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CONDITIONED RANDOM WALKS FROM KAC-MOODY ROOT SYSTEMS

CEDRIC LECOUVEY, EMMANUEL LESIGNE AND MARC PEIGNE

ABSTRACT. Random paths are time continuous interpolations of random walks. By using Lit-
telmann path model, we associate to each irreducible highest weight module of a Kac Moody
algebra g a random path W. Under suitable hypotheses, we make explicit the probability of the
event E: “VV never exits the Weyl chamber of g”. We then give the law of the random walk
defined by W conditioned by the event E' and prove this law can be recovered by applying to
W a path transform of Pitman type. This generalizes the main results of [15] and [10] to Kac
Moody root systems and arbitrary highest weight modules. Our approach here is new and more
algebraic that in [15] and [10]. We indeed fully exploit the symmetry of our construction under
the action of the Weyl group of g which permits to avoid delicate generalizations of the results
of [10] on renewal theory.

1. INTRODUCTION

The purpose of the paper is to study conditionings of random walks using algebraic and com-
binatorial tools coming from representation theory of Lie algebras and their infinite-dimensional
generalizations (Kac-Moody algebras). We extend in particular some results previously obtained
in [15], [16], [1], [10] and [11] to random paths in the weight lattice of any Kac-Moody algebra
g. To do this, we consider a fixed g-module V' in the category O;,; (a convenient generalization
of the category of Lie algebras finite dimensional representations). It decomposes as the direct
sum of its weight spaces, each such space being parametrized by a vector of the weight lattice
of g. The transitions of the random walk associated to V are then the weights of V.

The prototype of the results we obtain appears in the seminal paper [15] by O’Connell where
it is shown that the law of the one-way simple random walk W in Z™ conditioned to stay in
the cone C = {(z1,...,2,) € Z" | 21 > --- > x, > 0} and with drift in the interior C of C,
is the same as the law of a Markov chain H obtained by applying to W a generalization of
the Pitman transform. This transform is defined via an insertion procedure on semistandard
tableaux classically used in representation theory of sl,(C). The transition matrix of H can
then be expressed in terms of the Weyl characters (Schur functions) of the irreducible sl,(C)-
modules. Here the transitions of the random walk W are the vectors of the standard basis of Z™
which correspond to the weights of the defining representation C" of s, (C). In addition to the
insertion procedure on tableaux and some classical facts about representation theory of sl,(C),
the main ingredients of O’Connell’s result are a Theorem of Doob on Martin boundary together
with the asymptotic behavior of tensor product multiplicities associated to the decompositions
of V®% in its irreducible components (which in this case are counted by standard skew tableaux).

We consider in [10] more general random walks W with transitions the weights of a finite-
dimensional irreducible g-module V' where g is a Lie algebra. The law of W is constructed so that
the probabilities of the paths only depend of their lengths and their ends. We then show that the
process H obtained by applying to W a generalization of the Pitman transform introduced in [1]
is a Markov chain. When V' is a minuscule representation (i.e. when the weights of V' belong to
the same orbit under the action of the Weyl group of g) and W has drift in the interior C of the
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cone C of dominant weights, we prove that H has the same law as W conditioned to never exit
C. Similarly to the result of O’Connell, this common law can be expressed in terms of the Weyl
characters of the simple g-modules. Nevertheless the methods differ from [15] notably because
there was no previously known asymptotic behavior for the relevant tensor multiplicities in the
more general cases we study. In fact, we proceed by establishing a quotient renewal theorem for
general random walks conditioned to stay in a cone. When W is not defined from a minuscule
representation, we also show that the law of W conditioned to never exit C cannot coincide with
that of H.

In [11], we use the renewal theorem of [10] and insertion procedures on tableaux appearing
in the representation theory of the Lie superalgebras gl(m,n) and q(n) to extend the results of
[15] to one way simple random walks conditioned to never exit cones C’ for examples of cones C’
different from C.

In view of the results of [10], it is natural to ask whether the Markov chain H is related to
a suitable conditioning of W in the non minuscule case. Also what can be said about the law
of W conditioned to never exit C ? In the sequel, we will answer both questions (partially for
the second) not only for random walks defined from representations of Lie algebras but, more
generally, for similar random walks with transitions the weights of a highest weight module V' (k)
associated to a Kac-Moody algebra g of rank n.
By using Littelmann path model [13], one can associate to V (k) a set of piecewise continuous
linear paths B(m,) in the weight lattice P C R™ of g such that all the paths in B(m,) have
the same finite length. These paths (called elementary in the sequel) are regarded as functions
7 : [0,1] — R™ such that 7(0) = 0 and 7(1) € P. The weights of V (k) are then the elements
7(1),m € B(my). The set B(m,) has the structure of a colored and oriented graph isomorphic to
the crystal graph of V (k) as defined by Kashiwara.
We use the crystal graph structure on B(7,) to endow it as in [10] with a probability density p.
This yields a random variable X defined on B(m,) with probability distribution p. Let (X)¢>1
be a sequence of i.i.d. random variables with the same law as X. We then define a continuous
random path W such that W(t) = X1(1) 4+ --- + Xy_1(1) + X¢(£ — t) for any £ > 1 and any
t € [€ —1,¢]. The sequence W = (Wy)y>o defined by W, = W(¥) is then a random walk with
transitions the weights of V (k) as considered in [10]. The main result of the paper is that, when
W has drift in C (i.e. in the interior of the Weyl chamber of g), the law of its conditioning by
the event E = (W(t) € C for any t > 0) can be simply expressed in terms of the Weyl-Kac
characters. So the results of [10] remain true for a conditioning holding on the whole continuous
trajectory (not only on its discrete version at integer time). We also prove that the conditioned
law so obtained coincides with the law of the image of W by some map, called the generalized
Pitman transform. When g is finite-dimensional and & is minuscule we recover in particular the
main results of [15] and [10]. Indeed in the case, for any ¢ > 0, the set {W(t) | t € [¢,£ + 1]} is
just the segment joining W, = W({) to Wy11 = W(£+1). On the representation theory side, our
results also lead to asymptotic behavior of tensor product multiplicities of Kac-Moody highest
weight modules.
Nevertheless our approach differ from that of [10] since we do not use any renewal theorem.
Our strategy is more algebraic: we exploit the symmetry of the representations with respect to
the Weyl group W of g and study simultaneously a family of random paths W" indexed by the
elements w € W. In particular our proofs are independent of the results of [15] and [10].

The paper is organized as follows. In Section 2, we introduce the notions of random walk
and random path used in the paper. Section 3 recalls the necessary background on Kac-Moody
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algebras and their representations and summarize some important results on Littelmann’s path
model. The random path W and the random walk W associated to V (k) are introduced in
Section 4 together with the generalized Pitman transform and the Markov chain H. In Section
5, we use a process of symmetrization to define the random paths W¥,w € W from W = W*.
This allows us to give an explicit expression of the harmonic function p — P,(W(t)e€ C for any
t > 0) in Section 6 and prove our main theorem. Its gives the probability that W starting at
w1 remains in C. We also extend it to the case of random walks defined from non irreducible
representations of simple Lie algebras. We notably permit us to present in detail the important
example of the random walk to the height closest neighbors which cannot be treated by the
methods of [10] since the corresponding representation does not decompose as a sum of minuscule
representations. Finally Section 7 is devoted to additional results: we give asymptotic behavior
of tensor power multiplicities and also compare the probabilities P, (W(t)e C for any ¢t > 0) and
P,(Wy € C for any £ > 0).

MSC classification: 05E05, 0510, 60G50, 60J10, 60J22.

2. RANDOM PATHS

2.1. Background on Markov chains. Consider a probability space (£, F,P) and a countable
set M. A sequence Y = (Y}),>0 of random variables defined on 2 with values in M is a Markov
chain when

P(Yor1 = posr | Yo = pe, -, Yo = po) = P(Ye1 = pogr | Yo = pe)

for any any ¢ > 0 and any po, ..., e, per1 € M. The Markov chains considered in the sequel
will also be assumed time homogeneous, that is P(Yy11 = A | Yo =p) =P(Yo = A | Y1 = )
for any £ > 1 and pu, A € M. For all u, A in M, the transition probability from p to A is then
defined by
O, A) =P(Yep1 = A | Yo = p)

and we refer to II as the transition matrix of the Markov chain Y. The distribution of Yj is
called the initial distribution of the chain Y.

In the following, we will assume that M is a subset of the euclidean space R™ for some
n > 1 and that the initial distribution of the Markov chain ¥ = (Y});>0 has full support, i.e.
P(Yp = A) > 0 for any A € M. In [10], we have considered a nonempty set C C M and an
event £ € T such that P(E | Yy =A) >0forall A € Cand P(E | Yo = A) =0 for all X ¢ C;
this implied that P(E) > 0, we could thus define the conditional probability Q relative to this
event: Q(-) := P(-|E). For example, we considered the event E := (Y € C for any ¢ > 0). In the
present work we will study more general situations, this involves to introduce some generalities
about continuous time Markov processes.

A continuous time Markov process Y = (Y(t))i>0 on (2, F,P) with values in R™ is a family of
random variables defined on (92, F,P) such that, for any integer k > 1, any 0 < ¢; < -+ < tg41
and any Borel subsets By, --- , Bryr1 of R, one gets

]P’(y(thrl) € Bk+1 ’ Y(tl) S Bl,Y(tQ) € BQ, oo ,Y(tk) € Bk) = P(Y(thrl) € Bk+1 ’ Y(tk) € Bk)

This is the Markov property, that we will use very often. In the following, we shall need a more
general version of this property which is a consequence of the above. One can indeed show that

for any 7' > 0 and any Borel sets A ¢ (R*)®07] B ¢ R” and C ¢ (R®)®[+>[ one gets
P(YV(#)i=r € C| (V(t))o<i<r € A, V(T) € B) = P((V(t))i=r € C | V(T) € B).

