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ABSTRACT. We develop and we explain the two-scale convergence in the co-
variant formalism, i.e. using differential forms on a Riemannian manifold. For
that purpose, we consider two manifolds M and Y, the first one contains the
positions and the second one the oscillations. We establish some convergence
results working on geodesics on a manifold. Then, we apply this framework on
examples.

1. Introduction. The two-scale convergence initiated by Nguetseng [7] and de-
veloped by Allaire [6], establishes convergence results for a sequence of functions
(uf)e>o containing oscillations of period € and defined in an open domain W of R™
to a function U(x,y) on W x R™ and periodic in the second variable y.
The principle is:
On the open domain W, we fixe the period and we suppose that the solution of
equation: Lu® = f is u® where L€ is a differential operator which induces oscilla-
tions of period € and f is a source term that does not depend on €, (we can also
put boundary conditions). So, we will consider
e the space of functions r-integrable in W, denoted by L" (W) and defined such
that the set of all measurable functions from W to R or to C whose absolute
value raised to the r-th power has finite integral, i.e

L"(W) = {f measurable such that || f],. = (/ | f |T> "< +00},
w

for 1 < r < +o0 and if r = 400 it is defined as the set of all measurable
functions from W to R or to C whose their essential supremum is finite,

e the space of functions r-integrable on W, r-integrable on Y and Y -periodic
and denoted by L"(W, L7 .(Y)) i.e

per

L™(W, L;,,.(Y) = {f measurable such that (/ / | f |T> < +oo},
wJy
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for 1 <r < 400,
e and the space of functions of class C° with a compact support on W and of
class C° on Y and Y-periodic denoted by CO(W,C%,.(Y)).

per
In the following, we will say that the sequence of functions (u€)c~¢ in L"(W) for
7 € (1, 400] two-scale converges to a function U in the space L"(W, L;.,.(Y)) if for
any functions ¢ in CY(W,CY,, (Y)), we have

per
i [ G Dyix = [ [ Uxy)vixyixdy. 1)
0w € Yy Jw
We call U the two-scale limit of u¢ in L"(W, L},,.(Y)). Nguetseng [7] and Allaire

[6] established a two-scale convergence criterion which is very useful to establish an
equation verified by the two-scale limit.
Since Physic’s equations can be written using differential forms on manifold, we
want to develop the two-scale convergence in this formalism, i.e. on manifold. We
must use tools of differential geometry in covariant formalism. This point of view
will allow us to work in a larger context, more adapted for differential equations.
First, we detail all important notions and all useful tools to establish geometric
two-scale convergence. We can observe that differential forms are not always regular
objects. So we remind some notions of functional analysis and we improve them to
use them for differential forms. The functional analysis in the context of covariant
formalism is developed by Scott [4, 3] and called L"-cohomology. Then we adapt
the two-scale convergence on manifold using the Birkhoff’s theorem and we do
asymptotic analysis using geometric objects (differential forms). This study was
begun by Pak [2]. We explain notions of strong and weak convergence and in the
last section, we apply this new point of view on Vlasov equation, in a context close
to Frénod, Sonnendriicker [5] and Han-Kwan [13]. In this dimensionless Vlasov
equation we observe the apparition of finite Larmor radius and oscillations with a
period €. So, the dimensionless Vlasov equation can be written as L°u® = 0.

2. Reminders on differential geometry. In the following, we will consider that
M and Y are two n-dimensional Riemannian manifolds.

For all points p in M, there exists a tangent space to M at p denoted by T,,M. It
represents the set of tangent vectors to M at p. On tangent space T, M, we have a
scalar product g, (the Riemannian metric) represented by a symmetric matrix g,
nondegenerate and positive definite, such that for all u,v € T, M, we have:

gp(u, v) = u - (gpv),
where - is the scalar product. The tangent bundle of M is the disjoint union of the
tangent spaces to M:

T™ := | | T,M = ] {p} x T,M.
peM pEM
With the Riemannian metric we can define, on each tangent space T, M, a Banach
norm given by
vpll = gp(vp, vp),
for all p € M and v, € T,M. With the help of this norm, we can define the length
of a piecewise C! curve v : [t1,t2] — M joining p; to py in M by

P2
Lot psy) = / I/ (8l de.

p1
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We define also by
d(p1, p2) = inf L(p1,p2,7)
where the infimum is on all the curves which are piecewise C'' and joining p; to
p2 in M. The curves minimizing the length L(p1,p2,7) are called geodesics and a
geodesic which length equals d(p;,p2) is called a minimizing geodesic. For p € M
and v, € T, M, there exists an unique geodesic 7,, defined in the neighborhood of
p such that
Y0,(0) = p and 7, (0) = v,.
Let us denote by
Vo = {tv, € T,M | v, € T,M, |lvp|| =1 andt € [0, c(vp)]}, (2)
and define on Vj the exponential map
expzj\)/[ Vo — M (3)
Vp > ’711,;(1)’
where
c(vp) :=sup{t > 0: d(p, emp?f(t vp) =t}
Notice that Vj is the larger open set containing 0 in 7, M such as if v, € Vj then
Yo, is defined for ¢ = 1. The geodesic verifying v, (0) = p and 'y{)p (0) = vy, has the
form
{’yvp (t) = expi\)/j(t’l]p), te [O,C(’Up)]}.
TM is a differential orientable manifold with dimension 2n. A section of T'M is
amap f: M — TM such that 7n(f(p)) = p for all p € M where 7 is the natural
projection
m:TM — M.
Let us also denote by Ty M the dual space of T, M. It is also a vectorial space and
its elements are called 1-forms. In the same way, we define the cotangent bundle of
M by T*M:
T*M = | | T;M = | {p} x Ty M.
peEM peEM
Using the exterior product A, from k elements fi1, . .., ug of Ty M, we can define the
k-form p1 A -+ A py, so the set of all the k-forms at p by /\k(T;M) and the bundle

