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CHARACTERIZATION OF LARGE ENERGY SOLUTIONS OF
THE EQUIVARIANT WAVE MAP PROBLEM: II

R. COTE, C. E. KENIG, A. LAWRIE, AND W. SCHLAG

ABSTRACT. We consider l-equivariant wave maps from R1*T2 — S2 of finite
energy. We establish a classification of all degree one global solutions whose
energies are less than three times the energy of the harmonic map Q. In
particular, for each global energy solution of topological degree one, we show
that the solution asymptotically decouples into a rescaled harmonic map plus
a radiation term. Together with the companion article, [6], where we consider
the case of finite-time blow up, this gives a characterization of all 1-equivariant,
degree 1 wave maps in the energy regime [E(Q),3E(Q)).

1. INTRODUCTION

This paper is the companion article to [6]. Here we continue our study of the
equivariant wave maps problem from 1 + 2 dimensional Minkowski space to 2—
dimensional surfaces of revolution. In local coordinates on the target manifold,
(M, g), the Cauchy problem for wave maps is given by

OU* = —p*°T5,(U)0.U'0sU7 (1.1)
(U) 8tU)|t:0 = <U07 U1>7

where I‘fj are the Christoffel symbols on TM. As in [6] we will, for simplicity,

restrict our attention to the case when the target (M, g) = (S?, g) with g the round

metric on the 2-sphere, S2. Our results here apply to more general compact surfaces

of revolution as well, and we refer the reader to [6, Appendix A] for more details.
In spherical coordinates,

(¥, w) — (sine cosw, sin 9 sinw, cos V),

on S?, the metric, g, is given by the matrix ¢ = diag(1,sin?(¢)). In the case of
l-equivariant wave maps, we require our wave map, U, to have the form

Ut,r,w) = (¥(t,r),w) — (sint(t,7) cosw, sin(t,r) sinw, cos(t,r)),
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where (r,w) are polar coordinates on R2. In this case, the Cauchy problem (1.1)
reduces to

1 in(2¢)
'(/Jtt - wrr - ;'(/)7‘ + SH;TQ

(¥, 0¢)lt=0 = (%o, %1).

Wave maps exhibit a conserved energy, which in this equivariant setting is given by

o 2
E(U,BU)(t) = E(, 1)) = / (w%w%‘“ﬂé‘”) rdr = const.,
0

and they are invariant under the scaling

1/)(157 T) = (w(tv T)a P (tv T)) = (w(Ata )\7‘), Awt(At)‘T))

The conserved energy is also invariant under this scaling which means that the
Cauchy problem under consideration is energy critical.

We refer the reader to [6] for a more detailed introduction and history of the
equivariant wave maps problem.

As in [6], we note that any wave map v(t,7) with finite energy and continuous
dependence on t € I satisfies 1(t,0) = mm and (¢, 00) = nr for all t € I for fixed
integers m,n. This determines a disjoint set of energy classes

Humn = {(Y0,91) | E(Wpo,¥1) < oo and  4p(0) = mm, Yo(oc) = n}. (1.3)

We will mainly consider the spaces Ho , and we denote these by H,, :== Ho . In
this case we refer to n as the degree of the map. We also define H = J,,c;, Hn to
be the full energy space.

In our analysis, an important role is played by the unique (up to scaling) non-
trivial harmonic map, Q(r) = 2arctan(r), given by stereographic projection. We
note that () solves

=0 (1.2)

1 sin(2Q)
Q'I‘T + T‘QT - 27’2 M
Observe in addition that (Q,0) € H; and in fact (@, 0) has minimal energy in #;
with £(Q) := £(Q,0) = 4. Note the slight abuse of notation above in that we will
denote the energy of the element (Q,0) € H; by £(Q) rather than £(Q,0).

Recall that in [6] we showed that for any data v(0) in the zero topological class,
Ho, with energy £(1) < 2£(Q) there is a corresponding unique global wave map
evolution ¢(t,r) that scatters to zero in the sense that the energy of ¥(¢) on any
arbitrary, but fixed compact region vanishes as ¢ — oo, see [6, Theorem 1.1]. An

equivalent way to view this scattering property is that there exists a decomposition
O(t) = GL(t) +op(l) as t— oo (1.5)

where @, (t) € Ho solves the linearized version of (1.2):

(1.4)

1 1
Pt — Prr — 7()07"4’7290:0 (16)
r r

This result was proved via the concentration-compactness/rigidity method which
was developed by the second author and Merle in [21] and [22], and it provides
a complete classification of all solutions in Hg with energy below 2£(Q), namely,
they all exist globally and scatter to zero. We note that this theorem is also a
consequence of the work by Sterbenz and Tataru in [34] if one considers their
results in the equivariant setting.
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In [6] we also study degree one wave maps, 1(t) € Hy, with energy £(¢) =
E(Q) +n < 38(Q) that blow up in finite time. Because we are working in the
equivariant, energy critical setting, blow-up can only occur at the origin in R? and
in an energy concentration scenario. We show that if blow-up does occur, say at
t = 1, then there exists a scaling parameter A(t) = o(1 — t), a degree zero map
@ € Ho and a decomposition

P(t,r) = @(r) +(Q(r/A(t)),0) +on(l) as t—1. (1.7)

Here we complete our study of degree one solutions to (1.2), i.e., solutions that

lie in M1, with energy below 3£(Q), by providing a classification of such solutions

with this energy constraint. Since the degree of the map is preserved for all time,

scattering to zero is not possible for a degree one solution. However, we show that a

decomposition of the form (1.7) holds in the global case. In particular we establish
the following theorem:

Theorem 1.1 (Classification of solutions in H; with energies below 3£(Q)). Let
¥(0) € Hy and denote by 1(t) € Hy the corresponding wave map evolution. Suppose
that v satisfies

E(%) = £(Q) +1 < 38(Q)-
Then, one of the following two scenarios occurs:
(1) Finite time blow-up: The solution 1/_1'(75) blows up in finite time, say at
t =1, and there exists a continuous function, X : [0,1) — (0, 00) with A(t) =
o(1 —1t), a map ¢ = (o, 1) € Ho with E(F) = n, and a decomposition

P(t) = F+(Q (/A1) 0) + &) (1.8)
such that €(t) € Ho and €(t) — 0 in Ho as t — 1.
(2) Global Solution: The solution (t) € H, exists globally in time and
there exists a continuous function, A : [0,00) — (0,00) with A\(t) = o(t) as
t — 00, a solution Gr(t) € Ho to the linear wave equation (1.6), and a
decomposition

B(t) = Fr(t) + (Q (/A1) ,0) + &(t) (1.9)
such that €(t) € Ho and €(t) — 0 in Ho as t — oo.

Remark 1. One should note that the requirement A(t) = o(t) as t — oo in part (2)
above leaves open many possibilities for the asymptotic behavior of global degree
one solutions to (1.2) with energy below 3£(Q). If A(t) — Ao € (0,00) then our
theorem says that the solution ¥ (t) asymptotically decouples into a soliton, Q,,
plus a purely dispersive term, and one can call this scattering to Qx,. If A(t) — 0
as t — oo then this means that the solution is concentrating £(Q) worth of energy
at the origin as ¢ — oo and we refer to this phenomenon as infinite time blow-up.
Finally, if A(t) — oo as t — oo then the solution can be thought of as concentrating
E(Q) worth of energy at spacial infinity as ¢t — oo and we call this infinite time
flattening.

We also would like to highlight the fact that global solutions of the type men-
tioned above, i.e., infinite time blow-up and flattening, have been constructed in the
case of the 3d semi-linear focusing energy critical wave equation by Donninger and
Krieger in [10]. No constructions of this type are known at this point for the energy
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critical wave maps studied here. In addition, a classification of all the possible
dynamics for maps in H; at energy levels > 3£(Q) remains open.

Remark 2. We emphasize that [6] goes hand-in-hand with this article and the
two papers are intended to be read together. In fact, part (1) of Theorem 1.1
was established in [6, Theorem 1.3]. Therefore, in order to complete the proof of
Theorem 1.1 we need to prove only part (2) and the rest of this paper will be
devoted to that goal. The broad outline of the proof of Theorem 1.1 (2) is similar
in nature to the proof of part (1). With this is mind we will often refer the reader to
[6] where the details are nearly identical instead of repeating the same arguments
here.

Remark 3. We remark that Theorem 1.1 is reminiscent of the recent works of
Duyckaerts, the second author, and Merle in [11, 12, 13, 14] for the energy criti-
cal semi-linear focusing wave equation in 3 spacial dimensions and again we refer
the reader to [6] for a more detailed description of the similarities and differences
between these papers.

Remark 4. Finally, we would like to note that the same observations in [6, Appen-
dix A] regarding 1-equivariant wave maps to more general targets, higher equivari-
ance classes and the 4d equivariant Yang-Mills system hold in the context of the
global statement in Theorem 1.1.