In the sequel, we will assume the two following conditions.
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(1) For any integer ¢ > 0, one gets
(1) Yy =YWl) e M P—almost surely

It readily follows that the sequence Y = (Y;)¢>0 is a M-valued Markov chain.
(2) For any 0 < s <t and any Borel subsets A, B € R"

(2) PY(t+1)€B|Y(s+1) € A)=PY(t) e B|Y(s) € A).

Combining this condition with the Markov property, one checks that for any 7" > 1 and
x € R", the conditional distribution of the process (Y(t + 1));>r with respect to the
event (Y(T + 1) = z) is equal to the one of (Y(t));>7 with respect to (V(T') = ).

In the following, we will assume that the initial distribution of the Markov process (J(t)):>0
has full support, i.e. P(Y(0) = A\) > 0 for any A\ € M. We will also consider a nonempty
set C C R™ and will assume that the probability of the event E := ()(t) € C for any t > 0)
is positive; the conditional probability Q relative to E is thus well defined. The following
proposition can be deduced from our hypotheses and the Markov property of Y. We postpone
its proof to the appendix.

Proposition 2.1. Let (Y(t))i>0 be a continuous time Markov process with values in R™ satisfying
conditions (1) and (2) and C C R™ such that the event E := ()(t) € C for any t > 0) has positive
probability measure. Then, under the probability Q(-) = P(-|E), the sequence (Yy)r>o is still a
Markov chain with values in C N M and transition probabilities given by

P(E|Yy=\)
3 Vu heCnNM Yipr =M Yo=p) =0 (g, \)—/—m-——
where T1¥ (1, \) = P(Yoy1 = \, V() € C fort € [(,£+1] | Y, = p). We will denote by YF this

Markov chain

To simplify the notations we will denote by C the set C N M as soon as we will consider the
Markov chain (Y7)¢so and II¥ = (II(g, A))urec the “restriction” of the transition matrix II to
the event E where

I (1, \) = P(Yoy1 = A\ V() €Cfor t € [6,0+1] | Yy = p).

So I1¥(u, \) gives the probability of the transition from u to A when )(t) remains in C for
tell,0+1].

A substochastic matriz on the countable set M is a map II : M x M — [0, 1] such that
ZyeM I(z,y) < 1 for any =z € M. If II,II' are substochastic matrices on M, we define their
product II x IT" as the substochastic matrix given by the ordinary product of matrices:

I x I'(a,y) = ) Wz, 2)IT'(2,y).
zeM
A function h : M — R is harmonic for the substochastic transition matrix II when we have
> yen Wz, y)h(y) = h(z) for any x € M. Consider a (strictly) positive harmonic function h.
We can then define the Doob transform of II by & (also called the h-transform of II) setting
h(y)

Iy (z,y) = ml‘[(aﬁ,y).

We then have ZyeM I, (z,y) = 1 for any x € M. Thus IIj, is stochastic and can be interpreted
as the transition matrix for a certain Markov chain.
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An example is given in formula (3): the state space is now C, the substochastic matrix is
II1¥ and the harmonic function is hg(u) := P(E | Yo = p); the transition matrix HEE is the

transition matrix of the Markov chain Y.

2.2. Elementary random paths. Consider a Z-lattice P with finite rank d. Set Pr = P®z R
so that P can be regarded as a Z-lattice of rank d in R%. An elementary path is a piecewise
continuous linear map 7 : [0,1] — Pg such that m(0) = 0. Two paths m; and 7 are considered
as identical if there exists a piecewise, surjective continuous and nondecreasing map u : [0,1] —
[0,1] such that w9 = 71 o w.

The set F of continuous functions from [0,1] to Pr is equipped with the norm ||| of
uniform convergence : for any 7 € F, on has |||, := supyoq [|7(t)|ly where [|-[|, denotes
the euclidean norm on R?. Let B be a countable set of paths with the same norm and fix
a probability distribution p = (pr)rep on B such that p; > 0 for any 7 € B. Let X be a
random variable defined on a probability space (€2, F,P) and with distribution p (in other words
P(X = 7) = pp for any m € B). Since the paths in B have the same norm, the variable X
admits a moment of order 1 : namely E(||X|) < +oo, the series of functions ) _p,m thus
converges uniformly on [0, 1] and the function

m:=E(X) = prw
TeB

is continuous on [0, 1].
The concatenation my * 79 of two elementary paths 7 and 79 is defined by

[ m(2) for telo, l],
moem®)={ 20 et teldl

In the sequel, C is a closed convex cone in Pr with interior C and we set P.=CnNnP.

2.3. Random paths. Let B be a set of elementary paths and (X/),>; a sequence of i.i.d.
random variables with law X where X is the random variable with values in B introduced in
2.2. We define the random process W as follows: for any ¢ € Z~g and t € [¢, ¢ + 1]

W(t) = Xl(l) + Xg(l) —+ -+ ngl(l) + Xg(t — 6)
The sequence of random variables W = (W;)¢>0 := W(¥))e>0 is a random walk with set of
increments I := {n(1) | 7 € B}.

For any £ > 1, let ¢, be the map defined by
Ve C ahy(p) =P, (W(t) € C for any t € [0,4])
so that 1y(p) is the probability that W starting at u remains in C for any t € [0, ¢]. As £ — 400,
the sequence of functions (1);)¢>0 converges to the function 1 defined by
Vel ip(u)=P,(W(t) €C for any t > 0).

Proposition 2.2. Assume there exists a path m € B such that Im7m C C. For any 1 € C, we
then have ¥(u) > 0 when m(1) € C and () = 0 otherwise.

Proof. Observe that ¢(u) = P,(W(t) € C for any t > 0) < P, (W, € C for any ¢ > 0). By a
straightforward application of the strong law of large numbers (see [10] for more details), we
have P, (W, € C for any ¢ > 0) = 0 when m(1) ¢ C. Thus 1(u) = 0 when m(1) ¢ C. Since B
contains a path 7y such that Immy C CO, we have, setting v = my(1) € C

Vk>1 P,(W(k)=Fkv,W(t) €C for any t € [0,k]) > 0.
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Let » > 0 be such that B(m(1),r) is included in C. For any integer ¢ > 1 we thus have
By := By(¢m(1),¢r) C C and since all the paths in B have the same norm and m(1) € C, one
gets, for k large enough

(W(k:) = kv, W(t) € C for any t > k:) = (W(k:) = kv, W({) € By for any ¢ > k:)
and so, by the strong law of large numbers
P(W(k) = kv, W(t) €C for any t > k) > P(W(k) = kv, W(¢) € B, for any (> k) > 0.
Consequently, by the Markov property
Y(p) > P, <W(k‘) = kv, W(t) € C for any t € |0, k:]) X Pry <W(t) € C for any t > k:) > 0.
O

3. REPRESENTATIONS OF SYMMETRIZABLE KAC-MOODY ALGEBRAS

3.1. Symmetrizable Kac-Moody algebras. Let A = (a;;) be a n x n generalized Cartan
matrix of rank r. This means that the entries a; ; € Z satisfy the following conditions

(1) a;; € Zfori,je{l,...,n},

(2) a;;=2forie{1,...,n},

(3) a;; =0 if and only if a;; = 0 for 4,5 € {1,...,n}.

We will also assume that A is indecomposable: given subsets I and J of {1,...,n}, there
exists (i,j) € I x J such that a;; # 0. We refer to [6] for the classification of indecomposable
generalized Cartan matrices. Recall there exist only three kinds of such matrices: when all the
principal minors of A are positive, A is of finite type and corresponds to the Cartan matrix of a
simple Lie algebra over C; when all the proper principal minors of A are positive and det(A) =0
the matrix A is said of affine type; otherwise A is of indefinite type. For technical reasons, from
now on, we will restrict ourselves to symmetrizable generalized Cartan matrices i.e. we will
assume there exists a diagonal matrix D with entries in Z~( such that DA is symmetric.

The root and weight lattices associated to a generalized symmetrizable Cartan matrix are
defined by mimic the construction for the Lie algebras. Let PY be a free abelian group of rank
2n — r with Z-basis {hq,..., by} U{dy,...,dy_r}. Set h := PV @7 C and hg := PV @z R. The
weight lattice P is then defined by

P = {y e |y(P¥) C Z}.

Set 1Y := {hy,...,h,}. One can then choose a set IT := {ay,...,a;,} of linearly independent
vectors in P C b* such that a;(hj) = a;; for i,j € {1,...,n} and o4(d;) € {0,1} for i €
{1,...,n—r}. The elements of II are the simple roots. The free abelian group Q := @', Zey is
the root lattice. The quintuple (A, II, 11V, P, PV) is called a generalized Cartan datum associated
to the matrix A. For any i = 1,...,n, we also define the fundamental weight w; € P by
wi(hj) =6;; for j € {1,...,n} and wi(d;) =0 for j € {1,...,n —r}.

For any i = 1,...,n, we define the simple reflection s; on h* by

(4) si(v) =7 — hi(y)a; for any vy € P.

The Weyl group W is the subgroup of GL(h*) generated by the reflections s;. Each element
w € W admits a reduced expression w = s;, - - - s;,. One can prove that r is independent of the
reduced expression considered so the signature e(w) = (—1)" is well-defined.
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Definition 3.1. The Kac-Moody algebra g associated to the quintuple (A, 1L 11V, P, PV) is the

C-algebra generated by the elements e;, fi, i =1,...,n and h € P together with the relations
(1) [h,h'] =0 for any h,h' € P,

(2) [h,ei] = a;(h)e; for anyi=1,...,n and h € P,

(3) [h, fi] = —ai(h) fi for anyi=1,...,n and h € P,

(4) lei, fj] = 6ijhi for anyi,i=1,...,n,

(5) ad(e;)t"%i(e;) =0 for any i,j = 1 ,m such that i # 7,

(6) ad(fi)'~ a”(f)—Oforcmyzy—l nsuchthati;«éj,

where ad(a) € Endg is defined by ad(a)(b) = [a,b] := ab — ba for any a,b € g.

