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Analytical Computation of Flux Concentration
PM Machines: Study of the Influence of the
Magnets Shape

L. Belguerras, L. Hadjout, T. Lubin, S. Mezani,Rezzoug

Abstract -- An exact 2-dimensional analytical method for The first part of the paper introduces the sectbisP
calculating the magnetic field distribution in a Flux ~ FCPMM and the analytical calculation of the magnégld
Concentration Permanent Magnet Machines (FCPMM) with  py the technique of separation of variables. Thalydical

sector magnets is developed and validated. The ability of the  computations are corroborated through finite elegmen
model to determine the performances of rectangular magnets validations.

FCPMM isthen analyzed. A parametric study showed that the - e
enalytical modd Cany predic? the torque w}i/th o Ceasosble In the second part, we will analyze the capabititythe
precision. Hence, this model can usefully be used for developed analytical model in predicting rectangula

optimization purposes where savings in computation timeare ~ magnets FCPMM performances. For this purpose, the
needed. rectangular magnets are replaced by sector oneésghtne
same volume so the analytical computation can me.da
Index Terms- Analytical solution, flux concentration,  discussion on the obtained results terminates dpemp
permanent magnet machines.

Il.  MACHINE DESCRIPTION

- In our studied configuration referred as Flux
ecently, technology to generat_e a strong magnietict f Concentration Permanent Magnets Machine (FCPMM), th
have been the subject of considerable research [&,2 40r consists of different pieces of iron and sechagnets

order to develop a hlg_her magnetic flux densitythia air  that are fixed jointly on a non-ferromagnetic shafhe

gap, a flux concentration concept is one of theatife gjrection of magnetization is reversed from one meago
solutions. In these applications, the machine predunore  the next. Schematic representation of the FCPM&hésvn

torque compared to the rotor with surface mounted FL]. in Fig. 1.

The geometrical parameters of prototype FCPMM to be

Analytical techniques have been widely developed tinvestigated are the inner radius of the rotor yBkethe
calculate the magnetic field distribution in perman radius of the rotor surfad® and the stator bore radigs.
magnet machines. In most of these techniques, Méswe
equations are solved by separation of variabledowm The rotor consists a2p (p is the number of pole-pairs)
permeability sub-domains (air regions, magnetsdimigs)  sector PMs. The angular position of ih#n PM is defined
[3, 4, 5, 6]. In particular, flux concentration se¥ied PM  (Fig. 1) by
machines have been studied in [7].

For cylindrical structures, polar coordinates asedi The y;
geometry consists then of radial and circumferémiiges. 6 =_E
In order to consider rectangular shapes for exanmplsti- ) o -
slice models can be introduced. This leads to mor@here& is the initial angular position of the rotor afidhe
complicated interface conditions and an excessigefty of ~PM opening angle.
the computation time (because of the multiplicatidrthe

I.  INTRODUCTION

+Lig,  with 1<i<2p 1)
p

number of sub-domains). Another solution consi$tssing ll. PROBLEM FORMULATION AND ASSUMPTIONS
conformal mapping to handle the non radial sideslof In developing the 2D analytical model, a magnedictor
domains [8]. potential formulation is used in polar coordinatdhe

relative permeability is considered infinite foetlron parts

This study focuses on the ability of an analyticeddel, and is equal to 1 for the PMs.
developed for sector magnets FCPMM, to predict the
performances of rectangular magnets FCPMM. The L>os
magnets in both machines are considered to havsatine
volume. '
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Fig. 1. Geometry of the studied machine



A. Source Terms C. Boundary conditions

The permanent magnets buried into the rotor of the The boundary conditions for tli¢h PM domain are
machine are tangentially magnetized. Each magnet is

magnetized in a reverse direction of its neighlzprimes oA oA
(Fig.1). Hence, the magnetization vector of th® i — =0 and —} =0 9)
permanent magnet regions is 6=6 06 6=6+p
M = (-1) Eég @) do‘;]hag continuity conditions between thth PM and sub-
A ins |, Il are
whereB; is the remanent flux density of the magnet.
o A(R.6)=A(R.6) oj1
The stator winding is represented by a currentetshe A(R,.0)= A (R,.0) (11)

distributed over the stator bore radius (1R3). Only the

fundamental component is considered in this study. . i L
The continuity of the tangential magnetic field the