2. PRELIMINARIES

For the reader’s convenience, we recall a few facts and notations from [6] that
are used frequently in what follows. We define the 1-equivariant energy space to be

H={UeH xL*R%:S*)|Uop=pol, ¥pe SO?2)}.

H is endowed with the norm
ET#) = 1Ty pore gy = /R2(|atU|‘(2J +|VU[2) dx. (2.1)

As noted in the introduction, by our equivariance condition we can write U (¢, 7, w) =
(¥(t,r),w) and the energy of a wave map becomes

EU,DU) () = £(h,by)(t) = / (wt L

We also define the localized energy as follows: Let 1,72 € [0,00). Then
- "2 sin® (¢
)= [ (vr+ o+ 2D
r1
Following Shatah and Struwe, [29], we set

¥
G(v) ::/O sin p| dp. (2.3)

Observe that for any (¢,0) € H and for any 1,75 € [0,00) we have

P(ra)
/ |sin p| dp
YP(r1)

/ " lein((r))] o (r) dr

71

sin (w>

) 7 dr = const. (2.2)

G((r2)) = Gy (1)) =

1
< =& .
< 3E72(,0)
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We also recall from [6] the definition of the space H x L2.

[e'e) 2
| (or 0|2 pe = / (¢%+<¢o>%+¢§) rdr. (2.5)
0 r

We note that for degree zero maps (g, 1) € Ho the energy is comparable to the
H x L? norm provided the L> norm of 1) is uniformly bounded below 7. This
equivalence of norms is detailed in [6, Lemma 2.1], see also [5, Lemma 2]. The
space H x L? is not defined for maps (1, %1) € H1, but one can instead consider
the H x L? norm of (9 — Q»,0) for A € (0,00), and Qx(r) = Q(r/A). In fact, for
maps 1/_; € H;1 such that S(?ﬂ) — &£(Q) is small, one can choose A > 0 so that

10 = Q. 1)k e =~ E(P) = E(Q).

This amounts to the coercivity of the energy near @ up to the scaling symmetry.
For more details we refer the reader to [4, Proposition 4.3], [6, Lemma 2.5], and [3].

2.1. Properties of global wave maps. We will need a few facts about global
solutions to (1.2). The results in this section constitute slight refinements and a
few consequences of the work of Shatah and Tahvildar-Zadeh in [31, Section 3.1]
on global equivariant wave maps and originate in the work of Christodoulou and
Tahvildar-Zadeh on spherically symmetric wave maps, see [9].

Proposition 2.1. Let zE(t) € H be a global wave map. Let 0 < A < 1. Then we

have
lim sup Eit_A(d—;(t)) -0 as A— oo (2.6)
t—o0
In fact, we have
Ef\t_A(d?(t)) =0 as t,A— o0 for A<(1-MNt. (2.7)

We note that Proposition 2.1 is a refinement of [31, (3.4)], see also [9, Corollary
1] where the case of spherically symmetric wave maps is considered. To prove this
result, we follow [9], [31], and [29] and introduce the following quantities:

sin2(w(t, r))

e(t,r) =i (t,r) + Y2(t,r) + 2

m(t,r) = 2 (¢, 7)Y (¢, 7).
Observe that with this notation the energy identity becomes:
1
Oe(t,r) = ;& (rm(t,r)), (2.8)
which we can conveniently rewrite as
O¢(re(t,r)) — Op(rm(t,r)) = 0. (2.9)
Using the notation in [9], we set
a(t,r) == r(e(t,r) +m(t,r))
B2(t,r) == r(e(t,r

and we define null coordinates

\,
\
3
2
\.@F
%
=
=

u=t—r, v=t+r.
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Next, for 0 < A < 1 set

é\(u) ::/ o?(u,v) dv (2.10)
E5W
F(ug,uy) := 1i_>m B2 (u, v) du. (2.11)

Also, let ‘Kpi denote the interior of the forward (resp. backward) light-cone with
vertex at (t,r) = (p,0) for p > 0 in (¢,r) coordinates.

As in [31, Section 3.1], one can show that the integral in (2.10) and the limit in
(2.11) exist for a wave map of finite energy, see also [9, Section 2] for the details of
the argument for the spherically symmetric case.

By integrating the energy identity (2.9) over the region (€5 \€,}) N €, , where
0 < ug < up < vg, we obtain the identity

Vo

Ul vo
/ B2 (u,v) duz/ o’ (ug, v) dv—/ o?(uy,v) dv.
) Uuo

U1

Letting vg — 0o we see that
0 < F(up,u1) = &o(ug) — (1), (212)
which shows that & is decreasing. Next, note that
F(u,uz) = F(u,u1) + F(ui,ug) > F(u,u1)

for us > uy, and thus Z#(u, uy) is increasing in uy. #(u,uy) is also bounded above
by &(u) so

F(u):= lm F(u,uy)

U —>00
exists and, as in [31], [9], we have
F(u) -0 as u— oo. (2.13)

Finally note that the argument in [9, Lemma 1] shows that for all 0 < A < 1 we
have

E(u) =0 as u— oo, (2.14)

which is stated in [31, (3.3)]. To deduce (2.14), follow the exact argument in [9,
proof of Lemma 1] using the relevant multiplier inequalities for equivariant wave
maps established in [29, proof of Lemma 8.2] in place of [9, equation (6)]. We can
now prove Proposition 2.1.

Proof of Proposition 2.1. Fix A € (0,1) and § > 0. Find Ag and T large enough
so that

0<Z(A)<d, 0<E((1-Mt) <0
for all A > Ay and t > Tjy. In (u, v)—coordinates consider the points
X1=((1=Nt,(L+N)t), Xo=(A2t—A)
Xs=(4,9), X4=(1-Mt,0v)

where o is very large. Integrating the energy identity (2.9) over the region
bounded by the line segments X7 X5, X2 X3, X3X,, X4 X7 we obtain,

) = [ vt /“—”t

2t—A A

B%(u, v) du + /U (1 — N)t,v) dv.

(142

v
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u

1
r

The quadrangle €2 over which the energy identity is

FiGure 1.
integrated is the gray region above
(u,u1) is increasing in u; we have

Letting ¥ — oo above and recalling that
5 (1) < (L= N) + F (4, (1= N)1)
< &A= N)t) +.F(A).
The proposition now follows from (2.14) and (2.13) O
We will also need the following corollaries of Proposition 2.1
(2.15)

Corollary 2.2. Let z/_;(t) € H be a global wave map. Then
T t—A
YE(t,r)yrdrdt —0 as A— oco.

lim supl/
T—o0 T A 0
Proof. We will use the following virial identity for solutions to (1.2):
Or(r?m) — 0, (r* 2 + 122 — sin? ) + 2ryp? = 0. (2.16)
Now, fix 6 > 0 so that § < 1/3 and find Ay, Ty so that for all A > A and t > Ty

E () <6

we have

Then,
ot
/ et )2 dr < E(D(H)ot
0

and as long as we ensure that A < 1/3t, we obtain
2t/3
/ e(t,r)r® dr < ot.
s

t
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This implies that
2t/3 2t/3
/ e(t,r)r?dr < Cst, and / e(t,r)rddr < Cot%.
0 0

Let x : R — [0,1] be a smooth cut-off function such that x(z) = 1 for |z| < 1/3,
x(z) = 0 for |z| > 2/3 and x'(x) < 0. Then, using the virial identity (2.16) we have

% OOO m(t,r)x(r/t)r?dr = /0 0 (r2m(t, 1) (/1) dr — t% /0 ™ oty v (1) dr

= [ 0.(r*(W} +u7) —sin®(¥))x(r/t) dr

0

_ z/oo V2 (8, )y (1) T dr + O(3)

— & [ D st )

- 2/000 D2 (t,r)x(r/t) rdr + O(5)
= -2 /OOO V2(t,r)x(r/t)rdr + O(6).

Integrating in ¢ between 0 and T yields
T proo
/ / Y2(t,r)x(r/t)rdrdt < CST
o Jo
with an absolute constant C' > 0. By the definition of x(x) this implies

T ,t/3
/ / Y2(t,r)rdrdt < CST.
0o Jo

Next, note that we have

To
/ / V2(t,r)rdrdt < E( dt+/ / e(t,r)rdrdt
A Ty Jt/3

-,

< (To — A)EW) + (T —Tp)o.

