of W under rotations of 90° about the unit vec
tor e3: O ={es; ® e3 F e3 x I}. As a result, the solid is described by
18 independent elastic moduli and [C] is given by

Ciit Ciizz Gz O 0 0 0 0 0

Ci111 Cizz O 0 0 0 0 0

Ciz3 O 0 0 0 0 0

Cazz O 0 Gy O 0

(€] Cazr 0 0 Gy O
Conz O 0 Cin

SYM Cazi O 0

Caz 0

Cia12

5. Cubic symmetry. The material symmetry group %, related to
cubic symmetry additionally contains rotations of 90° about all
orthogonal axes with unit vectors ey, k=1, 2, 3. Hence, the matrix
[C] becomes

Cinn Cizz Cizz O 0 0 0 0 0

Ci1 Ciiz O 0 0 0 0 0

Cinn O 0 0 0 0 0

Conz O 0 Con O 0

[C] Coiz2 0 0 Cpr O
Cpoiz O 0 Cia

SYM Con O 0

Ciiz2 O

Cia12

For the physically linear polar elastic solid with cubic symmetry we
have eight independent elastic moduli.

6. Isotropy. In this case one can use representation (56) with (57).
Taking into account only quadratic terms in E and I" we find that

2W o+ oily + 03ly + B2y + Bolin + Bslis, (70)

where oy, B4, a=1, 2, 3 are independent elastic moduli. The corre
sponding tensors C and D are

C a]l®l+d2ha®l®ha+(x3ha ®hb ®ha®hb7 (71)
D Blel+pheleh, + h, @h, @ hy @ hy, (72)

where h,, a =1,2,3 is now any Cartesian base.

The strain energy density of the physically linear polar elastic
isotropic solid contains only six scalar elastic moduli. This constitu
tive relation corresponds to the linear isotropic elastic Cosserat con
tinuum widely used in the literature, see for example Nowacki
(1986), Eringen (1999). For example, in terms of material constants
used by Eringen (1999), formulas 5.3.1, our constants ¢, 3, are ex
pressed as follows: oy =2, o0a =, 03 =+, f1 =0, f2 =4, B3=7.
Within linear micropolar elasticity the explicit structure of tensors
C and D was presented by Zheng and Spencer (1993) for 14 symme
try groups.

7. Hemitropy. For the polar elastic hemitropic solid the material
symmetry group contains only rotation tensors, see (62). Hence
B # O, in general. Tensors C and D take here the form (71) while
B is given by

B plel+yholeh+yh,@h,@h, hy,

where y,, a =1, 2, 3, are additional independent scalar elastic mod

uli. As a result, for the polar elastic physically linear hemitropic so

lid the strain energy density contains nine independent scalar
elastic moduli. In linear micropolar elasticity this representation
is given for example in Dyszlewicz (2004).

12. Physically linear polar-elastic solids which elasticity tensors
depend on the microstructure curvature tensor

Let us now consider the polar elastic strain energy density as a
quadratic function (68) of E and I,
w %E:C(B):E+E:B(B):F+%F:[D)(B):F. (73)
But now C,B, and D are 4th order tensors of elastic moduli as
sumed to depend on B. The tensor B plays here the role of structural
tensor used in representation of anisotropic tensor functions, see for
example Boehler (1987) and Zheng (1994). Dependence of elasticity



tensors on B changes significantly representation of (73) and the
number of independent elastic moduli.

In what follows, for simplicity, we restrict ourselves to polar
elastic hemitropic and isotropic solids. Using Table A.1, we obtain
the following 58 quadratic invariants of E and I":

J;  tr2Es, J, trEZ J; trE;

J,  trPT, Js trTZ Jo trra

J;  tr EsIs,

Js  tr’EsBs, Jo tr EZBs,

Jio tPEsBi  J,  trESBE

Ji» tr’LsBs,  Ji3  tr 2Bs,

Jia trTsBZ,  Jis  trIZBZ, Jis  tr EgTsBg,
Ji7 trEala,  Jig  tr’EsBa,

Jig trPTuBa,  Jyo  tr ExT4By,

b1 tPEsBi, ], tr E2B

J3  trPTsB: ], trIZB3,

Jos trBsT:  J trBiT,

Jy tr BSE/qu Jg tr BgEf\» (74)
Joo  trETsBs,  J3p  tr EgBsEg,

Js1 trEsBsTa, Jp, tr EgBily,

Js3  tr?EsBsBa, Ji, tr E2BsBy,

Jss tr’EsB2By, Jys  tr’EsBiBsBy,

J57 trUsBsEx, Jsg  tr[sBsTa,  Jig  tr TsBZDa,
Jio  tr*TsBsBa, Ju  tr T2BsBa,

Ji trPTsBiBa, Ju3 tr’TsB2BB,,

Jas trEEBy,  Jis  tr EsE4BG,

Jus  trEsTaBa, Ji;  tr EsT4B2

Jug  trTsEaBa, [0  tr TsE4B2,

Jso trTsTuBa, Js; trsTaBi,  Js,  tr BsEal,
Js3 tr?BsEsBa, Js, trBEBs,  Jos  tr?BsE4B3,
Jss  tr?BsTaBa, Js; trBsI2By  Jsg  tr’BsI4Ba.

