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ABSTRACT. This paper deals with a sub-critical Keller-Segel equation. Start-
ing from the stochastic particle system associated with it, we show well-
posedness results and the propagation of chaos property. More precisely, we
show that the empirical measure of the system tends towards the unique solu-
tion of the limit equation as the number of particles goes to infinity.
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1. INTRODUCTION AND MAIN RESULTS

The subject of this paper is the convergence of a stochastic particle system to a
non linear and non local equation which can be seen as a sub-critical version of the
classical Keller-Segel equation.

1.1. The sub-critical Keller-Segel Equation. Consider the equation:

(1) ) 3 (U * BN @) + Dfule),

where f : R, x R? — R and x > 0. The force field kernel K : R? — R? comes from
an attractive potential ® : R? — R and is defined by

& 1 l1—a

®(x)

The standard Keller-Segel equation correspond to the critical case K (z) = x/|z|?
(i.e., more singular at = 0) and it describes a model of chemotaxis, i.e., the move-
ment of cells (usually bacteria or amoebae) which are attracted by some chemical
substance that they product. This equation has been first introduced by Keller and
Segel in [16, 17]. Blanchet-Dolbeault-Perthame showed in [4] some nice results on
existence of global weak solutions if the parameter x (which is the sensitivity of
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2 DAVID GODINHO, CRISTOBAL QUININAO
the bacteria to the chemo-attractant) is smaller than 87/M where M is the initial

mass (here M will always be 1 since we will deal with probability measures). For
more details on the subject, see [13, 14].

1.2. The particle system. We consider the following system of particles

(1.3) Vi=1,.,N, XN =xiN_ X Z /KX“V X7N)ds + V2B,

J 1,j#i

where (Bi)izl,___, ~ is an independent family of 2D standard Brownian motions and
K is defined in (1.2). We will show in the sequel that there is propagation of chaos
to the solution of the following nonlinear S.D.E linked with (1.1) (see the next
paragraph)

(1.4) X, =Xy — / K (X, — ) fs(dz)ds + V2B,
R2
where f; = L(X}).

1.3. Weak solution for the P.D.E. For any Polish space E, we denote by P(FE)
the set of all probability measures on F which we endow with the topology of weak
convergence defined by duality against functions of Cp(E). We give the notion of
weak solution that we use in this paper.

Definition 1.1. We say that f = (fi)i>0 € C([0,00), P(R?)) is a weak solution to
(1.1) o

(1.5) VT >0, /0 /]R2 R2|K(zfy)|fs(d:c)fs(dy)ds<oo,

and if for all p € CZ(R?), allt >0,

/}R2 p(z) fi(dr) = / o(x) fo(dx) + / 5 App(z) fs(dz) ds
(1.6) ~x / |, | K@ =) V(o)1 () . (o) s

Remark 1.2. We can see easily that if (X¢)i>0 is a solution to (1.4), then setting
fo = L(Xy) for any t > 0, (fi)i>0 is a weak solution of (1.1) in the sense of
Definition 1.1 provided it satisfies (1.5). Indeed, by Ito’s formula, we find that for
© € CE(R?),

0.0 =<p(Xo)—x/thso / K(Xs —y)fs(dy) ds
/\/_Vzga )dB+/AM 5)ds.

Taking expectations, we get (1.6).
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1.4. Notation and propagation of chaos. For N > 2, we denote by Py, (EY)
the set of symmetric probability measures on EV, i.e. the set of probability mea-
sures which are laws of exchangeable EV-valued random variables.

We consider for any F' € Py, ((R?)Y) with a density (a finite moment of positive
order is also required in order to define the entropy) the Boltzmann entropy and
the Fisher information which are defined by
1 1 |VF(x)|?

F(x)log F(x)dx and I(F):= N o de.

We also define (z; € R? stands for the i-th coordinate of z € (R?)™), for k > 0,

H(F):=—

N
1
My (F) := — J|FE(dz).
W(F) = (sz;'x' (dz)

Observe that we proceed to the normalization by 1/N in order to have, for any
f € P(R?),
H(f*N)=H(f), I(fY)=1(f) and My(f*") = My(f).

We introduce the space P1(R?) := {f € P(R?), Mi(f) < oo} and we recall the
definition of the Wasserstein distance: if f,g € P(R?),

Wi(f,g) = inf{/R2 = |z —yIR(dw,dy)},

where the infimum is taken over all probability measures R on R? x R? with f for
first marginal and g for second marginal. It is known that the infimum is reached.
See e.g. Villani [23] for many details on the subject.

We now define the notion of propagation of chaos.

X

Definition 1.3. Let X be some E-valued random variable. A sequence (X, ..., XX)
of exchangeable E-valued random variables is said to be X -chaotic if one of the three
following equivalent conditions is satisfied:

(i) (X, XL goes in law to 2 independent copies of X as N — +00;

(ii) for all 5 > 1, (XN, ..., XJN) goes in law to j independent copies of X as
N — +o0;

(iii) the empirical measure pf v == & Zil dxn € P(E) goes in law to the constant
L(X) as N — +o00.

We refer to [21] for the equivalence of the three conditions or [12, Theorem 1.2]
where the equivalence is established in a quantitative way.

Propagation of chaos in the sense of Sznitman holds for a system of N exchange-
able particles evolving in time if when the initial conditions (XO1 N Xév ’N) are
Xo-chaotic, the trajectories (X )i>0, ..., (X" )i>0) are (X;);>o-chaotic, where
(X¢)i>0 is the (unique) solution of the expected (one-particle) limit model.

We finally recall a stronger (see [12]) sense of chaos introduced by Kac in [15]
and formalized recently in [6]: the entropic chaos.

Definition 1.4. Let f be some probability measure on E. A sequence (FN) of
symmetric probability measures on EV is said to be entropically f-chaotic if

FY — f weaklyin P(E) and H(FN) = H(f) as N — oo,

where FN stands for the first marginal of FN.
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We can observe that since the entropy is lower semi continuous (so that H(f) <
liminfy H(FY)) and is convex, the entropic chaos (which requires limy H(FN) =
H(f)) is a stronger notion of convergence which implies that for all j > 1, the
density of the law of (X{V,..., XV) goes to f®7 strongly in L' as N — oo (see [3]).

1.5. Main results. We first give a result of existence and uniqueness for (1.1).

Theorem 1.5. Let a € (0,1). Assume that fo € P1(R?) is such that H(fo) < oc.
(i) There exists a unique weak solution f to (1.1) such that

(1) € Li5ul(0,00), P1(B2)) 1 Ly (0,00); L7(B2))  for some p> —

— a '
(i) This solution furthermore satisfies that for all T > 0,

T
(1.8) | 1tas <o,
for any q € [1,2) and for all T > 0,
(1.9) V.f e L2/B=2) (0, T; LI(R?)),
for anyp>1,
(1.10) f e C([0,00); L' (R?)) N C((0, 00); LP(R?)),

and that for any 8 € CY(R) N W2 °(R) such that 8" is piecewise continuous and
vanishes outside a compact set,

(1.11) OiB(f) =x (K * [) - Va(B(f)) + DaB(f)
—B"(NIVef P+ x B (f)fs(Va - K x f),
on [0,00) x R? in the distributional sense.

We denote by F{¥ the law of (Xé’N)izl
P(R?),

_____ ~. We assume that for some fy €
FY € Py (R%)N) is  fo — chaotic;

sup M1 (F) < oo, sup H(FJ') < .
N>2 N>2

(1.12)

Observe that this condition is satisfied if the random variables (XS’N)i:17,,,7 N are
iid. with law fy € P1(R?) such that H(fy) < oco. The next result states the
well-posedness for the particle system (1.3).

Theorem 1.6. Let o € (0,1).

(i) Let N > 2 be fived and assume that My (F) < oo and H(FYY) < co. There ex-
ists a unique strong solution (XZ’N)QOJ-:L__,N to (1.3). Furthermore, the particles
a.s. never collapse i.e. it holds that a.s., for any t > 0 and i # j, XZ’N #+ th’N.
(i) Assume (1.12). If for all t > 0, we denote by FN € Pgym((R*)N) the law of
(X™NYiz1. N, then there exist a constant C depending on x, supyy H(FY) and
Sup y>o Mi (FN) such that for allt >0 and N > 2 -

H(FEN)<C+t), M(FN)<CO1+t), /t I(FN)ds < C(1 +t).
0
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Furthermore for any T > 0,

(1.13) E[ sup |Xt1’N|} <CO+T).
te[0,7)

We also have

t ¢
X . i -
(1.14) H(FN) +/ I(FN)ds < H(FY) + Az Z/ E[divK (X2N — X2N)] ds.
0 iz 0
We next state a well-posedness result for the nonlinear S.D.E. (1.4).

