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Abstract

We construct a solution to a complex nonlinear heat equation which blows up in
finite time T only at one blow-up point. We also give a sharp description of its blow-up
profile. The proof relies on the reduction of the problem to a finite dimensional one
and the use of index theory to conclude. We note that the real and imaginary parts
of the constructed solution blow up simultaneously.
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1 Introduction

This paper is concerned with blow-up solutions of the complex heat equation
du = Au + u?, (1)

where u(t) : € RN — C, A denotes the Laplacian.
If we write u(x,t) = v(x,t) 4+ i0(x,t), where v and © € R, we will consider the following
reaction-diffusion system.
v = Av+v?— 72, 9
&gf) = AD+ 21)’[), ( )

where (z,t) € RN x (0,7T), v(0,2) = vo(z) and ¥(0,z) = ¥p(x).

The equation (1) has a strong relation with the viscous Constantin-Lax-Majda equation,
which is a one dimensional model for the vorticity equation. For more details see Okamoto,
Sakajo and Wunsch [OSWO08], Sakajo [Sak03a] and [Sak03b] and Guo, Ninomiya, Shimojo
and Yanagida in [GNSY13].

The Cauchy problem for system (2) can be solved in (L>°(R¥))?2, locally in time. We
say that u(t) = v(t) + i0(t) blows up in finite time T < oo, if u(t) exists for all ¢ € [0,T)
and limy_,7 ||v(t)|| Lee + ||0(t)]|Loe = +00. In that case, T is called the blow-up time of the
solution. A point zg € RY is said to be a blow-up point if there is a sequence {(z;,¢;)},



such that z; — o, t; — T and |v(z;,t;)| + |[0(z),t;)] = oo as j — oo. The set of all
blow-up points is called the blow-up set.

When u is real (i.e., ¥ = 0), then this system is reduced to the scalar equation
0w = Au + uP, where p = 2. (3)

The blow-up question for equation (3), with p > 1, has been studied intensively by many
authors and no list can be exhaustive. Nevertheless, let us just mention the work of [Bal77],
[GKS85], [GKS8T7], [GK89], [HV93], [HV94], [MMO04], [MMO09], [MZ98], [MZ00], [Miz07] and
[QS07].

Note that there is another complex generalization of the real case given in (3). Indeed,
Filippas and Merle consider in [FM95]the following equation

O = Au + |ufP~ u with uw € C and p > 1, (4)

and generalize to the complex case the results first proved in the real case by Giga and
Kohn [GK85, GK87, GK89]. Our equation (1) appears as in the “twin“ equation (4),
however there is a fundamental difference between the two. Indeed, equation (4) has a
variational structure, which allows to use various energy techniques, unlike equation (1),
where such techniques certainly fail.

When u is not real, we have the following blow-up results from [GNSY13].

(A) A non-simultaneous blow-up criterion, see Theorem 1.5 in [GNSY13]:
Assume that

vg, B9 € CLR™), 0 <wg < M, vg# M, 0 < 0y <L, (5)
lim vo(x) =M, lim 7p(x) =0, (6)

for some constants L > 0 and M > 0. Then, the solution of (2) blows up at time
t =T (M) with v # 0. Moreover, the component v blows up only at space infinity and ©
remains bounded.

(B) A Fourier-based blow-up criterion, see Theorem 1.2 in [GNSY13]:
If the Fourier transform of initial data of (1) is real and positive, then the solution blows

up.
(C) A simultaneous blow-up criterion, see Theorem 1.3 in [GNSY13]:

If N =1, vy is even, ¥y is odd with Ug(z) > 0 for x > 0, then the fact that the blow-up set
18 compact implies that v and © blow up simultaneously.

Unfortunately, in [GNSY13], the blow-up profile derivation remained open, apart of
course from the trivial case where © = 0 and where we know from Herrero and Velazquez
[HV92] and [HV94] that generically, the blow-up set is reduced to a single point and

u(x,t) ~ — )t x ,
()~ (=0 f(wT—t)uog(T—t)\) “



where 1
] _
f(z) = <1 + 8|z]2> , for z e RV, (8)

Note that the proof of the genericity of (7) in higher dimensions has been announced by
Herrero and Veldzquez, however, they never publish it. Note also that the stability of such
a profile with respect to initial data has been proved by Fermanian Kammerer, Merle and
Zaag in [MZ97] and [FKMZ00].

In [EZ11], Ebde and Zaag show the persistence of this profile under perturbations of
equation (1) in the real case by lower order terms involving v and Vu.

In this paper, we go further towards the proof of a kind of structural stability result
for the profile (8) and show the existence of a complex-valued solution to (1) obeying the
behavior (8), and with non-zero Im u = 0. Let us note that the blow-up behavior we give
here is not predicted by [GNSY13] (see details in the remarks following our result). More
precisely, this is our result:

Theorem 1 (Existence of a blow-up solution for equation (1) with the de-
scription of its profile). There exists T > 0 such that equation (1) has a solution
u(z,t) = v(z,t) +iv(x,t) in RN x [0,T) such that:

(i) the solution u blows up in finite time T only at the origin.