Therefore,
f/A /0 Y2(t,r)rdrdt < 05+T5( )
Hence,
hmsup—/ / Y2(t,r)rdrdt < C§
T—o00
for all A > Ap, which proves (2.15). O

Corollary 2.3. Let J(t) € H be a smooth global wave map. Recall that zl;'(t) eH
implies that there exists k € Z such that for all t we have ¥(t,00) = km. Then for
any A > 0 we have

[9(t) — ¥ (t,00) | Lo (roaey = 0 as ¢ — oc. (2.17)

Before proving Corollary 2.3, we can combine Proposition 2.1 and Corollary 2.3
to immediately deduce the following result.
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Corollary 2.4. Let 1/7(75) € H be a global wave map. Let 0 < X\ < 1. Then we have

li?isup () — ((t,00), O)H%XLQ(MSTQ_A) —0 as A— oo (2.18)

Proof. Say 1/7(75) € Hy. Observe that Corollary 2.3 shows that for ¢y large enough
we have, say,

™
t,r) —kr| < —
[(t,r) — bl < o

for all t > tg and r > At. This in turn implies that for ¢ > ¢y we can find a C' > 0
such that

l(t,r) — kr|? < Csin?((t,r)) V> to, 7> M.
Now (2.18) follows directly from (2.6). O
The first step in the proof of Corollary 2.3 is the following lemma:

Lemma 2.5. Let 1/_)'(15) € H be a smooth global wave map. Let R > 0 and suppose

that the initial data 1(0) = (o, Y1) € Hi satisfies supp(9,1o),supp(¥1) C B(0, R).
Then for any t > 0 and for any A <t we have

I90) = 0t 00) 31—y < VEWFTA. (2.19)

Proof. By the finite speed of propagation we note that for each ¢ > 0 we have
supp (¢ (t)) € B(0, R + t). Hence, for all ¢ > 0 we have

wltr) = wit.oo)| < [ o (er)] dr
R+t 3 R+t
< ( 2 (t, ) ! dr’) (/ = dr’)
- t+ R
< VEW), /log (*)
Next observe that if r > ¢t — A then

A A A
1og(t+R)glog<1++R)§log<1+ +R)< + R
T r

Nl=

t—A) - t—A"
This proves (2.19). O
Proof of Corollary 2.3. Say ¥ (t) € Hy, that is ¥ (¢, 00) = kx for all t. First observe

that by an approximation argument, it suffices to consider wave maps &(t) € Hei
with initial data ¥(0) = (vo, 1) € Hy with

supp(Jrto), supp(¢1) C B(0, R)
for R > 0 arbitrary, but fixed. Now, let t,, — oo be any sequence and set

A, = V1,.

Then, for each r > At,, we have

[U(tn, 1) — k| < |[¢(tn) — k7| oo (M <r<t,—a,) + |U(tn) — k|| Loo (r>t,—a,) -
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By Lemma 2.5 we know that

|(tn) — kmllLoe(rtn—a,) S VEW) | 7——= —0 as n — ooc. (2.20)

Vin+ R
tn_\/tTL

Hence it suffices to show that
[¢(tn) — k7l Loc (At <r<t,—a,) =0 as n— oo.
To see this, first observe that (2.20) implies that
Y(tn,tn — Ap) — kr
as n — 0o. Therefore it is enough to show that

[9(tn) = ¥(tn,tn = An)llL(rt,<r<t,—a,) = 0 as n — oo (2.21)

With G defined as in (2.3) we can combine (2.4) and Proposition 2.1 to deduce that
for all » > A\t,, we have

(GOt )) — Gt~ An)| < €T (1)) = 0.

as n — oo. This immediately implies (2.21) since G is a continuous, increasing
function. O

3. PROFILES FOR GLOBAL DEGREE ONE SOLUTIONS WITH ENERGY BELOW 3&(Q)

In this section we carry out the proof of Theorem 1.1 (2). We start by first
deducing the conclusions along a sequence of times. To be specific, we establish the
following proposition:

Proposition 3.1. Let ¢(t) € Hi be a global solution to (1.2) with

(W) = E(Q) +n < 3E(Q).

Then there exist a sequence of times 7, — 00, a sequence of scales A\, K Tp, @
solution @Gr(t) € Ho to the linear wave equation (1.6), and a decomposition

—

Y(1n) = Gr(ma) + (Q (-/An),0) + (1) (3.1)
such that €(t,) € Ho and €(1,) — 0 in H x L? as n — .

To prove Proposition 3.1 we proceed in several steps. We first construct the
sequences 7, and A, while identifying the large profile, Q(-/A,). Once we have
done this, we extract the radiation term ;. In the last step, we prove strong
convergence of the error

€(n) == 1/7(7%) —@L(mn) — (Q(-/An),0) =0

in the space H x L2.
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3.1. The harmonic map at t = 4oco. Here we prove the analog of Struwe’s
result [35, Theorem 2.1] for global wave maps of degree different than zero, i.e.,
Y(t) € H\H, for all ¢t € [0,00). This will allow us to identify the sequences 7, A,
and the harmonic maps Q(-/),) in the decomposition (3.1).

Theorem 3.2. Let 1(t) € H\Ho be a smooth, global solution to (1.2). Then, there
erists a sequence of times t, — oo and a sequence of scales \,, < t, so that the
following results hold: Let

Gnlt,) = ($(tn + At Aur), Ath(tn + Aut, M) (3.2)
be the global wave map evolutions associated to the initial data
() = (@(tn, Anr), Anth(tns An, 7).
Then, there exists Ao > 0 so that
Un = (£Q(-/X0),0) in  LF([0,1); H' x L?)joc.

We begin with the following lemma, which follows from Corollary 2.2 and is the
global-in-time version of [6, Corollary 2.9]. The statement and proof are also very
similar to [13, Lemma 4.4] and [11, Corollary 5.3].

Lemma 3.3. Let ¢)(t) € H be a smooth global wave map. Let A : (0,00) — (0, 00)
be any increasing function such that A(t) /oo ast — oo and A(t) <t for all t.
Then, there exists a sequence of times t, — oo such that

tnto  ft—A(t
lim sup — / / 2(t,r)rdrdt =0. (3.3)
n—00 5500

Proof. The proof is analogous to the argument given in [11, Corollary 5.3]. We
argue by contradiction. The existence of a sequence of times ¢, satisfying (3.3) is
equivalent to the statement

VA(t) /oo with A(t) <t ast— oo, V6 >0, VI > 0, 37 > T} so that

t— A('r
sup — / / 2(t,r)rdrdt <.
oc>00

So we assume that (3.3) fails. Then,

JA(t) /oo with A(t) <tast— oo, 30 >0, ITp > 0, V7 > Ty, Jo > 0 so that

t— A(T) .
/ / 2(t,r)rdrdt > . (3.4)

Now, by Corollary 2.2 we can find a large Ay and a 71 = T1(A;) > Ty so that for
all T' > T} we have

1 [T A
T/ / 2(t,r) rdrdt < §/100. (3.5)
A1 JO

Since A(t) /* oo we can fix T > T large enough so that A(t) > Ay for all ¢t > T.
Define the set X as follows:

T+o t—A(T
X:{J>0 / / trrdrdt>5}



12 R. COTE, C. E. KENIG, A. LAWRIE, AND W. SCHLAG
Then X is nonempty by (3.4). Define p := sup X. We claim that p < T. To see
this assume that there exists ¢ € X so that ¢ > T. Then we would have
T+ o0 <20.
This in turn implies, using (3.5), that

1 THo 1 THo

t—A(T) t—Ay
/ YA(t,r)rdrdt < / 2(t,r) rdrdt < §/100
0 0

% T T+0' A,

where we have also used the fact that A(T) > A;. This would mean that

1 T+o ,t—A(T) |
f/ / V2(t,r)rdrdt < 6/50,
oJr 0

which is impossible since we assumed that ¢ € X. Therefore p < T. Moreover, we

know that
T+p T—A(T) |
/ / 2(t,r) rdrdt > Sp. (3.6)
T 0

Now, since T'+ p > T > T > Ty we know that there exists ¢ > 0 so that

T+p+o t—A(T+p) .
/ / P2(t,r) rdrdt > do.
0

T+p

Since A(t) is increasing, we have A(T) < A(T + p) and hence the above implies

that

T+p+o t—A(T) .

/ / 2 (t,r)rdrdt > do. (3.7)
T+p 0

Summing (3.6) and (3.7) we get

T+pto pt—A(T) |
/ / VA(t,r)rdrdt > (o + p),
T 0

which means that p + o € X. But this contradicts that fact that p = sup X. O

The rest of the proof of Theorem 3.2 will follow the same general outline of [35,

proof of Theorem 2.1]. Let 1 (t) € H; be a smooth global wave map.
We begin by choosing a scaling parameter. Let §g > 0 be a small number, for
example 09 = 1 would work. For each ¢t € (0, 00) choose A(t) so that

80 < £V (B(1) < 26, (3.8)

Then using the monotonicity of the energy on interior cones we know that for each
|7] < A(t) we have

£V @t +7)) <X + 1)) < 7V (W(E)) < 260, (3.9)
Similarly, we have
8o < EXDTITNG(t + 1)) < XDt 4 7). (3.10)

Lemma 3.4. Let () € H\Ho and A(t) be defined as above. Then we have A(t) < t
ast — 0.
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Proof. Suppose 117 € Hy for k£ > 1. It suffices to show that for all A > 0 we have
A(t) < At for all ¢ large enough. Fix A > 0. By Corollary 2.3 we have

[¥(t) = kml|pee >ty — 0 (3.11)

as t — oo. For the sake of finding a contradiction, suppose that there exists a
sequence t, — oo with A(t,) > At, for all n € N. By (2.4) and (3.11) we would
then have that

€7 (WD(tn)) > €3 (4(tn)) 2 2G((tn, An)) = 2G (k) > 4> 200,
which contradicts (3.8) as long as we ensure that dp < 2. O

We can now complete the proof of Theorem 3.2.