Theorem 1.7. Let o € (0,1) and fo € P1(R?) such that H(fo) < oo. There exists
a unique strong solution (X;)i>o to (1.4) such that for some p > 2/(1 — «),

(1.15) (ft)ez0 € Lige([0,00), P1(R?)) N Li,.([0, 00); LP (R?)),

where f; is the law of X;. Furthermore, (fi)i>0 is the unique solution to (1.1) given
in Theorem 1.5.

We finally give the result about propagation of chaos.

Theorem 1.8. Let o € (0,1). Assume (1.12). For each N > 2, consider the
unique solution (Xti’N)i:L,,,,N,tZo to (1.8). Let (Xi)i>0 be the unique solution to
(1.4).

(i) The sequence (Xti’N)i:L,,,,N,tZo is (X¢)i>o0-chaotic. In particular, the empirical
measure QY 1= Zivzl 5(Xti,N)t>0 goes in law to L((Xy)i>0) in P(C((0,00),R?)).
(ii) Assume furthermore that limy H(FY) = H(fo). For all t > 0, the sequence
(XZ’N)i:17,,,7N is then Xy¢-entropically chaotic. In particular, for any j > 1 and any
t >0, denoting by Fg the density of the law of (th’N, ...,th’N), it holds that

i = £ ey = 0.

We can observe that the condition limy H(FJY) = H(fo) is satisfied if the ran-
dom variables (XS’N)Z-:L___,N are 1.i.d. with law fo such that H(fy) < oo.

1.6. Comments. This paper is some kind of adaptation of the work of Fournier-
Hauray-Mischler in [9] where they show the propagation of chaos of some particle
system for the 2D viscous vortex model. We use the same methods for a sub-
critical Keller-Segel equation. The proofs are thus sometimes very similar to those
in [9] but there are some differences due to the facts that i) there are no circulation
parameter (M2 in [9]): this simplify the situation since we thus deal with solutions
which are probabilities and ii) the kernel is not the same: it is not divergence-free
and we thus have to deal with some additional terms in our computations. We can
also notice that due to this fact, we have no already known result for the existence
and uniqueness of the particle system that we consider.

The proof of Theorem 1.5 follows the ideas of renormalisation solutions to a PDE
introduced by Di Perna and Lions in [7] and developed since then. The key point is
to be able to find good a priori estimates which allow us to approximate the weak
solutions by regular functions, i.e., to use C* functions instead of L'. Then, using
these estimates, one can pass to the limit and go back to the initial problem. One
can further see that the uniqueness result is proved based on coupling methods and
the Wasserstein distance. This will allow us to use more general initial conditions
than we could use in a strictly deterministic framework.
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The proof of existence and uniqueness for the particle system (1.3) (Theorem
1.6) use some nice arguments. Like for S.D.Es with locally Lipschitz coefficients,
we show existence and uniqueness up to an explosion time and the interesting part
of the proof is to show that this explosion time is infinite a.s.

To our knowledge, there is no other work that give a convergence result of some
particle system for a chemotaxis model with a singular kernel K and without cutoff
parameter. In [20], Stevens studies a particle system with two kinds of particles
corresponding to bacteria and chemical substance. She shows convergence of the
system for smooth initial data (lying in C(R?)) and for regular kernels (continu-
ously differentiable and bounded together with their derivatives). In [11], Haskovec
and Schmeiser consider a kernel with a cutoff parameter K (z) = W They
get some well-posedness result for the particle system and they show the weak
convergence of subsequences due to a tightness result (observe that here we have
propagation of chaos and also entropic chaos). In a recent work [5], Calvez and Cor-
rias work on some one-dimensional Keller-Segel model. They study a dynamical
particle system for which they give a global existence result under some assump-
tions on the initial distribution of the particles that prevents collisions. They also
give two blow-up criteria for the particle system they do not state a convergence
result for this system.

Finally, it is important to notice that the present method can not be directly
adapted for the standard case a = 1 because in this last situation the entropy and
the Fisher information are not controlled.

1.7. Plan of the paper. In the next section, we give some preliminary results. In
Section 3, we establish the well-posedness of the particle system (1.3). In Section 4,
we prove the tightness of the particle system and we show that any limit point
belongs to the set of solutions to the nonlinear S.D.E. (1.4). In Section 5, we show
that the P.D.E. (1.1) and the nonlinear S.D.E. (1.4) are well-posed and we show
the propagation of chaos. Finally, in the last section, we improve the regularity
of the solution, give some renormalization results for the solution to (1.1) and we
conclude with the entropic chaos.

2. PRELIMINARIES

In this section, we recall some lemmas stated in [9] and [12] and we state a result
on the regularity of the kernel K defined in (1.2). The first result tells us that pairs
of particles which law have finite Fisher information cannot be too close.

Lemma 2.1. ([9, Lemma 3.3]) Consider F € P(R? x R?) with finite Fisher infor-
mation and (X1, X2) a random variable with law F. Then for any v € (0,2) and
any B > /2 there exists Cy 3 so that

_ F(xy,x
E[|X; — Xo|™7] = / |(_1721d:c1d:c2 < Chp(I(F)° +1).
R2xR2 |T1 — T2

In the next lemma, we see that the Fisher information of the marginals of some
F € Py ((R?)N) is smaller than the Fisher information of F.

Lemma 2.2. ([12, Lemma 3.7]) For any F € Pgsy,(R*)N) and 1 < 1 < N,
I(Fy)) < I(F), where Fy € Pgy,,((R?)!) denotes the marginal probability of F' on the
l-th block of variables.
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The following lemma allows us to control from below the entropy of some F €
P, ((R?)N) by its moment of order k for any k > 0.

Lemma 2.3. ([9, Lemma 3.1]) For any k, X € (0,00), there is a constant Cj » € R
such that for any N > 1, any F € Py((R?)V),

H(F)> —Cix — AMy(F).

The next result tells us that a probability measure on R? with finite Fisher
information belongs to L for any p > 1 and its derivatives, to L? for any ¢ € [1.2).

Lemma 2.4. ([9, Lemma 3.2]) For any f € P(R?) with finite Fisher information,
there holds

¥pe(l,00), [Ifllee) < Col()'H7,
Vg € [1,2), |IVafllare) < Col(£)*27H1.
We end this section with the following result on K.

Lemma 2.5. Let o € (0,1). There exists a constant C,, such that for all x,y € R?
1 1
|K(z) — K(y)| < Colz — y|(|x|T+1 + |?J|T+1)

Proof. We have

1 1 T —y
K (2) ~ K@)l = |o(—mr — o7
[wlo T~ Jy[edT) Tyl
1 lz =yl
<l|z|lr —y|(a+1 max( , )—|— .
e =wlle+ Dmas{fee ) * e
By symmetry, we also have
1 1 |z —y|
K (2) — K(y)] < |yllx — yl(a+ 1) max (mw, |yw) o

So we deduce that
1 1
K (@) = K )| < o = ol | o+ D min(lal, o) max (s 7o)

1 1 ]

T et T e

1 1 1 }

< — 1
<o —yl|(@ D e + e e

<20+ 2w —yl( gy + asr)-

ettt fylott

which concludes the proof. O

3. WELL-POSEDNESS FOR THE SYSTEM OF PARTICLES

Let’s now introduce another particle system with a regularized kernel. We set,
for e € (0,1),
x
(3.1) K. (x) =

max([a], )71
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which obviously satisfies |K¢(z) — Ke(y)| < Ca,c|z—y| and we consider the following
system of S.D.E.s

(3.2)

Vi=1,..,N, XpVe=xN_ Z / K (X0Ne — XN ds + V2B,
J 1,570
for which strong existence and uniqueness thus holds.
The following result will be useful for the proof of Theorem 1.6. Its proof is very
similar to the proof of [9, Proposition 5.1].