(ii) It holds that

C

< —,
o /Tlog(T —1)]

(T —t)u(.,t) — f (

\/(T—t)llog(T—tN)

where f is defined by (8).
(iii) For all R > 0

sup

(| <RvVT—E |log(T — )2 \T —t T —t)|e’

Y _ sz\; & @ c
(T —t)o(z,t) < 2)‘ < Tos( (10)

where (C1,Cs,..,Cn) # (0,0, ..,0), for some small e > 0.
(iv) For all x # 0, u(x,t) — u*(x) uniformly on compacts sets of RN\{0}, and

16|1
u*(x) ~ ||0‘|32|x‘| as x — 0. (11)
T
Remarks:

1) Note that the real and imaginary parts of u blow up simultaneously at x = 0.
However the real part dominates the imaginary part in the sense that

1 —2 Zivzl Ci

V0~ T > T e (T — 12

~ 0(0,t) as t — oo.

2) As announced right before the statement of our theorem, the solution we construct is
new and doesn’t obey the criteria given in [GNSY13] . Indeed, from (25) below, one can see
that (5) and (6) are satisfied expect for the conditions on ¥y. Indeed, 0y changes sign and



can not be odd. The proof relies on the reduction of the problem to a 2(/N+1)—dimensional
problem (a 4—dimensional one if N = 1; see subsection 3.4 below). In the real case treated
by Merle and Zaag in [MZ97], our problem was of dimension N 4 1. Since that number is
equal to the dimension of the blow-up parameters (1 for the blow-up time and N for the
blow-up point), the authors of [MZ97] where able to show the stability of the behavior (9)
with respect to initial data, of course in the real case. Here, in the complex case, since the
dimension of our problem (2(N+1)) exceeds that of the blow-up parameters (N + 1), we
suspect our solution to be unstable with respect to perturbations in initial data.

Our proof uses some ideas developed by Bricmont and Kupiainen [BK94| and Merle
and Zaag [MZ97] for the semilinear heat equation (3). In [MZ08], Masmoudi and Zaag
adapted that method to the case of the following complex Ginzburg-Landau equation,
where no gradient structure exists:

Ou= (1+iB)Au+ (1+ i5)|u|p_1u, where 3 and § are reals,

(note that the case =0 and ¢ small was studied by Zaag in [Zaa98]).

More precisely, the proof relies on the understanding of the dynamics of the selfsimilar
version of (2) (see system (14) below) around the profile (8). Moreover, we proceed in two
steps:

e In Step 1, we reduce the question to a finite-dimensional problem: we show that it
is enough to control a (N + 1)-dimensional variable in order to control the solution
(which is infinite dimensional) near the profile.

e In Step 2, we proceed by contradiction to solve the finite-dimensional problem and
conclude using index theory.

Surprisingly enough, we would like to mention that this kind of methods has proved to
be successful in various situations including hyperbolic and parabolic PDE, in particular
with energy critical exponents. This was the case for the construction of multi-solitons
for the semilinear wave equation in one space dimension by Cote and Zaag [CZ13], the
wave maps by Raphaél and Rodnianski [RR12], the Schrodinger maps by Merle, Raphaél
and Rodnianski [MRR11], the critical harmonic heat flow by Schweyer [Sch12] and the
two-dimensional Keller-Segel equation by Raphaél and Schweyer [RS13].

We proceed in 4 sections to prove Theorem 1. We first give in Section 2 an equivalent
formulation of the problem in the scale of the well-known similarity variables. Section 3
is devoted to the proof of the similary variables formulation (this is a central part in our
argument). Finally, we conclude the proof of Theorem 1 in Section 4.

2 Formulation of the problem

For simplicity, we give the proof in one dimension. The adaptation to higher dimensions
is straightforward. We would like to find initial data ug = vg + i0g such that the solution
u = v + 10 of equation (2) blows up in time 7" and

(T —t)u(z,t) — f (\/(T —t)]log(T — 75)’)

4

= 0. (12)
LOO

lim
t—=T




This is the main estimate and the other results of Theorem 1 will appear as by products
of the proof.
Given an arbitrary T' > 0, we introduce the following self-similar transformation of problem
(2)
w(y,S)—(T—t)v( z,t), w(y,s) = (T — t)o(z, t),
y= \/tt> §= log( —t).

If (v, ) is a solution of (2), then the function (w = w,, w = w,) satisfies for all s > —log T
and y € R:

(13)

— 52, 1. _ 2 _ 2
Osw = Oyw =gy - Oyw —w+w” —dr, (14)
Osw = Oy — 3y - Oy — W + 2ww.

