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Abstract

We study surrogate losses for learning to rank, in a framework where the rankings
are induced by scores and the task is to learn the scoring function. We focus on the
calibration of surrogate losses with respect to a ranking evaluation metric, where
the calibration is equivalent to the guarantee that near-optimal values of the sur-
rogate risk imply near-optimal values of the risk defined by the evaluation metric.
We prove that if a surrogate loss is a convex function of the scores, then it is not
calibrated with respect to two evaluation metrics widely used for search engine
evaluation, namely the Average Precision and the Expected Reciprocal Rank. We
also show that such convex surrogate losses cannot be calibrated with respect to
the Pairwise Disagreement, an evaluation metric used when learning from pair-
wise preferences. Our results cast lights on the intrinsic difficulty of some ranking
problems, as well as on the limitations of learning-to-rank algorithms based on the
minimization of a convex surrogate risk.

1 Introduction

A surrogate loss is a loss function used as a substitute for the true quality measure during training in
order to ease the optimization of the empirical risk. The hinge loss or the exponential loss, which are
used in Support Vector Machines or AdaBoost as convex upper bounds of the classification error, are
well-known examples of surrogate losses for binary classification. In this paper, we study surrogate
losses for learning to rank, in a context where a set of items should be ranked given an input query
and where the ranking is obtained by sorting the items according to predicted numerical scores. This
work is motivated by the intensive research that has recently been carried out on machine learning
approaches to improve the quality of search engine results, and more specifically on the design of
surrogate losses that lead to high quality rankings (see [16] for a review).

Considering algorithms for learning to rank on the axis of scalability, there are first algorithms that
are designed for small-scale datasets only and that directly solve the NP-hard problem [5] with-
out using any surrogate loss; after them come algorithms that use a surrogate loss chosen as a
non-convex but continuous and (almost everywhere) differentiable approximation of the evaluation
metric [3, 21, 10], and finally algorithms that use a convex surrogate loss. Most algorithms for
learning to rank fall into the latter category, including the reference algorithms RankBoost [12] and
Ranking SVMs [14, 4] or the regression approach of [8], because convex surrogate losses lead to
optimization problems that can be solved efficiently while non-convex approaches may require in-
tensive computations to find a good local optimum. The disadvantage of convex surrogate losses is
that they cannot closely approximate the evaluation metrics on the whole prediction space. However,
as more examples are available and smaller values of the surrogate risk are achieved, the only region
of interest becomes that of near-optimal predictions. It is thus possible that the minimization of the
surrogate risk provably leads to optimal predictions according to the risk defined by the evaluation
measure. In that case, the surrogate loss is said to be calibrated with respect to the evaluation metric.



The calibration of surrogate losses has been extensively studied for various classification settings
[1, 26, 27, 18, 19] and for AUC optimization [7, 15]. For each of these tasks, many usual convex
losses are calibrated with respect to the natural evaluation metric. In the context of learning to rank
for search engines, several families of convex losses are calibrated with respect to the Discounted
Cumulative Gain (DCG) and its variants [8, 2, 17]. However, other metrics than the DCG are often
used as reference for the evaluation of ranked results, such as the Average Precision (AP), used in
past TREC competitions [22], the Expected Reciprocal Rank (ERR), used the Yahoo! Learning to
Rank Challenge [6], or the Pairwise Disagreement (PD), used when learning from pairwise pref-
erences. And despite the multiplicity of convex losses that have been proposed for ranking, none
of them was proved to be calibrated with respect to any of these three metrics. This lead us to the
question of whether convex losses can be calibrated with respect to the AP, the ERR, or the PD.

Our main contribution is a definitive and negative answer to that question. We prove that if a sur-
rogate loss is convex, then it cannot be calibrated with respect to any of the AP, the ERR or the
PD. Thus, if one of these metrics should be optimized, the price to pay for the computational ad-
vantage of convex losses is an inconsistent learning procedure, which may converge to non-optimal
predictions as the number of examples increases.

Our result generalizes previous works on non-calibration. First, Duchi et al. [11] showed that many
convex losses based on pairwise comparisons, such as those of RankBoost [12] or Ranking SVMs
[14, 4], are not calibrated with respect to the PD. Secondly, Buffoni et al. [2] showed that specific
convex losses, called order-preserving, are not calibrated with respect to the AP or the ERR, even
though these losses are calibrated with respect to (any variant of) the DCG. Our result is stronger
than those because we do not make any assumption on the exact structure of the loss; our approach as
a whole is also more general because it directly applies to the three evaluation metrics (AP, ERR and
PD). Finally, Duchi et al. conjectured that no convex loss can be calibrated with the PD in general
[11, Section 2.1] because it would provide a polynomial algorithm to solve an NP-hard problem.
Our approach thus leads to a direct proof of this conjecture.