Proposition 3.1. Let o € (0,1).
(i) Let N > 2 be fired. Assume that My(FY) < 0o and H(FY) < oco. Forallt >0,
we denote by FtN’€ € Poy(RHN) the law of (XZ’N’e)i_l ..N- Then

(3.3) H(FN =H + 32 Z/ /}R divK (z; —2;)FN(x)dsda

Z;éj 2)N

/O I(FN-)ds.

(ii) There exists a constant C which depends on x, H(FY) and My(FY) such that
forallt >0 and N > 2,

(3.4) HFN)<CO+t), M(FN)<CA+1), /tI(FsN’E)ds < C(1+1).
0

Furthermore,

(3.5) sup [ XV < (1 +T).
[0,7]

Proof. Let ¢ € CZ((R?)"), and t > 0 be fixed. Using It6’s formula, we compute
the expectation of (X}, ..., XV'V) and get (recall that z; € R? stands for the
i-th coordinate of x € (RQ) )

(3.6) % /(RZ)N o(x)FN 4 (dz) = — % ZKE(xi — 1) - Va,0(x) Y (de)

+ / Agpp(x)FNC(dx).
(R2)N

We deduce that FV:¢ is a weak solution to

(3.7) O, F, Z dive, (B (2)Ke(zi — 27)) + Do FYV ().
zsﬁj
We are now able to compute the evolution of the entropy.
d € 1 € €
LaEN) == [ AEN @) +log FN(a))de
N2 Z/R2 Y dive, (F(2) Ke(zi — 2;))(1 + log F}"())dx
i#]

1 /(R2>N ALFN(2)(1 + log FY(2))de.
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Performing some integrations by parts, we get

d N,e\ _ . N,e N,e
FHE ==Fp 2 [ Hes =) VR (i = ()

= <5 Z /R2 divE(z: — ;) ENC(x)de — T(F]N),

1#]

and (33) follows. Using that div KE(:C) = |;|_+:1]l{|z|26} + ea%]l{\mke} < M%H
and the exchangeability of the particles, we get

d z) N
ZH(FN*) e Y g [(EpNE
7 t Z/R2N|z17$|a+1x (F3°)
FY () N
<2 —t e — I(FY).
B X/(R2)N |1 — @a|*t! ()

Since a € (0,1), we can use Lemma 2.1 with ¥ = a+1 and 8 such that 21 < 8 < 1,
which gives

N,e
[ 2 <cuye ),
(R

2)N |$1 — .T2|a+1 -

where F3 is the two-marginal of F}"*°. By Lemma 2.2, we have I(F}y*¢) < I(F}).
Using that Cz? < C + & (changing the value of the constant C'), we thus get

d 2 N,e
—H F <C—--=I(F"
and thus
9 [t
(3.8) H(FtN’E) + 5/ I(FSN")ds < H(FON) + C't.
0

We now compute M; (F°). We first observe that

Ne N,e N e
mE =g [ Zmuf (dx) = LX)

since the particles are exchangeable. We will need to control E[sup, 1y |X;
the sequel. We have

1N€|] in

(3.9) B[ sup |X,V] < C(EIXS]] + E[sup 18]
[0,T7] 0.7

+ [sup —Z/K (XLNe — x9N ds

te[0,T

)

< ([|X0|]+T+—Z/ |K(X1N67XJN5)|]ds)

J#1

T
1
_C(E X} +T+/ E[ }ds).
[| O” 0 |X517N767X527N76|a

/\
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Using Lemma 2.1 with v = a and 3 such that § < 8 < 1 and recalling that
I(nge) < I(FtN76)7 we get

(3.10) M (FN<) < C(Ml(F({V) + T+ /Ot I(FtN’e)ﬂds)

1 t
< C’(Ml(FON) +T) + g/ I(FN*)ds,
0

where we used that Cz” < C' + £ (changing the value of C'). Summing (3.8) and
(3.10), we thus find

1 t
H(EN) + My (FN°) + 3 / I(FN-9)ds < H(FN) + Ct + C(1 + My (FY)).
0

Since the quantities M; and I are positive, we immediately get H(F") < C(1+t).
Using Lemma 2.3, we have H(F}°) > —C — M, (F;"")/2, so that

1 t
M, (FN9) + g/0 I(FN<)ds < C(1 4 t) + M (F]V9) /2.

Using again the positivity of M; and I, we easily get (3.4). Coming back to (3.9),
we finally observe that

T
E[[sou% |X§7N’€|} < C(]E[|X5|] +T+/O I(FsN’E)ds) < C(L+E[IXg]] + 1),

which gives (3.5) and concludes the proof. 0

We can now give the proof of existence and uniqueness for the particle system
(1.3).

Proof of Theorem 1.6. Like in [22], the key point of the proof is to show
that particles of the system (1.3) a.s. never collide. We divide the proof in three
steps. The first step consists in showing that a.s. there are no collisions between
particles for the system (3.2). In the second step, we deduce that the particles of
the system (1.3) also never collide, which ensures global existence and uniqueness
for (1.3). In the last step, we establish the estimates about the entropy, Fisher
information and the first moment. We fix N > 2 and for all € € (0, 1), we consider
(XZ’N’C)i:L...,N,tzo the unique solution to (3.2).

Step 1. Let 7 := inf{t > 0,3i # j, | X" — X7™V| < €}. The aim of this step
is to prove that lim._,gP[r. < T] =0 for all T > 0. We fix T' > 0 and introduce

€ 1 § i,IN,e j,N,e
i#]
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For any A > 1, we have

T

(312) Pl <T]< P{[%njgl S < Si}
< P[F,3t e [0,T)],| X0V > A]
+ P[w,\ﬁ € (0,7, | XN < A, inf i, < S;E]

NE{SUP[O,T] |th’N’€|}

. . log €
< 2 + P[{g}% Sipr. < Nz + log QA}
C(1+T)N . . loge
< o Pl i < T+ los24),

where we used (3.5). We thus want to compute ]P’{inf[oj] Sinr. < —M| for all
(large) M > 0. Using Itd’s formula, that K (x) = K(z) for any |z| > € (see (3.1))
and that A(log|z|) = 0 on {z € R?,|z| > ¢}, we have

i,N,e JNyep _ o, N 3N ,7,€
10g |‘Xrt/\7'E - Xt/\‘l'e - 10g |X0 - XO | =+ ]\4t/\'re

tATe ) )

_ % [ Z (K(X;’N’e _ Xf’N’G) _ K(Xg’N’G _ X;€7N76))
0 k#i,j

+ 2K (XoNe — xIN-e

S

Xi,N,e _ Xj,N,e
) e,
| 2

i,N e 1,IN €
XN x|
_. i, N J:N 1,]5€ 1,],€
- IOg |XO - XO | =+ ]\4t/\'re + Rt/\nv
6,J5€ 5 ; ; | o, N J,N € .
where M7 is a martingale. Setting So = 7z >, ;log|Xy™ — Xg™|, My =
1 1,]5€ 1 1,]5€
57 2uizy MiRy and Ry = 5z 32, B35, we thus have
€ _ € €
St/\‘re =So+ Mt + Rt’

so that
(3.13) ]P’([%)njf;] Sins. < —M) <P(So < —M/3) + P([énjﬁ] Mg < —M/3)
P(inf R; < —M/3).
+P(inf Ry < —M/3)
Using exchangeability and that |K (z)| = |z|~%, we clearly have for some constant

C independent of N and e,

1
— X2t

T
E[sup |R; SCx/ E[
s 1750 < Ox [ B[

T

<ox [ awy s

0
(3.14) <C(1+7T),
where we used Lemma 2.1, the fact that I(Fjy“) < I(F,"") by Lemma 2.2, and
finally Proposition 3.1. We thus get
C(1+17)

(3.15) P(inf Ry < —M/3) <P(sup |Rf| > M/3) <
(0,77 [0,7]
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We now want to compute P(inf}o 71 M < —M/3). Using that log |z| < ||, we have
€ i,N e i, N, e i, N, e
5% 37 LK X £ 5 TN
i#]
Consequently,

M < Si, + sup |RS| - So
s€[0,T]

2
SNZ sup | XENe| 4 sup |R| So =: K= Sy =: Z°.

. S€[0,T] se[0,T
We have
(3.16)
([1n1E]M€< —M/3) <P(Z°>+\/M +P[1nf]M€< —M/3,7° < /M

Since (M )>0 is a continuous local martingale, there exists a Brownian Motion 3
such that Mf = Bcpses,. For x € R, we set o, := inf{t > 0,5 = «}. Using that
supjo, ) My < Z° as.,

P(inf M; < —M/3, 2 < VM/3) < P(inf M; < —M/3, sup M < VM/3)

) ) s

P(UfM/B < U\/m)
(3.17) = M/3V+ \/_ < 3

by classical results on the Brownian Motion. Using (3.5) and (3.14), we get that
E[K€] < C(1+T) where C' does not depend on ¢. So using the Markov inequality,

P(Z¢ > \/M/3) = P(K — Sy > \/M/3)
<P(K® > /M/12) + P(—Sy > /M/12)
ca+r P(—Sy > \/M/12).