Using the selfsimilar variables, (12) is equivalent to finding sp > 0 and initial data at sq,
Wo(y, so) = wo(y, so)+itwo(y, So), such that the solution of (14) W (y, s) = w(y, s)+iw(y, s)

satisfies
e +(2)
1

I Y
prm— ey == - ].
w = ¢+ q and W = ¢ where ¢(y,s) = f <\[> + " (16)

the problem is then reduced to constructing a function ) = g + iq such that

Tim [[Q(y. )z~ =0,

~0. (15)
Lo

Introducing

and (g, q) is a solution of the following equation for all (y,s) € R x [sg, 00),
9s¢ = (L+V)g+B(y,s) = N(y,s) + R(y,s),

0 = (L+V)i+B(y.s), (17)
where
5235—%y'3y+17 Viy,s) = 2(ply:5) = 1), (18)
B(y,s) = 4°, N(y,s) = ¢, Bly.s) = 24q, (19)
and
R(y,s) = 0y — %y Oy — o+ ©° — Osep. (20)

We introduce also the Hilbert space

y|?

e 4

2 _ o
= {9 € Lio(R,C), lgllz; = /R 9|7+ dy < +oo} where p(y) = e
The operator £ is self-adjoint in L%(R). The spectrum of £ is explicitly given by
spec(L) = {1 — %, m € N}.

All the eigenvalues are simple and the eigenfunctions are dilations of Hermite’s polynomial
and given by

him(y) = T'!(—l)nym_%~ (21)



We also introduce k,,,
han ()

" (),

Note that £ has two positive (or expanding) directions (A = 1 and A = 1), and a zero
direction (A = 0). Considering the fact that the aimed behavior in (15) shows a free
boundary moving like /s, we decompose ¢ and ¢ as follows:

Let us consider a non-increasing cut-off function xo € C§°(R™, [0, 1]) such that supp(xo) C
[0,2], xo(§) =1 for £ < 1 and xo(§) = 0 for £ > 2 and introduce

X(¥,5) = Xo i
’ KO\/g )
where Ky > 1 will be chosen large enough so that various technical estimates hold.

We write ¢ = g, + ¢e and ¢ = @y + G, where the inner parts and the outer parts are given
by

km (y) (22)

@ =aX: @b = 4X, ge = q(1 — x) and G = ¢(1 — x).

Let us remark that

supp(gp(s)) C B(0,2K0v/s) and supp(ge(s)) C R\ B(0, Kov/s).

Then, we study ¢, and ¢, using the structure of L, isolating the nonnegative directions.
More precisely we decompose g, and ¢, as follows

By, 5) = o am(8)hm(y) +a-(y.s),
Wy, s) = o dm(s)hm(y) + - (y,s), (23)

where ¢y, (respectively §,,) is the projection of ¢, (respectively @) on hy, and ¢_(y,s) =
P_(qp) (respectively G—) and P-_ is the projection in the negative subspace of the £. Thus,
we can decompose ¢ (respectively ¢) in 5 components as follows:

AW 8) = Lo n(8)hm(y) +4-(y:5) + ey, ), (24)

q(y,s) = D m=0m($)hm(y) +G-(y,s) + ey, 5).

Here and throughout the paper, we call ¢_(y, s) (respectively ¢_) the negative part of ¢
(respectively §), qo (respectively o), the null mode of ¢ (respectively ¢), and the subspace
spanned by {h,,, m > 3} will be referred to as the negative subspace.

3 The proof in selfsimilar variables

This section is devoted to the proof of the existence of a solution (g,q) of system (17)
satisfying ||g(s)||ze~ + ||G(s)||z= — 0. This is a central argument in our proof. In Section
4, we use this solution and give the proof of Theorem 1. We proceed in 5 steps, each of
them making a separate subsection. Note that our argument is derived from the work
of Merle and Zaag in [MZ97]. For that reason, we will stress only the main parts of the
proof and put forward the novelties of our argument. In particular, we will avoid purely
technical details and refer the interested reader to specific statements in [MZ97].



In the first subsection, we define shrinking sets V4(s) and f/A~(s) and translate our goal of
making (¢(s), G(s)) go to (0,0) in L>®(R) in terms of belonging to Va(s) x V4(s). We state
this goal in Proposition 3.3 below, the following parts of this section are devoted to the
proof of that proposition.

In the second subsection, we solve the local in time Cauchy problem.

In the third subsection, we reduce our goal from the control of (¢(s), ¢(s)) in V4(s) x VA(S)
to the control of (qo,q1, 4o, 1) in [—S%, ;%]2 x [-4, 4)2

In the forth subsection, we solve the finite dimensional problem using the index theory
and conclude the proof of Proposition 3.3.