manifold
NE@a) = | | NF@pam) = | {p} x \ M (T M)

peM peEM
Since, as TM, T*M and \"(T*M) for k = 1,...,n are bundle manifolds with
the natural projections 7#* : T*M — M and 7} : /\k(T*M) — M, we can define
sections in T*M and /\k(T*M) as being the maps f and f from M to T*M and
from M to A\"(T*M) respectively and such that 7*(f(p)) = p and T (fx(p) =p
for all p in M. And so a differential k-form on M is a section of A" (T*M):

Wk M — NM(T* M),
and the set of differential k-forms on M is denoted by Q¥(M). In a local coordinate
chart (U, ¢) such that ¢ : U C R™ — ¢(U) C M, we denote by (x1,...,z,) the local
coordinate system of p € M. All differential k-forms have the following expression
inU
Z wi,m,ik (x)dxiy A Nday,,

U1 yeeylke
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where w? ; (x) are functions from U to R.

We also have some operators acting on differential forms as the exterior product,
the exterior derivative, the pull-back, the push-forward, the interior product, the
Lie derivative and the Hodge star operator. These operators are useful to translate
equations in the language of differential geometry.

e The exterior product: Let w* € QF(M) and n* € Q!(M). The exterior product
of w¥ and 1" is a differential form w* An! € QF+!(M) which acts, for all points
pin M, and on (k + 1) vectors &1, ..., &k1; of T, M in the following way:

sgn(a)

(wF A Ul)p(fh )k Z k' i 5(Eottys - - o)) Mo(Eathatys - - Eathrn)) »

0ESKk41

with Si4; the set of all permutations of {1,...,k+1}.
e The exterior derivative d is a linear operator from QF(M) to QFF(M) and

we have
k
dwf (o, &) = D> (-1)'&-wh(&,. & )
=0
D DR G P ([T 7] U SR IR S
0<i<j<k

with w¥ a differential k-form on M at p and [§;,&;] = &&; — &;&; is the Lie
brackets. The symbol éi means that we take off the vector ;.

o The pull-back: Let f : Y — M be a differentiable map and w® be a differential
k-form on M. The pull-pack of w* by f, f*(w*) is the differential k-form on
Y defined by:

(F*@))g(&rs- o &) = whig) (Fubas o i),

where g €Y, &,...,& € T4Y and f, : TY — T'M is the push forward, i.e.
the map which associates to any vector £ of TyY the vector df,(£) in Tpq) M

e The interior product of a differential k-form w® on M along the vector field
7 on M, is a differential (k — 1)-form i,w"* which acts for all p € M in the
following way:

v€17 e 7€k71 S TpM Z.Tw;f(é-h cee aé—k:fl) = wg(Ta 517 cee 75/(:71)-

i is a linear operator from QF(M) to Q*~1(M).

o The Lie derivative L along the vector field T is linear operator from QF(M)
to QF(M). For any differential k-forms w¥, for all points p € M and for all
&1,..., & € TyM:

k d k ([t t
(Lrw®), (G &) = — wy ((8p)+(€1), -+ (D)4 (&) ,
t=0
with (bf7 the flow of the vector field 7 € T, M and (qbf,)* the push forward such
that (¢f).(§) = doL(¢) for all £ € T,M. We also rewrite the Lie derivative
using the homotopy formula:

Lr=dir+1i,d

Before defining the Hodge star operator, we notice that the metric defines an
inner product on T*M as well as on TM. The map
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g  T,M — T;M
v, = g(vp, )
defines an isomorphism from T, M to T;M, that says that we can identify the
tangent T, M and the cotangent space T*M. We may extend this identification to
all vector fields on M, T'M and the space of all differential forms on M, T* M. That
means we can define an inner product (wy,n,) for any two differential 1-forms w and
1 on M at each point p and so we have a function (w,n) on M. We shall generalize
it to the case of differential k-forms. For two elements of the form aq A --- A ay and
B1 A+ A Bk (o, B8; € T*M) the value of inner product is

(011 A ANag,BL A A ﬁk) = det((ai, Bj)i,j)'
In this way we have the inner product defined for any two differential k-forms on
M. For example in the local coordinates of p, that gives
(dey A+  ANdxy,dxy A -+ Ndxy,) :|g;1 [,

where | g;! | is the determinant of the inverse matrix associated with the metric
gp- In the local coordinate system of p, we can write the natural measure on M:

vol,(g) =vol, = /(| gp |)dz1 A -+ Adxy,.