In the next section, we describe our framework for learning to rank. We then present in Section 3
the general framework of calibration of [20], and give a new characterization of calibration for the
evaluation metrics we consider (Theorem 2), and the implications of the convexity of a surrogate
loss. Our main result is proved in Section 4. Section 5 concludes the paper, and Section 6 is a
technical part containing the full proof of Theorem 2.

Notation Let V, W be two sets. A set-valued function g from ) to VW maps all v € V to a subset
of W (set-valued functions appear in the paper as the result of arg min operations). Given a subset
V of V, the image of V' by g, denoted by g(V'), is the union of the images by g of all members of
V,ie. g(V) = U,ey 9(v). If n is a positive integer, [n] is the set {1,...,n}, and &, is the set of
permutations of [n]. Boldface characters are used for vectors of R™. If x € R", the i-th component
of x is denoted by z; (normal font and subscript). The cardinal of a finite set V' is denoted by |V|.

2 Ranking Framework

We describe in this section the formal framework of ranking we consider. We first present the
prediction problem we address, and then define the two main objects of our study: evaluation metrics
for ranking and surrogate losses. We end the section with an outline of our technical contributions.

2.1 Framework and Definitions

We consider a framework similar to label ranking [9] or subset ranking [8]. Let A’ be a measurable
space (the instance space). An instance x € X represents a query and its associated n items to rank,
for an integer n > 3. The items are indexed from 1 to n, and the goal is to order the set of item
indexes [n] = {1, ...,n} given z. The ordering (or ranking) is predicted by a scoring function, which
is a measurable function f : X — R"™. For any input instance x, the scoring function f predicts a
vector of n relevance scores (one score for each item) and the ranking is predicted by sorting the
item indexes by decreasing scores. We use permutations over [n] to represent rankings, with the
following conventions. First, given a permutation ¢ in &,,, k in [n] is the rank of the item o (k);
second, low ranks are better, so that o (1) is the top-ranked item.



Table 1: Formulas of r(y, o) for some common ranking evaluation metrics

TYPE OF FEEDBACK METRIC FORMULA
Discounted Cumulative Gain zn: 2%0 (k) —1
n (higher values mean better performances) = log(1+k)
ey :N{O}’?;? ' Expected Reciprocal Rank & m, "o g o)
e N, xpected Reciprocal Ran Ry _ 2Yo (k) _1
- (higheIr) values mean beIl)ler performances) kZ::1 kk ql;ll (1 Rq) ’ Rk - 2Y
. ')
_ n Average Precision 1 7 Yo (k)
ye y - {0’ 1} (higher values Ir%aan better performances) [{z:y;=1}] zyz::l kzz:l o1(4)
_ Pairwise Disagreement 1 A
ye y = all DAGs over [n] (lower values mean bettger performances) Z I(U (Z) >0 (]))

i—jEY

The quality of a ranking is measured by a ranking evaluation metric, relatively to a feedback. The
feedback space, denoted by ), is a finite set, and an evaluation metric is a functionr : Y x &, — R.
We use the convention that lower values of r are preferable, and thus when we discuss existing
metrics for which higher values are better (e.g. the DCG, the AP or the ERR), we implicitly consider
their opposite. Table 1 gives the formula and feedback spaces of the evaluation metrics that we
discuss in the paper. The first three metrics — the DCG, the ERR and the AP — are commonly used
for search engine evaluation. The feedback they consider is a vector of relevance judgments (one
judgment per item). The last measure we consider is the PD, which is widely used when learning
from pairwise preferences. For the feedback space of the PD, we follow [11] and take ) as the set
of all directed acyclic graph (DAG) over [n]. For a DAG y € ), there is an edge from item i to j
(denoted 7 — j € y) when ¢ is preferred to j, or, equivalently when 7 should have better rank than j.