3.18 <
(319 - VM
Gathering (3.16), (3.17) and (3.18), we find that
. C(1+71)
3.19 P(inf My < —-M/3) < ———= +P(—=5p > /M/12).

Coming back to (3.12) and (3.13), using (3.15) and (3.19) with M = —'%&¢ —log 24,
we finally get that for any e € (0,1), any A > 1 such that loge + log 2A <0,

C1+T)N loge
———— +P(S < (o +10g24)/3)

Cu+T) |, CO+T)

logﬁ —log2A ,/—_]1\;’;36 —log2A
P(So < —\/(— 1%6 —1lo 2A)/12)_

Plre < T) <
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Observe finally that Sy > —oo a.s. (because Fy¥ has a density since H(FJY) < oo)
so that limps— 100 P(Sp < —M) = 0. Letting e — 0 in the above formula, we get
that for all A > 1,

C1+T)N
—
It only remains to make A go to oo to conclude this step.

Step 2. Since K is Lipschitz-continuous outside 0, classical arguments give ex-
istence and uniqueness of a solution to (1.3) until the explosion time 7 = inf{t >
0,3i # j, XN = X/N}. We can observe that since K (z) = K(z) for any
|| > €, (XN€),—1 is solution to (1.3) on [0, 7] so that for any i = 1,..., N,
XN = XN on [0,7.]. We thus have 7. < 7 for any € € (0,1) a.s. so that, using
Step 1, we have for any 7' > 0

P(r<T)<P(r.<T)—0.

e—0

limsupP(re < T') <

Thus 7 = oo a.s. which proves global existence and uniqueness for (1.3).
Step 8. Using that the functionals H, I and M; are lower semi-continuous and
Proposition 3.1, we have

H(FN) < limeian(FtN’E) <O(1+1),

t t
(3.20) / I(FN)ds < liminf/ I(FN9)ds < C(1 +1),
0 € 0
and
My (FN) < liminf My (FN) < C(1+t).
Using the Fatou lemma and (3.5), we get

IE[ sup |X,51N|} < 1imianE{ sup |Xt1’N’€|} <C(1+T7),
[0,7] ¢ [0,7]

and (1.13) is proved. It remains to prove (1.14). Using again that the functionals
H and I are lower semi-continuous and using (3.3), we get

t t
HFN) + /O I(FY)ds < lim inf [H(FtN’E)Jr /0 I(FsN*C)ds}

t
< H(FY) + liminf 2 / > E[divK (XN — X7N)]ds.
€ N2 0 =
i#]
By exchangeability, it suffices to prove that, as ¢ — 0,

t t
D, := / E[divK (X2 — X2N9]ds — / E[divK (XD — X2N))ds =: D.
0 0

By Step 2, we have X>V = XiN:¢ for any i and s < 7. and thus recalling that
K (x) = K(x) for any |z| > €, we get that a.s. for any s < 7,

divK (X6 — X2V = divK (X 2NV — X2N¢) = divK (X DY — X2V,
So using that divK (r) < 2|z|~%"! and divK,(z) < 2|z|7*" !, we get

t
1 1
D—Degc/E{ﬂT ( + )}ds
| | o {Te<s} |X§,N,E 7X52,N,6|a+1 |X§,N 7X52,N|a+1
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Let a € (0, L‘r—g) (in order to have (1 4+ a)(a + 1) < 2). Using first the Holder
inequality with p = 14+ a and ¢ such that 1/p+1/¢ = 1, and then Lemma 2.1 with
B8 =1, we get

1
XX

t
ID—D,| < C/ P(r, < s)l/qEK
0

1 1/pd
t
< CP(r. < t)/a / [+ I(EN<) + I(FN))ds
0

<O+ t)P(r. < t)'/9,

by (3.4) and (3.20). This tends to 0 as e — 0 by Stepl and concludes the proof. [J

4. CONVERGENCE OF THE PARTICLE SYSTEM

We start this section with a tightness result for the particle system (1.3).

Lemma 4.1. Let a € (0,1). Assume (1.12). For each N > 2, let (XZ’N)i:L“
be the unique solution to (1.3) and Q™ := + Zf;l O(xiN), g

(i) The family {L(X}™)is0), N > 2} is tight in P(C([0,0),R?)).

(ii) The family {L(Q™N), N > 2} is tight in P(P(C([0,00),R?))).

N

3]

Proof. Since the system is exchangeable, we deduce (i7) from (7) by [21, Propo-
sition 2.2]. Let’s prove (i). Let thus n > 0 and 7" > 0 be fixed. To prove the
tightness of {L((X}"™)i=0), N > 2} in P(C([0, 00), R2)), we have to find a compact
subset K, 1 of C([0,T],R?) such that supy P[(X;’N)te[oﬂ) ¢ ICp ] <. We first
set Zr := Supgycrer V2|B} — BL|/|t — s|'/3. This random variable is a.s. finite
since the paths of a Brownian motion are a.s. Hélder continuous with index 1/3.
We can also notice that the law of Zp does not depend on N. Using the Holder
inequality with p = 3 and ¢ = 3/2, we get that forall 0 < s <t < T,

X [ X [ du
1,N i, N
‘NZ/ KX, =Xy )d“‘gﬁz/ XTIV _ XV
j=2Ys j=2Y% u - u
N T 2/3
X 1/3 (/ du )
<Xi—s .

A Jz:; o |Xu — x{Npes2

/ X N du
t—s)! 3( + = / . )
( ) X N; 0 |X711N7X1J1,7N|3a/2

:(t—s)YPUN.

IN



SUB-CRITICAL KELLER-SEGEL 15

Using Lemma 2.1 with v = 3a/2 and 8 = 1, the exchangeability of the system of
particles, and denoting by F2, the two-marginal of FV, we have

Nl L du<y+C TlIFNd
v/ (|Xi,NiXZ,N|3a/2) x| Q)

E(UF) =x+x

T

§x+c/ (1+ I(FN))du
0

<CO(1+T7),

where we used that I(FJ) < I(F}") by Lemma 2.2 and Theorem 1.6. We thus
have sup y, E(UY) < oo. Furthermore, Zr is also a.s. finite so that we can find
R > 0 such that P(Zy + UN > R) <n/2 for all N > 2. Recalling (1.12), we can
also find a > 0 such that supy>o P(X,™ > a) < n/2. We now consider

Ko = 1{f € C(10,TL,R?), [f(0)] < a, |f(t) = f(s)] < R(t —5)/* VO < s <t < T},
which is a compact subset of C([0,7],R?) by Ascoli’s theorem. Observing that for
all 0 < s <t<T, | XN = XN < (Zp +UN)(t — )3, we get

P(X¢ )ietor) ¢ Kor] <P(Xg™| > a) + P(Zr + U > R) <,
which concludes the proof. O

We define S as the set of all probability measures f € P(C([0, ), R?)) such
that f is the law of (X}):>o solution to (1.4) satisfying (setting fi = L(X}))

T
(4.1) VT >0, / I(fs)ds < oo and sup Mi(fs) < oo
0 (0,77

Observe that by Lemma 2.4, (4.1) implies (1.7).

Proposition 4.2. Let a € (0,1) and assume (1.12). For each N > 2, let (Xé’N)izl ,,,,,
be FYY-distributed and consider the solution (XZ’N)i:17,,,7N7t20 to (1.3). Assume
that there is a subsequence of QN := %Zil 5(XZ,N)QO going in law to some
P(C(]0,00), R?))-valued random variable Q. Then Q a.s. belongs to S.

