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ENERGY PARTITION FOR THE LINEAR RADIAL WAVE
EQUATION

RAPHAEL COTE, CARLOS E. KENIG, AND WILHELM SCHLAG

ABsTrRACT. We consider the radial free wave equation in all dimensions and
derive asymptotic formulas for the space partition of the energy, as time goes to
infinity. We show that the exterior energy estimate, which Duyckaerts, Merle
and the second author obtained in odd dimensions [5] [6], fails in even dimen-
sions. Positive results for restricted classes of data are obtained.

1. INTRODUCTION

In this paper we consider solutions to the linear wave equation
Ou=0, u0)=/f, u(0)=yg (1)

where (f,g) € (H' x L?)(R%) are radial. Denote by u(t) = S(t)(f,g) the solution
to this wave equation with initial data (f,g) at time 0.

The origin of our work lies in the exterior energy estimates obtained by Duyckaerts,
the second author, and Merle [5], [6] which state that for d > 3 and odd one has
either one of the following estimates (even in the nonradial setting):

2 1 2 2
vt 0, /|x|2t|vt,ws<t><f,g><x>| dr > / (VI@)P 1)) da, or )

d

Vi<, [ 9SO o@rdr 2 g [ (95 g

where
Ve SE)(f,9)° = [Vut)® + |0u(t)]?

is the linear energy density (see [0, Proposition 2.7]). No result of this type was
established there for even dimensions, and the method of proof used in odd dimen-
sions does not apply in even dimensions.

In this paper we show that fails in even dimensions. To be specific, there does
not exist a positive constant which can be substituted on the right-hand side for %
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and so that the resulting inequality will hold for all (f, g). This will be based on a
computation of the asymptotic exterior energy

 lim o Vi S(t)(f,9)(2)|? do =: Jim [V S@)(f, D@ Z2(12)> 10
Note that the exterior energy is decreasing in |t|, whence reduces to the com-
putation of these limits. Since the propagator S(t) is difficult to work with on the
“physical side”, we employ the Fourier transform in this computation. To state our
asymptotic result, we introduce the Hankel transform H and the Hilbert transform
2 on the half-line (0, c0):

_ [T elo) _ /°° o(o)

H)p) = [ L do and r)e) = [ Ao
where the second integral is to be taken in the principal value sense. Both these oper-
ators are bounded and self-adjoint (anti-selfadjoint, respectively) on L?((0,00), dp),
with norm 7. Furthermore, H is a positive operator since it is of the form H = #?
where .Z is the Laplace transform, see for example Lax [7, Section 16.3.3| for de-
tails. This positivity is important for our purposes. In even dimensions, we find the
following expression for the asymptotic exterior energy in terms of H and 5. In
the following two theorems, we use the notation

(frg) = / " f(@)a(@) da

for two functions f, g on the half-line (0, c0).

Theorem 1. Let d be even, (f,g) € H' x L*(R%) be radial as above, and denote

by f,g their Fourier transforms in RY. Then for some constant C(d) > 0 one has
for the solution u of

Jim C@IVe SO 9 Baqurzi = / P1F )2+ 13(0)P)p" " dp

(-1
2

d—1

(CH (™ 0™ f) = (H (0™ ), 9)) £ Relp™T £, 7 (p

d—1

= 9))
3)

+

The constant C(d) is explicit, see below.

This immediately implies that for d = 2 mod 4, there can be no exterior energy
estimate for the initial value problem with data (f,0), whereas there is such an
estimate for data of the form (0, g).

Corollary 2. Let d > 2 be even. Let Ou = 0, u(0) = f € H'(RY) be radial,
Oru(0) = 0. Then for all t > 0, and provided d =0 mod 4,

IVeaSE 072 e = e(d) [V 7 (4)

where ¢(d) > 0 is an absolute constant that only depends on the dimension. If d = 2
mod 4 then there can be no estimate of the form for all t > 0: more precisely,
there exists as sequence f, € H(RY) such that
i [V oS0 O3y = oIV Aala) a5 n = +oo.
2



For the dual initial value problem Ou = 0, u(0) = 0, du(0) = g € L*(RY) radial,
one has for all t > 0