In the last subsection, we give some links and details for the reduction to a finite-
dimensional problem.

s% 7 g

3.1 Definition of a shrinking set V,(s), V;(s) and preparation of initial
data

Let us first introduce the following proposition:

Proposition 3.1 (14 set shrinking to zero) For all A > 1, A>1and s > e, we define
Va(s) (respectively V;(s)) as the set of all function r (respectively 7) in L> such that:

[rm ()] < As?m=0,1, [ra(s)] < AQ(log 5)5_2,

Wy € R, r_(y,8)| < AL+ [y*)s 2, |lre(s)llz < A%573,

and . .
Fm(s)] < As™m = 0,1, |Fa(s)] < A%s72,

vy € R, [F_(y,5)| < A+ [y*)s™, [Fe(s)|pe < A2sT3/2,

where r—, re and 1y, are defined in (24) and 2 < a < 2+¢. Then, for all s > e, r € V4(s)
and 7 € V;(s), we have

(i) for ally € R, |r(y,s)| < CA2'55(1 +[y]), (i) () o= < C 42

\/77
(i) for all y € R, [#(y,s)] < CAZG=(1+ [y*), [7(y, )] < 2Zm, (@)I|F(s)llr < O

Proof: The proof is omitted since it is the same as the corresponding part in [MZ97]. See
Proposition 3.7 page 157 in [MZ97] for details.

Initial data (at time s = sp = —logT') for the equation (17) will depend on five real
parameters dg, d1, do, di and ds as given in the following proposition.

Proposition 3.2 (D~ecompositi0n of initial data in differents components.) For each
|da| <1, A>1 and A > 1 there exists T1(A, A,ds) € (0,1/e) such that for all T <T;:
If we consider as initial data for the equation (17) the following functions:

A
ddy,dy (y7 30) = 72(d0 + dly)X(2y7 80)7
50
i i (25)
Qdy,dy do (y,50) = Sj(do +diy) + ?hQ(y) x(2y, s0),
0 0



where so = —log T, then,
(i) there ezists a cuboid

Dr c [-2,2]%, (26)
such that the mapping (do,dl,cio,azl) (qo(so) q1(50),G0(s0),G1(s0)) is linear and one to
one from Dp onto [— 324“ S{EEFX[—% —] and maps 0Dt into 8 ( % —2 ]? x —%, %]2)

0 0

Moreover, it is of degree one on the boundary
(ii) For all (do,d1,do,d1) € Dr, we have

[a2(s0)| < CAe™70, for some v >0, |g-(y,50)| < Z(1+[y°) and ge(y, s0) =0,

27
and
G2(s0) — @1 < CAe™, for some v >0, |g-(y, 50)| < & (1+ [yf*) and Gc(y, 50) = 0,
|do| + |di| < 1.
(28)

(iii) For all (do,d1,do,d1) € Dy, q(s0) = qay.d,(50) € Va(s0), d(s0) = dg, 4, 4,(50) €
Vi(s0), with strict inequalities except for (qo(so), q1(50),Go(50), G1(0)), in the sense that

lgm. (50)] < Asa2 m=0,1, |q2(s0)| < A2(log 80)862,

_1
vy € R, lq_(y, 50)] < AL+ [y)s52, llae(so)ll = < A%, %,

and ~ ~
|Gm(s0)| < Asg®m =0,1, |ga(s0)| < A%s5 7,

. i —a A j2.oots
Yy € R, q-(y,50)] < AL+ |yl*)s5®, [|Ge(s0)]lze < AZsy "2

Proof: Since we have almost the same definition of the set V4, and almost the same
expression of initial data g(dp) as in [MZ97], we refer the reader to Lemma 3.5 and Lemma
3.9 from [MZ97]. &

In this section, we will prove the following proposition, which directly implies Propo-
sition 3.2 thanks to Proposition 3.1:

Proposition 3.3 There exists Ay such that for all A > Ay and A > Ay, there exists
To(A, A) such that for all T < Ty and |dy| < 1, there exists (do,dy,do,d1), such that,
if (¢,q) is a solution of (17) with initial data at so = —logT given by (25), then

Vs > —logT, q(s) € Va(s) and q(s) € V;(s).

The remaining part of the section is devoted to the proof of this proposition.



3.2 Local in time solution for equation (17)
In the following, we find a local in time solution for equation (17).

Proposition 3.4 (Local in time solution for equation (17) with initial data (25)) For all
A>1and A > 1, there exists To(A, A) < Ty (A, A), such that for all T < Ty, the following
holds:

For all|ds| < 1 and (dy,dy,do,dy) € Dr with initial data at s = 59, (qdy.d4, (50), A4y dy.d,(50))
defined in (25), there exists a Smaz > so such that equation (17) has a unique solution
satisfying (q(s),G(s)) € Vat1(s) x Vz,,(s) for all s € [s0, Smaz)-

Proof: From the definition of ¢ in (16) we can see that the Cauchy problem of (17) is
equivalent to that of equation (14) which is equivalent to the Cauchy problem of equation
(2). Moreover, the initial data ((¢ag,d, (50),dj, 4, 4,(50))) defined in (25) gives the following
initial data for (2)

vagar (@) = T oy ldo + diy)x (2, —10gT) + (2.~ log T) } o)

v - A 1 ] d T 2z
vd'o,cil,d‘g(x) = 7! W(do + diy) + Whg (ﬁ) } X (ﬁ’ —logT) ,

where z = z(|log T|T)~'/2.These initial data belong to (L°°(R))? which insures the
local existence (see the introduction) of (v,?) in (L°°(1~R))2. Now, since we have from (iii)
of PI‘OpOSitiOH 3.2, (Qdo,dl (80), qjo,dl,czz (So)) S VA(S()) X VA(SO) - VA_H(S()) X V;H_l(S()), there
exists s3 such that for all s € [so, s3), (¢(s),q(s)) € Vati(s) X VA+1(S). This concludes the
proof of the proposition.