Proof of Theorem 3.2. Let A(t) be defined as in (3.8). Choose another scaling pa-
rameter A(t) so that A(t) — co and A(t) < A(t) < t for t — oo, for example one
could take A(t) := max{A(t),t'/?} where A(t) := supy<,<; A(s). By Lemma 3.3 we
can find a sequence t,, — oo so that by setting A, := \(t,,) and A, := A(t,) we

have
1 tntAn  pt—An |
lim —/ / 2(t,r) rdrdt = 0.
tn 0

n—o00 \p,

Now define a sequence of global wave maps z/?n(t) € H\Ho by

—

Gn(t,7) = (w(tn At M) At (B 4 Ant, Anr)) .

and write the full wave maps in coordinates on S? as U, (t,r,w) := (¥n(t,7),w).
Observe that we have
1 oo,
/ / V2(t,r)rdrdt —0 as n — 0o (3.12)
0o Jo

where 1, := (t, — A)/A\n — 00 as n — oo by our choice of A,,. Also note that
EWpn(t)) = EW(ty + Mit)) = E(W) = C.

This implies that the sequence v, is uniformly bounded in L$°(H* x L2). Note
that (2.4) implies that ,, is uniformly bounded in L$°L3°. Hence we can extract
a further subsequence so that

U — e weakly in L2(H' x L?)jc
and, in fact, locally uniformly on [0,1) x (0,00). By (3.12), the limit

Voo(t, 1) = (Yoo(r),0)  V(t,7) €[0,1) x (0, 00)
and is thus a time-independent weak solution to (1.2) on [0, 1) x (0, 00). This means
that the corresponding full, weak wave map Us, (t,7,w) = Uno (1, w) = (oo (1), w) is
a time-independent weak solution to (1.1) on [0,1) x R?\ {0}. By Hélein’s theorem
[16, Theorem 2],
Us : R*\ {0} — §?

is a smooth finite energy, co-rotational harmonic map. By Sacks-Uhlenbeck, [27],
we can then extend U, to a smooth finite energy, co-rotational harmonic map U :
R? — S%. Writing U(r,w) = (1oo (1), w), we have either 1o = 0 or ¥o = £Q(-/ o)
for some Ay > 0.
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Following Struwe, we can also establish strong local convergence
Un = (1hoo,0)  in L2([0,1); H' x L?)10c (3.13)
using the equation (1.1) and the local energy constraints from (3.9):

5(} (@Z_J‘n(t)) S 2507 5(} (woo) S 2507

which hold uniformly in n for [¢| < 1. For the details of this argument we refer
the reader to [35, Proof of Theorem 2.1 (ii)]. Finally we note that the strong local
convergence in (3.13) shows that indeed 1o, # 0 since by (3.10) we have

8o < &3 (Vn (1))

uniformly in n for each [t| < 1. Therefore we can conclude that there exists A\g > 0
50 that ¥ (1) = £Q(r/Xo). O

As in [6], the following consequences of Theorem 3.2, which hold for global degree
one wave maps with energy below 3£(Q), will be essential in what follows.

-,

Corollary 3.5. Let ¥(t) € Hy be a smooth global wave map such that E(v) <
3E(Q). Then we have

Y —Q(-/X0) >0 as n—oo in LF([0,1); H)ioe, (3.14)
with ¥y, (t,7), {tn}, {An}, and Ao as in Theorem 3.2.

Corollary 3.5 is the global-in-time analog of [6, Corollary 2.13]. For the details,
we refer the reader to [6, Proof of Lemma 2.11, Lemma 2.12, and Corollary 2.13].
At this point we note that we can, after a suitable rescaling, assume, without loss
of generality, that Ay in Theorem 3.2, and Corollary 3.5, satisfies A\g = 1.

Arguing as in [6, Proof of Proposition 5.4] we can also deduce the following
consequence of Theorem 3.2.

-,

Proposition 3.6. Let 1(t) € Hi be a smooth global wave map such that E(¢) <
3E(Q). Then, there exists a sequence oy, — 00, a sequence of times T, — 00, and
a sequence of scales \,, K T, with apA, <K T, So that

(a) Asn — oo we have

Tn—An |
lim V2 (Tp,r) T dr — 0, (3.15)
n— oo 0
where A, — oo satisfies A, < A, < T,.
(b) As n — oo we have

anAn
lim
n—oo [o

Remark 5. Proposition 3.6 follows directly from Lemma 3.3, Corollary 3.5 and a
diagonalization argument. As mentioned above, we refer the reader to [6, Proposi-
tion 5.4 (a), (b)] for the details. Also note that 7, € [tn, ¢, + Ay] where ¢, — oo is
the sequence in Proposition 3.6. Finally A, := A(¢,) is the sequence that appears
in the proof of Theorem 3.2.

Qr(1/An)
An

2 2
+ |¢(Tn7r) — Q(r/)‘n)l

Vr(Tn,7) — — ) rdr=0. (3.16)

As in [6] we will also need the following simple consequence of Proposition 3.6.
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Corollary 3.7. Let ay, Ay, and 7, be defined as in Proposition 3.6. Let [3,, — oo
be any sequence such that B, < coa, for some co < 1. Then, for every 0 < c; < Cs
such that Cacq < 1 there exists B, with c18, < B, < CofB, such that

U(Tns Budn) = T as n — oco. (3.17)

3.2. Extraction of the radiation term. In this subsection we construct what
we will refer to as the radiation term, ¢ (t) € Ho in the decomposition (3.1).

-,

Proposition 3.8. Let 1(t) € Hy be a global wave map with E(¢) = £(Q) +n <
3E(Q). Then there exists a solution pr(t) € Ho to the linear wave equation (1.6)
so that for all A > 0 we have

() = (7,0) = GL(B) | mxro(se-a) = 0 as t— oo (3.18)
Moreover, for n large enough we have
E(PL(m)) < C <28(Q). (3.19)

Proof. To begin we pick any «,, — oo and find 7,,, A\,, as in Proposition 3.6. Now
let B, — oo be any other sequence such that 5, < «,. By Corollary 3.7 we can
assume that

w(Tn, 6n>\n) — T (320)
as n — 0o. We make the following definition:

W_w(Tn,7ﬁn,)\n,)

— —mknrng if 0<r<@B,\,
ooy =4" g 7 0SSP (3.21)
O(Tn,r) i Bpin <1 <00

Lo ot o< < B,
On(r) = {1&(7'”,7‘) if Bu, <71 < o0 (3.22)

We claim that ¢, = (¢2,¢}) € Hi1 and E(d,) < C < 28(Q). Clearly ¢2(0) = 7
and ¢2(c0) = 7. We claim that

gEfJ\n (5”) - gﬁozx\n (J(Tn)) S n + On(1)~ (323)

Indeed, since ¥(7y, B An) — ™ we have G(¢(n, BpAn)) = 2 = 2£(Q) as n — occ.
Therefore, by (2.4) we have

ggnAn (1(70),0) 2 2G(Y(Tn, fnn)) = E(Q) — 0n(1)
for large n which proves (3.23) since £5°, (7)) = 56’0(117(7”)) - 506")‘" (7).
We can also directly compute 50ﬁ /\( 9.0). Indeed,

Brdn /o AN 2 B, sin? [ Z=¥(nbndn) .
EPnn (40 0):/ (WWLBTLU) Td?“—i—/ ( Budn )dr
0 0

" BrnAn r

§C|7T—1/’(Tn7ﬂn)\n)\2—>0 as n — oo.