In general, using a sorting algorithm, any ranking evaluation metric r induces a quality measure on
vectors of scores instead of rankings, considering that the sorting algorithm break ties randomly.
Thus, using the following set-valued function from R™ to &,,, called argsort, which gives the set
of rankings induced by a vector of scores:

Vs = (s1,...,8n) € R", argsort(s) = {0 € &,|Vk € [n — 1], So(k) = So(kt1) } 5

the evaluation metric on vectors of scores induced by r is defined by:

Vy e YV, Vs e R", 1'(y,s) = Z M.
| arg sort(s)|

o€argsort(s)

For a fixed, but unknown, probability measure D on X X ), the objective of a learning algorithm

is to find a scoring function f with low ranking risk R'(D,f) = fXxy ' (y, f(z))dD(x,y) using a

training set of (instance, feedback) pairs (e.g. drawn i.i.d. according to D).

The optimization of the empirical ranking risk is usually intractable because the ranking loss is
discontinuous. To address this issue, algorithms optimize the empirical risk associated to a surrogate
loss instead. Throughout the paper, we assume that this loss is bounded below, so that all the infima
we take are well-defined. Without loss of generality, we assume that the surrogate loss has non-
negative values, and we define a surrogate loss as a measurable function ¢ : ) x R® — R,. The
surrogate risk of a scoring function f is then defined by £L(D, f) = fXxy ¢(y,f(x))dD(z,y).

2.2 OQOutline of the Analysis

Any learning algorithm that performs empirical or structural risk minimization on the surrogate risk
can, at most, be expected to reach low values of the surrogate risk. The question we address in
this paper is whether such an algorithm provably solves the real learning task, which is to achieve
low values of the ranking risk. More formally, the criterion under study is whether the following
implication holds for every sequence of scoring functions (f;);>o and every data distribution D:

L(D,§) — wfL(D,f) = R(Df) — nfR(D,f) (1)

where the infima are taken over all scoring functions. In particular, we show that if a surrogate loss
is convex in the sense that £(y, .) is convex for every y € ), and if the evaluation metric is the AP,



the ERR or the PD, then there are distributions and sequences of scoring functions for which (1)
does not hold. In other words, we show that learning-to-rank algorithms that define their objective
through a convex surrogate loss cannot provably optimize any of these evaluation metrics.

In order to perform a general analysis for all the three evaluation metrics, we consider Assumption
(A) below, which formalizes the common property of these metrics that is relevant to our study.
Intuitively, it means that for any given item, there is a feedback for which the performance only
depends on the rank of this item, with a strict improvement of performances when one improves the
rank of the item:

(A) 3p1<B2<...<fp suchthat Vi€ [n],Iyc):Voe &, r(y,o0)=Fo1(-

Note that in the assumption, the values of Sj, (i.e. the performance when item i is predicted at rank
k) are the same for all items. This is not a strong requirement because the metrics we consider do
not depend on how we index the elements. The DCG, the AP and the ERR satisfy (A): for each i,
we take the vector of relevance with a 1 for item ¢ and O for all other items so that the values of the
metrics only depends on the rank of ¢ (which should be ranked first). The PD satisfies Assumption
(A) as well: for each i, take y as the DAG containing the edges ¢ — 4,Vj € [n]\ {7} and only those
edges. For this feedback, i is preferred to all other items (and no preference is specified regarding
the other items) and thus the quality of a ranking only depends on the rank of .

Our analysis is organized as follows. In the next section, we introduce the notion of a calibrated
surrogate loss defined by Steinwart [20], which is a criterion equivalent to (1). We then obtain a
new condition that is equivalent to calibration when (A) holds, and finally we restrict our attention
to evaluation metrics satisfying (A) and to convex surrogate losses. In that context, using our new
condition for calibration, we show that evaluation metrics with a calibrated surrogate loss necessarily
satisfy a specific property. Then, in Section 4, we prove that the AP, the ERR and the PD do not
satisfy this property. Since Assumption (A) holds for these three metrics, this latter result implies
that they do not have any convex and calibrated surrogate loss. Equivalently, it implies that (1) does
not hold in general for these metrics if the surrogate loss is convex.

3 A New Characterization of Calibration

We present in this section the notion of calibration as studied in [20], which is the basis of our
work. Then, we provide a characterization of calibration more specific to the evaluation metrics
we consider, that relates more closely calibrated surrogate losses and evaluation metrics. This more
specific characterization of calibration is the starting point of the analysis of convex and calibrated
surrogate losses carried out in the last subsection and that allows us to state the results of Section 4.