interface between the permanent magnet and thé¢ slaaf

K() =K cos(p(f-a))e, 3 pe written as
whereK,, a, p, & are respectively the peak value of the
current sheet in (A/m), the angular position of tharent or | =1(8) 12)
sheet, the number of pole pairs and the unit veadtorg the =R
Z axis. 0A . )
| M +()'B it 60[6.6+4]
With f(6) =4 0r | g, (13)
Subggrilgiti]csal expressions of the magnetic field inedéht 0 elsewhere
The studied structure is divided into a shaft (dionfy ~ The continuity of the tangential magnetic field tae
an air_gap (domain ||) and a permanent magnet regio|nterfa-.ce between the permanent magnet and tr!m.a]can
(domaini) (Fig. 2). be written as
In order to simplify the theoretical analysis ineth
different sub-dcz)maitr:s,zwe adopt the following natasi % =9(8) (14)
a =R,
RB(ab)=|—| +|— 4
(ab) [b) [a] )(
_(aY _(bY %Al Ly if 60[g.0+
E(a,b)—(g) _(Ej (5) with g(6) =1 0r |, g, D8, [" ' '8] (15)
0 elsewhere

In polar coordinates, the Poisson’s equation in ittte

permanent magnsub-domain region is S
On the stator bore (rsRthe boundary condition is

o =~y = ©
Al = k(8) (16)
or | g,

Domain (11)

Fig. 2. Studied sub-domains

Fig. 3. Boundafy conditions

For the shaft (sub-domain I) and the air-gap (soimain
II), Laplace's equation applies
V. ANALYTICAL SOLUTION

=0 7
A 7) For solving the partial differential equations, tnethod
OMA, =0 (8) of separation of variables is used in cylindricabidinates.



A. General Solution of Poisson’s equation in the Pts 0
sub-domain (region i) Al =2—I f(8)tos(md)Lda (25)
s

In the " PM sub-domain, the problem to solve is
2

2 2 : B —— f(8)Bin(mg)de 26
PALL0A 1OA__ B [RSTSR j() (M) (26)
o< ror r°a8 r |8<6<6+pg
The general solution of (17) can be written as C. General solution of Laplace’s equation in thegap
(sub-domain 11)
A(r,0) =-r(-1)'B, + A, +BlInr The air-gap sub-domain and its associated boundary

conditions are shown in Fig. 3. The problem to solve is

S e g et i cosfl(6-0)
ke Serp it R 18) 9’ A;n LL0A 12 0* A12, =0 for {RZ =r=h (27)
or r o r°od 0<s@<2m

where kis a positive integek,, (r,R,) is given by (5). By taking into account the boundary conditions (14) and

R _ (15), the general solution of the magnetic vector potential in
The constants,,, By, A, and B, are determined using a the air-gap sub-domain can be written as

Fourier series expansion of shaft and air-gap magne

vector potentials A (R,8)andA (R,,8) over the PMs Ai(1.0)=
region interval §, 8+ . They are given by R P(rR) i R R(rR)
TR E A
1848 o R Py ot Re Pu(rRy) o
A + B, Ian—— I(Rl( 1)'B, + A (R,0))dd (29) le( nE, ((éR;j) n %% )sm(nﬁ)

6+/3 (28)

A, +ByInR, = —j(Rz( DB +A (R,0)d8  (20)

wheren is a positive integerP,(r,R,) and E,(r,R;) are
defined by (4) and (5). The coefficiem$,B" ,C! and

2 +
A= E !{. (Ri( D'B +A(R, 9))cos(k—(6? gndo—(21) D, are determined using a Fourier series expansions of
o 88 K(60) andg() over the air-gap interval [OJ®
B=7 j (R.D'B +A (R, 0))cos(k—(0 8))do
8
22 2
(2) Al =ijg(e)m:os(n9)m9 (29)
21T 5
B. General solution of Laplace’s equation in the shaft 5 2
(Sub'doma|n |) Br|1| =§TI,UOK(<9)|])OS(T19)E19 (30
0
The shaft sub-domain and its associated boundary o
conditions are shown in Fig. 3. The problem to solve is c! =£Ig(9)[$in(n<9)m9 (31)
"o2m
0
0°A  10A . 10°A _ 0<r<R o o _
o v o 0 losgcor ) DI =5 [mK@)Bin0o) e (32)
0

