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ABSTRACT: In this paper, work is focused on two-phase matrix/inclusion composite materials. A simple method is pro-
posed to identify the elastic properties of one phase while the properties of the other phase are assumed to be known. The
method is based on both an inverse homogenization scheme and mechanical fields measurements. The originality of the
approach rests on the studied scale: the characteristic size of the inclusions is about few tens of microns.
The identification is performed on standard uniaxial tensile tests. First, the accuracy of the method is estimated on ’perfect’
mechanical fields coming from numerical simulations for four microstructures: elastic or porous single inclusions having
either spherical or cylindrical shape. Second, this accuracy is validated on real mechanical field for two simple microstruc-
tures: an elasto-plastic metallic matrix containing a single cylindrical micro void or four cylindrical micro voids arranged in
a square pattern. Third, the method is used to identify elastic properties of inclusions with arbitrary shape in an oxidized
α-inclusions / β-matrix Zircaloy-4 sample. In all this study, the phases are assumed to have isotropic properties.

1. INTRODUCTION

We aim here to study the mechanical responses of the Zircaloy-4 nuclear fuel claddings at the scale of the microstruc-
ture, having undergone micro-structural changes typical of a postulated loss-of-coolant accident (LOCA). After a LOCA,
because of oxygen-diffusion in the material, the cladding will have a heterogeneous microstructure consisting of α-phase
inclusions (oxygen-enriched) embedded into a β-phase matrix (low-oxygen content) [1]. A tension-compression device
has been equipped with a long-focal-length microscope for observation of the test specimen surface during his solicita-
tion. Associated with image analysis by two-dimensional digital image correlation (2D-DIC) [2], this device directly provides
full-field in-plane displacement and strain measurements at the scale of the heterogeneities of the studied material (a few
micrometers). In the process of preparing the test specimen surface, etching step allows to create patterns (observable by
microscope) required for implementation of 2D-DIC [3, 4]. Spherical aberration correction of recorded images is performed
beforehand [5], which allows small strain measurements (order of magnitude of 10−3). The main objective of this study is
to determine, by an inverse process of a homogenization method, the elastic properties of the unknown phase from the
local and macroscopic measurements of strain fields and stresses during a uniaxial tensile test.

The accuracy of the inverse homogenization method is firstly verified on mechanical fields coming from numerical
simulations (CAST3M) in the case of inclusions with simple shapes (spherical inclusion and cylindrical inclusion). The nu-
merical data obtained from the modelled uniaxial tensile test allows to avoid the errors of ’experimental’ measurements and
provide accurate property estimations of unknown phase. The validation by experimental data is performed afterwards on
real porous materials containing cylindrical micro voids since the 2D-DIC technique is based on two-dimensional analysis.

2. A MORI-TANAKA-BASED INVERSE HOMOGENIZATION METHOD

We denote by i = 1 (resp. i = 2) the matrix phase (resp. the inclusions). Phase i has volume |Vi| (domain Vi) and volume
fraction fi = |Vi|/|V |, where V is the representative volume element. For linear elastic media, the volume average of the
strain in each phase ⟨ε⟩i depends linearly on the overall strain εhom = ⟨ε⟩V :

⟨ε⟩i = Ai : εhom, εhom =
2

∑
i=1

fi⟨ε⟩i, ⟨ε⟩i =
1
|Vi|

∫
Vi

ε(x)dx (1)

where the Ai are the strain concentration fourth order tensors. In the case of porous inclusions, the last relation reads :

⟨ε⟩2 =
1
|V2|

∫
∂V2

1
2
(u(x)⊗N +N ⊗u(x))ds (2)

where ∂V2 denotes the boundary of V2, N is the outer unit vector and u is the displacement flied.
Focussing on the Mori-Tanaka scheme, the strain concentration tensor Ai reads [6]:

AMT
1 =

[
f1I+ f2 [I+P1 : (C2 −C1)]

−1
]−1

, AMT
2 = [I+(1− f2)P1 : (C2 −C1)]

−1 (3)

where I is identity of the fourth-order symmetric tensors Ii jkl =
1
2

(
δikδ jl +δilδ jk

)
, δ being the Kronecker symbol, P1 is the

fourth-order Hill’s tensor [7] depending on the spatial distribution of the inclusions and on the matrix properties, Ci is the
fourth-order stiffness tensor of the phase i (assumed as isotropic in the sequel).