3.3 Reduction to a finite-dimensional problem

This step is crucial in the proof of Proposition 3.3. In this step, we will prove through

a priori estimates that for each s > sg, the control of (q(s),q(s)) € Va(s) x V;(s) is
L 12

reduced to the control of (qo(s),q1(s),qo(s),qi(s)) € [—A A]Q X [—A A} . In fact,

s27 g2 sX ) g

this result implies that if for some s1 > sg, (¢(s1),q(s1)) € 0 (VA(sl) X f/A(sl)), then
2

(qo(s1),q1(51),Go(s1), G1(s1)) € 0 ([—;‘5, %]2 X {—SA;, SA;]

Proposition 3.5 (Control of (a(s),4(5)) by (a0(s), a1(5),do(s), G (5)) in Va(s) x V(s).)
There exists A3 > 0 such that for each A > Az and A > Ajz there exists T5(A,A) <
T5(A, A) such that for all T < T3, the following holds:
If (q¢,9) is a solution of (17) with initial data at s = sop = —logT given by (25) with
|da| < 1, (do,d1,do,d1) € Dr, and (q(s),q(s)) € Va(s) x V;(s) for all s € [so,s1], with
(q(s1),4(s1)) €0 <VA(31) X VA(sl)) for some s1 > sq, then:
(i) (Reduction to a finite dimensional problem)

- - 2 i A2
(o)), o). (s0) € 0 ([~ 4] [~ 4]
(ii) (Transverse crossing) There exists m, m € {0,1} and w, © € {—1,1} such that

A d
Wam(s1) = 2 and wd—z(sl) > 0,
1

SDC? SOL



A dgm
SGn(s1) = = and 571" (s1) > 0,
WG (s1) 5 oo (s1) >

Proof: Let us consider A > 1 and T < Ty(A, A). We then consider (¢,q) a solution of
(17) with initial data at s = sp = —logT given by (25) with (do,d1,dp,d1) € Dr, and
(a().4(s)) € Via(sa) x V3(s1) Tor all s € s, s1], with (g(s1),d(s1)) € 0 (Va(sr) x V(o)
for some s1 > sg. We now claim the following:

Proposition~ 3.6 There exists Ay > 1 such that for all A > Ay, f:l > Ay andn >0, there
exists Ty(A, A,n) such that the following holds for all T > Ty(A, A,n):
Assume that for some T > so = —logT and for all s € [T, 7+ 1),

(q(s),d(s)) € Va(s) x Va(s).

Then, the following holds for all s € 1,7+ 7):

(i)(Differential inequalities satisfied by the expanding and null modes) For m = 0 and 1,
we have

(5) = (1= Myan(s)] < 5,
m A2
Tals) — (1= D)an(s)| < S5,
Bls) + 20(s)| < oy

(ii)(Control of the null and negative modes) Moreover, we have

T2 CA(s—T1
(o) < Sylaatr)| + SR
= CA(s—1)

1G2(s)| < ?|§2(7)| t e

q,(s) _G=n || g— (7’) 6—(5—7')2 ||qe(7')”Loo C(l + 55— 7—)
H < Ce 2 e LOO—FC 5/ + = 7
a(s) e || () @)l , O+ s—7)
Ce ’ 3 + C 3/2 + a )
1 + ’y| [ S S
—Lon) e Tl g (7 Cl+s—1
Jae()z < Ce™ T Jau()lae + €5z H (7) + <1/2>
~ (s—7) 7') §—T C 1 +s—7T
1Ge(s) | zoe < Ce™ 2 [|Ge(T) || oo + C s - Cd+s—7)
s3/2 sa—3/2

Proof: The proof is technical and long. For that reason, we leave it to Section 3.5 and
proceed with the proof of Proposition of Proposition 3.5. B

Now, we return to the proof of Proposition 3.5. Using Proposition 3.6, one can see
that Proposition 3.5 follows exactly as in the case of semilinear heat equation treated in
[MZ97]. The proof is easy, however a bit technical. That is the reason why it is omitted.
The interested reader can find details in pages 160-164 of [MZ97] for (i), and in page 158
of [MZ97] for (ii). This concludes the proof of Proposition 3.5. B
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3.4 Proof of the finite dimensional problem

In this section, we give the proof of Proposition 3.3 (assuming that Proposition 3.6 holds,
see section 3.5 for its proof). Although the derivation of Proposition 3.3 from Proposition
3.5 is the same as in [MZ97], we would like to give details for the reader’s convenience, given
that this is the heart of the proof and that it explains the two-point strategy: reduction
to a finite dimensional problem and the proof of this problem using index theory.

