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Imperfect interfaces as asymptotic models of thin curved elastic adhesive
interphases

Raffaella Rizzoni®*, Frédéric Lebon?

3 CNRS, Laboratoire de Mécanique et d’Acoustique, Université Aix-Marseille, 31 Chemin Joseph-Aiguier, 13402 Marseille Cedex 20, France
b Dipartimento di Ingegneria, Universita of Ferrara, Via Saragat 1, 44122 Ferrara, Italy

We obtain a limit model for a thin curved anisotropic interphase adherent to two elastic media. Our
method is based on asymptotic expansions and energy minimization procedures. The model of perfect
interface is obtained at the first order, while an imperfect interface model is obtained at the next order. The
conditions of imperfect contact, given in a parallel orthogonal curvilinear coordinate system, involve the
interphase material properties, the first order displacement and traction vectors, and their derivatives.
An example of implementation of the imperfect interface condition is given for a composite sphere
assemblage.

1. Introduction

During the last few years gluing techniques have become usual in engineering structural assembly and they are now frequent in
aeronautics industry, where the use of composite material is necessary to lighten structures. These techniques have to be taken into
account in structural modeling, in order to develop implementable predictive models in computational structural analysis softwares.

The thickness of the glue is usually very small when compared with the characteristic dimensions of the structure. A classical modeling
approach is to consider the thickness as a small parameter and to study the limit problem when this parameter tends to zero. Traditionally,
the stiffness of the glue is assumed to be smaller than those of the adherents. Many authors focused on the assumption of soft adhesively
bonded joining, with fundamental contributions given in Klarbring (1991) and Klarbring and Movchan (1998) and in works addressing the
assembly of elastic plates (Geymonat and Krasucki, 1997; Zaittouni et al., 2002), the limit behavior of soft thin interphases (Licht, 1993;
Licht and Michaille, 1996, 1997; Ould-Khaoua et al., 1996; Ganghoffer et al., 1997; Lebon et al., 1997, 2004; Geymonat et al., 1999; Lenci,
2000; Lebon and Ronel-Idrissi, 2004; Lebon and Rizzoni, 2008; Cognard et al., 2008; Schmidt, 2008; Pelissou and Lebon, 2009; Rekik and
Lebon, 2012; Monchiet and Bonnet, 2010), and, more recently, the dynamics of laminated beams (Serpilli and Lenci, 2012).

On the other hand, the ratio between the stiffness of the glue and the stiffness of the adherents can be larger than 1/50, about 1/35 for
two aluminum plates joined by an epoxy glue. Thus, it is interesting to consider the case in which the elastic moduli of the glue and the
adherents are comparable. This case has been studied in Caillerie (1980) and Abdelmoula et al. (1998) and in some recent works focusing
on interphase modeling in elasticity (Benveniste and Miloh, 2001; Hashin, 2002; Benveniste, 2006; Lebon and Ronel, 2007; Serpilli and
Lenci, 2008; Benveniste and Berdichevsky, 2010; Lebon and Rizzoni, 2010, 2011; Lebon and Zaittouni, 2010; Rizzoni and Lebon, 2012) and
on structural interfaces (Bigoni and Movchan, 2002; Bertoldi et al., 2007a,b).

In particular, in Lebon and Rizzoni (2011) a two-level model of a flat imperfect interface was derived using an energy asymptotic
method. At the first level, the adhesive is replaced by a model of perfect interface, for which the stress and the displacement vectors are
continuous. At the second level, the jumps in the displacements and in the stress vector along the interface are related to the interphase
material properties and to the displacement and stress fields obtained at the first level.

In the present paper, we extend the results obtained in Lebon and Rizzoni (2011) to the case of a curved, thin, linear elastic, anisotropic
and homogeneous interphase joining two elastic adherents. In Section 2, we introduce the general notations and the three-dimensional
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equilibrium problem posed in a variational form. In Section 3, we obtain two different types of interface condition, by using a method based
on asymptotic expansions and energy minimization procedures. These conditions extend to the curvilinear case the interface conditions
obtained in Lebon and Rizzoni (2011) for a straight interface.