Hence &(¢,) < 1+ 0,(1). This means that for large enough n we have the uniform
estimates &(¢n) < C < 28(Q). Therefore, by [6, Theorem 1.1], (which holds with
exactly the same statement in #; 1 as in Ho = Ho,0), we have that the wave map
evolution q%(t) € Hi,1 with initial data (Z;n is global in time and scatters to 7 as
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t — Foo0. The scattering statement means that for each n we can find initial data
qﬁm 1 so that the solution, S(¢ )an L, to the linear wave equation (1.6) satisfies

|6 (t) = (7,0) = S()bn.r|lmxrz — 0 as t— oc.
Abusing notation, we set
(1) 1= S(t = Tu)fn,-
By the definition of 5n and the finite speed of propagation observe that we have
On(t —Tn,r) =(t, 1) Yr >t —7h + Brn

Therefore, for all fixed m we have

19(t) = (7,0) = G L)1 L2 (-5t —rppam) — 0 @S = o0, (3.24)
and, in particular

6n — (7,0) = Gon. L. (7o) | Hx L2(r2 0 — st Bd) = O BS 70— 00, (3.25)

Now set G = (0, 91) = (69, 8%) — (m,0) € Ho. We have £(5,) < C < 26(Q) b

construction. Therefore the sequence S(—7,)@, is uniformly bounded in H x L2

Let 31 = (¢%,¢}) € Ho be the weak limit of S(—7,)@, in H x L? as n — oo, i.e.,
S(—Tp)Pn — @ weakly in  H x L?

as n — oo. Denote by Fr(t) := S(t)Fr the linear evolution of @y, at time t.
Following the construction in [1, Main Theorem] we have the following profile de-
composition for J,,:

k
Gulr) = () + 3 (SLELINL TN, S LN/ ) +7E0) (320

Jj=2

where if we label ¢y, =: ¢}, 7, =: t}, and A\, = 1 this is exactly a profile de-
composition as in [6, Corollary 2.15]. Now observe that for each fixed m we can
write

B (1) = it (T 7) = BL (T 7) — Gn (T, )
k B B B . .
0y <<PjL(t%//\%7T/A¥L), AL, r/m) L) (327)
i=2 n

and (3.27) is still a profile decomposition in the sense of [6, Corollary 2.15] for the

sequence @y, (1) fﬁm, (7o, 7). Since the pseudo-orthogonality of the H x L? norm is
preserved after sharp cut-offs, see [7, Corollary 8] or [6, Proposition 2.19], we then
have

||S5n_¢m L(T’ﬂ)H12‘I><L2(r2'rnf7'm+ﬁm)\m) = ||S5L(Tn)_¢m,L(Tn)||%I><L2(r27-n77—m+5m)\m)
+ Z 157 (t,/ M) ||H><L2(r>7'n—7'm+,8m Am) T H’Yj HHxL2(7~>Tn—rm+6m,\ )+ on(l)

Note that (3.25) implies that the left-hand-side above tends to zero as n — oo.
Therefore, since all of the terms on right-hand-side are non-negative we can deduce
that

Il@’L(Tn) - d)va(Tn)||%{><L2(’I‘ZT',L—Tm+ﬂm>\m) —0 as n — oo.
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Since,

Pr(m) — (Em,L(Tn) = S(mn)(F — S(_Tm)am,L)

is a solution to the linear wave equation, we can use the monotonicity of the energy
on exterior cones to deduce that

IBL() = om L (D xr2(2t gy =0 a8t — 0.

Combining the above with (3.24) we can conclude that

1) = (7,0) = BLO 122t -t Brurm) = 0 88— 00,

The above holds for each m € N and for any sequence 3,, — oo with 3., < cooun.
Taking 3,, < «,, and recalling that 7, — 0o and ), are such that A\, < T
we have that 7,, — BinAm — 00 as m — oo. Therefore, for any A > 0 we can find
m large enough so that 7,,, — B A > A, which proves (3.18) in light of the above.

It remains to show (3.19). But this follows immediately from the decomposition
(3.26) and the almost orthogonality of the nonlinear wave map energy for such a
decomposition, see [6, Lemma 2.16], since we know that the left-hand-side of (3.26)
satisfies

E(Pn) <C <28(Q)

for large enough n. O

Now that we have constructed the radiation term @y, (¢) we denote by o(t) € Ho
the global wave map that scatters to the linear wave @r,(t), i.e., g(t) € Ho is the
global solution to (1.2) such that

13(t) — Br(®)|lgxrz = 0 as t— co. (3.28)

The existence of such a ¢(t) € Hg locally around ¢ = 400 follows immediately from
the existence of wave operators for the corresponding 4d semi-linear equation. The
fact that ¢(t) is global-in-time follows from [6, Theorem 1] since (3.19) and (3.28)
together imply that £(F) < 26(Q).

We will need a few facts about the degree zero wave map @(t) which we collect
in the following lemma.

Lemma 3.9. Let @(t) be defined as above. Then we have

hltfnsup IO mxL2r-tj>a) >0 as A— oo, (3.29)
— 00
tlim EXAB1) = E(F) as A — oo (3.30)

Proof. First we prove (3.29). We have

1B L2 (r—t3a) < NBE) = BL sz + 1L < L2 (r—t>)-

By (3.28) the first term on the right-hand-side above tends to 0 as t — oo so it
suffices to show that

lim sup ||¢L(t)||?qu2(‘r_t|2A) —0 as A — oo.
t—o0
Since ¢, (t) is a solution to (1.6) the above follows from [7, Theorem 4] by passing
to the analogous statement for the corresponding 4d free wave vy, (t) given by

rup(t,r) = @r(t,r).
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To prove (3.30) we note that the limit as ¢ — oo exists for any fixed A due to the
monotonicity of the energy on exterior cones. Next observe that we have

Jim EAG0) < I (B0 apera) 20 a5 Asoo  (331)
by (3.29) and then (3.30) follows immediately from the conservation of energy. O

Now, observe that we can combine Proposition 3.8 and (3.28) to conclude that
for all A > 0 we have

[9(t) = (7,0) = Bl L2 (r2e-a) = 0 as ¢ — . (3.32)
With this in mind we define a(¢) as follows:
a(t) = 9(t) - () (3.33)

and we aggregate some preliminary information about a in the following lemma:
Lemma 3.10. Let d(t) be defined as in (3.33). Then d(t) € Hy for allt. Moreover,
e for all A > 0 we have
@(t) — (m. Ol z2rony 0 as t - oo, (3.34)
e the quantity E(d(t)) has a limit as t — oo and
Jim E(@(t) = £(9) — £(2). (3:35)
Proof. By definition we have a(t) € H; for all ¢ since
a(t,0) =0, a(t,c0) = .
To prove (3.34) observe that for every A < (1 — \)t we have
1@(t) = (7, 0) | Frx L2 ey < I (t) — (m, 0) 1 Fr 22 (Ar<r<t—a)
+ ||@(t)||%1xL2(At§r§t—A)
H1a) = (7, 0) 37 12 21— a)-

Then (3.34) follows by combining (3.32), (3.29), and (2.18). To prove (3.35) we
first claim that

lim lim X, (4(t) = E(P). (3.36)

A— oo t—0o0

Indeed, we have

ao) = [ i[(wm = @u(t) + @e(0)) + (W (6) = 0 (t) + (1)) %] rdr
N /” sin (1) — T o) + (1)

= £2 4 (F0) + 15(6) = (1,0) = GO0, 21
+0 (I9(8) = (7,0) = BON g x 230 1O 1 sz 51-)
. sin?((t) = 7 — p(t) + (1) — sin’((t) |

—A T

= &2 (@) + 0 (1) = (m,0) = FO) 31 2201
+0 (VE@IE(®) = (7.0) = g0 |x 2251 ) -
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which proves (3.36) in light of (3.30) and (3.32). In the third equality above we
have used the simple trigonometric inequality:

. . . 2
[sin®( — -+ ) — sin*(y)] < 2 sin(y)]| |z o] + 2|z — 9/

Now, fix 6 > 0. By (3.29), (3.36), and (3.32) we can choose A, Tj large enough so
that for all ¢ > Ty we have

IO xrer<t—a)y <6,
€= A - £(9)
la(t) = (7, 0) I 2> e—a) < 6.

Then for all t > Ty and A as above we can argue as before to obtain

£(@(t)) = £ 4@(0) + O(Ia) — (7.0 e 2rme
&A1)+ 0 ( s<zz7>|sz<t>||HxLz<r<tA))

+0 (II@( >||%W<T§t_,4)) +0 (J1a(t) = (. 0l3rx 220-4))
= E(4) = £ 4(U(t) + 0(6)

-,

= &) - ( 7) +0(9),
which proves (3.35). O

<9

— )

We will also need the following technical lemma in the next section.

Lemma 3.11. For any sequence o, > 0 with A\, < 0, < T, we have

Tnton
lim —/ / 2(t,r)rdrdt =0. (3.37)

Proof. Fix 0 < XA < 1. For each n we have

Tn+0on Tnton At
—/ / terrdt<—/ / trrdrdt

Tnton
+ — / 2(t,r)rdrdt.
T, At

On

By (3.34) we can conclude that

lim sup/ a*(t,r)rdr = 0.
A

n—o0 t>7n t

Hence it suffices to show that

Tn+0on At
lim —/ / trrdrdt—O
n—oo O'n

Observe that for every n we have

1 Tn+on At Tn+on At
— / 2(t,r)rdrdt < —/ G2 (t, ) drdt (3.38)

On
Tnton pAt
+ —/ / t r)rdrdt.

n
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We first estimate the first integral on the right-hand-side above. Let A,, — oo be
the sequence in Proposition 3.6, see also Remark 5, and let ¢, — oo be the sequence
in Theorem 3.2. Recall that we have 7, € [tn,t, + \n] and A, < A, < t,.

Observe that for n large enough we have that for each t € [r,, 7, + 0,,] we have
At <t— A,. Hence,

1 Tn+on At . 1 Tn+on t—A, .
— / D2t r)rdrdt < — / D2 (t,r) rdrdt.
0 0

On Tn On Tn

Next, note that since A\, < o0, we can ensure that for n large enough we have
An 4 0n < 20,. Therefore,

1 Tnton pt—An 9 tntAnton pt—An
—/ / zﬂQ(t,r)rdrdtSi/ / A(t,r)rdrdt — 0
On Jr, 0 An +0p tn 0

as n — oo by Lemma 3.3.