Proof of Proposition 3.5:
Let us take A = A > A; and T < T3(As, A3) given in Proposition 3.5. Consider
|da| < 1. We proceed by contradiction and assume from (iii) of Proposition 3.2, that
for all (do,dl,do,czl) € Dy, there exists s*(do,dl,cio,czl) > —logT, such that for all
s € [—logT, s, )
(9Q) oy do.d, (8) € Va x Vi(s)
and .
(9@ 4oy do.dy (5+) €O (VA X VA(S*)) -

From (i) of Proposition 3.5, we see that

A A

T ga’ ga
S* 8*

o A A7?
(QO7917QO7611)d07d17507J1 (8*) €0 |:_82, 82:| X
* Ok

and the following function is well defined:

O(y.5) : Dr - o([~1,1]") o
ST g0 91 90 41
(d0> dla d07 dl) — Sz (7 R ~>
A A A A do,d1,do,d1
From the transverse crossing stated in (ii) of Proposition 3.5, ¢ is continuous. If we manage
to prove that ¢ is of degree one on the boundary, then we have a contradiction from the
degree theory. Let us prove that.
Using (i) and (iii) of Proposition 3.2 and the fact that

(5.). (30)

(@D gy .do.dy (—108T) = (ado,dr > g, 4,)(—1ogT),

we see that if (do,ds, do, d~1) is in the boundary of the cuboid Dy, then

~ ~ 72
- A A7? A A
(q07q17q07q1)d07d17d~0,521 (—IOgT) €0 I:_827 :l _Sia’ Sia
*x  O%

*

52

and (¢, 4) 4, 4, do.4, (—logT) € Va x VA(— log T'), with strict inequalities for the other com-
ponents. Applying the transverse crossing property of (ii) in Proposition 3.5, we see that
(9, ) gy 4,404, (5) leaves Vi x VA(S) at s = —logT, hence s, = —logT.

Using (i) of Proposition 3.2, we see that the restriction of ¢ to the boundary is of degree
one. Since we know that ¢ is a continuous mapping from Dy to the boundary of [~1,1]*, a
contradiction then follows. Thus, there exists a value (dy, d1, do, ch) € Dy (which depends
on T and dy) such that for all s > —log T, (¢, ) () do.dy do.dy € VA X V;(s). This concludes
the proof of Proposition 3.3 assuming that Proposition 3.6 holds. B
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3.5 Proof of Proposition 3.6

We give the proof of Proposition 3.6 here. The proof consists in the projection of the two
equations of system (17) on the different components of ¢ and ¢ defined in (24).

When ¢ = 0, the proof is already available from Lemma 3.13 pages 167 from [MZ97].
When ¢ # 0, since the equation satisfied by ¢ in (17) shares the same linear part as the
equation in ¢, the proof is similar to the argument in [MZ97]. For that reason, we only
give the ideas here, and kindly ask the interested reader to look at Lemma 3.13 page 167
in [MZ97] for the technical details.

(i) Multiplying the equation in (17) by x(y, $)km(y)p(y), for m = 0,1,2 and integrat-
ing in y € R, we proceed as in pages 158-159 from [MZ97] and we get the differential
inequalities given in (i) with no difficulties.

(ii) We will find the main contribution in the projection given in the decomposition
(24) of terms appearing in the right-hand side of equation (17). Let us first recall equations
of (q,q) in their Duhamel formulation,

q(s) = K(s,7)q(r —|—f doK (s )B(q(a)) —l—f: doK(s,0)R(0) — ff doK(s,0)N (o),
(s) = K(s,m)(r)+ [} doK(s,0)B(0),
(31)
where K is the fundamental solution of the operator £+ V. We write g =a+6+v+ 46
and § =&+ B, where

a(s) = K(s,m)q(r), B(s)= [ d 0)B(q(0)), (32)
v(s) = [P doK(s,0)R(0), &(s) :—deKsa)N()

a(s) = K(s,7)q(r), B(s) = /8 doK(s,0)B(0). (33)

We assume that (g(s),q(s)) € Va(s) x Va(s) for each s € [r,7 + n]. Clearly (ii) of
Proposition 3.6 follows from the following:

Lemma 3.7 There exists As > 1 such that for all A > As, A > As, and n > 0 there
exists Ts(A, A, n) < Ty(A), such that for all T < Ts(A, A,n), if we assume that for all
s € [r,7+n], q(s) € Va(s) and 4(s) € V;(s), then

(i) (Linear terms)

as(s)l < Tlga(r)| + L5,
e e - I (34)
aelim < O au(rlm + Cormedlt 1+fy|% G,
and
@x(s)] < Tlan)| + S 2
. < 0T || . rom 1 £ )
lGe)llze < Cem T @r) e + Cers2 |||+ G
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(ii) (Nonlinear terms)