By taking into account the boundary conditions (12) and Tpe magnetic flux density components are
(13), the general solution of the magnetic vector potential in

the shaft can be written as 1
Bir :F% (33)
< . » )
A(r,0) = ;%(é} (A, cosfmé) + B, sin(mé)) (24) By = _% (34)

. T . . D. Electromagnetic torque
Where m is a positive integer in the shaft domain, the 9 .q , i ,
The electromagnetic torque is obtained using the

- | | . . .

coe.ff|C|entsAn ‘T’mdBm are determlr.1ed by using a Fourier Maxwell stress tensor. A circle of radiug iR the air-gap is

series expansions df(&) over the interval [0, 2. taken as the integration path so the electromagnetic torque
is expressed as follows



22
T, = LR IBII, (R.,0)B,, (R ,0)dE (35) It is possible to divide the rectangular magnet into a finite
Ho % number of radial slices and use the analytical model to
wherelL is the axial length of the FCPMM. calculate the magnetic field distribution. However, this will
drastically increases the number of sub-domains and
According to (33) and (34), the analytical expression fopenalizes the computation time.

the electromagnetic torque becomes In this section, we will analyze the capability of the
developed analytical model in predicting rectangular

HR? & magnets FCPMM performances. For this purpose, the
T = u D W, X, +Y,Z,) (36)  rectangular magnets are replaced by sector ones having the
o i same volume so the analytical computation can be done.
where TABLE |
GEOMETRICAL PARAMETERS OFFCPMM WITH SECTORPMS
_ R2 Pn (a ,R3) R3 PrI (Q sz) Symbol Quantity value
Wn - _ALI E ( ) - Brlul E ( ) (37) Ry Inner radius of the rotor 10 mm
Re n RZ ’R3 Re n % ’R2 R> Outer radius of the rotor 50 mm
E , E , p Number of pole pairs 4
X, =-C! 2 E" EE EZ; -D/ EZ E" EE E; (38) Rs Inner radius of the stator 52 mm
n i n ) § PM opening angle OzBo rad
L Axial length 100 mm
Y =¢c" &w.; D" &w (39) M Number of harmonics used for50
n " E, , n E, , magnetic field calculation in the
Re F% RS & R R2 shaft domain
Zn - _ALI Rz En (F% vRs) -B" Rs En (F% -Rz) (40) N Number of harmonics used for50

magnetic field calculation in the
air-gap domain

RE(RR) "RE(RR)

K Number of harmonics used for50
magnetic field calculation in the
V. VALIDATION OF THE ANALYTICAL MODEL PM domain
. o Km Peak value of the current sheet 500 A/cm
In order to validate the proposed model, the analyticalg, Remanence of the PM 12T

results have been compared with 2-D finite-element
simulations obtained using FEM software [9]. The
geometrical parameters given in Table | are considered in
the simulation studies.

> -

Fig.4 shows the magnetic flux lines under no-load &
conditions (K,=0) and at full-load (k#0). It has to be
noticed that the pull-out torque is obtained for a current &
sheet angle=Tv8 since the reluctance torque is negligible. °
The flux lines at no-load are symmetrical but it's not
anymore the case at full-load because of the presenhbe of
current sheet. The figures also show a relatively high
leakage flux in the shatft.

Fig. 4. Magnetic flux lines under (a) no-load abjifull-load conditions

The waveforms of the flux density distribution (radial
and tangential components) in the middle of the air-gap ar;
plotted in Fig. 5 and Fig. 6. The armature magnetic fiel
due to the current sheet distorts both the radial a
tangential flux densities obtained at no-load.

While replacing the rectangular magnet, having arc edges
R and R, by the sector one, there is a feasibility limit
ncerning the rectangular PM width (which corresponds to
e chord of the arc edge). Indeed, this length couldn't
exceed Rx17p (pole-pitch length).

The static torque versus angular position of the curre 'h ractice, this last choice is generally adopted so the iron
sheeta (in electrical degrees) is presented in Fig.7. Th P ' 9 y P

torque waveform is sinusoidal. As expected, the puII—ou-‘gIeces (between —magnets) are nearly triangular.