Proof. We consider a (not relabelled) subsequence of @V going in law to some
Q and we introduce the identity map ¢ : C([0,00); R?) — C([0,00); R?). Using the
arguments of [9, Proposition 6.1], we have to prove that Q a.s. satisfies
(a) Qo ((0))~" = fo;
(b) setting Q; = Qo (¥(t)) ", (Qt)>0 satisfies (4.1);
(c) for all 0 <ty <...<ty<s<t or,....,06 € Cp(R?), ¢ € CZ(R?),
F(Q) = 0 where, for f € P(C([0,0),R?)),

/fdv (@)1 - ()

[@(%) —p(7s) + x/s Vao(Yu) - K(vu — Fu) du — /St Azw(%)dU] :

For simplicity, we split the proof in many steps.
Step 1. By assumption (1.12), we have that F{" is fo-chaotic which implies that
9 = 9N 04)(0)~! goes weakly to fy in law, and, since fj is deterministic, also in
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probability. Hence Qp = fo a.s. and thus fo(0)~! = f5. Thus Q a.s. satisfies (a).

Step 2. Since % sz\; (SXZ,N goes weakly to Qy, for all j > 1,FtJ;’ goes weakly
to mj, where m = £(Q;) and my; = fP(Rz)f‘gjwt(df). We can thus apply [12,
Theorem 5.7] (and then the Fatou Lemma) to get

E[/OTI(QS)ds} /OTIE[I(QS)]ds < /OTthmfI(F;V)ds

IN

T
lim inf / I(FN)ds,
N Jo

which is finite by Theorem 1.6. We conclude that fo (Qs)ds < 0o a.s. We also
have, using the Fatou lemma and the exchangeability of the particles,

E[sup Ml(Qt)} < E[lirr}\}nf sup Ml(Qév)}
[0,T7] (0,7

<hm1nfE[sup Z|X1N}

< liminfE[sup |x}b |} <C(1+T7),
N [0,7]

by (1.13), so that supjy 7 M1(Q:) < oo a.s. Consequently, Q a.s. satisfies (b).

Step 3.1. Using It6’s formula

t
O i=p(XN) + X Z/ Vop(XEN)) (X;"N—Xg’N))ds—/ Nap(XiN)ds
J#i 0

—o(XN) + 3 / V. o(XiN) - dBi.
0

using the last equality, we see that

1 N

F(QV) = o1 (X)X 01 - 01

N
i=1
V2 al i ! i i
=N Z . k(Xt,;N)/s stﬁ(Xq[N) -dB,,.

From there, and thanks to the independence of the Brownian motions we conclude
that (recall that the functions ¢1, ..., k, V. are bounded)

C
E[(F(QN))?] < Wf

Step 3.2. We also introduce the regularized version of F. For ¢ € (0,1), we
define F. replacing K by K. defined by (3.1). Since f — F.(f) is continuous and
bounded from P(C([0,00); R?)) to R and since QY goes in law to Q, we deduce
that for any € € (0,1),

E[|7(Q) = im E[|F-(Q")].
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Step 3.3. Using that all the functions and their derivatives involved in F are
bounded and that |K.(z) — K ()| < |2|"*Lo<|z|<, We get

F(f) — Folf) <x Cr / / [0 = 3001 Sy 05001 ) 5)

t
< Cpedl?a //o Iy (w) = F(w)| 7321 0y 25wy du £ (dy) £ (dA).

Thus,

N N Cred/2 LN 3N |—3/2
|F(QN) — F.(QM)| < S R E ; | XoN — XN du,
i

and by exchangeability
t
E[|IF(QY) - F.(QV)[] < Cre¥/z—e / E[IX0Y - X3N] du
0

Using Lemma 2.1 with v = 3/2 and 8 = 1 and denoting by F.¥ the two-marginal
of N, we have

E[|F(QN) - F.(QMN)]] < Cpe¥/27 /Ot I(FN) du.

Using that I(Fj5) < I(FY) by Lemma 2.2 and Theorem 1.6 we conclude that
E [IF(QY) - F(QY)]] < Cre?/m.
Step 3.4. Now we see that

t
F(Q) - F(Q)] < Cred/2—e / / & — 4] ~3/2Q, (dx) Q. (dy) ds.
0 R2 JR2

Step 2 says that (4.1) holds true for Qj, then thanks to Lemma 2.4 we get that
a.s., V. Q, € L29/(34=2)(0, T; LY(R?)) for all ¢ € [1,2). Then using [9, Lemma 3.5]
for v = 3/2 we deduce that a.s.

lim |F(Q) — F-(Q)| = 0.
e—0
Step 3.5. Using Steps 3.1, 3.2 and 3.3, we finally observe, using the same argu-
ments as in [9, Proposition 6.1, Step 4.5], that
E[F(Q) A1] < Cre®?~* + B[ F(Q) — F-(Q) A 1],
so that F(Q) = 0 a.s. by Step 3.4 thanks to dominated convergence and Q a.s.

satisfies (¢) which concludes the proof. t

5. WELL-POSEDNESS AND PROPAGATION OF CHAOS

We start this section with the proof of existence and uniqueness for the nonlinear
S.D.E. (1.4). We will use that for v € (=2,0), for ¢ € (2/(2 + ), 0] and for any
h € P(R?) N L4(R?),

sup/ h(vi)|v — vi|Vdv, < sup/ h(ve)|v — v | dv,
vER? JR2 veER? J|v, —v|<1

+ sup/ h(vs)dv,
vER? J|v, —v|>1

(5-1) < C%thHLq(RZ) +1a
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where
(¢—1)/q
Cyq= {/ |U*|W/(q_1)dv*} < oo,
Jve | <1

since by assumption yq/(¢ — 1) > —2.

Proof of Theorem 1.7. The existence in law follows from Proposition 4.2 and
Lemma 4.1 (see the comment after (4.1)). We now prove pathwise uniqueness which
will also imply the strong existence. To this aim, we consider (X;);>0 and (¥2)i>0
two solutions of (1.4) such that, setting fs := L(X;) and g, := L(Y5), (ft)t>0 and
(gt)t>0 are in Li2.([0, 00), Pl(RQ))ﬂL}OC([O, 00); LP(R?)) for some p > 2. For any
s > 0, we consider the probability measure R, on R? x R? with first (respectwely
second) marginal equal to fs (resp. gs) such that

Wl(fsags) = / |$ - y|Rs(dx,dy).
R2 xR2

We have
X, —Y, =—x / K(Xs —z)fs(dx)ds f/ K(Y, y)gs(dy)ds)
R2 R2

= [ [ RO ) KOG - R
]R2><]R2
Using Lemma 2.5 and recalling that £(X:) = fi, £(Y;) = ¢+, and that R; has
marginals f; and g, this gives
1

T
Blsup [ X~ Vi) < Cox [ [ B[1x =Yl o~ ) (e
[0,T] b 0o JRr2xR2 | X5 — z[ot?

+ W)}Rs(dx,dy)ds

: 1
SCaX 0 E|:|X5_YS|( R2 Wfs(dl')
1
" /R Wgs(dw)} ds

1
C, E —_—
* aX/ /]RZx]RZ y| | Xs — z[ot!
1

M
Using (5.1), we thus have, since [, g2 [€—y|Rs(dz, dy) = Wi(fs, gs) < E[| X — Y]
by definition of Wi,

} Ry(dz, dy)ds.

T
E[[Sou:p] X = Yil] < C/ E[|Xs = Yel](X + || fsllzr + llgsllr)ds
) 0

T
w0 [ el 1Al + gl el dy)ds
0 R2 xR2

T
< c/ E[|X, — Yall(L+ [[fo + sl 2+)ds
0

By Grénwall’s Lemma, we thus get E(supjg 7 | X:—Y;|) = 0 and pathwise uniqueness
is proved. U
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The following lemma is useful for the uniqueness of (1.1).