Ve, S)(0, 9|72 = c(d) llgll3
if d =0 mod 4, whereas it fails (in the same sense as above) if d =2 mod 4.
This is in sharp contrast with the asymptotics for odd dimensions:

Theorem 3. Let d be odd, (f,g) € (H1 x L%)(R?) be radial, and denote by f,q
their Fourier transforms in R%. Then for some constant C(d) > 0 one has for the

solution u of

i C@VeaSOU )@ gz = 5 [ WO + 130D do

+ ((—1) T Re(H(p ™+ ), 07 9) + Re(p ™ [ (07 3))) . (5)
From this one immediately deduces up to constants. We prove Theorem in
Section [2} The failure of presents a serious obstruction for the extension of the
nonlinear machinery developed in [5l [6] to even dimensions. However, see [3], 4] for
an application of the exterior energy estimate in four dimensions restricted to data
(f,0) in the context of equivariant wave maps.

In order to salvage some aspect of in even dimensions, we show in Section
that at least a delayed exterior energy estimate holds. This is natural in view of two
facts:

e energy equipartition,

e at least one of the Cauchy data (f,0) or (0,g) is favorable in each even

dimension.

The equipartition property here refers to the fact that after some time, which of
course depends on the solution, the energy will split more or less evenly between Vu
and Oyu. “Delayed” refers to lifting the forward (say) light-cone upwards by a certain
amount. Equivalently, it means calculating the energy over |z| > t — T instead of
|z| > t for some T > 0. Figure [1| shows the distinction between an exterior region
both without and with a time delay.
The choice of this T is a delicate matter and depends on the data (f,g). The
following proposition expresses our main quantitative energy evacuation result. In
odd dimensions, results of this nature are obtained via the sharp Huygens principle
and are simpler to obtain. The novelty here lies again with even dimensions.

Proposition 4. For alle > 0 and for all (f,g) € (H' x L?)(R%) radial there exists
T="T(e f,g,d) >0 such that

VeSO F DZ2 a1 <o-1) < N D1, 12 (6)
forallt >T.
In combination with finite propagation speed, Proposition [4] implies the following

result on the concentration of energy near the light-cone. Such statements are well-
known in odd dimensions, see |5, Lemma 4.1] for the three-dimensional version.

Theorem 5. Let (f,g) € (H' x L?)(R%) be radial. Then we have the following
vanishing of the energy away from the forward light-cone {|z| =t > 0}:

lim limsup ||Vt S(#)(f, 9l £2(|je|-t|>T) = O-

T—+00 t—400
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x| >t —T*

x| > ¢

T*

FiGURE 1. Exterior region without and with time delay

Finally, in Section [ we present various results connected with the profile decompo-
sition of Barhouri-Gérard [2], in particular the Pythagorean expansion of the linear
energy with sharp cut-offs (Corollary . These are even-dimensional versions of
tools that are of essential importance to the nonlinear theory developed in [5] [6].
Although these results are technical in nature we include them here since the meth-
ods needed to establish them in even dimensions are similar to those used earlier in
the paper. The key new point is a bilinear convergence result, see Lemma [6] which
follows from some representation formulas and computations analogous to those of
Proposition [

See our followup work [3 4] with A. Lawrie for concrete applications of these results.

2. ASYMPTOTIC REPRESENTATION OF THE EXTERIOR ENERGY

Before going into the detailed computations, let us first give an outline of the proofs
of Theorem and Proposition [4 Denote by u the solution to the linear wave
equation (1) with initial data (f,g) at time O:

u(t) = S()(f,9)-
The starting point is a representation formula of u(t) through Bessel functions.
More precisely u(t) is is given by
sin(t|V
u(t) = cos(t1v)) £ + 22UV
VI
Let f ,§ be the Fourier transforms in R%:

fO = [ e i@dn g = en [ i

Rd
For radial functions, f is again radial. Recall that
— dy iy, d—2
Fori(€) = Cm e L), v =02 >0,
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where J,, is the Bessel function of the first type of order v. It is characterized as
being the solution of

22T (x) + xJ () + (2% — D) J,(2) =0 (7)

which is regular at £ = 0 (unique up to a multiplicative constant). The inversion
formula takes the form

£(r) = (2m)4 / " 0) 1 (rp) (o) o dp.