As found in Lebon and Rizzoni (2011), the first order term of the expansion yields the model of perfect interface. The second order term
yields an imperfect interface model simulating the presence of the interphase. We interpret this term as a correction of the leading solution
corresponding to the perfect interface model. The conditions of imperfect contact, obtained in a parallel orthogonal curvilinear coordinate
system for a general anisotropic homogeneous interphase material, are specialized in Section 4 to the case of isotropic interphase. Section
5 is devoted to the implementation of the imperfect interface conditions and an example of a composite spheres assemblage is given in
Section 6.

2. Formulation of the three-dimensional equilibrium problem

Let us consider a thin curved adhesive interphase B® € R3 of constant thickness ¢ bonding two adherents occupying the regions Q¢ , Q¢ e
R3. Two parallel interfaces, denoted S% and S¢, separate Qf and Qf from B¢, respectively. Let S denote the middle surface between S§
and S¢. These interfaces are assumed to be perfect with the usual assumption that the displacement vector, u®, and the stress vector,
o®n, are continuous on S§. Our goal is to substitute the thin interphase B® with the surface S, geometric limit of the interphase as ¢ — 0%,
and to determine the imperfect interface conditions on the displacement and tractions across S which are equivalent to the three phase
configuration with perfect interface conditions. The three regions are assumed to be anisotropic, homogeneous and linear elastic. We take
a. to denote the elasticity tensors of the materials occupying the regions Q2¢, and b the elasticity tensor of the interphase material. The
elasticity tensors are assumed to satisfy the following assumptions:

a; e [®(QLUQE), bel>(B),

Ine, n > 0:axle)-(e) = nxlel?, ble)-(e) > nle?, Ve :e=el W
and the standard assumptions of major and minor symmetries. After taking e to denote the strain tensor
e(u) = 2 (Vi +(VuY), 2)
linear elasticity gives the Cauchy stress tensor o¢ as follows:
of =a.(e)in Q, (3)
o° = b(e)inB". (4)

A body force density f € L2(2¢ U Q¢ ) is assumed to be applied to (€24 UQ?) and a surface force density g to ['; C (022 U 02¢), with
ge LZ(Fg )>. Homogeneous boundary conditions are prescribed on I8 = (0928 U 0Q8 )\ Ig:

u® =0onTl%. (5)

The equilibrium configurations of the three-phase composite body are the minimizers of the total energy

ES(u) = <1ai(e(u€)) e(uf)—f - u5> av— [ gt da+ [ Lbeue))ews) dv (6)
Qs \2 re Be 2
+ g
in the space of kinematically admissible displacements
V& ={ueHQR):u=00nT%}, (7)

where H(Q? ; R3) is the space of the vector-valued functions on the set Q¢ := (824 U Qf UB®USE US?), which are continuous and differ-
entiable as many times as necessary. In view of the above regularity assumptions on a., b, f, and g, the existence of a unique minimizer u®
in V¢ is ensured (Ciarlet, 1988, Theorem 6.3).

3. Thin interphase asymptotic analysis

In this section, we follow the asymptotic method based on the energy minimization and introduced in Lebon and Rizzoni (2011). The
first step of the method consists in reformulating the equilibrium problem for a rescaled interphase domain made independent of ¢ via
a change of variables. To do so, it is convenient to introduce a curvilinear orthogonal system (&1, &, £3) in 2, where &; and &, are two
coordinate lines on the surface S and &3 is the coordinate line along the normal to the surface (Fig. 1). We assume that &3 takes the values
&30 —¢/2, E30, and &3p +¢€/2, on S%, S, and S%, respectively. Let (&, €,, €;) denote the local triad of the curvilinear coordinate system. The
metric coefficients of this orthogonal parallel curvilinear coordinate system are denoted by hj, h§, h§, with h§ = 1.