Denote by g4 and g_ the subalgebras of g generated by the ¢;’s and the f;’s, respectively. We
have the triangular decomposition g =g, © b @ g_ and b is called the Cartan subalgebra of g.
For any a € @, set

0o :={z € g [h,z] = a(h)z for any h € b}.

The algebra g then decomposes on the form

g= @ Ja
a€eqQ
where dim g,, is finite for any o € Q). The roots of g are the nonzero elements a € ) such that
ga # {0}. We denote by R the set of roots of g. Set Q4 := @), Z>oa;, Ry := RN Q4 and
R_ = RN (—Q4+). Then one can prove that R = R U R_ and R_ = —R, as for the finite
dimensional Lie algebras. For any v = >"" | a;c; € Q4, we set

n
== Z a;.
i=1
We have the decomposition
i=P seobe P g
aERy aER_
For any a € Ry, we set dim g, = m,, the multiplicity of the root o in g. The set R, is infinite as

soon as A is not of finite type; the multiplicity m, may be greater than 1 but is always bounded
as follows (see [6] § 1.3):

(5) ma < n"™® for any a € R, .

When A is not of finite type, the Weyl group W is also infinite and there exist roots a € R which
do not belong to any orbit We;,7 = 1,...,n of a simple root; these roots are called imaginary
roots in contrast to real roots which belong to the orbit of a simple root «.

The root system associated to a matrix A of finite type is well known (see for instance
[2]) and are classified in four infinite series (A,,, B,,C, and D,) and five exceptional systems
(Eg, E7, Es, Fy,G2). In contrast, few is known on the root system associated to a matrix of
indefinite type. In the intermediate case of the affine matrices, there also exists a finite classifi-
cation which makes appear seven infinite series and seven exceptional systems. The root system
can be described as follows. First, the rows and columns of A can be ordered such that the
submatrix A° of size (n — 1) x (n — 1) obtained by deleting the row and column indexed by n
in A is the Cartan matrix of a finite root system R°. The kernel of A has dimension 1; more
precisely, there exists a unique n-tuple (a1, ..., a,) of positive relatively prime integers such that
A'(aq,...,an) = 0 and the vector 6 = Y. | a;a; then belongs to R. The sets of real roots, of
imaginary roots, of positive real roots and positive imaginary roots can be completely described
in terms of roots in R° and . We refer to [6] p. 83 for a complete exposition and only recall the
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following facts we need in the sequel. In particular, we do not need the complete description of
the sets R'® which strongly depends on the affine root system considered. We have

R Cc{a+ké|a€ R° ke Zso}URS
(2)

except for the affine root system Aj,’ in which case
1
R Cc{a+kéd|aec R keZso}tU {5(04 +(2k—1)0 | € R°,k € Z>o}URS.
We also have in all affine cases
(6) R™={ké | k € Z~o} and Ry =R'*UR"™.
The multiplicities of the positive roots verify (see [6] Corollary 8.3).

(7) me =1 for a € R and mq < n for a € R{™

3.2. The category O;,; of g-modules. Let g be a symmetrizable Kac-Moody algebra. We
now introduce a category of g-modules whose properties naturally extend those of the finite-
dimensional representations of simple Lie algebras.

Definition 3.2. The category O is the category of g-modules M satisfying the following
properties:

(1) The module M decomposes in weight subspaces on the form

M = @My where My == {v € M | h(v) =y(h)v for any h € h}.
yEP

(2) For any i =1,...,n, the actions of e; and f; are locally nilpotent i.e. for any v € M,
there exists integers p and q such that € -v = f-v =0.

For any v € P, let € be the generator of the group algebra C[P] associated to 7. By definition,
we have e7¢? = 77" for any v,~ € P and the group W acts on C[P] as follows: w(e?) = e*(?)
for any w € W and any v € P.

The irreducible modules in the category O;,: are the irreducible highest weight modules, they
are parametrized by the integral cone of dominant weights P4 of g defined by

P, :={\Ne€P|Ahi)>0 foranyi=1,...,n}.

The irreducible highest weight module V'(A) of weight A € P decomposes as V(A) = @, cp V(A
observe that dim V()) is infinite when g is not of finite type, nevertheless the weight space
V(A)y is always finite-dimensional and we set K, := dim(V()\)y). Furthermore, we have
dimV(A)y =1 and e;(v) = 0 for any i = 1,...,n and v € V(A),; the elements of V(\)y thus
coincide up to a multiplication by a scalar and are called the highest weight vectors.

The character sy of V/(A) is defined by s 1=} cp Ki 4€7; it is invariant under the action of
the Weyl group W since K , = K () for any w € W. Observe that the orbit W - v intersects
P, exactly once when K, > 0.

From now on, we fix a weight p € P such that p(h;) = 1 for any ¢ = 1,...,n; we have the
Kac-Weyl character formula :

> wew E(w)er A roe
HQER+(1 — e_a)ma .

Theorem 3.3. For any A € P, we have sy =
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The category O;y; is stable under the tensor product of g-modules. Moreover, every module
M € Oy decomposes has a direct sum of irreducible modules. Given AV, ... A*) a sequence
of dominant weights, consider the module M := V(AM) ® --- @ V/(A"). Then dim M, is finite
for any v € P, the character of M can be defined by char(M) := 3. . pdim M,e” and we have

char(M) = sy - Sy,

Each irreducible component of M appears finitely many times in this decomposition, in other
words there exist nonnegative integers m s\ such that

M ~ EB V(A\)®™Mx or equivalently char(M) := Z AL ASA-
)\EP+ )\EP+

Consider k, ;1 € Py and ¢ € Z>p. We set

Kl %
8) Vin) @ V(r)® =3 VNV and mpy, = ).
)\GP+

In the sequel, we will fix k € P, and write f;”/i = ffi I for short. Observe that in the previous
decomposition all but a finite number of coefficients f¥ /, are equal to 0.

3.3. Littelmann path model. The aim of this paragraph is to give a brief overview of the
path model developed by Littelmann and its connections with Kashiwara crystal basis theory.
We refer to [12], [13], [14] and [7] for examples and a detailed exposition. Let g be a sym-
metrizable Kac-Moody algebra associated to the quintuple (A, II, 11V, P, PV) where Aisan xn
symmetrizable generalized Cartan matrix with rank r. In the following, it will be convenient to
fix a nondegenerate symmetric bilinear form (-,-) on by invariant under W. For any root o, we
set oV = JT) We have seen that P is a Z-lattice with rank d = 2n —r. We define the notion of
elementary piecewise linear paths in Pr := P ®z R as we did in § 2.2. Let P be the set of such
elementary paths having only rational turning points (i.e. whose inflexion points have rational
coordinates) and ending in P i.e. such that 7(1) € P. The Weyl group W acts on P as follows:
for any w € W and n € P, the path w[n| is defined by

(9) vte[0,1]  wnl(t) = w(n(t))
and the weight wt(n) of n is defined by wt(n) = n(1).

We now define operators & and f;, i = 1,...,n, acting on P U {0}. If n = 0, we set &;(n) =
fl(n) = 0; when n € P, we need to decompose n into a union of finitely many subpaths and
reflect some of these subpaths by s,, according to the behavior of the map

f0,1] — R
h"'{ tooo (n(t),a)).

Let m,, for the minimum of the function h,. Since h,(0) = 0, we have m, < 0.

If m,; > —1, then &(n) = 0. If m, < —1, set t; := inf{t € [0,1] | h,(t) = my} and let
to € [0,t1] be maximal such that m,, < h,(t) < m, + 1 for any t € [t,?1] (see figure 1). Choose
r>1and tg =t <M < ... <t =¢; satisfying the following conditions: for 1 < a < r

(1) either hy,(t@1) = R, (t@) and Ry (t) > hy(t@) on [tle=D ¢(@)]]

(2) or hy, is strictly decreasing on [t~ (9)] and h,,(t) > h,(t®~Y) on [0,¢(=V].

We set -1 = 0 and ¢t0*tY =1 and, for 0 < a < r + 1, we denote by 7, the elementary path
defined by
Vu € 0,1 a(u) = 9tV +u(t@ —t07D)) — ().
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/\ to /\ b o vy
V

FIGURE 1. Paths n, n = é(n) and ny = fi(n)

Observe that 7, is the elementary path whose image translated by n(t(a_l)) coincides with the
restriction of 1 on [t(afl),t(a)]; the path n decomposes as follows

N=To* T * - kT *Tr41.
For 1 < a <r+1, we also set 7], = 1, in case (1) and 7], = s, (7,) in case (2). Fori € {1,--- ,n},
we set
. Jo if By (1) < my+1,
éi(n) = { Mo * My %+ xn.*n-41 otherwise.
To define the f;, we first propose another decomposition of the path n. If hy(1) < my + 1,
then f;(n) = 0. Otherwise (h,(1) > m, + 1), set ty := sup{t € [0,1] | hy(th) = m,} and let
th € [ty, 1] be minimal such that h,(t) > m, + 1 for ¢t € [t],1] (see figure 1). Choose r > 1 and
ty = t0 <t <o <) = t} satisfying the following conditions: for 1 < a <r
(3) either h,(t@1) = R,y (t@) and hy(t) > Ry (t@1)) on [tla=1) @),
(4) or hy is strictly increasing on [¢t(@=1 #(@] and hy, () > h, (t@) on [t@1].
We set -1 = 0 and t0*+Y =1 and, for 0 < a < r + 1, we denote by 7, the elementary path
defined by
Vu € 0,1 a(u) = n(t@ Y +u(t@ —t07D)) —p(e).
As above, the path n decomposes as n =ng*ny * -+ - *xnp x Nppq; for 1 < a <r+ 1, we thus set
1., =1, in case (3) and 17/, = sq,(1,) in case (4) and the operator f;,1 < i < n, is defined by
= { 0 if hy(1) <my+1,
Mo * My %+ xn. *n.41 otherwise.
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Remarks: 1. Observe that the paths 7, é;(n) and f;(1) have the same length.