The Plancherel identity takes the form ||f||2 = (27)%||f||2. For the solution u(t,r)
this means that

ol

attor) = 2n 4 [ h (cosup)f(p) n Si““”)mp)) Lrp) o) o s, (8)

p
| (= sintoof(o) + costto)a(o)) g o))" dp. (9)

[SII-9

Opu(t,r) = (2m)~

We shall invoke the standard asymptotics for the Bessel functions, see [,

2

Ju(x) = — [(1 4+ wa(z)) cos(z — 7) + wq(z) sin(x — 7)],
5 (10)
J(z) = — [01(z) cos(x — T) — (1 + @a(x)) sin(x — 7)].

with phase-shift 7 = (d — 1)7, and with the bounds (for n > 0, z > 1)
wi™ (@)] + @ (2)] < Coa™7, |l (@) + |05 ()] < Cpa~27" (1)

Using the representations (8) and (9], we have explicit formulas for ||V || 22 (> |¢))
or the delayed quantity. Then we expand these formulas and using the asymptotics
of the Bessel functions; by a delicate inspection of all terms involved, we derive the
desired expansion as t — 4+00. We shall make frequent use of the monotonicity of
the energy on outer cones, i.e., the fact that

(s Oe) )| 1w 122y 54— 1) =5 V2O 22y 21y < [1Viau(s)lL2(21>s-1)

for all T < s < t. Also, given a set . C R? (possibly depending on time), define
the localized energy functional on .% as

1
2 o 12 2
) sy = [ 50+ V)

We now proceed with the details. The goal in the remaining of this section is to
prove the expression for the asymptotic exterior energy in even dimensions, as
well as the exterior energy estimate on the region {|z| > |¢|}. We shall also contrast
this to the analogous known results in odd dimensions.

Throughout this section, the delay T' = 0.

Proof of Theorem[1. First, notice that it suffices to let f, g be Schwartz functions
by energy bounds, and we may assume that f(p) and g(p) are supported on 0 <
5



Px < p < p* < oo. We begin with the kinetic part of the outer energy, viz.
1 oy [T _
(27T)d§|‘8tu(t)||2LQ(|m|2t) = (2m)"|8" 1\/ §|3tu(t77”)|2 ri=tdr
t

<1
= (2m)?4|S4 Y lim/ f\atu(t,r)|2rd_1e_”dr

= lim / / / (= sin(tor)orfor) + cos(tpn)a(pn)) (12)

e—=0+

- (= sin(tpa)paf(p2) + cos(t2)3(p2))

Ty (rp1) Ju(rp2) (P prp2) ™ (prp2) ™" dprdpa vt e dr.

For each € > 0 fixed, the integrals here are absolutely convergent. In view of the

asymptotic expansion of the Bessel functions as stated above, the leading term
1 d-1

for (12) is given by the following expression, with u = v + 3= 5

oo 00 OO

;613&/// —sin(tp1)prf(p1) +cos(tpl)g(01)>

: (— Sin(tﬂz)mf(m) + COS@M)M)

-cos(rpy — 1) cos(rpa — 7)(p1p2)* dp1dps e " dr.

(13)

We shall show later that this indeed captures the correct asymptotic behavior of
the exterior kinetic energy. To be specific, and adding in the contribution by 0,u
we make the following claim:

(2m) 1S (|0hult Wie(eisty T 10-u®)F2(2150)

== 613&/ // —sin(tp; ,01f(,01) + cos(tp1)g(p ))
. (— sm(tpg)pgf( 2) + cos(tp2)g (P2)>

-cos(rpy — 7) cos(rpz — 7)(r2pip2)* dprdps e dr+ (14)

2 .
+;Eglg)ﬂ+/ // cos (tp1)p p1)+Sln(tp1)g(p1))

. (cos(tpz)ﬂzf(ﬂ2) + sm(tm)@)