3.1 The Framework of Calibration

Applying the general results of [20] to our setting, the criterion defined by (1) can be studied by
restricting our attention to the contributions of a single instance to the surrogate and ranking risk.
These contributions are called the inner surrogate risk and the inner ranking risk respectively. De-
noting the set of probability distributions over Y by P = {p : Y — [0,1]] > ey ply) = 1}, the
inner risks are respectively defined for all p € P and all s € R" by:

L(p,s)=>_pu)(y,s)

yey

, where Vo € &,,,R(p,0) = Zp(y)T’ (y,0).
yey

R(p,0)
| arg sort(s)]

and R'(p,s) = Z

o€argsort(s)

Their optimal values are denoted by L (p) = irﬁ{f L(p,s) and R'(p) = R(p) = mgl R (p,0).
seR” ocGy,

More precisely, [20, Theorem 2.8] shows that (1) holds for any distribution D and any sequence of

scoring functions if and only if the surrogate loss is r-calibrated according to the definition below.

Similarly to (1), the calibration is an implication of two limits, but it involves the inner risks L and

R’ instead of the risks £ and R’. For convenience in the rest of the work, we write the implication



between the two limits of L and R’as an inclusion of the sets of near-optimal vectors of scores. For
any € > 0 and § > 0, the latter sets are respectively denoted by

Mq(p,8) = {s €e R"|L (p,s) — L (p) <} and M, (p,e) ={s € R"|R(p,s) — R'(p) <¢},
so that the definition of an r-calibrated loss is the following:
Definition 1. /20, Definition 2.7] The surrogate loss £ is r-calibrated if

Vp e P,Ve >0, 36 >0: My(p,d) C M,.(p,e) .

3.2 Calibration through Optimal Rankings

Definition 1 is the starting point of our analysis, and our goal is to show that if the evaluation metric
is the AP, the ERR or the PD, then no convex surrogate loss can satisfy it. The goal of this subsection
is to give a stronger characterization of r-calibrated surrogate losses when Assumption (A) holds.
The starting point of this characterization is to rewrite Definition 1 in terms of rankings induced by
the sets of near-optimal scores, from which we can deduce that / is r-calibrated if and only if':

Vp € P,Ve > 0, 36 > 0 : argsort(M,(p,d)) C argsort(M.,.(p,e)).

In contrast to this characterization of calibration, our result (Theorem 2 below), which is specific to
metrics that satisfy (A), replaces the inclusion (which can be strict in general) of sets of ranking by
an equality when ¢ tends to 0. More specifically, we define the set of optimal rankings for the inner
ranking risk with the following set-valued function from P to G,,:
VpeP, A (p)=argminR(p,o0),
ccG,

so that when Assumption (A) holds, the set of optimal rankings is equal to a set of rankings induced
by near-optimal scores of the inner surrogate risk:

Theorem 2. If Assumption (A) holds, then { is r-calibrated if and only if
Vp € P,36 > 0 s.t. argsort(My(p,d)) = A.(p) .

The proof of Theorem 2 is deferred to Section 6 at the end of the paper. This theorem enables us to
relate the surrogate loss and the evaluation metric so that the convexity of £ induces some constraints
on r that are not satisfied by all evaluation metrics.

3.3 The implication of Convexity on Sets of Optimal Rankings

If 4(y,.) is convex for all y € P, then the inner risk L(p,.) is also convex for every distribution
p € P. This implies that M,(p, d) is a convex subset of R™. Thus, if £ is r-calibrated, then Theorem
2 implies that A, (p) = argsort(M,(p, d)) is a set of rankings induced by a convex set of R™.

The following theorem presents a condition that the set A,.(p) must satisfy if it is generated by a
convex set of scores: if there exists at least one pair of items (7, j) which are inverted in two rankings
of A, (p), then 4 and j are “indifferent” in A, (p):

Theorem 3. Assume that for all y € Y, the function s — { (y, s) is convex. If Assumption (A) holds
and { is v-calibrated, then r satisfies: Vp € P, Vi, j € [n],Vo,0’ € A.(p),

ol (i) < o(j) and o' (i) > 0’1 (j) = Is€R™:s; =s; and argsort(s) CA.(p) . (2)

Proof of Theorem 3. Assume that the conditions of the theorem are satisfied. From now on, we fix
some p € P and two i and j in [n]. Take o and o’ in A, (p) and assume that o71(i) < o’1(j)
and o’'(i) > o’!(j). Since Assumption (A) holds, there is a 6 > 0 such that A,.(p) =
argsort (M, (p, ) ) by Theorem 2. Thus, there are two score vectors u and v in M(p, §) such
that u; > u; (u induces the ranking o) and v; < v; (v induces the ranking o”).