Moreover, we assume an isotropic (resp. an in-plane isotropic) distribution of phases for spherical (resp. cylindrical)
inclusions. The elastic stiffness tensor of each phase and the Hill’s tensor thus read as follows [6, 8]:

Ci = 3kiJ+2µiK, P1 =
1

3k1 +4µ1
J+

3
5µ1

k1 +2µ1

3k1 +4µ1
K for spherical inclusions (4)

Ci =

(
ki +

4µi

3

)
EL +2

(
ki +

µi

3

)
JT +

√
2
(

ki −
2µi

3

)(TF+F
)
+2µi (KT +KL)

P1 =
3

2(3k1 +4µ1)
JT +

1
4µ1

3k1 +7µ1

3k1 +4µ1
KT +

1
4µ1

KL

 for cylindrical inclusions (5)

where ki and µi are the bulk and the shear modulus respectively of the phase i, J = (1/3)i⊗ i and K = I− J, i being
the identity of second-order tensors, iT = i−n⊗n, EL = n⊗n⊗n⊗n, JT = (1/2)iT ⊗ iT , F = (1/

√
2)n⊗n⊗ iT ,

KT = IT − JT , KL = 2[n⊗ iT ⊗n](S), n is the out-of-plane unit vector, iT is the identity of second-order tensors in the
transverse plane.

In the case of elastic inclusions (k2 > 0, µ2 > 0), the bulk and shear moduli of the unknown phase are obtained as
roots of a system of two equations (6) or (7) depending on the considerate case. The left hand terms of these equations
are determined with the help of field measurements and the right hand terms depend only on the mechanical properties of
two phases. If the properties of the phase 1 (resp. 2) are supposed to be known, the unknowns are the properties of the
phase 2 (resp. 1).

⟨ε⟩1 : J : ⟨ε⟩1
εhom : J : εhom =

(
4µ1 +3k2

3 f2k1 +4µ1 +3(1− f2)k2

)2

⟨ε⟩1 : K : ⟨ε⟩1
εhom : K : εhom =

(
µ1 (9k1 +8µ1)+6µ2 (k1 +2µ1)

µ1 (9k1 +8µ1)+6(µ2 + f2 (µ1 −µ2))(k1 +2µ1)

)2

 for spherical inclusions (6)

⟨ε⟩1 : JT : ⟨ε⟩1
εhom : JT : εhom =

(
3µ1 +3k2 +µ2

3 f2k1 +(3+ f2)µ1 +(1− f2)(3k2 +µ2)

)2

⟨ε⟩1 : KT : ⟨ε⟩1
εhom : KT : εhom =

(
µ1 (3k1 +µ1)+µ2 (3k1 +7µ1)

µ1 [ f2 (3k1 +7µ1)+3k1 +µ1]+µ2 (1− f2)(3k1 +7µ1)

)2

 for cylindrical inclusions (7)

In the case of porous inclusions (k2 = 0, µ2 = 0), the previous systems lead to a vanishing determinant (the strain
concentration tensor of the pore phase A2 is not defined) and additional informations are required to identify the matrix
properties (k1, µ1). Since, overall stress-strain relationship is known at the scale of the sample, the overall Young’s modulus
Ehom can be identified. In addition, overall in-plane strain field allow to determine the overall Poisson’s ratio νhom. The matrix
properties are thus obtained as:

• Spherical inclusions: k1 =
Ehom

2(1+νhom)

9+6 f2 +(8+12 f2)A

f1A (9+8A)
, µ1 = Ak1

A =
3k1

16(νhom +1)

(√(
196 f 2

2 +220 f2 +25
)
(νhom)2 −

(
112 f 2

2 +196 f2 +70
)

νhom +16 f 2
2 +16 f2 +49

+4 f2 −11νhom −14 f2νhom +1
)


(8)

• Cylindrical inclusions: k1 =
Ehom

2(1+νhom)

3+B + f2 (3+7B)

f1B(3+B)
, µ1 = Bk1, B =

3
2

2νhom (1+ f2)−1
3 f2 −1−νhom (1+7 f2)

(9)

3. ACCURACY OF THE APPROACH: NUMERICAL DATA

First, the accuracy of the approach (equations (6)-(7) for elastic inclusions or (8)-(9) for voids) is verified on numerical
simulations (CAST3M): a single inclusion is embedded in a matrix with remote loading. These numerical simulations have
two main interests: 1/ at finite element convergence, the stress and strain fields are determined without noise, 2/ as far
as the volume fraction of inclusion remains small, the considered microstructure corresponds to the Eshelby’s problem for
which equations (4) and (5) are rigorous. The volume fraction of inclusion f2 below which this last condition is satisfied is
estimated using a criterion on the intraphase homogeneity inside the inclusion: the ratio of standard deviation of the strain
field on its mean has to be less than 10−1. For elastic inclusions, this criterion leads to f2 ≤ 20% (this criterion is plotted in
black in Figure 1 without units). We assume that the same value is still valid for porous inclusions.