-sin(rp; — 7) sin(rpa — 7)(p1p2)* dp1rdpa e =" dr + o(1)

where o(1) is with respect to ¢ — £o0o. We now proceed to extract from the

integrals. In order to carry out the r-integration in (14), we use (note 27 € (Z+ 5)7r)

cos(rp; — 7)cos(rps —7) = %[cos(r(pl + p2) — 27) + cos(r(p1 — p2))]

= 21(-1)" sinr(py + p2)) + cos(r(or — )]
sin(rpy — 7)sin(rpz — 7) = %[— cos(r(p1 + p2) — 27) + cos(r(p1 — p2))]
= %[*(*UV sin(r(py + p2)) + cos(r(p1 — p2))]
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d—2 .
(recall v = T) In what follows, we slightly abuse notation by writing f/(p) :=
pf(p)-

For any smooth compactly supported functions ¢, on (0,00), one has for every
teR

dip [ [[ costrtor = p) (o) bt) e dr dprd
= [ oo [ mel)wg)dmdm (15)
lim. / / / sin(r(p1 + p2))$(p1 )b (p2)e"dr dprdpy

cos(t(p1 + p2))
dp1dps. 16
// o1+ 1o (p1)Y(p2) dp1dp: (16)
To prove we note that
& 1 t(ia—e) —t(ia+e) in(t
lim cos(ar)e " dr = lim = ( _ e. € _ ) — 6p(a) — sin(ta)
e—0+ t e—0+ 2 a — € ia+ ¢ a

where the limit is to be taken in the distributional sense. For the argument is
essentially the same.

Carrying out the r-integration using , and ignoring constant prefactors
yields:

/ / [cos(t(p1 — p2)) (' (01) 7' (p2) + §(01)3(p2)) — sin(t(p1 — p2))

Fo0)3003) — a0 ) (s = o) — =2 e

// cos(t(p1 + p2)) (' (01) ] (p2) — 3(p1)3(p2)) + sin(t(p1 + p2))-

~(F'(p1)d(p2) + G(p1) ' (P2))]W(P1P2)” dp1dp2

which further simplifies to (integration extending over (0, c0))

< T(FOP + 18P dp

Q.

// sin(2t(p1 — ))(f '(p )f (p )_’_g(pl)M)(ppo)“ dp1dps

P1 — P2

4 / / “m”“”’)(ﬁ(m)g(pg) — 4(p) [ (02)) (012" dprdps (17)

P2

[N

g // cos plf:;;m))(f (p1)f' (p2) — 3(p)G(p2)) (p1p2)* dprdps

w\n.

[ )50+ 9000 ) 1) s

It remains to determine the limit as ¢ — oo. First, recall that for any a > 0 (with
F denoting the Fourier transform on R)

7|

sin(ax) cos(ax)

x Ké) = 7TX(—a,a)(ﬁ)? <ﬂ\[ T
7

](6) = Tri[f)((—oo,—a) + X(a,oo)}' (18)



The integral on the second line is of the form

sin(2t(py — — 1
[ ) o T dpids = 5 [ 18@RaE (19
R? p1— p2 2 2
with ¢(p) = f(p)p*. As t — oo, this approaches
1 .
§||¢||§ = 7|¢l3-
Hence, the sum of the first and second lines in approach
T [ . _
5[ UFOP Ry as e

Integration by parts shows that the fifth line vanishes in the limit as ¢t — oo (the
data are Schwartz). For the expressions on the third and fourth lines, respectively,
we use
1 1 1 1
cos?(z) = 3 + 3 cos(2x), sin?(z) = 375 cos(2x)
and , to deduce that in the limit of as t — oo equals

™

7 / (7o) +1a(o) )"~ dp

d
2

// P1 +,02 (F(p)F"(p2) = §(p1)3(p2)) (p1p2)" dprdps

+Re )a(p2) (p1p2)* dp1dps,

up to a constant prefactor, and with integration extending over (0,00). This is
exactly what claims.

It remains to verify the claimed dominance of the leading order terms of the Bessel
expansion, see (|14)). For simplicity, we restrict ourselves to the kinetic energy .