Lemma 5.1. Let p > 2/(1 — «) and consider a weak solution (fi)i>o to (1.1) lying
in L$2.([0,00), P1(R?)) N L} ([0 o0); LP(R?)). Assume that for some h = (ht)t>0

loc loc
lying in L$°.([0,00), P1(R?)) N L}, ([0,00); LP(R?)), for all ¢ € CZ(R?), all t > 0,

loc

(5.2) /RZ@(x)ht(dz) / () foda) / [ ot
_X/ /]Rz Rsz_ y) - Vao(x) fo(dy)hs(dz) ds.

Then h = f.

Proof. For any ¢ € C?(R?) and any t > 0, we set
Avp(x) = Dpp(x) — X /]Rz K(z —y) - Vaop(z) fi(dy).

We will prove that for any u € P;(R?), there exists at most one h lying in
Lf® ([0,00), P1(R?)) N L}, ([0, 00); LP(R?)) such that for all t > 0, ¢ € C%(R?),

(5.3) /]R pla)he(d) = /]R plw)u(dr) + /O [ Asg@hi(dois

This will conclude the proof since f and h solve this equation with pu = fo by
assumption.

Step 1. Let p € P1(R?). A continuous adapted R2-valued process (X;);>0 on
some filtered probability space (Q,F, (Fi)i>0,P) is said to solve the martingale
problem M P((A;)s0, 1) if Po X' = p and if for all p € C2(R?), (M{):>0 is a
(Q, F, (Ft)t>0, P)-martingale, where

t
M = p(X,) - / Ap(X,)ds
0

Using Bhatt-Karandikar [1, Theorem 5.2] (see also Remark 3.1 in [1]), uniqueness
for (5.3) holds if

(i) there exists a countable subset (¢x)r>1 C C? such that for all ¢ > 0, the
closure (for the bounded pointwise convergence) of {(pk, Atpr),k > 1} contains
{((pa At(P), S 002}5

(ii) for each 2o € R?, there exists a solution to M P((A¢)>0, 0zp),

(iii) for each ¢ € R?, uniqueness (in law) holds for M P((A¢)>0, 0z, )-

Step 2. We first prove (i). Consider thus some countable (px)r>1 C C? dense
in C2, in the sense that for 1 € C2, there exists a subsequence i, such that
limy, o0 ([[9 = @k, oo + 140" = @5, oo + 110" = @ ||oo) = 0. We then have to prove
that, for t > 0,

(a) Argpr, () tends to Awp(z) for all z € R?
(b)sup,, || A¢ o, |loo < o0
Let x € R?. By Lemma 2.5, we have

1" 1 !/ / 1
A, () = A(o)] < 107 = o, oo+ X1V = e || = ful )
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since [po ﬁft(dy) < C(1 4+ ||feller) by (5.1). For (b), we can observe that
setting A := supy, ([[@k, |loo + [1@n; lloo + [¢K, o)

| Ao, | < A+XA/

T fildy) < A+ CA(L + || fil|»),
r2 |7 — Y|

which concludes this step.

Step 3. Using classical arguments, we observe that a process (X;);>0 is a solution
to M P((A¢)>0,0z,) if and only if there exists, on a possibly enlarged probability
space, a (Ft)¢>o-Brownian motion (By):>o such that

t
(5.4) X =19 — X/o . K(Xs — ) fs(dz)ds + vV2B,.

It thus suffices to prove existence and uniqueness in law for solutions to (5.4) to get
(ii) and (iii).

Step 4. The proof of (pathwise) uniqueness for (5.4) is very similar with the
proof of uniqueness for (1.4) which has already been done and we leave it to the
reader.

Step 5. Tt remains to check (ii) to conclude. We thus have to prove the existence
of a solution to (5.4). To this aim, we use a Picard iteration. We thus consider the
constant process X, = xg and define recursively

t
X = g — X/ K(X! —2)fs(dx)ds + V2B,
0 Jr2
Using the same kind of arguments as in the proof of Theorem 1.7, we get

T
E(sup X[+ X)) < O / B[ X2 — X1+ || fulle)ds.
0, 0

Since fOT(l + [|fsllrr)ds < oo, we classically deduce that >_ E(supp 1y | X7 —
X[') < 00, so that there is a continuous adapted process (X;);>0 such that for all
T >0, 1imnE[sup[07T] |X: — X"|] = 0. This L' convergence implies that (X;)¢>0
is solution to (5.4), which concludes the proof. O

The following result ensures that uniqueness holds for (1.1).

Theorem 5.2. Let fo and gy be two probability measures with finite first moment.
Let (fi)i>0 and (gt)i>0 be two solutions to (1.1) lying in LS. ([0, 00), P1(R?)) N
L, .([0,00); LP(R?)) for some p > 2/(1 — «) starting from fo and go respectively.

Then
Wilfeg0) < WilGougn)exp (€ [ (141 +aillus i)

Proof. Let thus p > 2/(1 — «), (fi)i>0 and (g¢)¢>0 be two solutions to (1.1)
lying in L$°.([0,00), P1(R?)) N L}, ([0, 00); LP(R?)). For any s > 0, we consider the
probability measure R, on R? x R? with first (respectively second) marginal equal

to fs (resp. gs) such that

Wilf, gs) = / & — y|Ra(dz, dy),

R2 xR?
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and we consider (Xo,Y)) with law Ry. We finally set
t
Xe=Xo-x [ [ K- )f(doyds + V2B,
o Jr2

t
Y, =Y, —x/ K (Y, — 2)gs(dz)ds + V/2B,.
0 JR2

Using It6’s formula, we see that h defined by h; := £(X,) satisfies (5.2) and Lemma
5.1 ensures us that £(X;) = f;. Similarly, we also have L£(Y;) = g;. Using the same
arguments as in the proof of Theorem 1.7, we easily get

t
B(X: ~ Yil) SE[Xo - Yol + € | E[X. ~ YL+ 1 + gullr)ds.
0

Using the Gronwall’s Lemma and recalling that E[| Xy — Y5|] = Wi (fo, 90), we get

t
B(X: - Yil) < Walfogo)exp (C [ (14 [+ il 20)ds).
0
which concludes the proof since Wi (ft, 9¢:) < E(|X¢ — Yi|). O

We can now give the proof of our well-posedness result for (1.1).
Proof of Theorem 1.5 (i). The existence follows by Theorem 1.7. Indeed
consider (X;):>o the unique solution of (1.4) with initial law fo and set for ¢ > 0
¢ := L£(X};). Thanks to the Remark 1.2, f; is a weak solution to (1.1) in the sense
given by Definition 1.1 and (1.15) is exactly (1.7).
For uniqueness, consider two weak solutions (f;);>0 and (g;);>0 of (1.1) satisfying
(1.7) with the same initial condition fy € P;(R?). Then Theorem 5.2 ensures that
Wi (ft, g¢) = 0 for any ¢ > 0 which concludes the proof. O

We end this section with the proof of our propagation of chaos result.

Proof of Theorem 1.8 (i). We consider Q" := + Zivzl 5(X;L,N)t20. By Lemma
4.1, the family {£(QY), N > 2} is tight in P(P(C(]0,00),R?))). Furthermore, by
proposition 4.2, any limit point of QY belongs a.s. to the set of all probability
measures [ € P(C([0,00), R?) such that f is the law of a solution to (1.4) satisfying
(1.9). But by Theorem 1.7, this set is reduced to L((X;);>0) =: f. We thus deduce
that QY goes in law to f as N — oo which concludes the proof of (i).

6. RENORMALIZATION AND ENTROPIC CHAOS

In this section, we first deal with the renormalization which will give us the dis-
sipation of entropy for the solution to (1.1). From this, we will be able to show the
entropic chaos for the system (1.3), which will conclude this paper.

Proof of Theorem 1.5 (ii). We adapt the ideas used in [9] for the 2D vortex
model to our case, which in particular has a non divergence free kernel. We split
the proof in four steps plus a Step 0 which is nothing but direct results of what we
have already done. We consider the unique weak solution f = (fi)¢>0 of (1.1). In
step 1 we deal with the necessary estimates on K x f and V - (K # f) to regularize
f- In step 2 we show the convergence of a regular version of f towards f. In step 3,
we improve the regularity of the solution using a well-known bootstrap argument.
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Finally, in step 4 we prove the renormalization property.