Now, we can define correctly the Hodge star operator and the co-exterior deriv-

ative.

e The Hodge star operator is a linear isomorphism  : QF(M) — Q?=*(M)
which associates to each differential k-form w*, a differential (n — k)-form
w"~* (where n is the dimension of M). It has the following property that at
each point we have

(wk, Bk)volp(g) = wh A x3F,

for w* and B* differential k-forms on M. And for an orthogonal basis dz1, . .., dx,
at a point p, we have that

VIgol :
*(dxiy Ao A dxik) = F;;)'g;lll .. ~g;;klk5l1...lklk+1...lnd$lk+1 A ANday,,

where z is the local coordinate system of p, g, is the matrix associated to
the metric in these chart, |g,| is the determinant of the Riemannian metric
Ip; g;}ll is the component of inverse matrix of g, and ¢ is the Levi-Civita
permutation symbol.

In the local coordinate system, for a differential k-form w* with the form

wh = Z Wiy g (@)dz, Ao ANdag,,
(i1<...<ix)€{l,...,n}
we have:
*W;;: Z |9p|9;i>ll1 . 'g;klk(;il...iklk+1...lnwil,...,ik ()dzj, A+ Ndxj, .
(1< o< n—r)E{L . m}
The Hodge star operator has also the following property:
*xwh = (=1)kM=k)yk,

e The co-exterior derivative d* : QF(M) — QF~1(M) is a derivation operator
defined by d* wF := (—1)"F=D+1 5 @ x k.
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3. Geometric tools: The L"-cohomology. The reader is referred to [1] to have
more details about this section.

3.1. Generalities. To do L"-cohomology, we must define what it means for dif-
ferential k-forms to be r-integrable on a manifold. To do that, we remind some
definitions.

We say that a differential k-form w

section of vectorial bundle A*(T*M) and that it is defined almost everywhere on
M if there exists a domain N C M with measure zero such that the function
w® : M — N¥(T*M) is well-defined on the domain M \ N.
Using the definition of a differential k-form in local coordinate system, w” is mea-
surable on M if and only if for all charts covering M, the coefficients wﬁlk are
measurable functions and defined almost everywhere if for all charts covering M the
coefficients wf are functions defined almost everywhere.

k' is measurable on M if it is a measurable

k

,,,,, ik

A differential k-form w® has an k-dimensional compact support K in M if for all
point p outside of K and for all vectors &1, ..., &, € T, M we have w],f(§1, ooy &k) = 0.
The integral of a differential k-form is defined as follows: Let M be a differential
k-dimensional manifold included in M, (U; C R, ;);cr be a set of charts covering
MP* and {\;}ier be a partition of unity subordinate to {¢(U;)} (i.e indexed over
the same set I such that supp \; C ¢(U;)). So all differential k-forms w* on M*

can be written as
Wk = Z Aiwk.
iel
So the integral over M* of w* is then defined as
Mk ie1 Y ei(Ui) ier VUi

A differential k-form w* is said to be C* on M, if for all p € M, wh € /\k(T;M)
and ¢*(w*) is a differential k-form C* on U C R™ for all charts ¢ covering M. The
set of differential k-forms C* on M is denoted by QF(M).

Now, we are ready to define differential k-forms r-integrable on a manifold.
We denote by L™ (M, /\k) the space of r-integrable differential k-forms. It is defined
by

L™ (M, \*) = {a € QF (M) mesurable such that /|

for 1 < r < +oo, where
L"(M,/\"') = (/M |a|;110lp> ,

« 0o ky .= Sup ess|x
el o+ (M,\*) plgM lalp,

LT'(M7/\]V) < +OO},

loe

for 1 < r < oo where

with

lall = (x(af Axak))?.
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In local coordinate system, we can observe that |a|; corresponds to

2

|a|; = Z (ail,m,ik,(x))z

W1y nsik

We can associate a scalar product with norm ||a/[ 27 px):

<O(7,B >L2(M,/\k)::/ Oé/\?\'/B7
M

with a, B € QF(M) being measurable. || - || and < -,- > do not depend on charts on
M. The function space H4(M, A¥) is the completion of Q¥(M) with the respect
of the norm

1
(< o, x >L2(M7/\k)+<da,da >L2(M7/\k+1))2 , (4)

and the function space H?(M, A*) is the completion of Q¥(M) with the respect
of the norm

1
(< o, >L2(M,/\k) + < 60&,504 >L2(M’/\k—1)> : . (5)

If M is a compact n-dimensionnal Riemannian manifold with boundary, we want
to define the tangential component and the normal component. These notions are
important because they permit to have the Green-Stokes formula and the integration
by parts. For doing this, we observe that we can associate forms to vector fields (and
vice-versa) and we can choose a local coordinate system such that the Riemannian
metric has the form of 2-forms:

= et @ o
%]
where ® corresponds to the tensor product. For two vectors with the form ", ai%
and ), bi% in the local coordinate system of p, we have

9 ) -
95D aigem D bigyy) = D aigy’bi,
% j i
and
5% ai%’ )= 3 mgiidel.
1 i,

That means that 912, takes a vector field p, to an 1-form denoted by gg(up) = ug.
We denote by p the outgoing unit normal vector to M and by p* the differential
1-form associated to pu. With these, the tangential component of the differential
k-form w® corresponds to uf A w” and the normal component of w* is iuwk. We

reformulate the Green-Stokes formula for the differential forms in two different ways:

e with the exterior derivative:
< dwk, Oék+1 >L2(M,/\k+1):< wk, d*ak'H >L2(M,/\k) + < Vu/\wk, ak"'l >L2(6M,/\k+1)?

with of*1 a differential (k + 1)-form,
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e and with the co-exterior derivative
« ko k—1 Kk k—1 Ck k=1
<d w ,w >L2(M’/\k—1):<w ,dw >L2(M,/\k) —<'Luw 7’(/) >L2(M,/\k_1)7

with **1 a differential (k — 1)-form.
Now we suppose that % + % =1with1<rs< +oo.