The strain energy density of linear polar elastic hemitropic solid is
now the sum of 58 terms,

58
w chh
il

where ¢; are functions of invariants of B, in general.

Since underlined terms in (74) are relative invariants, which
change signs under change of orientation of the space, for the
physically linear polar elastic isotropic solid the strain energy den
sity takes the form (75), but now with ¢;=cg=c13=Ca5=C7=
€30 = C32 = C44 = C47=0.

One can derive in the same manner quadratic strain energy
densities of physically linear polar elastic orthotropic and trans
versely isotropic solids. Let us however note that when one takes
into account explicit dependence of elasticity tensors on B one ob
tains a huge number of material parameters even when one as
sumes that ¢; are constant elastic moduli.

(75)

13. Conclusions

We have defined anew the material symmetry group %, of the
non linear polar continuum. The group generalizes the one
proposed by Eringen and Kafadar (1976) by introducing the
undeformed microstructure curvature tensor B instead of the micr

Table A.1
Invariants in W.
Agencies  Invariants
s trEs trE2 trE3
E4 trEZ
Es, Ex trEsE3 trE2E3 trEZE3ESE,
I's trI's tr trrs
| trl"f\
s, T4 trrsl2 (99 3 - SN0 i3 0 Y O
Bs trBs trB2 trB;
B, trB3
Bs, B, trBsB2 trB2B:  trBZB3BsB,
Es, T's trEsl's trE2ls  trEsI2 trE2I?
Es, Bs trEsBs trE2Bs trEsB2 trEZB2
I's, Bs trI'sBs tr'2Bs tr[sB2 tr[ZB2
Es, rs, Bs trEsrsBs
EA, FA trEArA
E4 Ba trEsB4
'y, By trI4Ba
Es, I'a, B4 trEal'sBs
Es, T4 trEsI'4 trE2r3 trEZT3EsT,
Es, B, trEsB2 trE2BZ  trE2B3EsB,
s, E trIsE2 trT2E2  trTZE3TSE,
I's, B trIsB2 trT2B;  trTZBiTsBy
Bs, ' trBsI'% trBirZ  trE2I3BsT,
Bs, Ex trBsE2 trB2E;  trBZEABsE,
Es, I's, Ex  trEsIsEx  trE2IgEy  trEsI'2E, trEsE2TsE4
Es, I's, Iy trEsIsa trE2rsT,  trEsI'2Iy, trEsT2IsTy
Es, I's, B4 trEsI'sBy trEﬁFsBA trE5F§BA tl‘EsB%FsBA
Es, Bs, Ex  trEsBsEx  (rEZBGE, trEsBZE, trEsE;BsE,
Es, Bs, 'y trEsBsIa  trEZBsI'y  trEsB2r, trEsI'4Bs,
Es, Bs, Ba  trEsBsBx  (rEZBB, trEsB2B, trEsB3BsB,
I['s, Bs, E4  trI'sBsE, tl‘r_%BsEA tr rngEA tr FSE%BSEA
I's Bs, 'y trIsBsl'a  trr2BsT,y  trIsBiI, trOsT2BsI4
s, Bs, B4 trI'sBsB4 tr FngBA tr FngBA tr rgBiBsBA
Es, Ea, I'n trEsEAl'a  (rEGEZr,  trEsEsl;
Es, Ea, Ba trEsEAB4 tl‘EgEiBA tI‘EsEAB/%
Es, I'n, Ba  trEsI'AB,  trEsI4Bs  trEsT,B2
s, Ea, T'a trIsEal's  trIgE2r,  trIGEal;
I's, Ea, By trI'sEaBa  trIgEZBy  trIsEB3
I's, Ta,Ba trIsTaBa  trIsI'3B,  trIsI,B2
Bs, Es, I'a trBEAL's  (rBEAT,  trBsE4l%
Bs, Es By trBsEABs  (rBE3B,  trBsE4B;
Bs, I'n, Ba  trBsI'aBy  trBsI'B,  trBsT,B3

oinertia tensor J,, as well as by taking into account that B and the
wryness tensor I' are axial tensors which change signs under
inversion transformation of 3D space. Our group %, consists of
an ordered triple of tensors which make the strain energy density
invariant under change of reference placement. In terms of mem

bers of 4, polar elastic fluids, solids, liquid crystals, and subfluids



have conveniently been defined. Reduced forms of constitutive
equations for non-linear and physically linear polar-elastic solids
are given for several particular material symmetry groups.

In many cases discussed here even the reduced constitutive
equations of polar-elastic solids still involve a large number of
material constants, which should be experimentally or theoreti-
cally identified. Difficulties in identifications of material constants
pose a serious challenge for wider application of polar-elastic sol-
ids in science and technology.
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Appendix A. Invariants in strain energy density

Using the representations of Zheng (1994), for isotropic polar-
elastic solids in Table A.1 we present the list of 119 irreducible
invariants of E, I', and B expressed in terms of their symmetric
and skew-symmetric parts.
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