2. When ¢;(n) is computed, the segments of 77 which are replaced by their symmetric under s,
correspond to intervals where h,, is strictly decreasing. This implies that hy(t) < he,(,)(t) for
any t € [0,1]. Similarly, we have h,(t) > R ) (t) for any t € [0, 1].

The operators & and f; satisfy the following properties :

Proposition 3.4.
(1) Assume €;(n) # 0; then €(n)(1) = n(1) + a; and fi(€(n)) = n.
(2) Assume fi(n) # 0; then fi(n)(1) =n(1) — a; and &(fi(n)) = n.
(3) A path n € P satisfies é;(n) = 0 for any i =1,...,n if and only if Imn + p is contained
in C.
We may endow P with the structure of a Kashiwara crystal: this means that P has the
structure of a colored oriented graph by drawing an arrow 7 % 7/ between the two paths 7, n/
of P as soon as f;(n) = 1" (or equivalently n = & (n')). For any n € P, we denote by B(n) the

connected component of 7 i.e. the subgraph of P obtained by applying operators €; and f;,
1=1,...,nton.

For any path n € P and i = 1,...,n, set g;(n) = max{k € Z>o | €(n) = 0} and ¢;(n) =
max{k € Z>o | f¥(n) = 0}; one easily checks that &;(n) and ¢;(n) are finite.

We now introduce the following notations

® Puinz is the set of integral paths, that is paths n such that m, = minte[()’l}{@(t),aﬂ}
belongs to Z for any i = 1,...,n.

e C is the cone in by defined by C = {z € by | z(h;) > 0}.

e C is the interior of C; it is defined by C = {x € b | (h;) > 0}.
One gets the

Proposition 3.5. Let n and 7 two paths in Pminz. Then

1) the concatenation ™ *n belongs to Puminz,
n
(2) for anyi=1,...,n we have

(10) éim*w):{ nxei(m) if eim) > i) andﬁ‘(ﬁ*ﬂ):{ fitn) s 7 if @i(n) > ei()

éi(n) xm otherwise, n* fi(x) otherwise.

In particular, €;(nxm) = 0 if and only if €;(n) = 0 and ¢;(7) < @;(n) foranyi=1,...,n.
(3) €&(n) =0 for any i = 1,...,n if and only if Imn is contained in C.

The following theorem summarizes crucial results of Littelmann (see [12], [13] and [14]).

Theorem 3.6. Consider A\, u and k dominant weights and choose arbitrarily elementary paths
N, Ny and 1, in P such that Imny C C, Imn, C C and Imn,, C C and joining respectively 0 to
A, 0 top andO to k.
(1) We have B(ny) == {fi,--- fiumn |k € N and 1 <iy,--- i <n}\ {0}
In particular wt(n) — wt(ny) € Q+ for any n € B(ny).
(2) The graph B(ny) is contained in Puyinz.-
(3) Ifn is another elementary path from 0 to X such that Im ) is contained in C, then B(n))
and B(n) are isomorphic as oriented graphs i.e. there exists a bijection 6 : B(ny) —
B(n) which commutes with the action of the operators é; and fi, i=1,...,n.
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(4) The crystal B(ny) is isomorphic to the Kashiwara crystal graph B(\) associated to the
Uq(g)-module of highest weight X.
(5) We have

(11) sy= el
neB(ny)
(6) For anyi=1,...,n and any b € B(n)), let s;(b) be the unique path in B(ny) such that

pi(si(b)) = €i(b) and &i(si(b)) = i (D)
(in other words, s; acts on each i-chain C; as the symmetry with respect to the center of
Ci). The actions of the s;’s extend to an action of W on P which stabilizes B(ny). In
particular, for any w € W and any b € B(ny), we have w(b) € B(ny) and wt(w(b)) =
w(wt(b)).!
(7) For any b € B(ny) we have wt(b) = > 1" (pi(b) — &i(b))w;.
(8) Given any integer £ > 0, set
(12)
B(77M)>|<B(77,.i)*z ={r=nxmx*---xmeP|ne B, andn, € B(n,) foranyk=1,... 0}

The graph B(n,,) * B(ne)* is contained in Puinz.
(9) The multiplicity mf;,_i defined in (8) is equal to the number of paths of the form p *n
with n € B(n,) contained in C.
(10) The multiplicity ffi/ﬂ defined in (8) is equal to cardinality of the set

Hf\/u = {m € B(n) * Bm)™ | &(r) =0 foranyi=1,...,n and w(1) = \}.
Each path m =n*xnpx---*xnp € Hf\/“ verifies Imm C C and n = 1.

Remarks:

1. Combining assertion (2) of Proposition 3.4 together with assertions (1) and (5) of the
Theorem 3.6, one may check that the function e *sy is in fact a polynomial in the variables
T; = e~ %, namely

(13) S\ = eASA(TI’ s ’Tn)
where Sy € C[Xjy,..., Xy]. Observe also that the quantity Seo = [[,cp, W is a formal
power series in the variables T1,...,T,. M. Kashiwara proved (see for instance [5] § 20.7) that

the crystal B(\) admits a projective limit B(co) when A tends to infinity and that
char(B()) = Z eVt = g
beB(0)
Now, since B(A) can be embedded in B(co) up to a translation by the weights by A, we have
(14) S\(Th, ... To) < Soo(Th, ..., Tp);
in other words Seo(T1,...,Tn) = SA(T1,...,Tn) + -, auT™ where the coefficients a, are

nonnegative integers.
2. Using assertion (1) of Theorem 3.6, we obtain mf;(; %0 only if 44+ — X € Q. Similarly,

when ff\s’/i # 0 one necessarily has p+ 06 — X € Q.

3. A minuscule weight is a dominant weight k € P such that the weights of V' (k) are exactly
those of the orbit W - k. In this case, if we take 7, : t — tk, the crystal B(n,) contains only the
paths 1 : t — tw(k). In particular, these paths are lines.

IThis action should not be confused with that defined in (9) which does not stabilizes B(1) in general.
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4. Given any path 7 such that Imny C C, the set of paths B(n)) is in general difficult
to describe (even in the finite type cases). Nevertheless, for the classical types or type Go
and a particular choice of 7, the sets B(n)) can be made explicit by using generalizations of
semistandard tableaux (see for example [9] and the references therein).

4. RANDOM PATHS AND SYMMETRIZABLE KAC-MOODY ALGEBRAS

4.1. Probability distribution on elementary paths. Consider k € Py and a path 7, €
P from 0 to k such that Imm, is contained in C. Let B(m,) be the connected component
of P containing m,. We now endow B(7,) with a probability distribution p,, which will be
characterized by the datum of a n-tuple 7 = (11,...,7,) € R%, (each 7; can be regarded
as attached to the positive simple root «;). For any u = wjo; + -+ + upa, € Q, we set

T =7 7Un. Let m € B(m,): by assertion (1) of Theorem 3.6, one gets

m(l) =wt(mr) =Kk — Zui(ﬂ)ai
i=1

K—wt ()

where u;(7) € N for any i = 1,...,n. We have S (7) := Sk(71,.. ., ™) = Xrepm,) T .

Proposition 4.1. For any x € Py,
(1) if A is of finite type then 0 < Si(7) < oo for any T € RY,
(2) if A is of affine type then 0 < S, (1) < oo for any T €]0,1[",
(3) if A is of indefinite type then 0 < Si(7) < oo for any T €]0, %[”
Proof. The inequality Sy (7) > 0 is immediate since 7; > 0 for any i = 1,...,n.
When A is of finite type, the crystal B(m,) is finite, so that S, (7) < co. When A is not of finite
type, we have by (14)

1

Su(m) < S(r) = 11 G—ayma

acRL
and it suffices to prove that S (7) is finite.

e Assume first that A is of affine type different from Agl)

1 1 = =
Hmﬁ Il —— Hm I =

a€R4 aERG acR® \k=1

. By (6) and (7), we have

since 0 < 7% < 1 for any o € Ry and R° is finite. We have to prove that the infinite products
in the above expression are finite. Let 79 = max(7;,7 = 1,...,n). Since ht(d) > n, we have
0 < 73'; moreover « 4 krd € Q4 for any £ > 1 and a € R°. We therefore get

+00 1 +00 1 n
I1 (1= 7oy < <H 1_Tém> < +oo

k=1 k=1

since the series > %% In(1 — ™) converges for 73 €]0,1[. Similarly, since 73" €]0, 1[ one gets

400 1 400 1
H 1 — Fatkrd < H 1— TaTkrn < +00.
k=1 k=1 0

2)

The case Agn is obtained by the same arguments.
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nht(a)

1
e Secondly, assume that A is of indefinite type. By (5), we have S, (7) < H <1 a)
-7
R

Moreover, since 0 < 77 < 1 for any § € Q4 and R, C Q., we have also

m=1l5 nhm) - I 1_75

B€Q+ k=1 seQy
B#0 ht(B)=k
with .
1 1 1 (k+1)"n
T | < ()
k= ht - _ +k
seo, (1 —7B8)n sean (1—1) (5))nk 1—7f
ht(8)=k ht(8)=k
since card({ € Q4+ | ht(B) = k}) < (k +1)". We thus get
+oo 1
Sk(1) < - — < 400
kl:[l (1 _ Téﬂ)n (k+1)
using the fact that the series ;%) n*(k + 1)" In(1 — 7¢) converges for 7 €]0, 1]. O
From now on, we write 7 for the set of n-tuples 7 = (71,--- ,7,) € RZ, such that

e 7, €]0,1[ for 1 <i <n when A is of finite or affine type,
e 7; €0, %[ for 1 <7 < mn when A is of indefinite type.