The displacement gradient in the orthogonal parallel curvilinear system can be written in the form:

VUt = (1] 05 |u’y) (8)

where a comma is used to denote partial differentiation with respect to &1, &, &3, the notation (a|b|c) indicates the matrix whose columns
are the vectors a, b, ¢, and

v = ub,(he) !+ mhuf), a=1,2, (9)



Fig. 1. (a) Original three phase reference configuration “adherent +"/interphase/“adherent —”, (b) rescaled three phase reference configuration after the change of variables
and (c) limit two phase reference configuration.

with

his his

ni = 7h§f’1§(é1®62*é2®é1)+ hf%(é1®é3*é3®é1), (10)
h3 A hs s

n5 = 7h§i1§(é2 ®e —& ®e)+ hé (82983 -8 &) (11)

We now introduce the following change of variables:

(€. &3) :=D(E, &) := (&, 630 + £ (§3 — §30)) in B, (12)

2 = =7 2 e _1\. . ¢

G5 =pE &) =G 6)x (57 5) @in, (13)

where & := (51 , Ez) and é := (&1, &) are the surface coordinates. We take 24, B, S+, I'; and I', to denote the domains corresponding to
Q%, B%, 5S¢, I'g and I'y, respectively, after the change of variables (Fig. 1).

Letf:=fop~'and g :=gop! denote the rescaled external forces.

Let i = u® o p~! denote the displacement vector field from the adherents adjacent to the rescaled interphase and let u° = u® oﬁ’l
denote the displacement vector field from the rescaled interphase. In view of the condition of perfect interfaces between the adherents
and the rescaled interphase, we have that ii§ = u®onS..

Finally, let Ef =h? o§71 and flf ==ht op~1,i=1,2,3, denote the rescaled metric coefficients of the curvilinear coordinates system.
Note that h3 = 1 = h3.

Within these assumptions and in view of relations (8)-(11), the rescaled energy of the composite takes the following form:

£ ) : = / (gastet@y-et@s) —F us ) ks ave— | @-ae) e aag
Q. Te
1/1

+ /B 5 (SBP(ES)- () + 2B(T) - (@) + B (T,)- () | Wiy dV, (14)

where summation convention for repeated indices is used, the indices «, f take the values 1, 2, E§ is the Jacobian of the change of variables
(12)and (13)in I'g, and BY, i, j=1, 2, 3 are the matrices whose components are defined by the relations

B}, :=bp;. (15)

Note that the symmetry properties of b imply that (BY)T =B/,
The equilibrium problem of the rescaled three phase configuration can now be formulated as follows: find the pair (@i, #°) minimizing
the energy (14) in the set of displacements

V = {(iiy,u) e H(Q+;R3) x HB; R3) : iy =uonSy, iiy =00onTy}. (16)

The asymptotic method that we use in this paper is based upon the existence of the following expansions for the rescaled displacement
vector fields 1%, u°, for the rescaled metric coefficients, Ef, h,-s, i=1,2,3, and for the Jacobian flf :

it =i + efil + 202 + o(¢?), (17)
7 =10 + el + 2T + 0(£2), (18)
he = hO + eh! + &2h? + o(c?), i=1,2,3, (19)



R =Ty +ehy +6h; +o(s?), i=1,2,3, (20)

he = R? + eh! + &2h2 + o(£?). (21)

Substituting these expansions into the rescaled energy (14), we obtain

£ (lle, U )—15- @)+ 0@, w, u') + e @, al, w0, u', W) + 2e2(@Y, al, 12, 0, u', W, ) + oe?), (22)
where

5*1(a°):=/**1H dvs, (23)

g
B
so(ag,ao,ﬁl):=/ VvOFIOdvé—/ W?ﬁ?dA§+/(W’1ﬁl+W0ﬁ0)dV—, (24)
Q. Ty B

Sl(ﬂi,ﬁl,ﬁo,ﬁl,ﬁz):/ (VVOFI1+VV1FI°)dV§7/ (Vv?ﬁng\?v}ES)dAng/( wH +wH +w'H)avs, (25)