Subtracting (13) from yields, with w; as in ,

[e. e ele ¢)

2y / / / —sin(tp)pr flpr) + cos(tp)ion))

: (— sin(tp2)p2f (p2) + cos(tp2)3(p2) )

[(wa(rp1) +wa(rp2) + wa(rpr)wa(rp2)) cos(rpy — 7) cos(rpy — 7)
+ w1 (rp1)(1 + wa(rps))sin(rp; — 7) cos(rpz — 1)
+ wi(rp2)(1 + wa(rpr))sin(rps — 7) cos(rp; — 7)

+ w1 (rp1)wi (rp2) sin(rpy — 7) sin(rpg — 7—)} (p1p2)* dp1dps €= dr.

All terms here are treated in a similar fashion. As a representative example, consider
for all € > 0 the error term

[e. e elie o)

9= / (£ + T)p1) sin((t + T)pa) cos(rpy — 7) sin(rpz — 7)1 (rp2)
t 0

- F(01) F(p2) (prp2)" e dpydpadr,



As before, we write

cos(rpy — 7)sin(rpy — 7) = —% [(—1)” cos(r(p1 + p2)) + sin(r(p; — pg))},

expand the trigonometric functions on the right-hand side into complex exponen-
tials, and perform an integration by parts in the r variable as follows: for any o € R
and dropping the subscripts on w, p for simplicity, one has

0 [eio] J ef[siicr]t 0 67[511'0]7" , J 50
—leFiolr — ¢ :
/t e wirp) dr = ———wl P)+/t cie W repdr (20)

We apply this with ¢ = p1 + p2 and 0 = p; — p2 to the fully expanded form of
F () as explained above. In both cases one has the uniform bounds

supH/ d ‘
>0 (p1 ipg ize P2

In order to use this, we distribute the exponential factors as well as all weights over

<C .
peioy Ol

the functions f (p1) and f (p2), respectively. For the first term on the right-hand
side of we then obtain an estimate O(t~!) from the decay of the weight w,
whereas for the integral in we obtain a O(r~2)-bound via

sup |’ (rp)p®| < Cr=?

p>0
which then leads to the final bound

/OO O(r=2)dr =0(t™1).

The O-here are uniform in € > 0. Note that various p-factors which are introduced
by the w-weights are harmless due to our standing assumption that 0 < p. < p < p*.
All error terms fall under this scheme. In fact, those involving two w-factors yield
a O(t~2)-estimate. This concludes the proof. O

As an immediate corollary one obtains the exterior energy estimate in even dimen-
sions.

Proof of Corollary[4 Denote the left-hand side of (4) by E(¢). Since E(t) is decreas-
ing, it suffices to consider the limit as ¢ — oo. Let us fix dimensions d = 4, 8,12, ...
and data (f,0). Then (3 implies that

d+1 ~ d+1 ~

Jim C@)VeaS@ L0z = 5 IVIB+ 5(HG™ 105 ). (@)
It is well-known that the Hankel transform H is a positive operator on L?((0, 00)),
since H = £? where % is the Laplace transform which is self-adjoint. See for
example [T, Section 16.3.3].
The failure of the estimate for d = 2,6, 10, ... and data (f,0) follows just as easily
since the operator norm of H on L? equals 7. More precisely, 1, 5/v/- where b/a —
400 is an explicit extremizing family for £. Let f, =11 ,/+/-, then

(Hp™ D.0™5 ) = 1L Fa)l22(0.00) = Tl FallZz(ooey 88 1 — oc.
Then with data (f,,0)

Jim C()[VeaS 0 0@ a5 = ol0 F FallZaqo.men) = 01l )

The Cauchy problem with data (0, g) is treated analogously. a
9
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For the sake of completeness, we contrast the even-dimensional case of Theorem
with the odd-dimensional one of Theorem [3] The asymptotic calculations are com-
pletely analogous to the ones above, with the dimension entering only (in an es-

d—1
sential way) through the phase-shift 7 = " in the expansions of the Bessel

functions for large arguments. The key feature being that 27 is an integer if d is
odd, and a half-integer otherwise.