Corollary 4.2. For any p € Py and w € W, the weight u + p — w(p + p) belongs to Q4;
moreover, for T € T, one gets

Z 8(w)7.u+p—w(u+p) < Z phto—wlpte) 4 oo
weW weW

Proof. By the Weyl-Kac character formula, one gets

ZU)EW E(w)ew(ﬂ‘i’p)*p*ﬂ
HO(ER+(1 — e*a)ma .

Since e #sy and [[ e g, (1—€~*)™* are polynomial in e P with 8 € Q, we have u+p—w(u+p) €
Q4+ for any w € W. Now observe that u + p belongs to Py and is the dominant weight of
V(p + p), each w(p + p) is thus also a weight of V(i + p). Therefore, the coefficients of the
decomposition of 5,1 ,—> ", cw ¢w(+p) on the basis {e? | B € P} are nonnegative; in other words
Z ewlitr) < Su+p Which readily implies that -, ewlntp)—n—p < e "= Ps,.,. By specializing
weW

e~% =1;, one gets Y, oy TPV <S4 (T) < Ho0.

— 1 o
(& Sy =

O

Fr—wt(T)

Sw(T)

Remark: By Assertion 3 of Theorem 3.6, for 7/, another elementary path from 0 to x such that
Im 7/, is contained in C, there exists an isomorphism © between the crystals B(m,) and B(7,)
and one gets pr = pg(r) for any m € B (7). Therefore, the probability distributions we use on
the graph B(m,) are invariant by crystal isomorphisms.

Definition 4.3. We define the probability distribution p on B(m)setting pr =
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Let X a random variable with values in B(m,) and probability distribution p; as a direct
consequence of Proposition 4.1, we get the

Corollary 4.4. The variable X admits a moment of order 1. Moreover the series of functions
n= 3
TEB(my)
converges uniformly on [0,1].
Proof. Since the operators fl and €;, 1 < i < n, preserve the length of the paths, all the paths

7 in B(m,) have the same length L,; consequently, for any t € [0, 1], we have || (t)||, < L, with
> reB(my) PoLw = Li; < 4o00. This proves that the series m converges uniformly on [0, 1. O

4.2. Random paths of arbitrary length. We now extend the notion of elementary random
paths. Assume that mq,..., 7, a family of elementary paths; the path m ® --- ® 7y of length £
is defined by: for all k € {1,...,¢/ —1} and t € [k, k + 1]

(15) T @m(t) =m (1) + -+ m(1) + 71 (t — k).

Let B®Y(7,) be the set of paths of the form b = 7 ® --- ® m; where 7y,..., 7, are elementary
paths in B(,); there exists a bijection A between B®(m,) and the set B*/(m,) of paths in P
obtained by concatenations of ¢ paths of B(r):

(24 *{
(16) A { B® () —  B*(m)
M- Qmp +——> Tk %7y

In fact 7 ® - - - ® 7y and 71 * - - - x 7wy coincide up to a reparametrization and we define the weight
of b=m1 ® -+ ® 7y setting

wt(b) := wt(my) + - + wt(mp) = w1 (1) + - -+ + 7e(1).
We now endow B®* (m;) with the product probability measure p®¢ defined by
i (i (Dtme(1) o le—wi(b)

Si(7)* a Sk(r)t
In particular, for any b, in B®(r,) such that wt(b) = wt(b'), one gets
p®'(b) = p®'(b").

Write I, : B®(rr,.) — B®~1(rx,) the projection defined by Il;(m @ - @ Ty 1@m) =M @--- @
mo_1; the sequence (B®!(,), Iy, p®¢)s>1 is a projective system of probability spaces. We denote
by (B®N(7,), p®") its injective limit; the elements of B¥N(mr,) are infinite sequences b = (7)r>1
and by a slight abuse of notation, we will also write IIy(b) = m ® - -+ ® 7.

Now let X = (X/)¢>1 a sequence of i.i.d. random variables with values in B(7,) and proba-
bility distribution p; the random path W on (B®N(x,.),p®"N) are thus defined by

WE) =T(X)t) = X1 9 Xo® - @ Xy_1 @ Xy(t) for t € [¢ —1,4].
By (15), the path W coincides with the one defined in § 2.3.

(17) PP (m @ @mg) = p(m1) -+ plmg) =

Proposition 4.5.
(1) For any B,n € P, one gets
7-"@+77_B

PWy1=8|We=n)= K&ﬁ—n,m'
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2) Consider \,u € P™ we have
( p

y TZHJr,uf)\
]P)(WZ - )\7 WO - M7W(t) S C fOT any t e [O,g]) = fA/“W.
In particular
TRTR—A
P(Wp1 = A\ We=pu,W(t) €C foranyte[l,L+1]) = m:\mm
Proof. 1. We have
PWer =B We=n)= > pa
WEB(bﬂ)ﬁ,n

where B(by)s_y is the set of paths in B(by) of weight 8 — 1. We conclude noticing that all the

T;:n;)ﬁ and card(B(br)g—y) = Ky g—n-
2. By Assertion 7 of Theorem 3.6, we know that the number of paths in B(m,) * B*(m,)

starting at u, ending at A and remaining in C is equal to ff m Since the map A defined in (16) is

paths in B(br)s—, have the same probability

a bijection, the integer ff/u is also equal to the number of paths in B(7r,) ® B®!(r,) starting at
i, ending at A and remaining in C. Moreover, each such path has the form b = b, ® by ®--- @by

where by ® --- ® by € B®(7,,) has weight A — . Therefore we have p, = T?JE:)_[A. O

4.3. The generalized Pitman transform. By Assertion 8 of Theorem 3.6, we know that
B®!(7,)) is contained in Ppinz. Therefore, if we consider a path b € B®(rw,), its connected
component B(b) is contained in Ppinz. Now, if n € B(b) is such that é;(n) = 0 for any i =
1,...,n, we should have Imn C C by Assertion 3 of Proposition 3.5; Assertion 1 of Theorem 3.6
thus implies that 7 is the unique path in B(b) = B(n) such that é;(n) =0 for any i = 1,...,n.
This permits to define the generalized Pitman transform on B®‘(m,) as the map P which
associates to any b € B®(m,) the unique path B(b) € B(b) such that &(n) = 0 for any
i =1,...,n. By definition, we have Im*B(b) C C and B(b)(¢) € P;.
Let W be the random path of § 4.2. We define the random process H setting

(18) H(t) = P(IL,(W))(t) for any ¢t € [¢ —1,¢].
For any ¢ > 1, we set Hy := H({); one gets the

Theorem 4.6. The random sequence H = (Hy)y>1 ts a Markov chain with transition matriz

(19 1.) = 5B e,

where A\, € Py.

Proof. Consider p = p@, u1 .. 1M a sequence of elements in Py. Let S(p™M,... pu0, )

be the set of paths b" € B®(rx,) remaining in C and such that b*(k) = u® k =1,...,¢ and
b+1) = X, Consider b=b; @ --- @ by @ by; € B (x,.). We have P(by @ --- @ by,) (k) = u®
for any k= 1,...,¢ and B(b)(£ + 1) = X if and only if P(b) € S(u™, ... u®,\). Moreover, by

7 (+1)r—wt(b)

(17), for any b" € S(uM, ... u®,\), we have P(b € B(b")) = Z Py = Z W;
beB(bM) beB(h) "

T(Z+1)nf>\5)\(7_)

combining (11) and (13), one obtains P(b € B(bh)) = S0 )£+1
(T

, which only depends on .
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This gives
P(HK'Fl:A’Hk:/‘(k)a\v/kzl"",é): Z Z Pb
bheS(uM .. X) be B(bh)
(ﬁ-l—l)n—)\s
1 0 T NG)
= card(S(uM, ... ut )’)\))W'

By assertion 9 of Theorem 3.6 and an easy induction, we have also

card(S(uV, ... 1O \) Hm“(kH)

w9 e ot
We thus get
A+D)K-A g
B o - WD A(T)
P(Hpiy = X Hy =™ VEk=1,.. H M) wr TG ()
Similarly
lr— %S
o - p+) T A(T)
]P’(Hk_lu( )7Vk—17 Hmﬂ(k)HT’

this readily implies
P(Hppy = M\ Hy = p®) VE=1,...,0)
P(Hy, = pk) Yk =1,...,/)

S)\(T) Ii‘HJI*)\m)\

" 5u(1)Su(7)

P(Hyp1 =M | Hy=p® Vk=1,...,0) =

5. SYMMETRIZATION

In § 4.1, we have chosen a probability distribution p on a crystal B(m,) where k € P, and
T, is an elementary path from 0 to s remaining in the cone C. This distribution depends on
7 € RZ, and Proposition 4.1 gives a sufficient condition to ensure that S.(7) is finite. Since
the characters of the highest weight representations are symmetric under the action of the Weyl
group, it is possible to define, starting from the distribution p and for each w in the Weyl group
W of g, a probability distribution p,, which reflects this symmetry.

5.1. Twisted probability distribution. Recall 7 = (my,...,7,) € T is fixed. Given any
w € W, we want to define a probability distribution on B(k) for each w € W. Recall that
w(a;) is a (real) root of g for any w € W and any simple root «;; this root is neither simple or
even positive in general. By general properties of the root systems, we know that w(c;) can be
decomposed as follows
Oy 4+ o,
w(a;) = or
_(ak1 4+ 4+ akr)
where oy, . . ., ag, are simple roots depending on w. Let us define the n-tuple 7 = (7{*,..., 1Y) €
RY, setting
oo [ e i wl) =ap, +- + g,
' Moo, i w(aw) = —(ag +- - +ay,),
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that is

(20) T = e,

(2

More generally for any @ = uyo1 + - - - + upay, € @, we have

(P = () - (7)1 = 7@,
Observe also that 7% ¢ T in general; indeed we have the following
Lemma 5.1. 7(w) € T if and only if w = 1.