Lastly we estimate the second integral on the righ-hand-side of (3.38). For each
A > 0 we can choose n large enough so that At <t — A for each t € [1,,, T, + o).
So we have

1 Tn+on At 1 Tnton pt—A
—/ / G (t,r)rdrdt < —/ / O (t,r) 7 drdt.
On Jr, 0 On Jr, 0

Taking the limsup as n — oo of both sides and then letting A — co on the right we
have by (3.29) that the left-hand-side above tends to 0 as n — oo. This concludes
the proof. 0

3.3. Compactness of the error. For the remainder of this section, we fix «;,, —
oo and find 7,, — oo and A, < 7, as in Proposition 3.6. We define b,, = (b, 0,b5,1) €
Ho as follows:

a(Tn, 1) — Q(1/An), (3.39)
a7y, 7). (3.40)

As in [6, Section 5.3, our goal in this subsection is to show that gn — 0 in the
energy space. Indeed we prove the following result:

Proposition 3.12. Define b, € Ho as in (3.39), (3.40). Then,
1bnllxzz — 0 as n— oco. (3.41)
Remark 6. Inlight of (3.28), it is clear that Proposition 3.12 implies Proposition 3.1.

Remark 7. The proof of Proposition 3.12 will follow the same strategy as [6, Propo-
sition 5.6] and we refer the reader to the outline given there for a general overview
of the proof.

We begin with the following consequences of the previous sections.

Lemma 3.13. Let l;n € Ho be defined as above. Then we have
(a) Asm — oo we have
[[br,1llz2 — 0. (3.42)
(b) As n — oo we have

”bn,OHH(TSan/\n) —0. (3~43)
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(¢c) For any fizted A > 0 we have

lonollH(r>ar,) — 0 as n — oo. (3.44)
(d) There exists a C > 0 so that
E(bn) < C < 28(Q) (3.45)

for n large enough.

Proof. To prove (3.42) fix 0 < A < 1 and observe that we have

o ATn . ATh
/ bil(r)rdr < 1/}2(Tn,T)TdT+/ O*(Tn, ) T dr
0 0

0

+ / a(Tp, )% rdr.
A

Tn

Then (3.42) follows from (3.15), (3.29), and (3.34).
Next we prove (3.43). To see this, observe that for each n we have
om0l (r<arnr) < 190(70) = QU/A N r<annn) T 10T [ r<annn-

The first term on the right-hand-side tends to zero as n — oo by (3.16). To estimate
the second term on the right-hand-side we note that for fixed A > 0 we can find n
large enough so that a, A, < 7, — A and so we have

||50(Tn)||%—l(r§ocn)\n) < ||90(Tﬂ)||%1(7‘§7'n7.4)'
Taking the limsup as n — oo on both sides above and then taking A — oo on the
right and recalling (3.29) we see that the limit as n — oo of the left-hand side above

must be zero. This proves (3.43).
To deduce (3.44) note that

||bn»0| 12‘I(r2)\rn) < Ha’(Tn) - ’n—”%—[(rZ)\Tn) + ”Q(/)\n) - TrH%{(rZA‘rn)'

The first term on the right-hand-side above tends to zero as n — oo by (3.34). The
second term tends to zero since A7, /A, — 00 as n — 0.

Finally, we establish (3.45). First observe that for any fixed A > 0, (3.44) implies
that

—

as n — 00. So it suffices to control 58‘7“ (bn). Next, observe that for n large enough,
(3.31) gives that
BTl s L2 r<an,) S NGE)HxL2(r<r, - a)

and the right-hand side is small for n, A large. This means that the contribution
of @(1,,) is negligible on r < A7, and thus

57 (bn) = €7 (%(10) = (Q(-/An), 0)) + 0n(1).
Next, recall that Proposition 3.6 implies that

E¢m M (Y1) — Q(+/An), 0) = 0, (1), (3.46)

which shows in particular that

EX A, (7)) < n+on(1) (3.47)
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-

where 1 := E(¢) — £(Q) < 2£(Q). Also, (3.46) means that it suffices to show that
EXTS (1) — (Q(-/An), 0)) < C < 28(Q).

Note that since «,, — oo we have

Eannn (Q(/An)) = E5(Q) = 0n(1).

Hence,

EXR (W (1) — (Q(-/An), 0)) = EX™3 (¥(7)) + 0n(1) < 1+ 0n(1),
which completes the proof. O

Next, we would like to show that the sequence l;n does not contain any nonzero
profiles. This next result is the global-in-time analog of [6, Proposition 5.7] and the
proof is again, reminiscent of the the arguments given in [11, Section 5].

Denote by by (t) € Ho the wave map evolution with data b,. By (3.45) and [6,
Theorem 1.1] we know that I;n(t) € Ho is global in time and scatters to zero as
t — +o0.

The statements of the following proposition and its corollary are identical to the
corresponding statements [6, Proposition 5.7 and Corollary 5.8] in the finite time
blow-up case.

Proposition 3.14. Let b, € Hy and the corresponding global wave map evolution
by, (t) € Ho be defined as above. Then, there exists a decomposition

by (t,7) = by 1 (t,7) + O (t,7) (3.48)

where l;n,L satisfies the linear wave equation (1.6) with initial data l;n,L(O,r) =
(bn,0,0). Moreover, by, 1, and 971 satisfy
1

7bn,L

, —0 (3.49)

LI (R;LE (R4))

—0 (3.50)
L3(R;LE (R4))

- 1
100l Lo (R x22) + HT%
as n — oQ.

Before beginning the proof of Proposition 3.14 we use the conclusions of the
proposition to deduce the following corollary which will be an essential ingredient
in the proof of Proposition 3.12.

Corollary 3.15. Let E,L(t) be defined as in Proposition 3.14. Suppose that there
exists a constant &y and a subsequence in n so that ||b, ol > do. Then there exists
ag > 0 such that for allt > 0 and all n large enough along this subsequence we
have

Hgn(t)HHxL?(rzt) > agdp- (3.51)

Proof. First note that since En 1, satisfies the linear wave equation (1.6) with initial

data gn7L(0) = (bn,0,0) we know by [7, Corollary 5] and [6, Corollary 2.3], that
there exists a constant Sy > 0 so that for each ¢ > 0 we have

10n,2 ()| 2 (r>t) = Bollbn.oll a2
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On the other hand, by Proposition 3.14 we know that

1B () = bu.L(B) | 22(20) < 18 (B)ll 22 = 0n(1).

Putting these two facts together gives

1B )l s 2=ty = bn, L)l Erxz2(r58) — 0n(1)
> 50an,0||H —0,(1).

This yields (3.51) by passing to a suitable subsequence and taking n large enough.
O

The proof of Proposition 3.14 is very similar to the proof of [6, Proposition 5.7].
Instead of going through the entire argument again here, we establish the main
ingredients of the proof and we refer the reader to [6] for the remainder of the
argument.

Since b, € Ho and E(by,) < C < 26(Q) we can, by [6, Corollary 2.15], consider
the following profile decomposition for b

=D ¢ ( N ’M) + 7 0(r), (3.52)

i<k

1 (=t r
bna(r) = Z E(pi ()\%7 )\%) + 75,1(7")7 (3.53)

i<k

where each gBjL is a solution to (1.6) and where we have for each j # k:

Mo M-t |8 -t
EjL)\i%Jr "3 + vy — 00 as n — o0. (3.54)

Moreover, if we denote by ﬁ'ﬁ,L(t) the linear evolution of 4%, i.e., solution to (1.6),
we have for j < k that

n? n

(vE L N ), XA (M, M) = 0in H x L? as n — oo (3.55)

lim sup
n—oo

—0 as k— oo. (3.56)

1 k
;fYn,L

LILY(RY)

Finally we have the following Pythagorean expansions:
- i [t
Il = 3 |64 (52

i<k
As in [6], the proof of Proposition 3.14 will consist of a sequence of steps designed

2

+ 17517 22 + 0n (1) (3.57)
HxL?

to show that each of the profiles go% must be identically zero. Arguing exactly as in
[6, Lemma 5.9, Corollary 5.10] we can first deduce that the times #J, can be taken
to be 0 for each n,j and that the the initial velocities gbi(O) must all be identically
zero as well. We summarize this conclusion in the following lemma:

Lemma 3.16. In the decomposition (3.52), (3.53) we can assume, without loss of
generality, that tJ, = 0 for every n and for every j. In addition, we then have

c,b]L(O,r) =0 for every j.
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The proof of Lemma 3.16 is identical to the proof of [6, Lemma 5.9] and the
proof of [6, Corollary 5.10]. We refer the reader to [6] for the details.
By Lemma 3.16 we can rewrite our profile decomposition as follows:

buo(r) =Y 91 (0,7/X,) + 7 () (3.58)
J<k
bn1(r) = o0,(1) in L* as n — oo, (3.59)