Proof of Theorem[3. We begin by computing the asymptotic form of the exterior
energy as in even dimensions, say for ¢ > 0. With all Fourier transforms being those
in R%, one has

(m) (|90(t) 220150y + 10,(0) [22up50y)
*fmy///—mwMMm+mWM%D

T e—0+

- (= sin(t2)p2f (p2) + cos(tp2)3(p2)
-cos(rpy — 7) cos(rpa — ) (r2pip2)* dpidps € dr+ (22)

+ ;51&&/ // cos(tpy Plf (p1) +sin(tp1)g(p ))

- (cos(tpa)p2f (p2) + sin(tp2)3(p2) )
-sin(rpy — 7) sin(rpy — 7)(p1p2)" dprdps €7 dr + o(1)

d—1 d—1
where the o(1) is for ¢t — oo. Here 7 = T, = . Moreover, we used the

asymptotic expansions of the Bessel functions , and we absorbed all error terms
in the o(1), which is justified by the exact same reasoning as in the proof of . In
order to carry out the r-integration, we use (note 27 € Zm)

cos(rpr — 7) cos(rps — 7) = S[cos(r(py + p2) — 27) + cos(r(p1 — p2))]

NN~ NN

[(=1)" cos(r(p1 + p2)) + cos(r(p1 — p2))]

sin(rp; — 7)sin(rps — 7) = =[— cos(r(p1 + p2) — 27) + cos(r(p1 — p2))]

[—=(=1)" cos(r(p1 + p2)) + cos(r(p1 — p2))]-

In what follows, we slightly abuse notation by writing f’ (p) =0p f (p). Carrying
out the r-integration using , and applying trigonometric identities yields
(ignoring constant prefactors):

//cm o = p2)) (' (01) F'(p2) + 3(p1)3(p2)) — sin(t(pr — pa))
(f'(p1)d(p2) — 3(p1 ( o(p1 —p2) — W)(mpg)“ dp1dps

//cm (t(1 + p2) (P (p1)F (p2) — 3(p1)3(p2)

sin(t(p1 + 02))(
P11+ p2

+sin(t(p1 + p2)) (' (p1)3(p2) + 3(p1) ' (p2))] p1p2)" dprdps

10



which further simplifies to (integration extending over (0, 00))

. / TUFOR + 3P dp

// sin(2¢(p1 = ))(f’( Df(p2) + §(p1)3(p2)) (p1p2)" dprdps
// 1 — cos( Qt W= 22))  f1(5)5T2) — 3(01)F (02)) (0192)" dprdpa

e Qtlp;;"’”)(f( OF (02) - 5(00)52) (p102)" dprdpo

// - Coiippl; 22) ($1(01)5002) + 3(o1) F (02)) (p102)" dpr .

We may now pass to the limit as ¢ — co. The terms involving sin(2t(p; + p2))
and cos(2t(p; + p2)) in the fourth and fifth lines, respectively, vanish in the limit
as t — oo as can be seen by integration by parts (we may again assume that the
data are Schwartz). The asymptotic form of the terms involving sin(2t(p; — p2))
and cos(2t(p; — p2)) in the second and third lines, respectively, follows from (18)):

tliglo // it p2)) (f’(Pl) A/(Pz) + ﬁ(pl)ﬁ(pz))(mpz)“ dp1dp2

— / (If’(p)|2 + \g<p>| 2) =1 dp

an

lim // cos(2tlpy = pQ)) (f’(ﬂl) 9(p2) — (Pl)%)(mpz)“ dprdpz = 0.

t—o00

In conclusion, we obtain the following asymptotic expression for the left-hand side
of for d odd as t — +o0:

5 [UF@E + 3o ap

(23)
1 " 1 ., ] }
* RC// [m - p2 +(=1) o1+ pz}f (p1)3(p2) (p1p2)" dp1dp2

up to a constant prefactor, and with integration extending over (0,00). This is
exactly . |

In order to deduce (£2)) from , one choses the direction of time so as the make
the second line of (23) nonnegative.

3. DELAYED EXTERIOR ENERGY AND ENERGY CONCENTRATION

We now turn to a delayed version of the exterior energy bound. We will rely on the
radial Fourier formalism from the proof of Theorem [I] without further mention.