Proposition 1. 1. (Hélder’s Inegality) If o* € L™ (M, \¥) and 8% € L*(M, \"),
so af AxBF € LY (M, \") and we have

o A xB¥ Lot nmy < 0 lLzrar o) 1¥ L gar py-

2. (Minkowski’s inegality) If of, ¥ € L™ (M, \*) so of + g € L"(M, /\k) and

we have
o + Bl e pey < 0¥ o py + 18 o it py

3. L"(M, \") is a Banach space.

L2(M, \*) is a Hilbert space.

5. (Density) C?(M, /\k) The set of differential k-forms of class C? with a com-
pact support in M are dense in L™ (M, /\k)

>

Now we can define the Sobolev’s space in these formalism. Since we have three
derivative operators, the exterior derivative d, the co-exterior derivative d* and the
Laplacian A = d*d + d d*, we have three types of Sobolev’s space:

Wd’r(Ma/\k) = {weL’”(M,/\k) ;dweLr(M7/\k+1)}7
Wd*yr(M’/\k) : {L«JELT(M,/\]C) :d*WELT(M7/\k71)}’
WAW(Ma/\k) : {we LT(M,/\k) CAw e LT(M7/\’“)},

with the following norms
1

lolwarainsy = (105 arpey + 14050 pey)

1
=

Zf(M,/\k)) )

ol ranpsy = (Il e + 1" @]

|=

r

lolwarainsy = (105 ar pty + 1405 ar pey + 18 @l pey)

Remark 1. If M is an open subset of R™, the usual Sobolev’s space W1 (M), is
the intersection between W4 (M, AF) and W™ (M, \F).

We can also define the Dirichlet boundary conditions by

My,

{weCCQ(M,/\’“):Vﬁ/\w:O sur OM} ,

W (M, \F)

WM A = fw e CEM AR tiyw =0 sur OM}

My ax,r
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3.2. The weak convergence. For a differential k-form w* € L2(M, \F), we have
a linear form on C2(M, \"):

< wk7’l/)k >L2(M,/\k):: / WS /\*¢S,
M
with ¢ € C%(M, /\k) and since LQ(M,/\k) is a Hilbert’s space, we can define a
weak convergence.

Definition 3.1. We say that a sequence of differential k-forms (w¥),en € L2(M, \")
weakly converges to a differential k-form w* € L2(M, \") if and only if for a test
differential k-form ¢* € C2(M, A\*) we have

< Wﬁ,flpk >L2(M,/\k)_>< wk,d)k >L2(M,/\k)7
when n tends to infinity.

Moreover the test differential k-forms verify the Dirichlet’s boundary condi-
tions, so for all Ykt € C2(M, A"™) we can define the exterior derivative of
of € L2(M, \¥) in the weak sense i.e:

<dw P >y gy =< W YIS a0 ),
and its co-exterior derivative for all ¥~ € C2(M, /\k_l):

< d* wk,'l)/)k71 >L2(M7/\k—1):< wk,d¢k71 >L2(M,/\k) .

4. The geometric two-scale convergence.

4.1. Introduction. For the geometric two-scale convergence, we need to work with
two n-dimensional Riemannian manifolds, denoted in the following by M and Y.
Later, we will suppose that M is geodesically complete and possibly with boundary
and that Y is compact, without boundary and with ergodic geodesic flow. So we
must define what is it to be a differential form on M x Y. First, we see that, for
(p,q) € M x Y, a Riemannian metric on M x Y can be defined as follows :

Y T (M XY) x Ty (M xY) — R

Ip.0) Mo "
(ua ’U) = gp (dp(p,q) (u)a dp(p,q) (U))

+gy (dP(};_’q) (u), dP(};_’q) (v))
where PM and PY are the following natural projections
PY . MxY - Mand PY : M xY =Y,
and so
APy Tipqy(M X Y) = Tpary g M and dP), = Tip ) (M X Y) = Tp, Y.
We deduce the identification

Ty (M X Y) = T,M & T,Y,
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and T(*p q)(M xY) TyM @ T;Y. With the previous projections PM and PY we
have that
T*(M xY) = || T3, (M xY)
(p,q) EMXY
= U {(p7 q)} X T(tn,q)(M X Y)
(p,g)EM XY
= J{w o} x ;M x T}Y,
(p,g) EM XY
We deduce that
T M xY)= | A@ao}x A\ T5M)
(pg)EM XY
and so
Eu T MAN T M xY) = | (@)} x ARTM) < \ (@),
(p,q) EM XY

Now we can define differential (k,)-forms on M x Y who are k-form on M and
[-form on Y as:

w?z;fq) Ty M AN ANT,MATY N ANTYY — R,
k !
ie. w@fq) € /\k(Tp*M) A /\l(T;Y) and so a differential (k,[)-form on M X Y is a

map such that

WL M XY — NS (T (M x Y)) A Noy (T*(M x Y))
g) — (), wiy):

In alocal coordinate chart (UM x UJY, oM gpf) where (UM, pM) is alocal coordinate
chart on M and (U]Y, <p}/) is a local coordinate chart on Y, a differential form w*!
on M x Y as the following expression

k.l

W) = D Wittt (T Y)dT A= Ada™ Ady? A= Ny,

i1 <<,

1< <
for all p € M and ¢ € Y and z,y are respectively the local coordinate system of p
et q.
Now to introduce the space L™(M, A* L*(Y, \})), the set of differential (k,1)-forms
M x Y, r-integrable on M and s-integrable on Y, we denote by {)\i,j}(iyj)gx,] a
partition of unity subordinate to {@M(UM) x Y (UY)}. So all differential (k,1)-

1
klon M x Y can be written as

wk’l = E )\i7jwk’l.