Qi Ty B

@, ul,u2, 1, u, w?, w) :=/ (WOFI2+17V1FI1+W2FI°)dV§—/( WORZ + iR} + w2h)dA
Qi Fg

+ / W 'H + wH +w'H +w?H v, (26)
being

WD) 1= as(e(ad)) (i)~ F 1L, (27)
W@, L) 1= as(e(@)-e(il) - i, (28)
W0, 0L, 1) = g au(e(ih) (i) + au(e(@))-e(@) - 2, (29)
Wi(IL) == - U, i=0,1,2, (30)
W) 1= B @S) @) (31)
WO, ) 1= BEY) (i) + 5 BA(E)-(1%) (32)
W, 1) = B(S) - (1h) + B k) - (1) + 5 BR)- (@) + S B (@) + 5 BH) - (). (33)
w @, u' v, 0%) == BB %) () + BB (uh) (3) + 5 8“3( ) (@) + 3“3( o) (U3) + 8“3( o) (%) +BP@0) - (7). (34)

n (23)-(26) the following quantities were also defined:

A0 1= RORS, (35)
A" :=h%h) + AlAY, (36)
A? .= hOh3 + hl1h3 + R2R) + h3RY, (37)

and analogous definitions were introduced for the quantities ﬁ', i=0,1,2.
In the next subsections, we obtain the conditions satisfied by the stationary points of the energies £-1, €0, £! and &£2. These conditions
identify the relations between °,7', 72, ... and the corresponding stress vectors arising from #i9, @i}, @i, ... at the interfaces S., S_.



3.1. Stationary points of £

We minimize the energy &1 in the class of displacements @ e H(B; R?). Since b is a positive definite tensor, the matrix B33 is also
positive definite and thus the energy £~ is non negative. The stationarity of £~! with respect to ° gives the condition

u% =0, a.e.inB (38)

i.e,, minimizers are independent of the coordinate 53 along the interphase thickness. Based on this result and on the initial assumption of
perfect contact between the rescaled interphase and adherents, we obtain the following condition:

- N 1\t - 2 1\~ 2
i (S, (530 + 5) ) =i (E, (%‘30 - 5) ) , §eS. (39)
If we introduce the following definition of “jump” of a function f : 2, U €_ ~— R3 across the rescaled interphase
S N 1\t 2 1\~ N
1E:=1 (& (80+5) ) -1(& (80-3) ). Ees. (40)

then condition (39) can be rephrased as follows:

[i°]=0o0nS. (41)

3.2. Stationary points of £&°

In view of (38), the energy £° simplifies as follows:
£ = / Sa(e(i)- e(@l) - J - ) ACdv; - / (g-19)RddAg, (42)

and it becomes independent of 2° and u'. We seek the energy minimizer of (42) in the class of displacements

2 + 2 - 2
vo={(fzgerf(szi:m):ﬁ+ (s, (80+3) ):,;, (s, (80-3) >,ses, ﬁi=00nru}. (43)

Using standard arguments, we obtain that stationary points of the energy (42) satisfy the following equilibrium equations:

div(as(e(@?)) +f = 0in Qx, (44)
as(e(id))n =gonTy, (45)
a.(e(@?))n=00n Q. \ Iy, (46)
[6%83] =0onS. (47)

From the mechanical viewpoint, relations (41) and (47) correspond to conditions of perfect interface for the rescaled interphase modeling.
3.3. Stationary points of £!