Proof of Proposition[f Denote by u(t,z) = S(t)(f,g) the solution of the wave
equation as above. We first remark that by conservation of energy @ is equiv-
alent to the following:

I D)y 2 = Vel Te sy < N D)o e (24)
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for all ¢ > T where T' = T'(e, f, g,d). Due to the fact that
t = |[Vezu() L2 (je)>e-1)

is monotone decreasing, we see that is a consequence of the following bound
timsup (17,91, 10 — IVewtlBagusin)] <el(f o), e (29)
t—+o0

which we now prove. Moreover, it suffices to let f, g be Schwartz functions by energy
bounds, and we may assume that f(p) and §(p) are supported on 0 < p, < p <
p* < o0o. We begin with the kinetic part of the outer energy, viz.

1 o, [T _
(27T)d§‘|atu(t +T)||%2(|r|2t) = (27T)d|Sd 1|/t §|8tu(t +T,7’)|27'd 1 dr

o0

1
= (2m)4|s471 11%1Jr f\atu(tJrT,r)\Zrd*le*”dr

(26)

i [ [ 5 (=5l + Dhpor o) + cosl(e-+ Tonion)

e—0+
- (=sin((t + T)p2)paf (p2) + cos((t + T)p2)3(p2))

< Ty (rp1)Ju (rp2) (P p1p2) ™" (p1p2) "t dprdpa vt e =" dr.

For each € > 0 fixed, the integrals here are absolutely convergent. In View of the
asymptotic expansion of the Bessel functions . the leading term for is given

by the following expression, where p = v + s = d2 :
I(T.0)i= - Jim. / / / —sin((t + D)oo Flpr) + cos((t + T)pn)i(o)

(27)

: (_ sin((t + T)p2)paf(p2) + cos((t + T)pQ)g(pQ))
~cos(rpy — 1) cos(rpz — 7)(p1p2)" dprdpz e dr.

We now proceed to estimate I(T,t), and then show later that the higher order
corrections to the Bessel asymptotics contribute terms that vanish as ¢t — co. To
be more precise, we shall show at the end of the proof that

2 d

First, we expand [ as follows: With p:=v + % = %,
I(T0) = 5 / / / sin(( -+ T)pr) sin(t + T)pa)or f(p1)p2F(p2)

)

—sin((t + T)p1) cos((t + T)p2)p1 f(p1)3
—sin((t + T)pa) cos((t + T)p1)p2 (p2)§
+ cos((t +T')p1) cos((t + 1) p2)g(p1)4( P2)>

[(=1)sin(r(p1 + p2)) + cos(r(p1 — p2))] (p1p2)" dprdpz e =" dr.

Inserting and into yields
I(T,t)=L{t+T)+ (-1)"I(T,t) — I5(T, 1),
12




where

Re/ sin’(sp) %[ f(p)* — 2sin(250)pf (0)(p) + cos* () |a(p)|*) p™~ " dp,

0
B(T.0)= o [ [ ((cos(t+ o1 = pa)) = cos(t+ T)(or + pe)))prp1)oa ()
0 0

(sin((t +T)(p1 + p2)) +sin((t + T)(p1 — p2))) p1.f (p1)d(p2)
— (sin((t+ T)(p1 + p2)) — sin((t + T)(p1 — p2)))§(p1)p2f (p2)
+ (cos((t +T)(pr — p2)) + cos((t +T)(p1 + Pz)))ﬁ(m)é(m))

_cos(t(p1 + Pz))(
p1+ p2

BT = 1= [ [ ((cost(t+T)or = p2)) = cos((t+ T)(pn + ) or (1) p2)
0 0

,01P2)“d/)1dpz,

— (sin((t+ T)(p1 + p2)) + sin((t + T)(p1 — p2))) p1f (p1)3(p2)
— (sin((t + T)(p1 + p2)) — sin((t + T)(p1 — p2))) d(p1)p2 f(pa)
+ (cos((t+T)(p1 = p2)) + cos((t + T) (p1 + p2)))3(p1)3(p2) )

sin(t(p1 — P2))(
P1— P2
Passing to the limit s — oo (by Riemann-Lebesgue or using the Schwartz property
of the integrand) yields

1) = 1 [ GIFOR + )P dp = 1<)