Note that in addition to the Pythagorean expansion in (3.57) we also have the
following almost-orthogonality of the nonlinear wave map energy, which was estab-
lished in [6, Lemma 2.16]:

E(bn) = D E(p1(0),0) + E(7 ,0) + 0n(1). (3.60)
i<k

Note that ij,’yﬁ’o € Hy for every j, for every n, and for every k. Using the fact
that £(b,) < C < 2£(Q), (3.60) and [6, Theorem 1.1] imply that, for every j, the
nonlinear wave map evolution of the data (7 (0,7/M,),0) given by

) St r 1 ./t r
gl (t,r) = I —,— ), = | —, — 3.61
Pultor) (“0 (Ai )\%) YA (A% A%)) (3.61)

is global in time and scatters as t — +00. Moreover we have the following nonlinear
profile decomposition guarranteed by [6, Proposition 2.17]:

gn (t,r) = Z @?1 (t,r)+ VZ,L(t’ )+ é?b(tv r) (3.62)
i<k

where the gn(t,T) are the global wave map evolutions of the data b, ’77’? o(t,r) is

the linear evolution of (vX,0), and the errors éZj satisfy

n—roo

. 1
lim sup (éZCLHL;X’(HxL?) + Hreﬁ

—0 as k — oc. (3.63)
L (R;LE (R*))

Recall that we are trying to show that all of the profiles ¢/ must be identically
equal to zero. As in [6] we can make the following crucial observations about the
scales \,. Since we have concluded that we can assume that all of the times ¢, = 0
for all n,j we first note that the orthogonality condition (3.54) implies that for

J#k:
DYDY
ﬁ + ﬁ — 00 as n — 0.
Next, recall that by Lemma 3.13 we have
||bn,0||H(T'§an/\n) —0asn— o0, (364)
1br,0ll EH(r>ar) — 0 @as n — 00, YA > 0 fixed. (3.65)

Combining the above two facts with [6, Proposition 2.19] we can conclude that for
each A\, corresponding to a nonzero profile @7 we have

A <M <71, as n— oo (3.66)
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Now, let kg be the index corresponding to the first nonzero profile p*0. We can
assume, without loss of generality that kg = 1. By (3.64), (3.66) and [11, Appendix
B] we can find a sequence A, so that

An € Ay

An € Ap < AL

Ao K Moor Mo« A, V) > 1.
Define

>

I5; =" 5
n )\n

and we note that 3, < «, and A = BuAn. Therefore, up to replacing 8, by a

sequence 3” ~ B3, and 5\n by ;\n = Bn)\n, we have by Corollary 3.7 and a slight
abuse of notation that

U(Tn, Ap) > T as n — oo. (3.67)
We define the set
Jext :={7 21| dn <M}

Note that by construction 1 € Joxt.
The above technical ingredients are necessary for the proof of the following lemma
and its corollary. The analog in the finite-time blow-up case is [6, Lemma 5.10].

Lemma 3.17. Let ', A} be defined as above. Then for all e > 0 we have
2

1 )\}L (oo} .
5 / / Z Gl ) + A% (¢, )| rdrdt=oF (3.68)
)‘n 0 eAL+t ’

J€Teat ,j<k

where lim lim sup ofl = 0. Also, for all j > 1 and for all € > 0 we have
k—00 n—oo

INEC
T / (@2)2(t,r)rdrdt -0 as n— oc. (3.69)
)‘n 0 AL+t

Remark 8. We refer the reader to [6, Proof of Lemma 5.10] for the details of the
proof of Lemma 3.17. The proof of (3.68) is nearly identical to [6, Proof of (5.57)]
the one difference being that here we use Lemma 3.11 in place of the argument
following [6, equation (5.66)]. The proof of (3.69) is identical to [6, Proof of (5.58)]
and we omit it here.

Note that (3.68) and (3.69) together directly imply the following result:
Corollary 3.18. Let o' be as in Lemma 3.17. Then for all € > 0 we have

1 )\}L o0
/\—1/0 //\ t|gb,11(t,r)+&§7,:(t,r)|2 rdrdtzofl (3.70)
n el +

where lim limsup of = 0.
—00 n—oo
The proof of Proposition 3.14 now follows from the exact same argument as [6,
Proof of Proposition 5.7]. We refer the reader to [6] for the details.
We can now complete the proof of Proposition 3.12.
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Proof of Proposition 3.12. We argue by contradiction. Assume that Proposition 3.12
fails. Then, up to extracting a subsequence, we can find a §yo > 0 so that

[bn,0llr = do (3.71)
for every n. By Corollary 3.15 we know that there exists ay > 0 so that for all ¢,
”gn(t)”HxL?(rzM) > apdp-

We will show that the above is, in fact, impossible by constructing a sequence of
times along which the left hand side above tends to zero. It is convenient to carry
out the argument in rescaled coordinates. Set

An

M = —.
Tn

Since A\, < 7, as n — 0o, our new scale p,, — 0 as n — co. We next define rescaled
wave maps:

gn(t,7) = P(Tn + Tut, Tur), (3.72)
h’ﬂ(ta T) = @(Tn + Tat, an)- (373)

Since g, (t) and En(t) are defined by rescaling ¢ and @ we have that gn(t) € H
is a global-in-time wave map and the wave map @(t) € H, is global-in-time and
scatters to 0 as t — +o0o. We then have

a(Tn + Tty Tar) = gn(t,7) — hp(t, ).
Similarly, we define
Z)mo(r) = by, 0(TnT),
l;n,l(r) = b1 (Tnr)
and the corresponding rescaled wave map evolutions
by (t,1) = by (Tt Tar),
agz)n(t, r) = Tni)n,(Tnt, TaT).

After this rescaling, our decomposition becomes
9n(0,7) = hp(0,7) + Q < ) + b o(r) (3.74)

Gn(0,7) = hn(0,7) 4 by 1 (7). (3.75)
We can rephrase (3.44) and (3.43) in terms of this rescaling and we obtain:

r

mn

VA > 0 fixed, ||l~)n70||H(,«Z>\) — 0 asn — oo, (3.76)
||l~)n,0||H(T§an#n) — 0 as n — oo. (3.77)

Also, (3.29) implies that
Jimlim sup 1 (O)] 2 (r<1— 4y = O, (3.78)
—0 n—oo
lim limsup (|7, (0) = 2@>144/7,) = 0. (3.79)
A—00 pooo
Next, we claim that for every n a decomposition of the form (3.74) is preserved up
to a small error if we replace the terms in (3.74) with their respective wave map
evolutions at some future times to be defined precisely below.
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By Corollary 3.7 we can choose a sequence 7y, — oo with
Vn K Oy
so that
9n(0, Ypin) = ™ as m— oo.
Define 4,, — 0 by
|G (0, Ynpin) — | =: 6, — 0.
Using (3.16) we define €, — 0 by
1G2.(0) = (Q(-/1tn), Ol rx L2(r <) =1 En — 0.

Finally, choose ,, — oo so that

B, < min{\/m, S o1

9n(0, Bppin/2) > T as n — oo. (3.80)

As in [6], we make the following claims:

(1) As n — oo we have

1Gn (Brbin/2) = (Q(/pin), Ol 2 (r <) = 0- (3.81)

(i7) For each n, on the interval r € B, pn, 00) we have

o () = o) =i (P ) 4 (Pm) )

+ én (ﬁnZMn’r) ’

”én”LfC(HxL?) — 0.

We first prove (3.81). The proof is very similar to the corresponding argument in
the finite-time blow-up case, see [6, Proof of (5.76)]. We repeat the argument here
for completeness.

First note that we have

||§n(0) - (Q('/,un)a0)||H><L2(7'§'yn;tn) <ep — 0.
Unscale the above by setting g, (t,7) = gn(tnt, 1), which gives
||(gn(0)7 atgn(o)) - (Q()’ 0)||H><L2(TS"/n) <ep = 0.

Now using [6, Corollary 2.6] and the finite speed of propagation we claim that we
have

1(9n(Bn/2), 0:9n(Bn/2)) = (Q(), )l rxL2(r<p,) = On(1)- (3.83)
To see this, we need to show that [6, Corollary 2.6] applies. Indeed define
m if > 2y,
Gno(r) = q w4+ RO (99 if 4, <7 <29,
gn(0,7) if r <.

. Oign(0,7) if r <~,
o (r){ tg'( ) g
0 if r>n~,
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Then, by construction we have g, € H1, and since
190 — (7, 0)|| Hx L2 (v, <r<27,) < Cn

we then can conclude that

1Gn = (Q, 0| sz < |Gn — (Q0) | xz2(rc) + Gn — (7 0) || s L2 <r<2yn)
+ H(Tr70) - (Q70)||H><L2(r2'yn)
<Clen+ 6, +7,Y).