We first observe that by construction, f satisfies (1.8). Indeed, for any ¢ > 0,
we considered f; as the law of X, where (X;);>0 is the unique solution to (1.4),
obtained by Proposition 4.2 and Lemma 4.1, so that (4.1) (which englobes (1.8)) is

satisfied.

Step 0. Direct Estimates. We start by noticing that Lemma 2.4 and (1.8) implies
directly (1.9) and also that for any p € [1,00) and all T' > 0,
(6.1) fe P10, T; LP(R?)).

Step 1. First Estimates. The aim of this step is to prove that for any ¢ > 2/«
and all T" > 0:

(6.2) (K * f) € L*Y/(@=2) (0, T; LY(R?)),
and
(6.3) Vo (K f)=Kx(V,-f)e L2Ya0+0)=2) 7; [1(R?)),

Let us remember the Hardy-Littlewood-Sobolev inequality in 2D: for 1 < p <
< Capll fllp-

2/(2 - Oé),
| s
Rz |- =Yyl 2p/(2—(2—a)p

Using (6.1) we get that for any p € (1,2/(2 — «)) and all T > 0,
(K * f) e LP/P=1(0, T; L2/ (2= (2=)p) (R2)),

and under the change of variables ¢ = 2p/(2 — (2 — a)p) we easily deduce (6.2).
Similarly, but using (1.9) instead of (6.1), we get that for any p € (1,2/(2 — «))
and all T" > 0,

Ve (Kxf)e 1,2p/(3p—2) (0,T; 1,2p/(2=(2—a)p) (R?)),
applying the same change of variables ¢ = 2p/(2 — (2 — «)p) we get (6.3).

Step 2. Continuity. Consider T > 0 fixed. For ¢ > 2/« we have that 2¢/(q(1 +
a) —2) < q/(qg—1), then using (6.1) with p = ¢/(¢—1) > 1, and (6.3), we get that
[V (K * f) belongs to L(0,T; L*(R?)). The following lemma follows directly:

Lemma 6.1. Consider a mollifier sequence (p,) on R? and introduce the mollified
function fI' := fi* pn. Clearly, fi* € C([0,00), L'(R?)). For all T > 0, there exists
rm e LY(0,T; L} (R?)) that goes to 0 when n — oo, and such that

loc
(6.4) Of" = xVa (K * f)f") = Daf™ =1"
Remark 6.2. The proof of the previous lemma is a modification of [7, Lemma
I1.1.(ii)) and Remark 4]. In fact, for all T > 0, f € L>=(0,T; L*(R?)) and for any
p>2/a, (K * f) € LY0,T; LP(R?)). That suffices for the existence of r™ given by
= [((V (B« f)f) +p" =V (B f) )],
which goes to 0 if n — oo in LY(0,T; L}, (R?)).

loc
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As a consequence of Lemma 6.1, the chain rule applied to the smooth f" reads

(6.5) OB(f™) =x [(K * f) - VaB(f") + B'(f") "V - (K f)]
+8aB(f") = B (FM)IVa f2 + B/ (f)r"

for any 8 € C'(R) N W2 (R) such that 3 is piecewise continuous and vanishes
outside of a compact set. Since the equation (6.4) with (K * f) fixed is linear in f™,
the difference f™F := f" — f* satisfies (6.4) with r" replaced by r™* := " —r% — 0
in L1(0,T; L}, (R?)) and then also (6.5) (with again f™ and 7" changed in f™* and
7 k).

Now, choosing 3(s) = 31(s) where B1(s) = s2/2 for |s| <1 and B1(s) = |s| —1/2
for |s| > 1. It is clear that 3 € C'(R), that 8/, 3” € L>(R) and that the second
derivative has compact support. For any non-negative ¢ € C?(R?), we obtain

& |t da
= [ XU 1) Va5 4 BRI (o )] i) da
b [ BB = BGRITaf ™ 4+ S ) do
[l ) o) d / B ) At
+X/ |[f"E Ve (K f)lp() da — /ﬂ (f™*)V, - (K * f)o(x)) da,

where we have used that |3;| < 1 and that 8] > 0. We know that fo € L!(R?) then
f*(0) = 0 in LY(R?), also that r™* — 0 in L*(0,T; L}, .(R?)). Tt is not difficult
to see that B;(f™*)(K * f) — 0 in L'(0,T; L}OC(RQ)) (because B; is sub-linear,
and for all 0 < a < 1 there is ¢ := p/(p — 1) > 2/a, then using (6.1) and (6.2):
% = 0in LP/(P=1(0, T; LP(R?)), and (K * f) € L%/@=1(0, T; L9(R?))).

The same arguments apply to (1 (f"F)V, - (K * f) and |f"* V,. - (K * f)|, and
then both goes to 0 as n,k — oo in L'(0, T} L1 (R?)). Finally, we get

loc

sup 51 (f"’k(t, ) (x) de —— 0.
t€[0,7] JR2 n,k—o00

Since ) is arbitraury7 we deduce that there exists f € C([0,00); L}, .(R?)) so that
™ — fin C(]0,00); L}, .(R?)) with the topology of the uniform convergence on any
compact subset in time. Together with the convergence f™ — f in C([0, 00); P(R?))
we get that f = f. We end this Step by concluding that, with the same convention

for the notion of convergence on [0,00): f™ — f in C([0, 00); L' (R?)).
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Step 3. Additional estimates. From (6.5), we know that for all 0 <ty < 1, all
¥ € CZ(R?),

60 [ sumw@det [ [ BGDIVLLEE) deds
= [ ptmpade s [ [ g drds
[ U Bee) < X U x V0] dods
to R2

+></t0 /R2 [B'(ffe = B P(@) Vo - (K * f) da ds.

Let us choose 0 < 1 € C2(R?) and B € C'(R) N W;2>°(R) convex such that 8 is
non-negative and vanishes outside of a compact set (notice that, there is a constant
C' > 0 such that sf’(s) < CB(s)). We can pass to the limit as n — oo (for details
see Step 2) to get

[ aaeta)dn < [ 5(s )o@ do
R2 -
+/t /R BF) [Dath(w) = X(K * F)Vath(w)] d ds

+Xj£ A;P%Kﬂ)+ﬂ%fgﬁ]w@0vx.g(*fMMd&

It is not hard to deduce, by approximating 1) = 1 by a well-chosen sequence ¥
that

[ tde< [ s dosx / [ B+ B ) Ve (< o

whenever 3 is admissible.

Now we deal with the regularity in space of (1.10). Let us start by noticing that
taking p > 2/(1 — «):

(6.7) Vo (K * f)(z) :/ (L= )f(y)

Rz |z —ylite

)

so that using (5.1),
T

T
|9t Bl < Clanp) [ (allangeny +1) < o

and due to the fact that s5'(s) < CB(s), we get
[ aGde < [ sr)de
R2 R?
t1
HO+ DX [ 19« @) lama) | B do s

to
Then Gronwall’s lemma implies that for all 0 < tg <t} < T,

/Rzﬂ(ffl)dx < C(a,T)/RQﬂ(fZE)dx_



SUB-CRITICAL KELLER-SEGEL 25
Finally letting 3(s) — [s|?/q, we get that for all g > 1 and all 0 <ty < t; < T,
(6.8) 1f (t1, M Lare) < Cg, o, T f (tos )| Lare)-
Coming back to (6.6) and using B(s) = s2/2 for |s| < 1 and Bas(s) = M|s| —
M?/2 for |s| > M, we have
ty
/ e s [ ] Vg dds
t1
t1
/ / Bar(f7) K*w)[Aw( ) — xvmw(x)} dx ds

o [ B = B0 V- (00 ) s

similarly as above we first make n — oo, then we approximate ¢ = 1 by a well-
chosen sequence ¥r and make R — oo, and finally make the limit M — oo to find
that for every T' > t; >ty > O:

t1
/ |ft1|2dx—|—/ / |Vofs|? do ds
to

/|ft0| dz+x/t VoK * )z ||Lm<Rz>/ ol de ds.

We conclude, using (6.8), that for all 0 < o < T and any ¢ € [1, 00):
(6.9) f € L®(ty, T; LY(R?)) and V.f € L*((to,T) x R?).