The results are given in Figure 1: the relative errors on estimated moduli (by comparison to the values employed for
performing the numerical simulations) are given as a function of the volume fraction of the inclusions. For elastic inclusions,
if the properties of the matrix (resp. the inclusions) are supposed to be known, the properties of the inclusions (resp. the
matrix) are identified, Figure 1 (b-c). For porous inclusions, only the properties of the matrix are identified, Figure 1 (e-f).
For spherical inclusions, the approach leads to an error less than about 10%, Figure 1 (b-e). For cylindrical inclusions, the
error is less than about 5%, Figure 1 (c-f). We have a decline that the mechanical contrast between each phase is about 4
in this test (k2/k1 = µ2/µ1 ≃ 4). In the physical situation that we have in mind, the contrast is much lower than this value
and the phase that should be identified is the inclusion phase. For a volume fraction of inclusions lower than 20%, the
expected relative error in such a ’perfect case’ is thus lower than 5%.
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Figure 1 - Mesh 2D models used in CAST3M simulation for (spherical or cylindrical) elastic inclusion material (a)
and (spherical or cylindrical) porous inclusion material (d). Relative errors for the identified bulk and shear moduli
using virtual fields obtained by numerical simulations: (b) spherical elastic inclusion material; (c) cylindrical
elastic inclusion material; (e) spherical porous inclusion material; (f) cylindrical porous inclusion material

4. ACCURACY OF THE APPROACH: EXPERIMENTAL DATA

We consider uniaxial tensile tests for two types of samples: a unique cylindrical void and four cylindrical voids arranged in
a square pattern embedded in an elasto-plastic matrix. The matrix is a recrystallized annealed (RXA) Zircaloy-4. Samples
are thin plate specimens of 435µm initial thickness. The diameter of the voids is about 90µm (made by electrical discharge
machining). The length-to-diameter ratio of the voids is thus about 5, therefore, the mechanical states are complex around
the voids: plane strain near the void, plane stress away from the void.

The elastic properties k1 and µ1 of the matrix are determined experimentally from a uniaxial tensile test on a homo-
geneous sample. For the voided samples, the relative errors on the estimated values of k1 and µ1 are given in Figure 2
(d-e) as a function of the overall uniaxial applied strain εhom

yy . For low values of εhom
yy , typically below about 0.1%, the DIC

technique concerning our device reaches its limits of sensitivity. For higher values or εhom
yy , typically above about 0.3%,

some local plasticity develops near the voids. As expected, this plasticity appears for lower applied strain in the case of four
voids (interaction between voids). Within this strain domain, the proposed inverse approach is valid and less than 10−12%
relative error is obtained. In comparison to the ’perfect’ numerical case, no significant effect due to the experimental noise
is noticed.

5. IDENTIFICATION OF THE PROPERTIES OF AN α-PHASE IN AN HETEROGENEOUS OXIDIZED ZIRCALOY

An oxidized RXA Zircaloy-4 plate is now investigated. The microstructure of this heterogeneous material is made of α-
phase inclusions and a β-phase matrix. The sample preparation process includes a long term high temperature annealing
step, leading to oxygen concentrations that are homogeneous within each phase. Mechanical properties of each phase
are thus supposed to be homogeneous and to have values reported in the literature [1]. Compared to the previous cases, a
higher volume fraction of inclusions (about 40%) is considered, the inclusions have whiskers-type shapes and the isotropy
of the spatial distribution of the phases is not fully controlled. These parameters have a significant influence on the precision
of estimated properties of the inclusion phase and more inaccuracy is expected. The Figure 2 (f) show an important error
for the estimated bulk modulus, but the estimated shear modulus is quite accurate. We recall that these relative errors are
given by comparison to results previously reported in the literature [1].
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Figure 2 - Microstructure of test specimen surface obtained by a long-focal-length microscope: (a) a single cylin-
drical void sample (590 x 494 pixels); (b) four cylindrical voids sample (1064 x 891 pixels); (c) oxidized Zircaloy-4
sample (590 x 494 pixels). Relative errors for the identified bulk and shear moduli obtained by the inverse homog-
enization method coupled with DIC field measurements: (d) properties of the matrix phase containing a single
cylindrical void; (e) properties of the matrix phase containing four cylindrical voids; (f) properties of the α-phase
(inclusions) in an oxidized Zircaloy-4 sample.

6. CONCLUSIONS

This paper presents an approach for experimental identification of linear elastic properties of each phase in an hetero-
geneous material. This approach rests on an inverse identification coupling an homogenization scheme and full-field
measurement based on digital image correlation. The proposed methodology concerns heterogeneities whose charac-
terized size is about few tens of microns. The accuracy of the approach was estimated: 1/ on virtual fields obtained by
numerical simulations, 2/ on real fields obtained for porous materials with design microstructures. The ranges of validity of
the method were characterized. Within these ranges, the accuracy of the method is about 10%. The method was tested
far outside these ranges on an oxidized Zircaloy-4 material. The shear (resp. bulk) modulus of an α-phase was identified
with an accuracy of 10% (resp. 30%). These results have to be confirmed on controlled microstructures and extended to
plastic behaviours.
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