(i,5)EIXJ

forms w

We say that w™! € L"(M, A" L*(Y, \)) if all components of (@M)* (@) )*Ai yjwht =
((p}/)*(@f\/[)*)\i,jwk’l are in L’“(UiM,LS(UJY)) and

o @D @) N N pewyy < o9
(3,5)EIXJT
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Now if we observe (1) we see that we must define what means the evaluation in
Z for differential forms on M x Y. To explain this, we will use the geodesics on
manifold M and Y.

J
Let po € M, go € Y and an isomorphism j be such that T, M = T, Y. We see in
(2) page 3 that for all p € exp)!(Vp), there exists v € Vo C Tp, M such that

p = exppt (v),

where exp))! is defined by (3).

The geometric two-scale convergence results from Birkhoff’s theorem (1931) [9],
Hopf’s theorem (1939) [11] and the Mautner’s Theorem (1957) [10]. Birkhoff’s
theorem [9] says that for all probability space (x, i) and an ergodic flow ¢, we have

for f € L™(x, ),
I T
7| e D [ raan.

For our concerns, the geodesic flow must be ergodic on Y to develop geometric
two-scale convergence issues. The Hopf’s theorem [11] and the Mautner’s theorem
[10] give the conditions for the geodesic flow to be ergodic. The Hopf’s theorem [11]
stipulates that in a compact Riemannian manifold with a finite volume and with a
negative curvature the geodesic flow is ergodic. Mautner showed that in symmetric
Riemannian manifold the geodesic flows are also ergodic.

Torus, projective spaces, hyperbolic spaces, Heisenberg’s space, Sl(n,R)/SO(n,R),
the symmetric space of quaternion-Kéahler are examples of symmetric Riemanian
manifold. If the manifold Y satisfies these conditions then it is geodesically complete
and so the Hopf-Rinow’s theorem says there exists v € Vy C T},, M that all ¢ in ¥
can be written as

q = exp,, (j(v)),

where exp}lg is the exponential map on Y (see (3) page 3 for its definition). To
use Birkhoff’s theorem with an ergodic flow, we suppose that M and Y are n-
dimensional Riemannian manifolds, moreover M is assumed to be geodesically com-
plete and possibly with boundary and Y is assumed to be compact, without bound-
ary and with ergodic geodesic flow i.e. verify the Mautner’s condition or Hopf’s
condition. With the properties of M and Y, for any given pg € M and ¢y € Y, we
define for all p € M, p¢ € Y as

1.
pe = eXp}Ifo (€]<'U)),

where v € Vj is such that p = exp% (v). Once we have introduced this notation, we
easily see that if @[Jz;oq) is a differential k-form on M and a differential O-form on Y

at point (p,q) in M x Y with enough regularity, then w&ope) is a differential k-form
on M.

We have defined all the context and all tools to do geometric two-scale conver-
gence in the covariant formalism.
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4.2. The geometric two-scale convergence.

Definition 4.1. For (a*).~ a sequence of differential k-forms in L™ (M, /\k), we say
that it converges to the two-scale limit of € L™ (M, AL (v, \°)) if for all differential
k-form ok € C2(M, \* Q°(Y)), we have

k k k k
<A P(ppe) ZLr(M AR TS Q0 YT S L (M AR L (Y A%) 0

when € tends to 0. af is called the two-scale limit of o in L"(M, ING A )]
We also say that a® two-scale converges strongly to of if

: k k _
ll_f)% e = (ag) (ppe) LT (M,A\*) = 0.

We have also the following proposition [1, 2]:

Proposition 2. We suppose that M and Y are n-dimensional Riemannian man-
ifolds, and M 1is complete possibly with boundary and Y is compact and verify the
Mautner’s condition or the Hopf’s condition. For % € L2(M, \" Q°(Y, \%)), we
have

fimy 166 ooy |z pky = 195 L2 aa pF 220v. A0))-

Proof. Y is a compact Riemannian manifold so there exists a finite open (U;)1<i<m
covering of Y. We denote by

@ = D D Ui @y xi(y)da, A Aday,

JISo Sk

for z,y the local coordinates of p and ¢, y; € U; and x; the characteristic function
on U;. With the help of the dominate convergence theorem [6], 1/* converges to 1*
when n tends to infinity and so we have

”wécp,pf)HLZ(M,/\k)_”wkHL?(M,/\kLz(Y,/\O)) = ||¢fp,pe)||L2(M,/\k)

- ||(¢7]i)(p,p‘)
+ ”(7/15)(12,126)

||¢§HL2(M,/\’“ L2(Y,\%)

L2(M,A")

L2(M,A*)

+ ”djszL?(M,/\’“LZ(Y,/\O))
1% 2 A L2 v %))

First, we show that

11_% HWS)(p,pe) L2(M,A\F) — ||1/’2HL2(M,/\’€ L2(Y,\%)"