Now, given our choice of f,, (3.83) follows from [6, Corollary 2.6] and the finite
speed of propagation. Rescaling (3.83) we have

1(gn (Brtin/2), Orgn (Buiin/2)) = (Q(-/ pin), )| rx L2 (r<Bpin) = O-

This proves (3.81). Also note that by monotonicity of the energy on interior cones
and the comparability of the energy and the H x L? norm in H, for small energies,
we see that (3.42) and (3.77) imply that

H (En(ﬁn/‘n/2)a 8tl~7n(ﬁn/‘n/2))||H><L2(r§ﬁnun) — 0. (3.84)

Next we prove (3.82). First we define

%.unﬁn
gn(0,7) if 7> Bupn/2
gn,l(r) = gn(ov 7“).

) 7 T OwnBn/2) e < B /2
gn,O():

Then, let x € C*°([0,00)) be defined so that x(r) = 1 on the interval [2,00) and
suppx C [1,00). Define

() = X(47/ Bupin) (Gn (r) — (7,0))
[;n (r):= X(4r/6n/‘n)6n (r)

and observe that we have the following decomposition

—

Ga(r) = o (0,7) + b () + 0n (1),

where the o0,,(1) is in the sense of H x L? — here we also have used (3.78). Moreover,
the right-hand side above, without the o,(1) term, is a profile decomposition in
the sense of [6, Corollary 2.15] because of Proposition 3.14 and [7, Lemma 11]
or [6, Lemma 2.20]. We can then consider the nonlinear profiles. Note that by
construction we have §, € Ho and as in [6], we can use (3.80) to show that £(g,) <
C < 2£(Q) for large n. The corresponding wave map evolution gn(t) € Hy is thus
global in time and scatters as t — 00 by [6, Theorem 1.1]. We also need to check

that £(b,) < C < 2£(Q). Note that by construction and the definition of b, we
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have
> = 0 2 2 -7,
E(by) < E(bp)+ 0O < %(X/)Q(Alr/ﬁnﬂn)M dr)
0 n,Oun r

+/5n“n sin® (X(47/ Bupin )bn,o (1 = 7)) -
8

nﬂn/2 r
BnAn p2 (p
n) + O / nolr) dr
Budn/2 T

= E(by) + 0n(1) < C < 28(Q),

I

S

<&(

where the last line follows from (3.43) since £, < ay,.
Arguing as in [6], we can use Proposition 3.14, [6, Proposition 2.17] and 6,
Lemma 2.18] to obtain the following nonlinear profile decomposition

Ga(t7) = (£, 7) + b (£,7) + B, (£,7),
||§N||L§°(H><L2) — 0.
Finally observe that by construction and the finite speed of propagation we have
n(t,r) = Galt,r) =,
Bo(t,7) = b (£, 7).

for all t € R and 7 € [Bppin/2 + [t],00). Therefore, in particular we have

G Butin/2,7) = (1,0) = Fin(Butin/2,7) + b (Bufin/207) + O (Buin/2,7)

for all r € [Bppin, 00) which proves (3.82).

We can combine (3.81), (3.82), (3.84), and (3.78) together with the monotonicity
of the energy on interior cones and the fact that ||Q(-/pn) — 7l (r>8, ) = 0n(1),
to obtain the decomposition

Gn(Brbtn /2,7) = (Q(r/11n), 0) + b (B ptn /2, 7) (3.85)
4 b (Bugin/2,7) + O (),
100l 1112 — 0. (3.86)

Now, let s,, — co be any sequence such that s,, > B, 1, /2 for each n. The next
step is to prove the following decomposition at time s,:

Gu(msm) = (1,0) = s (5ms ™) + b (80 7) + Ca(r) V€ [, 00), (3.87)
[Callxze =0 as n— oo. (3.88)

We proceed as in the proof of (3.82). By (3.81) we can argue as in Corollary 3.7
and find p,, — oo with p, < 3, so that

In(Butin/2, pnitn) = T as n — oo. (3.89)
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t Q(//J’n) hn(%) _1_8’”(,8"%)
t = 5";” VAN
B
6712,‘1% /// \\\\ 3‘@% o,
t=0 ¢ J} 1
~ |
i (0) + b (0)
Q(/pn)
FIGURE 2. A schematic description of the evolution of the de-
composition (3.74) from time ¢ = 0 until time ¢ = 5”7“ At time
t= BL% the decomposition (3.85) holds.
Define

gn(ﬂnl‘n/zar) it > pppn
Fua(r) = Gn(Butin/2.7).
Let x € C* be as above and set
Far) = X2/ paptn) (Julr) — (7, 0)),
I;n(r) = X(2r/pnun)5n(6nun/2,r).

Observe that we have the following decomposition:

Fo(r) = T (Butin /2,7) + b () + 0n (1),

R _— ﬂ—gn(ﬁn#n/lf’nﬂn)r if r < Pt
hM)={ prin o

where the 0,,(1) above is in the sense of H x L?. Moreover, the right-hand side above,
without the o, (1) term, is a profile decomposition in the sense of [6, Corollary 2.15]
because of Proposition 3.14 and [7, Lemma 11] or [6, Lemma 2.20]. We can then
consider the nonlinear profiles. Note that by construction we have f;l € Ho and,
as usual, we can use (3.89) to show that £(f,) < C < 2£(Q) for large n. The
corresponding wave map evolution f;l(t) € Hg is thus global in time and scatters

as t — foo by [6, Theorem 1.1].

As in the proof of (3.82) it is also easy to show that £(b,) < C < 2£(Q) where

here we use (3.84) instead of (3.43).

Again we can use Proposition 3.14, [6, Proposition 2.17] and [6, Lemma 2.18] to

obtain the following nonlinear profile decomposition

-

Falt.r) = R (Buttn /2 + £,7) + by (t,7) + Ca (£, 7),

Cnll oo (rx 2y — O
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t=0 .

FIGURE 3. A schematic depiction of the evolution of the de-
composition (3.85) up to time s,. On the interval [s,, +00), the
decomposition (3.87) holds.

In particular, for
Vp i= Sp — Prfin/2

we have

P

.fn(yna 7‘) = ﬁn(sn/’") + gn(l/nyr) + En(l/n/r)

By the finite speed of propagation we have that

ﬁl(”n»r) = gn(sruT) - (7T70)7

—

En(Vn, r)= zn(sn, T)

as long as r > p,pn +vy. Using the fact that p,, < B, we have that s,, > pppin +vn
and hence,

Gul(Sns1) = (1,0) = B (Sp,7) + by (8ns 1) + Cn(Un, 7) V1 € 80, 00).

Setting C, 1= C(vn) we obtain (3.87) and (3.88). With this decomposition we can
now complete the proof.

One the one hand observe that by rescaling, (3.34), and the fact that 27,s, >
Tn + TnSn for n large we have

-

||§n(8n) - hn(sn) - <7Ta O)HHXLZ(TZS,L) =
Tn + Tnsn) - (777 O)”HXL?(TZT"S,L)

Tn + Tnsn) - (7r7O)||H><L2(T‘Z%(Tn+7'nsn))
— 0 as n — oo.
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Combining the above with the decomposition (3.87) and (3.88) we obtain that

On the other hand, combining our assumption (3.71) and Corollary 3.15 we know
that there exists ap > 0 so that

Bn(sn)HHxLz(ran) —0 as n — oo. (3.90)

||l~7n(5n)HH><L2(rzsn) = ||bn(7n5n)HH><L2(rzT,,,sn) > apd.

But this contradicts (3.90). O
We can now complete the proof of Theorem 1.1.

Proof of Theorem 1.1. Let d(t) be defined as in (3.33). Recall that by (3.35) we
have

lim £(a(t)) = E() — E(). (3.91)

t—o0

By Proposition 3.1 we have found a sequence of times 7,, — 0o so that

g(a(m)) = £(Q)

as n — o0o. This then implies that

lim £(@(t)) = £(Q).

t—o0

We now use the variational characterization of @ to show that in fact ||a(t)]|zz — 0
as t — 0o. To see this observe that since a(t) € H; we can deduce by [6, (2.18)]
that

£(Q) « E(a(t), a(t)) > /OOO G2(t, ) rdr + £(Q).

Next observe that the decomposition in [6, Lemma 2.5] provides us with a function
A :(0,00) = (0,00) such that

la(t, ) = Q(/A)llr < d(E(a(t),0) — £(Q)) — .
This also implies that
E(a(t) — (Q(/A()),0)) =0 (3.92)

as t — oo. Since t — a(t) is continuous in H for t € [0,00) it follows from [6,
Lemma 2.5] that A() is continuous on [0, 00). Therefore we have established that

O(t) — @) — (Q(-/A(1),0) -0 in HxL> as t— oco.

It remains to show that A(¢) = o(t). This follows immediately from the asymptotic
vanishing of V ,a(t) outside the light cone and from (3.92). To see this observe
that by (3.34) with A = 1 we have that a(t,7) — (m,0) = o(1) in H x L?(r > t) as
t — o0o. Therefore we have

€2 (Q) = &=(m = Q(/A(1)) = £@a(t) — (Q(-/A(1)),0)) +o(1) — 0

as t — oo. But this then implies that ﬁ — 00 as t — oo. This completes the

proof. O
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