Proof. Tt suffices to show that for any w € W\ {Id} distinct from the identity, there is at least
a simple root «; such that w(e;) = —(ag, + - + ag,) € —Q+. Indeed, we will have in that
case 7 = —L— > 1 since 7(w) € 7. Consider w € W \ {Id} such that w(a;) € Q4 for any

Thy TRy
i =1,...,¢ Let us decompose w as a reduced word w = s;, - - - s;,; by lemma 3.11 in [6], we
must have w(w;,) € —Q4, hence a contradiction. This means that w = 1. (]

Consider k € P;. Recall that we have by definition s, = €*S,(T1,...,T,) where T; = e~ %,
Since s, is symmetric under W, we have s, = e“(®) S, (T, ..., T) with T* = e~%(%) for any
i =1,...,n. Therefore

Se(Ty, ..., TY) = e“fw(“)S,@(Tl, ..., ) for any we W.

Since k — w(k) belongs to @, we can specialize each T; in 7;. Then T} is specialized in 7 and
we get

(21) Se(t?) = TR, (1),
in particular, it is finite.

Definition 5.2. For any w € W and any integer £ > 1, let p* be the probability distribution on
B(7,.)® defined by: for any b € B(m,)®"

w (Tw)ﬁn—wt(b) Flw(k)—wt(w(b))
Py = Se(r) T Su(rv)f

where w(b) is the image of b under the action of W (see Assertion 6 of Theorem 3.6). In
particular, p* = p coincides with the probability distribution (17).

The following lemma states that the probabilities p* and p coincide up to the permutation of
the elements in B(m,)®’ given by the action of w described in Assertion 6 of Theorem 3.6.

Lemma 5.3. For any w € W and any b € B(m,)®", we have pY = pyw), where w(b) is the
image of b under the action of W (see Assertion 6 of Theorem 3.6).

Fla—wt(w(b))

Proof. Recall that wt(w(b)) = w(wt(b)); therefore p,,) = TS
(T
Flw(r)—wt(w(b)) Flw(k)—wt(w(b))

(21) we have py = NEL = () —ing L and the equality py’ = py ) follows. [

. On the other hand, by




CONDITIONED RANDOM WALKS FROM KAC-MOODY ROOT SYSTEMS 19

5.2. Twisted random paths. Let w € W and denote by X" the random variable defined on
(B(my),p") with law given by:

P(X" =7) = py =py forall me B(m).
Set m¥ := E(X") and m := m!.

Proposition 5.4. Assume 7 € T. One gets

(1) m(1) €C,

(2) m* =w"!(m),

(3) m™(1) € C if and only if w is equal to the identity.
Proof. 1. By definition of C, we have to prove that hi(m(1)) > 0 for any i = 1,...,n. Recall
that m =5 ) P observe that the quantity

c; = hl(m(l)) = Z pﬂhi(ﬂ'(l))

7T€B(7Tl<e)

TEB(m

is well defined since > ¢ p(r ) PrllT(1)[l2 < +o0. We can decompose the crystal B(m,) in its
i-chains, that is the sub-crystal obtained by deleting all the arrows j # i. When g is not of
finite type, the lengths of these i-chains are all finite but not bounded. The contribution to ¢;

of any i-chain C' : ag BN a1 AN ay of length k is equal to ¢;(C Zpa ;(wt(a;)). Since

éi(ap) = 0 and ﬁ”’l(ao) = 0, we obtain h;(wt(ag)) = k. By definition of the distribution p and
Proposition 3.4, we have the relation p,; = 7! Do~ Finally, we get
[k/2] .
paoZT _2] = Pay Z(k_2])(7— -7 J)'
§=0
In particular the hypothe51s 7; €]0,1[ for any ¢ = 1,...,n implies that ¢;(C) > 0 for any
i-chain of length k > 0; one thus gets ¢; > 0 noticing that B(m) contains at least an i-chain of
length k& > 0, otherwise the action of the Chevalley generators e;, f; on the irreducible module
V(7)) would be trivial.
2. By Lemma 5.3, we can write

m" = Z Pu(m)T Z prw (1) = w™? Z pom | =w ™ (m)
TEB(ms) 7w €B(mx) ' €B(m)
where we use assertion 7 of Theorem 3.6 in the third equality.
3. Since m* = w(m) and m(1) € C, one gets m*(1) ¢ C because C is a fundamental
domain for the action of the Weyl group W on the tits cone X = Uyeww(C) (see [6] Proposition
3.12). O

Now let X" = (X}’);>1 be a sequence of ii.d. random variables defined on B(w.) with
probability distribution p*. The random process W* = (W}* )~ is defined by: for all £ > 1 and
telt—1,1

W) =1L(XY)(t) = X" Xy ® - @ X2, @ X[ (1).
By (15), the random walk W™ is defined as in § 2.3 from W". For any ¢ € Z>(, we also define
the function v}’ on Py setting

Uy () =P, W™ (t) € C for any t € [0,/]).
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The quantity 1§’ (1) is equal to the probability of the event “W" starting at p remains in the
cone C until the instant £”. We also introduce the function

P (p) =P, WY (t) € C,t > 0).
For w = 1, we simply write ¥ and vy instead of ¢! and 1@
The following proposition is a consequence of the previous lemma and Proposition 2.2.

Proposition 5.5.

(1) We have limg_, o0 ¥y’ (1) = ¢"(p) for any p € Py.
(2) If w# 1, then ¥ (u) =0 for any p € Py
(3) If w=1, then () >0 for any u € Py.

Similarly to Proposition 4.5 and using (21), we obtain the

Proposition 5.6.
(1) For any weights 3 and n, one gets

Fw(k+n—p) rrtw(n)—w(B)
PWi, =B W =n) = Kepn =g oy~ = Brpn g0y
(2) For any dominant weights X\ and u, one gets
w(lk+p—AN) ; Flrtw(p)—w(X)

]P’(sz = )\,Wéﬂ = ,U,Ww(t) eC fOT' any t e [O,g]) fA/“W = fA/“W.

In particular
. . . L ouleeN) e -w()
]P(Wg_*_l = )\, Wg = ,U,W (t) S C fOT’ any t e [f,f + 1]) = mmﬁW = mM’KT(T).
6. LAW OF THE CONDITIONED RANDOM PATH

6.1. The harmonic function . By Assertion 2 of the previous proposition, we can write

R () —w(N)

(22) U () =P, (W"(t) €C forany t € [0,4]) = > fW eL

)\EP+
where ffi Ju is the number of highest weight vertices in the crystal
14
(23) B(u) @ B(r)® ~ @ B\ Ve,
>\€P+

By interpreting (23) in terms of characters, we get

(24) Sy X s Z f)\/,uSA

AePy
where all but a finite number of coefficients ffi /, Are equal to 0. The Weyl character formula

B ZwEW 5(w)ew(k+p)—p
HQER+(1 - e—a’)ma
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yields
H (1 — e ®)mes, x s, Z f)\/ﬂ Z w)e PP and
Q’ER+ )\GP+ weW
e thtw(A+p)—p—p

H (1 —em®)Mee™s, = Z fA/u Z ) e—trsl

OCER+ )\GP+ weW

Setting 7, = e~ %, we get
Ftptp—w(Atp)

H (1= 7%)"Su( Z fA/u Z ) Sn(r)?

ac€R4 AEPL weW

The sum indexed by A is over finitely many terms, we can thus flip the two sums in the right
hand side, getting
Fatptu—w(Atp)

(25) [T =8, = 3 <) 3 ™5

a€ERy wEW NEPL

We now need the following lemma.

Flrtptp—w(Atp)

Lemma 6.1. For any w € W and p € Py, set I} (1
)= 2 sy
We then have lim II}f () = 0 when w # 1 and the series ), o\ (w)ILy (i) converges
{—+o00

uniformly in £.

Proof. Using (22), one gets

@) I = e S T
AePy

Zn w w(A
el — Tp—w(p)+u—w(u)¢}ﬂ(u)_

Fix w # 1. Since 77~ %(P)+h=w(1) does not depend on £ and limy—, 4 o0 ¥§ (1) = 0 by Proposition
5.5, we derive limy_, o I}’ (1) = 0 as desired (recall the sum is over finitely many terms).

Now, we have obviously 0 < }’() < 1 and the series ) -\ rr-wp)tn—w() converges by
Corollary 4.2. The uniform convergence in £ of the series ) -\ e(w)II (1) thus follows from

the inequality |e(w)ITY ()| < 7P~ wP)FTH=w) "which is a direct consequence of (26). O

Consequently, we have
[T (1 )8,) = 3 <y = W) + 3 o
a€ERL weW w#1
with IT} (1) = te(p), by (26). Letting £ — +o0, the previous lemma finally gives
Yp) = JJ @ =7 Su(r).
acER4
We have established the following theorem, which is the analogue in our context of Corollary
7.4.3 in [10]:
Theorem 6.2. For any u € Py, we have
) = PuOV(t) €C for any t > 0) = [ (1— )" S,(r).

aERL
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In particular, the harmonic function v does not depend on the dominant weight k considered.

Corollary 6.3. The law of the random walk W conditioned by the event
E := W(t) € C for any t > 0)

is the same as the law of the Markov chain H defined as the generalized Pitman transform of
W (see Theorem 4.6). In particular, this law only depends on k and not on the choice of the
path w, such that Imm, C C.