For the left hand side of the equality, we get

ti 108 i pry = B | 32 3 [ o st 2vol

J1<<gk @
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Since Y is geodesically complete and since on Y the geodesic flow is ergodic, we

have x;(z€) converges weakly to vol(U;) . Hence
!lm | (< n)( (M,AFY = Z Z/ (Voo (T, yi)vOL(U;) )20l
J1S Sk 1
= \/ > ¥ | ] G tyPool, v,
J1< <k

W ||L2(M AFL2(Y,A\%))"
That implies

an s~ 1@ o L2 p)

e—0
Hnll L2 ar AF £20v A0
Then when n tends to infinity we found that
lim 196, ooy L2 ar p%y = 195 | 2 (ar A% 220v A0y = O-
O

With the help of this proposition, we formulate a geometric two-scale convergence
with one parameter with the same conditions for M and Y.

Theorem 4.2. For (oF) a bounded sequence in L*([0,400), L2(M, \*)), there ex-
ists a subsequence (afj) of () and a differential form

ag € L*([0, +00), L*(M, A\ *L* (v, \ %))
such that for all
UF € L2([0,+00), CZ (M, \* Q°(Y))),
we have

hm < O[fj (t), 'Z)Z)écpJ)g)(t) >L2(M,/\k) dt = \/O < O[g(t), wk(t) >L2(M,/\k L2(y,/\0)) dt .

Sj—>0 0

Proof. We denote by
Feh) = /O < QB8 68, oy (8) > gaar py

k) is a bounded sequence there exists a positive real ¢ such that

and since (o

k
Jae HL2([0,+oo),L2(M,/\’“)) Se
We obtain

|Fe(?)| < /0 o€l 22 w15 ey )] 2, A
o k
< e / 105 ) ar p 22 oy

/
and so F€ € (LQ([O7 +00), L2(M, /\k))) and there exists a subsequence such that
/
F¢i converges to FV € (LQ([O,+OO),L2(M,/\k))) . Moreover,

||¢écp,pe)(t) l2(ae, 0%y < [ (¢) L2(0a, AF L2(v, A))
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using the dominate convergence theorem, so we deduce

0/, k\ _ 13 €k > : k
Fowh) = Jim lF @O < e [t s o (Ol 00

RGP
With the help of Riesz theorem, we see that we have

af € L2([0, +00), LX(M, \ FL2 (Y, A\ ),
such that

oo
.Fo(wk) = /0 < Oé’g(t),'l/]k(t) >L2(M7/\k L2(Y,\%)) dt,

for all ¥* € L2(]0, 400), C2(M, A\F Q°(Y))) and where

o0

: k k S € (K
eljlino ; <l (), Y00 (1) > 20 a0 dE = 6%11;110]: (")
= F(h)
> k k
:A< Olo(t)7’¢ (t) >L2(M,/\"’ LZ(Y,/\O)) dt.

O

In the following, we can not apply directly the previous theorem because we
want the two-scale convergence in time and not in space as E. Frénod and E. Son-
nendriicker did for Vlasov-Poisson equations [8, 5]. So we must adapt this theorem.
By hypotheses, Y is a compact, symmetric with the same dimension of the time
manifold i.e with dimension 1. That says that Y must be correspond to a ring S*.
And so we obtain the following theorem:

Theorem 4.3. For (o) a bounded sequence in L2([0,T), \° L2(M, \")), where T

€

can be equal to +0o. There exists a subsequence (o/:j) of (¥ and

ok e L2([0,T)x S*, \° L2(M, "), such that for all differential forms
YR e L2([0,T)x S*, \° C2(M,A\") we have

T T
lim [ < al (8), 9" (,19) > 2 ay gk dt = / / < ag(t,s), vF(t,s) > 2 a0y dsdt,
0 Jst

Ej—>0 0

with t¢ = expf1 (Lj(v)) for v € Ty[0,T), and j an isomorphism such that there

J
exists qo € ST with T;[0,T) = T,,S*.

For the classic two-scale convergence, we also have a theorem on the deriva-
tive of a sequence of differential k-forms which it can also adapt for the two-scale
convergence.

Proposition 3. For a bounded sequence (a¥) € L?(M, A" such that (dak) is also
bounded in L2(M, \"™), there exists a subsequence (ozfj) of (a¥) such that (afj)
two-scale converges to ok in L2(M, \* L2(Y, \°)) and (dafj) two-scale converges
to dok + dy ot in L2(M, NP L2(Y, \°)) for o in L2(M N\ HYI(Y, \°)) (see
(4) page 7 ) and ot in L2(M, \*T HY4(Y, \©)). Moreover, of is in ker(dy)
(the kernel of the exterior derivative on'Y, dy ).
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Proof. Let (afj) be a subsequence of (a¥) and (dafj) a subsequence of (da¥) such
that

k k k k
< Ve Zrauar) T < QYT > e AR L2(v,A%)

<dag O 0o >rearpy > <0 S oy Ak a0y -

with g% € C2(M, \* C2(Y, ), ¢¥+1 € C2(M, A (Y, \7)), and
ok e L2(M, \* L2(Y, \")) and n**1 € L2(M, \**' L2(v, \")). Since
<dog O 0 Srearpay = < el didit ) > anan

1 ko gk iktl
+E <0G Ay Py pe) L2 A"

where d}; et d}, corresponds respectively to the co-exterior derivative on M and on
Y. So, we have
k E+1 _ E o k+1
<o, i rranay = < Ao G > rar A