Moreover, since £ is convex, the function L (p, .) is convex for every p € P, and thus M(p, d) is
convex. Consequently, for all ¢ € [0, 1], the vector v(¢) = (1 — t)u + ¢v belongs to M, (p, d). We
define g : t — ~;(t) — v;(t) fort € [0,1]. Then, g is continuous, with g(0) = u; — u; > 0 and
g(1) = v; —v; < 0. By the intermediate value theorem, there is to € [0, 1] such that g(to) = 0. The
consequence is that the score vector s, defined by s = ~(to), satisfiess € My(p,6) and s; = s;. O

"We remind to the reader the notation arg sort(M,(p, §)) = Usemy(p,5) 2T8 SOTE(S).



Table 2: Examples for Corollary 4. There are three elements to rank. ¢ > j > k represents the
permutation that ranks item ¢ first, j second and k last. For the ERR and the AP, we consider binary
relevance judgments. pi1o denotes a Dirac distribution at the feedback vector y = [1,1,0]. poo1
is defined similarly. For the Pairwise Disagreement, pi. oy 3 is the Dirac distribution at the DAG
containing the edges 1 — 2, 2 =3 and 1 — 3, i.e. the DAG corresponding to 1 > 2 > 3. The
Dirac distribution at the DAG containing only the edge 3— 1 is denoted by ps. 1. In all cases, p(«)
is a mixture between two Dirac distributions. The sets A,.(p(«)) are obtained by direct calculations.
The set A, (p(«)) is the same for all as in the range given in the third column.

DISTRIBUTION $(a) METRIC RANGE OF « A, (p())
3 ERR ae (5,3) {1=3%2),(2-3=1)}
13 (2=1>3),3=2>1)}
(]. — Ck)p1>2>3 + aps.1 PD o€ (%, 1) {(2 -3 > 1), (3 =1 2)}

The contrapositive of Theorem 3 is our technical tool to prove the nonexistence of convex and
calibrated losses. Indeed, for a given evaluation metric r, if we are able to exhibit a distribution
p € P such that (2) is not satisfied, this evaluation metric cannot have a surrogate loss both convex
and calibrated. In the next subsection, we apply this argument to the AP, the ERR and the PD.

Remark 1. It has been proved by several authors that there exist convex surrogate losses that are
DCG-calibrated [8, 2, 17]. Thus, the DCG satisfies (2). It can be seen by observing that the optimal
rankings for the DCG are exactly those generated by sorting the items according to the vector of

score s*(p) defined by s7(p) = >_,cy p(y)2¥, i.e. A, (p) = argsort(s*(p)).

4 Nonexistence Results

We now present the main result of the nonexistence of convex, calibrated surrogate losses:
Corollary 4. No convex surrogate loss is calibrated with respect to the AP, the ERR or the PD.

Proof. We consider the case where there are three elements to rank, and we use the examples and
the notations of Table 2. Since all three metrics satisfy (A), Theorem 3 implies that if  (taken as
either the AP, the ERR or the PD) has a calibrated, convex surrogate loss, then, for any distribution
p(«), we have: if item ¢ is preferred to j according to a ranking in A, (p(«)), and j is preferred to
according to another ranking in A, (p(«)), then one of the two assertions below must hold:

(@) {(i-j=k),(G=i=k)} C AB), (b) {(k=i=j),(k=j=i)} C A(p(a))

because there exists s € R such that argsort(s) C A, (p(«)) for which either s; = s; < s, or
s; = s; > s;. Now, let us consider the case of the ERR. Taking an arbitrary o € (%, %) we
see on the last column of Table 2 that A, (p(a)) contains two rankings: one of them ranks item 1
before item 2, and the other one ranks 2 before 1. If the ERR had a convex calibrated surrogate loss,
then either (a) or (b) should hold. However, we see that neither (a) nor (b) holds. Thus their is no
convex, ERR-calibrated surrogate loss. For the AP, a similar argument with items 1 and 3 leads to

the conclusion. For the PD, taking any two items leads to the result. O

A first consequence of Corollary 4 is that for ranking problems evaluated in terms of AP, ERR or
PD, surrogate losses defined as convex upper bounds on an evaluation metric as discussed in [24],
as well as convex surrogate losses proposed in the structured output framework such as SVM™P
[25] are not calibrated with respect to the evaluation metric they are designed for. The convex
surrogate losses used by most participants of the recent Yahoo! Learning to Rank Challenge [6] are
also not calibrated with respect to the ERR, the official evaluation metric of the challenge. The fact
that the minimization of a non-calibrated surrogate risk leads to suboptimal prediction functions on
some data distributions suggests that convex losses are not a definitive solution to learning to rank.
Significant improvements in performances may then be obtained by switching to other approaches
than the optimization of a convex risk.