The relations (38), (44)-(47) allow to simplify &' as follows:

1 — — 1 0y — —0
£l :/(5333(u}3).(u}3)+ 53“3(1;2).(11}3)) H dve. (48)
B
Stationary points @' of &' in H(B; R3) satisfy the condition
5%; = B(u) + BE (1)), (49)

with 5%€3 the common value of the tractions on S.. We integrate relation (49) along 53 taking into account that the fields at the order zero

are independent of the coordinate &3, and we use the continuity of the rescaled displacement vector fields across S.., implying that 52 = 172

on S, to obtain
[@'] = (B*)'(6%; —B(#))) on S. (50)
3.4. Stationary points of £2
Using (38) and (44)—(47), we simplify £2 as follows:

£ / Sas(e(il) - e(@ RV, + / (B*(a'5) + B(i%) - (14)H dV. (51)
Qi B



Noting the relation

—1 —1

_ u —0,— h, — —0,—
Uy = —o +To(u') - =5 u°, + 7o), (52)
o ha)

we observe that the second integral in (51) is given by

1 T o (! ﬁ,la 507 0
/3(533 (1) + BP (vﬂ)) . (Eowg(ul)) H dvg. (53)

up to (constant) terms in 7° and its first derivatives. In view of (49) and under suitable regularity assumptions, the field 7' admits the
following representation

(&, E5) = [0'[E; + W(id")E), (54)

where W(f) :=£1/2)(f(§30 +(1/2)") + {(£30 — (1/2))7)) for a generic function §: Q, UQ_ + R3. Integrating (54) along 53 simplifies the
term linear in &5 and gives

&% = / 2a.(e(il))- (@, APV + / (B”(ﬁ}g)wﬂ“(ﬁ%))-Hiotvwﬁ])),a+ﬁ2(v~v(ﬁ1>)ﬁ°dvg, (55)
Qi

S o

up to terms in 7°, which are considered constant in the minimization procedure. To “complete” the gradient of w(ii! ), we add to the second
integral the term ((6%@3)- (W(&i')) 3), which vanishes being w(ii') independent of £3. We obtain

&% = / lai(e(ﬁ}t)) -e(il)H AV + / (M- Vi(ii! ))Eodvg, (56)
Q. 2 S i
where
M := (B*'(u) + B (1) B*2(u'y) + B(15)(6%83). (57)
Finally, using standard arguments, we find that stationary points of (56) satisfy the following equilibrium equations:
div(as(e(il))) = 0in Qx., (58)
ax(e(@il))n = 0on 0 \ Ss, (59)
[6'é3] = —divMonS$, (60)
Mn = Oon 0S. (61)

Relations (50) and (60) are imperfect interface conditions modeling the mechanical behavior of the anisotropic interphase at the first order
of the asymptotic expansion. As a final remark, we note that condition (61) implies that the asymptotic expansions (17) and (18) do not
hold in a neighborhood of dS (Lebon and Rizzoni, 2010, Section 3).

4. Imperfect interface conditions arising from an isotropic and homogeneous interphase

In this section the conditions (50) and (60) obtained in Section 3 are specialized for the case of an isotropic and homogeneous interphase
with Lamé coefficients i and A. In view of the definition (15), the matrices BY are given by

B' =(21u+1) @&+ (808 +808), i#j+k (62)
BU:M éi®éj+)\ éj®éi, i+#]. (63)
Substituting these relations into (50) gives the following expressions for the jumps in the displacement components:
1 1 Ay
~ ~ ~ 1,3 ~
[0}] = —67; — 513 + —5- 11, (64)

® 1 1

—0
1.9 1, h2,3 ~0

)] = —69; — 13 5 + —5-109, (65)
T
0 0 0 0
3 1 . A 1. 1. hiz o haq . his  hys .
(T3] = 3 <_U° + 09, + i+ i | =+ =2 | ad . (66)
2 A 33 2 A —0 1,1 —0 2,2 —0-0"2 —0-0"1 —0 —0 3
@utr) = Crtd) \f 2 thy ~ ik ho Ok



Substituting (62) and (63) into (60) and using the expression of the divergence of a tensor given in Bolton (1993), we have the following

relations for the jumps of the stress components at order one:

R —0 -0 -0

1 hy hy, hi 3 his hz 3

[615] = - M11 1+ = M122+_ (Mlz +Ma1)+ =5 (M1t = Map) + —5 Msy + | =5 + —5 | Mi3
hy > Rihs iy hy R B