To get the continuity in time of (1.10), we need to improve even more the es-
timates on f which will be achieved using a bootstrap argument. First, fixing
p > 2/(2 — «) we notice that for all tg > 0

IK * fillne < Cp)(1+ || filloo) = K + fr € L™(to, T; L®(R?)),
and thanks to (6.7) and (6.9):
IVa(K * fi)lln= < Co)(1+ || fille) = Va(K * fi) € L®(to, T; L (R?)),
we thus have
Ocf = Dof = [Xf Vo (K f)+ (K * f) - Vo f] € L*((to, T) x R?),

and [2, Theorem X.11] provides the maximal regularity in L? spaces for the heat
equation, in other words: for all ¢ty > 0

f € L™ (ty, T; HY(R?)) N L2(to, T; H*(R?).

Remark 6.3. We emphasize that the previous bound is true for all ty. In fact,
when fi, € HY(R?), the mazimal regularity implies the above bound in the time
interval [tg,00). But thanks to (6.9), we can find to arbitrary close to 0 such that
Jtoy2 € H(R?), then we get the conclusion.
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Using now the interpolation inequality, there exists a constant C' > 0 such that
2/3 1/3
V2 flisqee) < CIHD FI (g | £ 5tee),

which implies

T T
[|Wﬁmmawsc[|m%ﬁmammma<m
0 0

Thanks to the previous calculus and again [2, Theorem X.12] we conclude that
Oif,Vauf € L3((to, T) x R?) and then the Morrey’s inequality implies that for all
to >0

fe (o, T) x R?),
all together allow us to deduce that
f € C([0,T); L1 (R?)) N C((0,T); L*(R?)).

We can go even further iterating this argument, using the interpolation inequality
and the Sobolev inequality, to deduce that V., f € LP((to,T) x R?) for any 1 < p <
00, [Xf Ve (Kx*f)+ (K=*f) Vaif] € LP((to,T) x R?) for all t; > 0. Then the
maximal regularity of the heat equation in L? spaces (see [2, Theorem X.12]) implies
that for all tg > 0

atfv V:Ef € Lp((thT) X RQ)’
and then using again the Morrey’s inequality: f € C%%((to,T) x R?) for any
0 < o< 1, and any ty > 0. All together allow us to conclude (1.10).

Step 4. Renormalization. To end the proof we show (1.11). Let thus g €
CH(R) N W2°(R) sub-linear, such that 8” is piecewise continuous and vanishes
outside of a compact set. Thanks to (6.9), we can pass to the limit in the similar
identity as (6.6) obtained for time dependent test functions ¢ € C2([0, c0) x R?) to

get

(6.10) /t°° /R B" ()| Va fs*hs da ds = /Rﬁ(fto)% dae
_X/too /]Rz s(x) Vg - (K*f)(fsﬁl(fé) _B(fé)) o ds

[T BN Pa0) — (K T 0) + 00u(2) s,
to 2
In the case » > 0 and 8” > 0 we can pass to the limit {; — 0 thanks to mo-
notonous convergence in the first term, the continuity property obtained in Step
2 in the second term, and the monotonous convergence in the other terms (recall
that sp’(s) < B(s), B is sub-linear and |f|(1 + |K * f| 4+ |V - (K * f)|) belongs to
LY(0,T; L'(R?) thanks to (6.2) and (6.3)). We get
(6.11) / / B"(fs) |V fs*bs da ds = / B(fo)bt, d
o Jr2 R2
[ Ut =X 5 ) ) + 0] dands
0

ox [ [ AU Ve (5 s,
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and the bound given by (6.11) implies directly that we can pass to the limit tg — 0
in the general case for ¢ in (6.10) which is nothing but (1.11) in the distributional
sense. (|

We now give a useful lemma for the entropic chaos.

Lemma 6.4. Let a € (0,1) and fo € P1(R?) such that H(fo) < co. Let (fi)t>0 be
the unique solution of (1.1) satisfying (1.7). Then

(6.12) H(ft)+/0 I(f,)ds = H(fo) + x(1 //R2 ) fs(dw)fs(dy) , o

|z — y|ott

Proof. For m > 1, let us take 8, € C*(R) N W2 >°(R) given by

loc
slog(s) + (1 —s)/m for m™! < s <m,
Bu(8) = { Bulm_) + Bu(m Y5 —m)  for s> m,
B (miY) + B (mI") (s —m™1)) for s <m™1,
so that S, (s) < Cs and B, — slog(s) for any s > 0.

Since 3, is admissible (in the sense of Theorem 1.5), then using (1.11) we get
that for any ¢ € C>°(R?),

/%ﬁwmf/%ﬁWMry// DB = Bl da ds
" /0 / Bun() (Bats = X(K # ) - V) d ds

B / / BNV f Py de ds,

using that £/ (s) is non-negative, that g, growths linearly at +o00 and that (fs)s>0
is non-negative we can make 1 — 1 to get

[ omtida [ uho) e =x / [ Ve 5 )(87) = B ) dds

- / / B ()|, f P dar ds.

In fact, the first and the second terms converge thanks to monotonous convergence
and that |8, (s)| < Cls|. The third term is a consequence of the monotonous con-
vergence, that 3/, (s) is bounded, and that fV - (K * f) (vesp. |f(K * f)| for the
fourth term) is integrable by (6.3) (resp. (6.2)). The last term is a consequence of
(4.1).

Finally, we notice that in the interval (0,1] the function —f,, increases to
—slog(s) while in the interval [1,00), B, (s) increases to slog(s). Thanks to the
monotonous convergence we can make m — oo and using the integrability of all
the limits we get (6.12). O

It remains to conclude with the proof of the entropic chaos.
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Proof of Theorem 1.8 (ii). We only have to prove that for each t > 0, H(F})
tends to H(f:). To this aim, we first show that for any ¢ > 0

(6.13) L = limsup [H(FtN)Jr/OtI(FSN)ds} < H(ft)Jr/OtI(fs)ds

Let t > 0 be fixed. Using (1.14) and recalling that H(FJ') — H(fo) by assumption,
we have

L < H(fy) + nm;,up by /

i#]

so that using that H(f;) + fo (fo)ds = H(fo) + x(1 — «) fot ez Joo fs|§cd173{;(+dly) ds
by Lemma 6.4, we only have to prove that

1 t 1 f& d$ fé(dy)
lim — [ E| . . T ds.
N N2/O ; XN 7Xg,N|a+1 / /Rz Rz |T —y|ot! s

By exchangeability, it suffices to prove that, as N — oo,

! S(dx) fs(d
DN::/ [ TN 2N %// 1 zfa+?)d =: D.
0o LXs |°"Jr1 r2 Jr2 |7 — Y

For any € > 0, we have

|D = DN| < [D = De| +[De = D e| + |[Dn.c — DN,

XJ N|a+1 } ds,

where Dy . = ftE[qxl N—X12N|\/ )aﬂ}ds and D, = fot f]RZ fR2 So(da)fs(dy) g0 g

(le—ylve)ott
ing that for any € > 0 fixed, the function (z,y) — (|z — y| V €)=*~! is bounded
continuous and that £(X1V, X2N) goes weakly to f @ fs for any s > 0, we have

. (dx) f. (d .
limp E|:(|X1’N7X12’N\\/E)O‘+1:| Jae Jre % By dominated convergence, we

thus get that limy |D. — Dy | = 0. We thus have
limsup |D — Dy| < |D — D.| 4+ limsup |Dy, — Dn| Ve > 0.
N N

Let & be such that o +1 < d < 2. We have

f& d$ f&(dy)

a a—1 fs d.CC fS(dy)
PP
/ /Rz R |T—yl® ’
< Ce&—a—l/ (1+I(fs))ds < C(1+t)e¥ 1,
0

by Lemma 2.1 (applied with F' = fs ® fs, for which I(Fs) = I(fs)) and (1.8). Using
the same arguments, we also have for any N > 2,

¢
Dy — Dn| < ce&—a—l/ (1+I(FN))ds < C(1 + t)ed L,
0
We thus get that limsupy |D — Dy| = 0 and (6.13) is proved.
Using [12, Theorem 3.4 and Theorem 5.7], we have

t t
(6.14) HmNian(FtN)zH(ft) and limNinf/ I(FsN)dsz/ I(fs)ds
0 0
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Using (6.13) and (6.14), we easily conclude that

t t
i H(FY) = () and g [ 1(Yyas = [ 10708

which concludes the proof. O
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