(s—7)

g3

|B2(s)] < 1B=(y, )l < (s =)L+ [yP)s 72, [1Be()ll < (s —7)s7 12,

Ba()] < (s =)™ Ao (9] < (5 = )L+ )5 [Be(s) = < (5 — 7)s™oFH/2,

(iii) (Corrective term)
Y2(8)] < C(s = 7)s7%, Jy-(y,8)] < C(s = T)(A+ [y*)s ™2, [[ve(s)llze < (s —7)s /2,
(iv) (New term)
[62(5)] < Cs = 7)s™2, 16-(y,9)| < Cls = )1+ [y*)s ™2, [|de(s) ]| o < Cs —7)s™ /2,

Proof: We consider, A > 1, A > 1, p>0and T < e (so that s = —logT > n).
The terms «, 8 and ~ are already present in the case of the real-valued semilinear heat
equation, so we refer to Lemma 3.13 page 167 in [MZ97] for their proof. As for &, since the
definition of VA(S) is different from the definition of V4(s), the reader will have absolutely
no difficulty to adapt Lemma 3.13 of [MZ97] to the new situation. Thus, we only focus
on the new terms 6(y,s) and S(y,s). Note that since so > 7, if we take 7 > sq, then
T+n<2randif 1 <o <s<7+4mn, then

1 1

2r 7 s
Let us recall from Bricmont and Kupiainen [BK94] the following estimates on K (s, o), the
semigroup generated by £+ V:

1
<< —<—.
S5555

31—

Lemma 3.8 (Properties of K(s,0)):
(i) For alls >0 >1 andy, z € R
K (s,0,y,z)| < Ce*=E(y, x),

oL

where e~ is given by

B 60 (ye—e/Q . x)2
eec(y,x) = mexp [—4(1_69)] .

(ii) We have for all s > T > 1, with s < 27,

‘/K(S,T,y,xm ™) da

<cC / ey, 2)(1+ [2™)de < (1 + [y™).  (36)

Proof:
(i) See page 181 in [MZ97]
(ii) See Corollary 3.14 page 168 in [MZ97]. B

FEstimates of 0 defined in (32): )
Consider s € [1,7+n]. Since §(s) € Va(s) by assumption, using (iii) and (iv) of Proposition
3.1, we see that

. eyt 5 CA?
vy € R, [G(y, s)| < min (82_5(1 + [yl°), Sa_3/2> ’ (37)
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hence by definition (19) of N, we obtain

(Y 1 1yl
Vy €R, |N(y,s)| < CA4m1n< presler Ml B (38)

Using Lemma 3.8 and the definition (32) of §, we write

10(y, s)| < /da/|K s,0,y,x)N(z,0)|dx

o CAY L+ o)

(s—0) el S o M2

= /da/ sy (39)
CA4 ) S T

(s—7) 3
W (1+1y*) < 32 (1+lyl”),

for sp large enough, provided that e < 1/2.
Using the following bounds in (38) and proceeding similarly, we see that

(14 yP 1 14y
Vy € R, [6(y,s)| < (s — y T )
v R 10009 < (s = rpmin (525, 2
provided that a > 2, e < 1/2 and s is large enough.
By definition of ¢, ¢— and ¢ for m < 2, we write

6 (s)] < [ S X 8)0(y, $)km()p(y)dy| < C [ 160y, 8)|(1 + y[)p(y)dy < 7.
0-(y,8)| = |x(y,8)0(y,s) — Z ()kz(y)ié( )( + &
de(yss)l = (1= x(y,9))(y, sl <(8 )5

(40)

Estimates of B defined in (33):
Consider s € [1,74n]. Since ¢(s) € Va(s) by assumption, using (i) and (ii) of Proposition
3.1, we see that

log s 1
< 2min | —=2(1 3, — 1.
¥ € R, ol )] < CA%min (5114 5. )

Using (37) and the definition (19) of B, we see that

= ~ I 1 1 6
Yy € R, |B(y,s)| < CA?A%min < 0 + |y > .
sOé

go—1 ’ gi—¢

Using the definition (33) of 3 and arguing as for estimate (39), we see that

: (P 1 14y
VeR, !ﬁ(y,s)\ﬂs—f)mln( WL

provided that o < 3 — ¢ and s¢ is large enough. Arguing as for (40), we get the desired
estimates. This concludes the proof of Proposition 3.6 and Proposition 3.3 too. B
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4 Assymptotic behavior of u(t)

We prove Theorem 1 in this section. We will first derive (ii) and (iii) from Section 3, then
we will prove (i) and (iv).

Consider 0 < |CZ2| < 1. Using Proposition 3.2, Proposition 3.3 and Proposition 3.6,
we see that if A = A = max(1, Ag, Ag), and T < Ty(da, A, A) for some Tg(dy, A, A) <
min(To(A,/Nl),Tl(A,A),T4(1,A,fl)), then there exists 4 parameters (dg,dl,do,cil) such
that if (q(s0),q(s0)) is given by (25), where sy = —log T, then

Vs > —logT, q(s) € Va(s), d(s) € Vi(s),

with o = 252|da|s 2,

dy(s) + 2ga(s)| < K2y,

(41)

and ~ ~
_ do |da|
@2(s0) s2| T 4s3’

As announced earlier, we use this property to derive (ii) and (iii) of Theorem 1, then we
will prove (i) and (iv).
(ii) This directly follows from (41) with (ii) and (iii) of Proposition 3.1 and selfsimilar

transformation (13).
(iii) From (41), we see that

Vs > —logT, | (%) | < L2 (42)

Sa—l’

whiich means that s2¢a(s) has some limits [ as s — co.
Integrating this inequality between s and 400, we obtain

182G (s) — 1| < (2_’;# (43)

Putting s = so in this identity, then using (41), we see that

. d. 3 -4
|sgd2(s0) — 1] < T and |s2Ga(s0) — da| < 127

Thus, it follows that
- |d d:
Il —dy| < |22|,hence | > |22| >0 and [ £ 0.