1 kg% k+1
e ey By Py pe) >12(MAF) -

But for "1 € C2(M, A" C2(v, \")) such that d% ¢! = 0, we have
k * 1k
< C\{ej, dY¢(;:;e) >L2(M7/\k): 0
We can deduce that
k k . k k+1
< «q, }(\/I(b +1 >L2(M,/\k L2(Y,A\")) = 61;13}1() < aej,d&(ﬁ(;pe) >L2(M,/\k)
: k Lk
= Jlim <do, 0,50 > L2

= <0 S L A A0
for all "1 € C2(M, A" C2(v, \")) such that di ¢! =0, so
<Mt —dag, 6" > pr L2vp0) = 0,
because dyak = 0. So, since for of ' € L2(M, A" H4(Y, \°)) we have
<dyal™ ¢ > i pret L2 pen =0,
so there exists o™ € L2(M, AT HYA(Y, \D)) as

n—da® = dyaftt.

5. Examples on Vlasov equation.

5.1. With a strong magnetic field. To apply the two-scale convergence to Vlasov
equation, we use the articles [8, 5]. For M a 3-dimensional space, the phase space
decoupled of time has the form

P=T"M ={(z,v)|lr € M,v e Ty M}.
In this space the Vlasov equation reads

a fe
ot

() + Lo £5(1) = 0,
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and
Fo(t=0) = fo,

with 7¢ a vector field equal to

0 0
v—+ (io Bl +ioi, o B§+M =,
8x oz ox oz € an
where M is a constant differential 2-form, fS(¢) a differential volume form i.e a

differential 6-form on P, more precisely f$ € L2([0,T), \" L2(P, \°)). Moreover,
we suppose that

e 5(0) is bounded in L2(P, \%),
(6)
e E! € L%([0,T), N\°L*(M, \ 1)) strongly converges to
E' in 22([0,7), \°L*(M, \ 1)), (7)
e B2 L2([0,T), A\°L*(M, \2)) strongly converges to

B” in L*([0,7), \ °L*(M, \?)). (8)

With these assumptions, we have the conservation of the norm of f5 in time, i.e
there exists a constant ¢ > 0 such that

| fe6||L2([0,T),/\° L2(PA%)) S C

To prove this, we must do the wedge product between x f5 and the Vlasov equa-
tion and then we integrate it over P. We obtain that the time derivative of the
norm of fS in L2([0,T), A’ L2(P, \®)) is equal to 0. This result allows to ap-
ply theorem 4.3 page 14: there exists a subsequence of f5, (still denoted by

76) and a differential 6-form F® € L2([0,T) x S*, A’ L2(P, \°)) such that for all
4% € L2([0,T) x 81, A" C2(P, \%)), we have

lim < f2,0° > 2001y p0 2(p Ay B8 =< F* 0% > 1201y A0 L2 (P A)) -

After the calculation of the scalar product between the Vlasov equation and (¢/8), =
Y8(t,t°) on the space [0,T') x P (t¢ is described page 14) we deduce that

ope | 10¢¢
< f€6, (’% + g 85 +£7—€’(/JS >L2([0,T),/\0 L2(P,/\G)): - < fg(o),w?(o) >L2(P,/\G) .

To obtain the two-scale limit, we multiply equation (9) by €, then passing to the
limit

o 6
6 6 _
< +£(i#i1)iM)%w >12((0,1)x8"A° L2 (PA) = 05
dx dx
with F¢ € L2(]0,T) x S*, A® L2(P, \°)). That is why we have

OF¢ ,
4L FO=0in (L2([0,T) x SY,A°L2(P,\%)) . 10
B (g )4 in (L2([0,7) x SLACLA(PA™)) . (10)

This means that F is a constant along the characteristics. The characteristics are
helices around the magnetic field M. A transformation ¢ which keeps invariant
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the projection of the velocity v on M and makes a rotation with an angle s for the
projection on the orthogonal plan to M writes:

U1
o(v,8) = | wvacos(s) — vzsin(s)
vg sin(s) + vz cos(s)

Taking into account the periodicity condition, Frénod and Sonnendriicker [12] show
the following lemma

Lemma 5.1. FS ¢ L2([0,T) x S*, A\’ L2(P, \%)) satisfies

F¢=0
N

P91 3./\/1)
oz Vdz ov

—+L(

in (12(00,7) x 8, A L*(P, \%))) , if and only if there exists
G% e £2((0,7), \ "L*(P, \ %))
such that FY(t,s) = (¢* G%)4(t, s).
We know that F¢ € L2([0, T)xS*, A" L2(P, \°)) and G® € L2([0,T), \° L2(P, %))

verify the previous lemma. Now, we will set out the following well-posed problem
for GS:

oGS
+ ' G6 _ O7 (11)

oz

2
magnetic field M. The solution of this equation is unique.

To obtain (11), for every ¢¢ € L2([0,T), A" L2(P, \°)) we define ¢ € L2(0,T) x
1N’ L2 (P, A") by 65(ts) = (¢0%)q(t,5). ¢ satisfied

9° 6

— 4L =0.