. . . urthermore, the leakage flux through the shaft will be
torque is obtained for a load angle practically equaig2o reduced as it can be seen later
electrical angle (viza=1U8). '

The sector PM has then an angular opening
A very good agreement is noticed between the finite

element predictions and the analytical results. n R,
B= R (41)
VI. VALIDITY OF THE ANALYTICAL MODEL FOR THE
COMPUTATION OFFCPMM WITH RECTANGULAR PMs ) ,
whereR_, = (R, +R,)/2is the mean radius of the PM.

The rotor of FCPMM usually uses rectangular magnets
instead of sector ones. The developed analytical model is
only valid for sector type permanent magnets which only
contain radial and circumferential edges. a

In what follows, the rectangular and sector PMs MGP
re respectively calculated by FEM and using treydical
model.
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A. Magnetic flux density distribution
Let’'s define the ratio between Bnd R as

(42)
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Fig. 8.Magnetic flux lines of FCPMM with (a) sectand (b) rectangular
PMs under no-load conditions (p=6 and0.4)

In Fig.9 the radial flux density waveforms in thédaie
of the air gap of FCPMM with rectangular and se@s
are presented. It can be seen that the two cureesearly
the same The harmonic spectra show that the difference
between the fundamental components is about 10%.

Obviously, this comparison has to be deeply andlyze
through a parametric study. Here, we have fixedstiagor
bore radius Rand the rotor radius ;Rthe air-gap is kept

~ For p=6 andx=0.4 (the other dimensions are those givengnsiant) to their values given in Table I. Thenlycthe
in Table I), Fig.8 shows the magnetic flux lines fa

FCPMM with sector and rectangular shape PMs under n

load conditions. It can be seen that with the geltds, a
large portion of magnetic flux lines from the matgis lost
through the shaft. Of course, the FCPMM with regtdar
magnets doesn’t offer a flux path toward the shdfich

results in low leakage flux.

number of pole-pairp and the ratioa, = R, /R, vary.

B. Influence of the magnets height on the pull-oufjter

Fig.10 shows the pull-out torque variation versus
different values ofa, for p=3 and p=6. It can be seen that

both the curves obtained analytically and numdsidahve
the same tendency. It can be noticed that the ¢ovalues
obtained analytically are closer to the ones ptedidy
FEM asq, increases. Notice that the increase,dtypically



for 0,>0.7) results in lower iron surface which leadsato
high saturation level. This is an important issug i is
outside the aim of this paper.

The maximum values of the torque are located in the

interval 0,=0.4+-0.5 for p=6 and in the interva4=0.3-0.5
for p=3. The pull-out torque calculated by FEM isoat
74Nm for p=6 and about 66Nm for p=3. These values a
about 10% higher than the ones obtained analyticahis
difference is probably caused by the higher leakfge
through the shaft of the equivalent sector PMs FGPM

C. Influence of the number of pole-pairs on thdl-put
torque

Fig.11 shows the pull-out torque versus the nundfer
pole-pairs for,=0.1 andx,=0.4.
Again, it can be seen that the two curves havestrae
tendencyandthe torque values obtained analytically are, in
the worst case, 10 % lower than the ones calculbted
FEM.
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D. Torque optimization

In order to determine the most suitable configoratin
terms of torque production of the FCPMM, Fig.12 who
the contour plots representing the pull-out torcage a
function of the number of pole-pairs p and the orati
0,=Ry/R,

It can be seen that the analytical and the nunierica
computations follow the same trend. This is an irtgrt
result since the analytical model is suitable ine th
determination of the optimum values of p and that
maximise the torque when the other geometricalmatars
are fixed. Of course, this is of great benefit inya
optimisation study since the analytical computat®wery
quick.

Concerning the quantitative results, the maximutuesa
of the torque calculated by the analytical modehl®ut
67Nm and is located in the intervals p%4 and
,=0.38-0.54. The numerical computations give
maximum torque value of about 74 Nm located indhme
intervals as the analytical predictions viz. p84and
2,=0.38-0.54.

a
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Fig. 12.Contour plots of the pull-out torque of R@A as a function of
the number of pole-pairs p and the ratisRi/R;
(a) Analytical (sector PMs) (b) FEM (rectangurivis)

VI

In this work, we have developed a 2D model basedron
exact analytical resolution of the magnetic fielstidbution

CONCLUSION

in each sub domain for FCPMM with sector PMs. Thisy

model has been validated by finite element comprtat
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