5 Conclusion

We proved that convex surrogate losses cannot be calibrated with three major ranking evaluation
metrics. The result cast light on the intrinsic limitations of all algorithms based on (empirical)
convex risk minimization for ranking, even though most existing algorithms for learning to rank
follow this approach. A possible direction for future work is to study whether the calibration of
convex losses can be obtained under low noise conditions. Such studies was carried out for the
PD [11], and calibrated, convex surrogate losses were found for special cases of practical interest.
Nonetheless, in order to obtain algorithms that do not rely on low noise assumptions, our results
suggest to explore whether alternatives to convex surrogate approaches can lead to improvements in
terms of performances. A first possibility is to turn to non-convex losses for ranking as in [10, 3],
and to study the calibration of such losses. Another alternative is to use another surrogate approach
than scoring, such as directly learning pairwise preferences [13], even though the reconstruction of
an optimal ranking, given the pairwise predictions, that is optimal for evaluation metrics such as the
AP, the ERR or the PD is still mostly an open issue.

6 Proof of Theorem 2

We remind the statement of Theorem 2: if r satisfies (A), then ¢ is r-calibrated if and only if for all
p € P, there exists § > 0 such that A, (p) = argsort(M,(p, ) ). We prove the result using the
following set-valued function which defines the set of optimal rankings for the inner surrogate risk:

Ay(p) = argmin L (p, o) where L (p, ) = inf {L (p,s)|s € R"s.t. g € argsort(s) }.
oc€G,

Then, Theorem 2 is a direct implication of the two following claims that we prove in this section:

(a) the assertion Vp € P, 38 > 0, arg sort(My(p, d) ) = Ag(p) is true in general;
(b) if Assumption (A) holds, then ¢ is r-calibrated if and only if Vp € P, A¢(p) = A, (p).

The proof of these two claims is based on three lemmas that we present before the final proof. The
first lemma, which does not need any assumption on the evaluation metric, both proves equality
(a) and provides a general characterization of calibration in terms of optimal rankings. The second
lemma concerns the surrogate loss; it states that a slight perturbation in p does not affect “too much”
Ay(p). The third lemma concerns evaluation metrics and gives a simple consequence of Assumption
(A). The final proof of Theorem 2 connects all these pieces together to prove (b).

Lemma 5. The following claims are true:
(i) Vp € P,¥5 >0, Ay(p) C argsort(./\/lg(p,é) )
(ii) Vp € P, 300 > 0 : Ay(p) = argsort(M,(p, o) ).
C

(iii) £ is r-calibrated if and only if: ¥p € P, A¢(p) C A-(p).

Proof. (i) Fixp € P and § > 0. Let o € Ay(p). By the definition of L, there is an s € R such
that o € argsort(s) and L (p,s) — L (p,0) < 4. Since L (p,0) = mingyee, L (p,0’) = L (p), we
have L (p,s) — L (p) < & . This proves s € M(p, §) and thus o € argsort(M,(p,d) ).

(ii) Fix p € P and take dp = mingg 4,() L (p,o) — L(p) > 0, with the convention min () = +oo0.
The choice of § guarantees that Vs € R™, L (p,s) — L (p) < dg = argsort(s) C Ay(p), which is
equivalent to arg sort (M(p, 8y) ) C A¢(p). The reverse inclusion is given by the first point.

(iii) Since r can only take a finite set of values, we can prove that ¢ is r-calibrated if and only if:

Vp € P,36 > 0 : Vs € R", L(p,s) — L(p) < § = R'(p,s) = R/'(p). Moreover, we
have R'(p,s) = R/(p) & argsort(s) C A.(p) since R'(p,s) is the mean of R (p,o) for
o € argsort(s). Thus, ¢ is r-calibrated if and only if for every p € P, there exists 6 > 0 such
that arg sort (M, (p, §) ) C A, (p). This characterization and the first two points give the result. [J



We now present a more technical result on Ay, which shows the set of optimal rankings cannot
dramatically change under a slight perturbation in the distribution over the feedback space. From
now on, for any p € P and any n > 0, we denote by B(p,n) the open ball of P (with respect to
[|.][1) of radius 1 centered at p, i.e. B(p,n) = {p’ € P|llp — 'L < n}.