—0 —0 -0 —
1 1 1 hy hy, hy hiz  has
(6331 =—| 5M21,1 +—M222+_—(M22—M11)+ (M12 +M21)+—M32+ — t+t—= | M2 ],
hy

hz h1h2 h1h2 hz hy 2
-0 -0
~ 1 1 hy h, h h hy h
(6331 = — ( M3z1,1+ 5 Ms22 + 7 0M32+ —5Ms1 + <1—03+ 203>M33——3M11—2—M22>
h'l h2 102 hth h'l h2 h] hZ
where
—0 —0 —0
A o Ap(n+A) 0, Moo M3, 2ur 1.0 hyq o h23~o
Miq = 9 + dgo yM2ge Mage) | 2uh + a9+ =2ad |,
2 A 33 2 A —0 1,1 —0-—-0 2 —0 3 2 A —0 22 —0-—0 "2 —0 3
(2p+2) (2p+2) h) *hy ° Cu+a) \ g0 °hy )
-0 -0 -0 -0
AL 2uh [ 1. Moo, Mage)  Alp+d) (10 Mo Mso,
My, = 59 + ( 0+ 550+ =09 | + 5 | 5, + + =503 |,
2 A 33 2 A —0 1,1 —0-0"2 0 3 2 A —0 2,2 —0—0 2 0 3
(u+21) (Qu+2) 1hy h, Qu+2) h, hyhy hy
—0 —0
1. 1.0 hiy o Toq.
Miz =Ma21 = p (3”32* 5131 — 5518 - _g—ilo”?> ;
hy hy hyhy hyh,
Mz =Ms; =63, i=1,2,3.

5. Implementation of the imperfect interface conditions

(67)

(69)

(70)

In this section we show how the conditions (41), (47), (50) and (60) can be used to obtain imperfect interface conditions for the original
(unrescaled) problem. Consider a minimizer, u?, of the energy (6), and a smooth extension of u? to 9, Fg and I'9, which are the domains
obtained by taking the geometric limit of 2§, I'g and I'}; as & — 0* (Fig. 1c). Assume also the existence of an expansion in powers of € also

for u® :
uf =ul + eul + £2u? + o(£?).

In view of the change of variable ((12) and (13)), we have

o (8 (s025) ) =t (B (smeg) ) &

Substituting the expansions (17) and (74) into (75), we obtain

)
m

ud <§ (&0 + %)i> +eul (g (530 + §>i> +o(&? (E (530 + = ) > + el (é (530 + %)i> +o(g2).

Now we assume that the terms on the left-hand side can be expanded in powers of &

W& )+ 0 (Fub(E 650) + ' (B £5)) + o(e?) = <s (620+ ;)i> + el <s (g20+ ;)) +o(e?),

and we identify the terms in ¢ to get
-~ 2 1 +
uo(gv S3i0) = ﬁ(:)t (Ss (530 + i) ) s

1 4.2 - 1 (3 1\ *
oy &, ) + '€, ) = 1 (s, (50 5) ) .
Therefore, we have

[[u°]] = [2°]
[[u' 1] = [@"] - w(u®)

(74)

(75)

(76)

(77)

(78)

(79)

(80)

(81)



where [[f]](é) ::f(é, f;’;o)—f(é, &) is taken to denote the jump across S of a generic function f: QU0 R® and w(f)(é) =
(1 /2)(f(§, &)+ f(%, &3,)). Similar relations can be obtained for the tractions:

0% s+a. 20 2 1\5) 4
04(§,85,)83 =61 | &, (530 + j) &, (82)
1 0 (2 ¢ ya 18 gta, _a1 (2 1\ .
5005 s + ol gles =L (& (802 5) )@ (83)
[[0%83]] = [5&5], (84)
[[o'&3]] =53] — w(0%es). (85)

Substituting the conditions (41), (47), (50) and (60) into (80), (81), (84), (85) and using (78) and (82) we obtain the following interface
conditions for the original limit problem:

[°]]=0 (86)
[[u']] = (B) " (%85 — B3(15)) — w(u%), (87)
[l0%8;]] =0 (88)
[[0'&3]] = —divM — w(a%ég), (89)

with 6%@; the common value of the tractions on both sides of S. Using again the change of variables (12) and (13) in (44)-(46), (58) and
(59), we obtain the following two equilibrium problems posed only on the limit configurations of the adherents and each in which the
interphase is treated as a surface:

div(aL(e(u®))+f =0 inQQY,

a(e(un=g onI?
(Po){ u®=0 onTY (90)
[[u®]]=0 ons,
[[0%83]] =0 ons,
div(a(e(u!)) =0 inQQ,
ar(e(u))n=0 onlY
u'=0 onIY
(P1) B (91)
[[u!]] = (B**) (%85 — B**(13)) - w(u%) onS,
[[0'@3]] = —divM — W(O‘%é3) onsS.

6. Composite spheres assemblage

To illustrate the implementation of the imperfect interface conditions developed so far, we consider the boundary value problem of a
composite spheres assemblage subject to uniform radial displacement of magnitude § on the outer boundary. The problem will be solved
in two ways: first, exactly, as a three-phase elastic problem where the phases are a sphere of material “+”, a concentric interphase, and
an inner spherical inclusion of material “~”, and second, as a two-phase problem, where the phases are the two concentric spheres of
materials “+” and “—" with in between imperfect interface conditions.

We take Re, Rg +£/2, to denote the exterior and the core radii of the outer sphere, and Ry — £/2 to denote the exterior radius of the
inclusion. Let k+, u+ denote the elastic bulk and shear moduli of the outer spherical shell, , © the elastic bulk and shear moduli of the
interphase, and «_, p_ the elastic bulk and shear moduli of the inclusion.

The general three-dimensional equations of homogeneous, isotropic linearized elasticity have the following general solution in terms
of spherical coordinates r, 6, ¢ (Lakes and Drugan, 2002):

ur:ar+rﬁ2, (92)
B B
€r=a-273, €p=C€p=0+ 3, (93)



On = 3k — 4Mrﬁ3’ Ogp = Ogp = 3K6¥+2/,Lr£3, (94)

where « and § are initially undetermined constants. These solutions apply inside the three phases, with appropriate values of the elastic
moduli and with different values of the constants «, S.

Let o8, B4, o, B¢ denote the six constants of the three-phase elastic problem. The condition ¢ = 0 is necessary to avoid singulari-
ties at r=0. The remaining five constants are determined by imposing the boundary condition u,(R.)=6 and the continuity of the radial
displacement u; and of the radial stress o+ at r = Rg + §. We obtain the following conditions:

) _ f — ¢ — f 4/36
z (Ro 2) = (Ro 2) + Ro—e/27 (95)
3k_af =3kaf — 4ML, (96)
(Ro —&/2)°
e B e :
Rp—= )|+ —L8 = Rp— =)+ ——F ., 97
o ( 0 2)+(R0+s/2)2 a+( 0 2)+(R0+£/2)2 (97)
3kt — 4ML =3kt — 4/.L7i, (98)
(Ro+¢/2)’ T (Ro+e/2)
wire+ O s (99)

e

Next, the perfect interface conditions calculated at order zero (cf. problem (Pg)) are applied to the same problem. Let a2, % denote the
four constants of this two-phase elastic problem. Again, the condition 8% = 0 is necessary to avoid singularities at r=0. The remaining
three constants are determined by imposing the boundary condition and the continuity of the radial displacement and of the radial stress
at r=Ry. We obtain the following conditions:

'30
O{ Ro—a+R0+—, (100)
Ra
ﬂO
3k_a® =3k al —4p, ==, (101)
Ry
0
Re+’6—=5. (102)