Proof. Let II be the transition matrix of W and II¥ its restriction to the event E. We have
seen in § 2.1 that the transition matrix of W conditioned by E is the h-transform of II” by the
harmonic function

he(p) :=P,(W(t) € C for any t > 0).
By the previous theorem, we have hp = 1. It also easily follows from Theorem 4.6 that the
transition matrix of H is the v-transform of II¥. Therefore both H and the conditioning of W
by E have the same law. O

6.2. Random walks defined from non irreducible representations. For simplicity we
restrict ourselves in this paragraph to the case where g is a (finite-dimensional) Lie algebra with
(invertible) Cartan matrix A. In particular, m, = 1 for any « € Ry. Consider 7 = (1q,...,7,) €
T. Then both root and weight lattices have the same rank n. Moreover, the Cartan matrix A
is the transition matrix between the weight and root lattices. In particular, each weight 8 € P
decomposes on the basis of simple roots as f = Sjaq + -+ B],«, where (81,...,5,) € deiAZ"

and we can set 7% = 7'161 . 7’5”
Let M be a finite dimensional g-module with decomposition in irreducible components

M ~ PV (r)®*

REX

where s is a finite subset of P and a, > 0 for any s € 5. For each k € s choose a path 7, in
P from 0 to k contained in C. Let B(s) be the set of paths obtained by applying the operators
&.fi,i=1,...,n to the paths Nk, k € 2. This set is a realization of the crystal of the g-module
DresV (k) (without multiplicities) and we have

B(%) = |_| B(m)-

REX

Given m = 7 ® --- ® mp in B®(5) such that m, € B(kg) for any a = 1,...,¢, we set a, =
Qpy Ay, By formulas (10), the function a is constant on the connected components of B®¢(s¢).

We are going to define a probability distribution on B(s) compatible with its weight grad-
uation and taking into account the multiplicities a,. We cannot proceed as in (17) by working
only with the root lattice of g since B(sr) contains fewer highest weight paths. So the underlying
lattice to consider is the weight lattice. We first set

B = Y a0 = Y asnr) = X anr "Su(0)

KEX TEB(nx) KEx KEx

We define the probability distribution p on B(s) by setting p, = aﬁ% for any m € B(ny).
When card(s) = 1, we recover the probability distribution of § 4.1. Observe that we have
Yu(r)t = Z arT U for any £ > 0.

TEB®L (5)
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So we can define a probability distribution p®¢ on B®¢(5) such that

—wt(m)
Dr = GW;T(T)Z foranyn=m ®---Qmp € BW(%).
Let X = (Xy)s>1 be a sequence of i.i.d. random variables defined on B(x) with probability
distribution p. The random process W and the random walk W are then defined from X and
p®N as in § 2.3.
It is then possible to extend our results to the random path W and its corresponding random
walk W obtained from the set of elementary paths B(s). We have then

Kypgy
PWyp1 =8| We=7) = EAA%T;TW g

for any weights § and v where K 5_, is the dimension of the space of weight 8 —~ in M. We
indeed have Kpr3_y = >, c, 0Ky g_ywhere K 3 is the number of paths n € B(k) such that
n(l) = p —~. Given A and p two dominant weights, we also get

A

— J— _ va/J' M—)\
(27) PWer =A | We=pu,W(t)€C forany t € [(,{+1]) = — T
Y (7)
where mf\\/l,u is the multiplicity of V(A\) in M ®V (). We indeed have mf\\/l,u = rex a,@méﬁwhere
m) . is the number of paths n € B(x) such that n(1) = A — p which remains in C.

K,

We define the generalized Pitman transform 3 and the Markov chain H as in § 4.3. For any
0> 1, we yet write () = P,(0V(t) € C for any t € [1,/]). We then have

wz(u) = Z Pr = Z Z GFW =

TEB® (5),pu+(t)€C for te[0,(] AEPL meB®*(5), p+m(t)eC for te[0,],m()=X
S Hugery

A p ¢
AEPy B (7)
where f{ /, is the multiplicity of V(A) in V(p) ® M®. We indeed have the equality f} Iy =
ZW€B®€(%), () EC for t€[0,0),7 ()= O by an easy extension of Assertion 10 in Theorem 3.6. We
can now establish the following theorem.
Theorem 6.4. The law of the random walk W conditioned by the event

E:=W(t)eC foranyt>0)

is the same as the law of the Markov chain H defined as the generalized Pitman transform of
W (see Theorem 4.6). The associated transition matriz TI¥ verifies

E _ A —A
(28) 11 (,u, )\) = 75“(7_)2]\4(7_) mM,uTﬂ
and we have yet
P,OW(t) € C for anyt>0) = H (1 —7%)Su(T).

acER

Proof. The computation of the harmonic function ¥ (u) = P,(W(t) € C for any ¢t > 0) is similar
to § 6.1. We have from the Weyl character formula

[T @—eersu= 3" £, D ew)

acR AEPL weW

eW(A+p)—p—p

7
Sy
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where sp; = char(M). When we specialize 7, = e~ in sy, we obtain ¥/(7). Hence
Fhtp—w(Atp)

[T =78 =Y £ D elw)———7
Y (7)
Q’ER+ )\GP+ weW
FPtp—w(At+p)
If we set IIj (1 Z X\ , we yet obtain limy_, oo II}’(1) = 0 when w # 1 and
AEPy “oSu(nt

I} (1) = tbe(p). Moreover

[T @=7)8u(r) =3 ()i (n) = + D e(w

aERL weW w#1

so the harmonic function ¢ = limy—, 4 9¢ is also given by (1) = [[,ep, (1=7%)Su(7). Since n®
is the Doob 1-transform of the the restriction (27) of W to C, we obtain the desired expression
(28) for TI¥ (i, \).

To see that IT¥ coincides with the law of the image of W under the generalized Pitman
transform, we proceed as in Proof of Theorem 4.6. Consider p = p®, @Y . 1M a sequence
of elements in Py. Let S(u™®,...u),\) be the set of paths b € B®¢(5) remaining in C and
such that b"(k) = p®) k= 1,...,¢ and b(*+D) = X, Consider b = b; ®@--- @by @by, € B+ ().
We have PB(by @ --- @ by)(k) = p® for any k = 1,...,¢ and P(b)({ + 1) = X if and only if
Bb) € S, ... u®, X). Moreover, by (17), for any b € S( @ u®)X), we have

t(b) T7ASN(T)
P(b € B(b")) Z Py = Z ap I = v
beB(b") beB(b") EM 2 (7)

since a, = ap, for any b € B(b"). This gives

IP’(HHI:)\,szu(k),Vk::l,...,ﬁ):;i)‘g:)l Z apn
w(7) bheS (D ..u0 )
’\S
NG W+
£+1 H pk) M ,M
also using extension of Assertion 10 in Theorem 3.6. Similarly

P(H k) Vg —1 ) T HSu(T) g plk+D
( E=HM 7v =Ly )_Wkl:[mu(k)7M

which implies
P(Hg+1 =A | Hk = :U'(k),Vk = 15 cee ,6) = T e My 7'“7)\.
(]

6.3. Example: random walk to the height closest neighbors. We now study in detail
the case of the random walk in the plane with transitions 0 and the height closest neighbors.
The underlying representation is not irreducible and does not decompose as a sum of minuscule
representations. So the conditioning of this walk cannot be obtained by the methods of [10].2

2The results of [10] permit nevertheless to study the random walk in the space R® with transitions +e; +eo +e3
corresponding to the weights of the spin representation of g = sog.
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The root system of type Cy is realized in R?= Re; ® Rey. The Cartan matrix is

a=(2% )

The simple roots are then a; = €; — €3 and as = 2e5. We have P = Z2. The fundamental
weights are wy = &1 and wy = €1 + g2. We have C = {(z,y) € R? |z >y > 0} and P, = {\ =
(A1, A2) | A1 > Ao > 0}, the set of partitions with two parts . Choose 71 €]0,1[, 2 €]0,1[. For
A= (A1, A2) € Py, we have A = Ajag + 23220, Thus 74 = 7 () M2,

Consider the sp,(C)-module M = V(1)%% & V(1,1)%92. The elementary paths in B(s) can
be easily described from the highest weight paths

2te1,t € [0, 3]
1 1
€1+ Q(t — §)€Q7t 6]57 1]

Tt te and’m:{ in C.

We obtain B(x) = B(m1) @ B(y12) where
(1) B(my) :my st = tey,my i t = teg, my 0 t+— —tey and 75 : t +— —teg with ¢ € [0, 1]
(2) B(m2):
2teq,t € [0, 3] [ 2ter,t €10, 3]
{ e1+2(t — 2)eg, t €]2,1] Tz { e1—2(t — )ea,t €]5,1]
[ 2teg,t €]0,3]
T2 { £y — 2(t — $)ea, t €]1,1]

{ 2tes,t € [0, 5] and 7.{ 2]
g —2(t — 3)e1,t €]3,1] 2 —er —2(t— 3)er,t €]3,1]

712 -

Yot
The crystal B(s) is the union of the two following crystals
1 2 1
T — T2 — Mg —> T{
2 1 1 2
Y12 = Y13 77 Yoz 7 Vel 7 VA

Observe that for the path v55, we have v55(0) = 795(1) = 0. The other transitions correspond
to the 8 closest neighbors in the lattice Z2.

We now define the probability distribution p on the set B(m)®™ @& B(y12)®™2. We have

1+7m+717m +7'127'2 ta 1+ +m1m —i—7'127'2 —i—7'127'2
2

Yu(lt)=a .
(7) ! T1y/T2 TIT2
The probability p is defined by
a a ai\/T2 ai1T1\/T2
M=y P2= e D3 = S PTE y
Em(T)T1y/T2 Yum(T)yT2 Xm(T) Ypm(T)
B as . a L a . am . aaTiT
=S mnn 2Ty 2Ty AT s PR T sge)

The set of positive roots is
R, ={e1 £ 9,261,269} and p = (2,1).

The action of the Weyl group on Z? yields the 8 transformations which preserves the square of
vertices (£1,+1). For any partition u = (u1, u2) € Py, we obtain by the Weyl character formula
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and Theorem 6.2
P(p) =P,W(t)eC,t>0)=(1—-71)(1—-7)(1—-717)(1 - Tng)Sﬂ(Tl,Tg) =

E : g(w)Tw(qup)f(qup) —
weWw
- 1 2 2 4 3 3 1
1+T{“ p2+ T;H— +Tlu1+ T;H—uz—i— +T{n+u2+ T;g—f—

— 1 1 2 4 2
_T{Ll H2+ _TQALQJr _Tler 7—51+ _T{Ll+u2+37_£t1+,uz+3

Moreover, the law of the random walk W conditioned by the event
E :=(W(t) € C for any t > 0)

is the same as the law of the Markov chain H defined as the generalized Pitman transform of W
(see Theorem 4.6). To compute the associated transition matrix M, we need the tensor product
multiplicities mf; M= almf‘l 0T agm?l e We have for any partitions A and g with two parts

2 | 1if X and p are equal or differ by only one box
1.0 T Y 0 otherwise

and

A 1if XA and p are equal or differ by two boxes in different rows
m = .
1,1)m 0 otherwise.