Lemma 6. Vp € P,3n > 0 such that A¢y(B(p,n)) = Au(p).

Proof. Note that A.(p) C A.(B(p,n)) since p € B(p,n). We now prove A¢(B(p,n)) < Ae(p);
the main argument is that L (.,0) is continuous for every o because ) is finite [23, Theorem 2].

Indeed, let us fix p € P and define ¢ = £ (ming g4, L (p,0’) — L (p)). Foreach o € &, since

L (., o) is continuous, there exists 7, > 0 such that Vp' € B(p, 15, |L (¢, 0) — L (p,0)| < .

Let 7 = minyeg,, 7o, and let p’ be an arbitrary member of B(p, 7). By the definition of €, we have:
Vo' & A(p),L(p',0') = L(p/,0") = L(p,0") + L(p,0’) = L(p) + L(p) > —c + 2 + L(p).

Thus, Vo' & A(p), L(p,d) > L(p) + e Additionally, the definition of 7 gives Vo €
Ai(p),L(p',0) < L(p) + e. Thus, we have mlnalgAe(p)L(p a) > mingeAz(p)L(p’,a).

This proves that a ranking that is not optimal for L (p,.) cannot be optimal for L( ,.). Thus
Ay(p') C Ay(p) from which we conclude A¢(B(p, 7)) C Ae(p). O

Now that we have studied the properties of .4,, we analyze in more depth the evaluation metrics. We
prove the following consequence of Assumption (A): for each possible ranking there is a distribution
over the feedback space for which this ranking is the unique optimal ranking.

Lemma 7. If Assumption (A) holds, then Vo € &,,,3p° € P such that A, (p°) = {o}.

Proof. Assume (A) holds, and, for each item k, let us denote by y* the feedback corresponding
to item k in Assumption (A). Now, let us take some o € &,, and define p° as p? (y*) = Qo1 (k)
with g > ... > a,, > Oand > ,_, a = 1. Then, for any ¢/ € &,,, we have the equality
R (p°,0') = Z.Z:l Qi (1) (y*,0") = > he1 O (k) Bort () Since the as are non-negative, and
since there are ties neither the as nor in the Js, the rearrangement inequality implies that the mini-
mum value of R (p?, 0”) is obtained for the single permutation ¢’ for which the 3,1 ;) are in reverse
order relatively to the a,-1(y) (i.€. smaller values (3,:1(x) should be associated to greater values of
Q1 (k). Since the ays are decreasing with k and the [3xs are increasing, the minimum value of
o' = R(p°,0") =31 Q1 (k)Bor (k) is obtained if and only if ol =¢"!(ie. 0/ =0). O

Proof of Theorem 2. We remind to the reader that by the second point of Lemma 5, for any p € P,
there is § > 0 such that A, (p) = argsort(M(p, §) ). What remains to show is that if Assumption
(A) holds, then £ is r-calibrated if and only if Vp € P, As(p) = A, (p).

(“if” direction) If ¥p € P, Ay(p) = A,(p) then ¢ is r-calibrated by Lemma 5.

(“only if ” direction) Assume that (A) holds and that £ is r-calibrated. Let p € P. By Point (iii) of
Lemma 5, we know that A (p) C A, (p). We now prove the reverse inclusion A, (p') C A, (p).

By Lemma 6, there exists some 1 > 0 such that A,(B(p,n)) = A¢(p). Let 0 € A, (p). The idea is
to use Lemma 7 to find some p’ € B(p,n) such that A,(p’) = {o} which would prove o € A;(p)
and thus the result. The rest of the proof consists in building p’.

Using Lemma 7, let p” € P such that A,.(p?) = {o}. Now, let p’ = (1 —7)p+ 7p“. Then, we have
lp—=p'llh = 4llp—p7 |l <n/2and thus p’ € B(p,n). Moreover, A, (p') = {o} since o is optimal
for both p and p?, and any other permutation is suboptimal for p. We also have 4,(p’) = {J}
because A, has non-empty values and calibration implies that A, (p") C A, (p’) by Lemma 5.
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