For a 6-form test 18 and using the formula (9) page 16, we can do the two-scale
limit using the assumptions that E! and B? strongly converge and so:

with G5(0) = Uilﬁ(g)l)) = B0 49 u] = ure’ the projection in the direction of the

oyl
< FG, W + Eq— 1/)6 >L2([O,T)><Sl,/\0 LZ(P,/\6)): — < F6(0)7w6(0,0, P} ) >L2(P,/\6)’ (12)
with 5 5
oy ; 1 - - 2\ ¥
T—vax—i—(z%E —i—z%zU%B)av.

Using the lemma 5.1 and since
L (8°) =" (Lr)-1r2°),
and . .
90 (¢°) _ . 909
we can simplify (12) by
6

9¢
< GG; W—’_ﬁ(tp*)_l@') st >L2([O,T)><Sl,/\0 L2(P,/\6)): - < G6(O)7¢6(0,0, "y ) >L2(P7/\6)7
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with 5 5
() ) =i+ (g B iging BY) o
and where
U1 a 6%1
U= ug cos(s) + ug sin(s) and i cos(s)a% + sin(s )8
—ug sin(s) + ug cos(s) —sin(s) oz + cos(s )ai

Moreover, G® and ¢% do not depend of s so we can integrate it over S' and we
obtain

0 ¢° 1
<G, ot + L7 6" > 120y A0 L2(PA) T T3 <G6( ), 8°(0,0,+,-) > 12(p A,

with

0 o)
T U1'%+((i%E1)1+i%ia%(BgEdy/\dz))%

So we deduce the following theorem
Theorem 5.2. Under the assumptions (6-7-8), we have that
15 two-scale converges to F® € L*([0,T) x S*, /\OLQ(P, /\6))
Moreover there exists G® € L2([0,T), \° L2(P, \®)) such that FS(t,s) = (¢* G%)4(t, )

and G verify the following equation
aGS

~ 6 =
B +£7-G 07
where P 0
and with

Fo(0) _ F°(0)

vol(S1) 2w

5.2. With strong magnetic and electric field. The Vlasov equation with a
strong magnetic and electric field has the form:

afs
e (1) + L SO(0) =

G5(0) =

and
fsﬁ (t = 0) = va
with 7¢ the vector field is equal to
0 0
Vo Fio E§+A—/+z’vg B%M —
ox o € o o’

where M is a constant differential 2-form, N a constant differential 1-form and
f8(t) a volume form on P, more precisely

fEer?(o,m), \°L* (P, \ %))
We suppose the same initial conditions than in the previous section.
In the same way, we have the existence of a subsequence of f¢, also denoted by f¢

and a differential 6-form F® € L2([0,T) x S*, A" L2(P, \°®)) such that for all
Y8 e L2([0,T) x 81, A\’ C2(P, \®)), we have

lim < FEA° > 20y 00 L2 %)) A=< FC, 0% > 12010 7)xs51 A0 12(PAS)) -
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The scalar product between the Vlasov equation and (¥¢), = 5 (t,t¢), the multipli-
cation by e and then the passage to the limit give the following constraint equation:

O
S+ L

Fé=0

/
in (LQ([O,T) x S A\ LA(P, /\6))) . This equation means that F is a constant

along the characteristics :

dv
— =iaoN+isi,o M
ds GES oz Yox
So for a transformation
U1
(v, s)= vg cos(s) — (vs + 1) sin(s) )

vy sin(s) + (v3 + 1) cos(s) — 1

there exists G® € L2([0,T), A" L%(P, \®)) such that FJ(t,s) = (¢*GO)4(t, 5). More-
over for a differential 6-form ¢, we do the two-scale limit. Then, since E! and B?
strongly converge, we deduce that:

oY

< Fﬁa W + LT’(/)G >L2([O,T)><Sl,/\0 L2(P,/\6)): — < F6(O),w6(0,07 “y ) >L2(P,/\6)7

with
0 0
r=vs+ (ig B +igi,p B?) o
To obtain the equation satisfied by G, we use the previous equality and we inject
the expression of F and of 59 and so we obtain
* 9" (¢°) .
< ¢"(GY), ot T Lr0*(4°%) > L2([0,T)x S, A® L2(PA%) =

—< ¢*(G6(0))7¢*(¢6)(0707 g ) >L2(P,/\6) .

9
dx

That gives us

0¢®
< G6; ﬁ+£(@*)—1(7)¢6 >L2([O,T)XSl,/\OLQ(P,/\G)):_ < GG(O), ¢6(070, N ) >L2(P1/\6)7
with
_ _ 0 . o 3]
(")~ 1(r) :u%—i— (Z%El _Z%Z%B2+z%zﬂ%B%dy/\dz) Ert
Uy
where u = 0 and
-1
ﬂg—u i4—u ﬁ—F(u +1)£
or — ox ? 9, 3 dug’
and
1
6 6
=—F .
Go(0) = o F°(0)

So we deduce the following theorem
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Theorem 5.3. Under the assumptions (6-7-8), we have that
f8 two-scale converges to F® € L*([0,T) x S*, /\OLQ(P, /\6)).

Moreover there exists GS € L*([0,T), A\ L2(P, \°)) such that FS(t,s) = (9% GY)y(t, 5)
and G verify the following equation

0GS

W + E(Lp*)fl(ﬁ,-), GG - O,
and with 6 76

GG (0) — (0) _ (0)

vol(SY) 2w
For M = dy Adz and N = dy, we notice that —iagNagM = —dz is a drift effect

and this term is found in the centre-guide approximation when we use the same
hypotheses on the magnetic and electric field.
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