We then write from the decomposition (23) that for all s > —logT, R > 0 and |y| < R,
Ge(y,s) = 0, hence,

1
1:9) ~ 5ha6) = Y@ i(y) + (@ls) ~ 5)ha(e) + 0 (0:9)

Using the fact that for all s > —log T, 4(s) € ‘N/A(s) (see (41) above), the definition of VA(S)
in Proposition 3.1, together with (43), we see that for all s > —log7, R >0 and |y| < R

iy, s) = Zha(y)].
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Using the definition (16) of ¢ and (13) of @, we get the desired conclusion.

(i) If 2o = 0, then we see from (9) and (10) that |v(0,t)| ~ (T —t)~! as t — T. Hence
u blows up at time T at x¢p = 0. It remains to prove that any a # 0 is not a blow-up
point. The following result from Giga and Kohn [GK89] allows us to conclude:

Proposition 4.1 (Giga and Kohn - No blow-up under some threshold) For all Cy > 0,
there is ng > 0 such that if v(&,T) solves

e = Av| < Co(1 + [v]?)
and satisfies

(&) < mo(T = 1)~
for all (¢,7) € B(a,r) x [T —r2,T) for some a € R and r > 0, then v does not blow up at
(a,T).

Proof: See Theorem 2.1 page 850 in [GK89]. Note that the proof of Giga and Kohn
is valid also when u is complex valued.
Indeed, since we see from (9) that

sup (T —t) Hu(z,t)] <
|z —xo|<|zo]/2

|zo|/2 C
S0<¢<T—t>|1og<fr—t>|>‘+ M@ 0]

as t — T, xo is not a blow-up point of u from Proposition 4.1. This concludes i) of
Theorem 1.

(iv)Arguing as Merle did in [Mer92], we derive the existence of a blow-up profile u* €
C?(R*) such that u(z,t) — u*(x) as t — T, uniformly on compact sets of R*. The profile
u*(z) is not defined at the origin. In the following, we would like to find its equivalent as
x — 0 and show that it is in fact singular at the origin. We argue as in Masmoudi and
Zaag [MZ08]. Consider Ky > 0 to be fixed large enough later. If xg # 0 is small enough,

we introduce for all (£,7) € R x [— Tt_ot(:(ogjo) 1),

V(xo,&,7) = (T — to(xo))v(z, t), (44)
V(20,€,7) = (T — to(0))8 (=, 1), (45)
where, x = xg + §\/T — to(xo), t = to(xo) + 7(T — to(xo)), (46)

and to(xg) is uniquely determined by
|zo| = Ko\/(T — to(x0))|1og(T — to(o))|- (47)

From the invariance of problem (2) under dilation, (V (xo,&, 1),V (x0,&,7)) is also a solu-
tion of (2) on its domain. From (46), (47), (10) and (9), we have

C
sup |V (20,&,0) — f(Ko)| < —0aszg—0
€] <2| log(T—to (o)) | /4 | log(T" — to(0))[/*
and .
sup V(x()v{vo)) < Toa (T — to(zo))| /1 — 0 as zg — 0.

|€]<2|log(T—to(z0))|'/*
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Using the continuity with respect to initial data for problem (2) associated to a space-
localization in the ball B(0, || < |log(T — to(x0))|"/*), we show as in Section 4 of [Zaa98]
that

SUP ¢ |<| log(T'—to (0))[1/4, 0<r<1 |V (20, €, 7) = Uk (7)] < €(wo) as zo — 0

SUD|¢|<| log(T—to (x0))[1/4, 0<r<1 |V (20, €, T) < €(20) as wo — 0,

where Uy, (1) = (1 —7)+ %3)_1 is the solution of the PDE (2) with constant initial data
©(Kp). Making 7 — 1 and using (46), we see that

v*(z0) = limy_yrv(x,t) = (T —to(xo)) ! lim,—1 V(20,0,7)
~ (T —to(z0)) ™ Uy (1)

as g — 0. We note also that
|0 (20)| < €(0)(T — to(wo)) "
Since we have from (47)

|zo|?

log(T — ¢t ~ 21 dT —t I T
o8(T ~ toz0)) ~ 2log [ao| and T to(w0) ~ g oy

as xo — 0, this yields (iv) of Theorem 1 and concludes the proof of Theorem 1.
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