We thus have for any A\, u € Py

B Y A A p1M (2 —A1—A2)
) = s (armis gy azmfy ) 7 RN,

7. SOME CONSEQUENCES

In the remaining of the paper, we assume W is constructed from an the irreducible g-module
V (k) in the category Oip:.

7.1. Asymptotics for the multiplicities ffi It Consider A,y € P, and ¢ > 1 such that

ff/“ > 0 and ffi > 0. Then, we must have fx + p — A € Q4 and ¢k — A € Q4. Therefore
@ € @ and it decomposes as a sum of simple roots. In the sequel, we will assume the condition
w e QN Py is satisfied.

We assume the notation and hypotheses of Theorem 6.2. Consider a sequence A of dominant
weights such that A) = ¢m(1) 4 o(¢). By Assertion 2 of Proposition 4.5, we have P(W, =

NO Wy = u,W(t) € €Vt € (0,4) = fio) ), i

numbers implies that the sequence ($W;)s>o tends to m(1) almost surely. We get

. Since m(1) € C, the strong law of large

- P, (We = X9 W(t) € C forany t €[0,4]) lim fﬁ(f)/uTM
toto0 Po(Wy = MO W(t) € C for any t € [0,4])  to+o0 fL,

We also have limy_, 1 oo(Wy = )\(z)) = 1. Therefore, limy_, ;o P, (W, = \O, W(t) € C for any t €
[0,4]) = 9 (x). So we obtain for any sequence of dominant weights of the form A() = ¢m(1)+o(¢)

fﬁ(f)

: /1 P(w)

lim ™ = =S5,(r

t—+oo  frm ¥ (0) w(7)

where the last equality follows from Theorem 6.2 for Sp(7) = 1. We have proved the following
Corollary of Theorem 6.2.
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Corollary 7.1. For any p € Q N Py, and any sequence of dominant weights of the form
14

f
MO = ¢m(1) + o(£), we have limy_, ;o A}?/“ =718, (7).
Remark: One can regard this corollary as an analogue of the asymptotic behavior of the
number of paths in the Young lattice obtained by Kerov and Vershik (see [8] and the references
therein).

7.2. Probability that I stay in C. By Theorem 6.2, we can compute P,(W(t) € C for any t €
[0,4]). Unfortunately, this does not permit do make explicit P, (W, € C V¢ > 1). Nevertheless,
we have the immediate inequality

P,(W(t) € C for any t > 0) < P,(W, € C for any £ > 1).

In the remaining of this paragraph, we will assume that g is of finite type. Then, each crystal
B(m,) is finite. For any i = 1,...,n, write mg(i) > 1 for the maximal length of the i-chains
appearing in B(m.). Set kg = > " 1 (mo(i) — 1)w;. Observe that kg = 0 if and only if x is a
minuscule weight.

Lemma 7.2. Assume Wy € C for any k =1,...,0. Then ko + W(t) € C for any t € [0,/].

Proof. Since kg is a dominant weight, we can consider ., any path from 0 to £y which remains
in C. First observe that the hypothesis Wy € C for any k = 1,..., ¢ is equivalent to ko + W(k) €
ko+C for any k = 1,...,£. We also know by Assertion 8 of Theorem 3.6 that B(m,,)® B(m,)%" is
contained in P,z for any £ > 1. Set W({) = m ®- - -®@my. By Assertion 3 of Proposition 3.4, we
have to prove that é;(m,,®m ®---®my) = 0for any ¢ = 1,...,n providing wt(m.,®m Q- - -®@mg) =
Tro @M Q- @m(1) € Ko+ Py forany k=1,...,0. Fixi=1,...,n. Set ko(i) = mo(i) — 1. We
proceed by induction.

Assume ¢ = 1. Since we have é;(m,,) = 0, it suffices to prove by using Assertion 2 of
Proposition 3.5 that ¢;(m1) < ¢;(mg,). By definition of the dominant weight ,.,, we have
©i(Twy) = Kko(7). So we have to prove that ¢;(m1) < ko(i). Assertion 7 of Theorem 3.6 and the
hypothesis wt(m., ® 71) € Ko + P} permits to write

(29) Wt (Teg )i + WH(T1 )i = Wt (T, @ m1)i > Ko(4).

Recall that m belongs to B(my). So g;(m1) < ko(i) + 1 because g;(m1) gives the distance of
71 from the source vertex of its i-chain. When ¢;(m) < ko(i) + 1 we are done. So assume
ei(m1) = ko(i) + 1. This means that m satisfies p;(m1) = 0. Therefore, wt(m); = —ro(7) — 1.
But in this case, we get by (29)

Wt(Tey ® m1)i = ko(i) — (ko(7) + 1) = —1 > Ko(7)

hence a contradiction.

Now assume &;(my, @ T @ --- @ my—1) = 0 for any k = 1,...,¢ — 1. Observe that wt(m,, ®
TR Qmp_1)i = Pi(Mpy @T1L @ -+ @ Mp—1) > Ko(1) since Ty, @M @ -+ @ T—1 € Ko + Py and
€i(Ty @M ® -+ ®mp—1) = 0. We also have

(30) wt(mg, @M Q@ @My @ mp)i = Wt(Ty @ T @ -+ @ mp—1); + wt(7mg); > Ko(7).

We proceed as in the case ¢ = 1. Assume first g;(mp) < @i(mg, ® T @ -+ @ mp—1). Then
by Proposition 3.5 and the induction equality é;(mx, ® 7 ® -+ @ mp—1) = 0, we will have
€i(Ty @M ® -+ @) = 0.

Now assume g;(7g) > @;i(Tg, @ T @ + -+ @ Tp—1). Since @;(my, @ T ® -+ @ mp_1) > Ko(i) and
7 € B(7g,), we must have g;(my) = ko(2) + 1, @i () = 0 and ¢;(m4, @ T @ -+ - @ mp_1) = Ko(7).
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Therefore, we get wt(mp); = —ro(i) — 1 and wt(me, ® M @ - - @ mp—1); = Ko(i). Then (30) yields
yet the contradiction

—1> lio(i).

Remark: In general the assertion W, € C for any k = 1,...,¢ is not equivalent to the assertion
ko + W(t) € ko + C for any t € [0,¢]. This is nevertheless true when x is a minuscule weight
since kg = 0 in this case and the paths in B(m,) are lines.

We deduce from the previous lemma the inequality
P,(Wi €C forany k=0,...,0) <P,i.,(W(t) € C for any t € [0,4]).
When £ tends to infinity, this yields
P,(WeeC forany £ > 1) <P,4.,(W(t) € C for any t > 0.
By using Theorem 6.2, this implies the

Theorem 7.3. Assume g is of finite type (then mq, =1 for any o € Ry ). Then, for any p € Py
we have

[T @ =7)Su(r) <P.(WeeC forany £>1) < [ (1= 7)Sutno(7)-

acER acER

In particular, we recover the result of Corollary 7.4.3 in [10] :

P,(WeeC foranytl>1)= H (1 —=7%)Su(7)

acR
when K is minuscule.
Remark: The inequality obtained in the previous theorem can also be rewritten

| < P,(W,€C forany {>1) < S itr0 (T)
~ P,(W(t) €C forany t € [0,+00]) = Su(r)

When g tends to infinity, we thus have P,(W, € C V¢ > 1) ~ P,(W(t) € C for any t > 0) as
expected.

8. APPENDIX (PROOF OF PROPOSITION 2.1)

By definition of the probability Q, for any £ > 1 and any pg,--- , e, A € C, one gets

QY1 =NYy=py,...,Yo = o)
Q(Ye = pe, -, Yo = po)

P(E, Y1 =AY =pg, ..., Yo=po)  Ne
P(E, Yy = p, - -, Yo = po) Dy’

@(YZH:)\’YZ:,U&”WYO:,UO):
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We first have, using the Markov property
Ny=PY(t)eClort>1,Y 1 =NY, = py,..., Yo = po)
=PY(@t)eClort>0+1 Y1 =NY(E)eClorte|0,0+1],Yy = pp,...,Yo = po)
X P =MNY(Et)eClortel0,0+1],Y, = pg,...,Yo = po)
=PQ(t)eClort>0+1|Y1 =)
X P =MNY(Et)eClortel0,0+1[,Y, = pg,..., Yo = po)
=P(t)eCfort>0]|Yy=2A)
x P =MNY(Et)eClorte|0,0+1[,Y, = pg,..., Yo = po)
with
P(Yyu1 =ANY(t)eClort €[0,6+1[,Yr = pe,...,Yo = o)
=PY, 1 =\NY(Et)eClorte [, L+ 1]| V() eC fort e [0,8],Ys = g, ..., Yo = o)
x P(Y(t) € C for t € [0,4[, Yy = pg, ..., Yo = po)
=PY, 1 =NY(Et)eClorte [l 0+ 1] Y, =) x P(QY(t) eC for t € [0,€[,Y; = pp, ..., Yo = po)-
We therefore obtain
Ne=P(E |Yy=A) xPY1 =NV(t)eClorte[l,0+1]| Y, = )
x P(Y(t) e C for t € [0,£[,Ys = pue, ..., Yo = 1o)-
A similar computation yields
Dy =P(E | Yy = pe] x PY(t) € C for t € [0,¢[,Yy = pug, ..., Yo = o).
Finally, we get
Q(Yey1 = A [ Yo = pg, -+, Yo = po) =
IP’(YgH:)\,y(t)ECforte[€,€+1]]Yg:ug)x%.
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