RZ

Lastly, we solve two-phase elastic problem with the imperfect interface conditions calculated at order one (cf. problem (77 )). In the spherical
coordinate system, we have

hy:=hg=rsin6, hy:=hy=r, hz:=h-=1. (103)
Using (64)-(73) and (103), the imperfect interface conditions (91)4 and (91)s assume the form
3 0 (3 —2u) ud(Ro) 1

[[uf]] = marr(RO) 2m Ro (uﬂr(Rg) + U(r),r(Ra)), (104)
12 0%(Ry) 36k ul(Ry) 1 _
[[Gr]r]] = _(3K+4N~) Ro 3k +4,LL) R% - i(aror,r(Ra) +Grqr,r(Ro )) (105)

Letal, BL denote the four constants of the two-phase elastic problem with the imperfect interface conditions. We still find that the condition
Bl = 0avoids singularities at r=0. The remaining three constants are determined by imposing (104) and (105), and the boundary condition
at r=R, with 6 =0. We obtain the following conditions:

gL 9_al BGre-2u) o 1( o 282
oc+R +—O—a RO_(3K+4M)_2(3K+4M)O[’_§ a+—R—+a , (106)

/3+

0

36u(k —k-)ad  6uspl

—3k_al = —=
CETTEera R R

, (107)

3kl i 4;/,+

5+

a+Re+ —0. (108)

Comparisons between the radial and circumferential stresses as functions of £=logqgk/k+ on the external surface r=R, calculated
from the exact three-phase solution, the perfect and the imperfect interface approximations are given in Figs. 2 and 3 for the two
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Fig. 2. Comparative plots for £ =Ro/10 of the radial and circumferential stresses on the external surface calculated from the exact three-phase solution (o7,
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(0%, 05,) and the imperfect (o7, + £}, 0§, + €07 interface approximations.
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Fig. 3. Comparative plots for € =Ro/100 of the radial and circumferential stresses on the external surface calculated from the exact three-phase solution (¢%,, 0gy)r the perfect
cases €=0.1Ry and £=0.01Ry. For drawing the plots, the following values for the material and geometrical constants were also

(05}, 03) and the imperfect (o}, + €07}, 0, + €0}, interface approximations.
(111)

assumed:
H-=10 p,

vy =0.35, v=0.3,

v_ =0.20,

Re = 2R07
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where v, are the Poisson coefficients of the materials “+” and v is the Poisson coefficient of the interphase material. It should be noted
that, for the values of ¢ considered in Figs. 2 and 3, the imperfect interface model is more accurate than the perfect interface model for
w/p+ ranging from 10-1 to 101,

7. Conclusions

In this study, a model of a curved thin elastic interphase is formulated which is characterized by two-level interface conditions. At the
firstlevel, the interphase is replaced by a model of perfect interface, for which the traction and the displacement vector fields are continuous
(cf. conditions (90)4 and (90)5). At the second level, the jumps in the displacements and in the stress vector along the interface are related
to the interphase material properties and to the displacement and stress fields obtained at the first level (cf. conditions (91)4, (91)s). The
interface conditions are obtained in a system of parallel orthogonal curvilinear coordinates and are given in terms of the displacements and
tractions belonging to the adherents and evaluated at both sides of the interphase. The main advantage of the interface model is that it makes
possible to solve for the fields in the adherents without having to solve for the fields in the interphase. To illustrate its implementation,
a spherical composite assemblage is studied and comparisons between the radial and circumferential stresses computed from the exact
three-phase solution, the perfect and the imperfect interface approximations are given. A motivation for the study of interface models is
the complexity of the finite element modeling due to the thinness of the thin layer, whose presence causes an ill-conditionment of the
tangent matrices and affects the precision of the computations. The computational cost may be amplified by the differences between the
material properties of the interphase and those of the adherents. The use of the imperfect interface model brings the intrinsic advantage
of reducing the numerical analysis to a two-phase equilibrium problem. The imperfect interface laws obtained in this paper could also
been advantageously used to evaluated the effect of coating interphases on the effective properties of composites. Implementation of the
two-level model in a finite element software and a study the singularities at the edges of the interface will be addressed in a future work.
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