2 d
1(60) = 322 (17 + gl

p1p2)tdpidps.

where the second line uses the Plancherel formula ||§||2 = (27)%||g||3 in L?(R?).

we claim

Next, for the the terms containing the Hankel-transform kernel n
p1 T P2
that the following representation holds:

2(T1) = // = pﬁ;m))( p1f(p1)p2f(p2) + §(p1)d(p2)) (prp2)" dpidpa

// sin plp—:_ 'p’;ﬂ2)) L (p0)a(p2) (prp2)* dpydps + (T, t),
(30)

where

VT, >0, |L(T,0)] < cd)(|fI3.+gl3:), YT >0, L(T,t)—0ast— +oc.

Moreover, the convergence as t — oo here holds uniformly in 7" > 0.
To verify this claim, notice first that as pi, p2 € [p«, p*| for some p,, p* > 0, the

does not create any singularity. We simplify the trigonometric

denominator
p1+ P2
13



terms as follows, denoting by z either sin or cos (which can change from one line
to the next):

z((t+T)(p1 — p2)) cos(t(p1 + p2))

1
=3 [2(2tp1 + T(pr = p2)) + 2(=2tp2 + T(p1 — p2))].
Note that there is no complete cancellation of ¢ in this process. Hence for all terms
of the type

ha(p1)h
1 (t,T) // 2(2tpy + T(p1 — p2)) 1(;)11;(p2)(p1p2)“dmdpz

(and symmetrically in p; and p3), we see that for all 7' one has I;(¢,T) = 0,(1) as
t — 400, and uniformly in T" > 0. The uniformity is established as follows: by the
support and smoothness properties of A1,

// +3 2tp1+T(p1 pz):l hl(pl)hZ(pQ)(
p1+ p2

h _
B // +i(2t+T)p1 1(p1) (prp2)! dpy €TP2 hy(p2) dps
p1+ p2

1 +i(24T)p1 (hl(ﬂl)/)’f> T
_ e 0, | ———)d HeFilr2p d
:Fi(% +17) // P\ p1+ pe PL P2 2(p2) dp2

p1p2)" dpidps

as desired. For the terms with z((¢t + T)(p1 + p2)) we use the identity

sin((t +T')(p1 + p2)) cos(t(p1 + p2)) = % [sin((2t +T)(p1 + p2)) +sin(T(p1 + p2))]-

The first term yields a contribution of 0.(1) as before whence

//Sln t+1)( P1+p2))(,01f(,01) (P2)+9(P1)P2f(P2))W(le)”dmdm

~ Re // sin( 12;02))p F(p0)a(p2)(prp2)dpidps + 04(1)

as t — oo, uniformly in 7" > 0. We also used the symmetry here to reduce to one
pair of functions. In the same way,

[cos((2t +T)(p1 + p2)) + cos(T(p1 + p2))]-

N =

cos((t +T)(p1 + p2)) cos(t(p1 + p2)) =

The first term makes a contribution of 0;(1), again uniformly in 7" > 0, and thus

/ / cos((t+T) (p1+p2))) (_Plf (p1)p2f (m)+§(m)@) W(mpz)“ dpydps

// s plfi ;;m)) (— p1f(p1)p2f(p2) +9(m)@) (prp2)* dp1dps +o4(1)

and we have proved .
It remains to deal with the I3-term. Let hq, ho denote any of the functions

Lo, +00) ()" F(p) OF Lig 100y ()0"d(p).
14



Here fzj are the one-dimensional Fourier transforms. We write the trigonometric
factors in exponential form: all the terms are of the type

. sin(t — s TN
// el(t+T>(mip2>Mhdm)hz(m) dp1dp2

1 — . A _—
D) /(]l[ft,t] x (e TP Ry ) (p2) eFiHTIP2 g (po) dpo (31)

I —_—
where we used Plancherel on the last line. Via Cauchy-Schwarz we can bound these

terms by
A1l 22 (o> 1P2ll L2 (je)>1) - (32)

Due to the distinction between the Fourier transform on the line and in R? we
cannot simply express the previous expression by one involving the energy of (f, g)
over {|z| > T}. However, it is clear that can be made arbitrarily small by
taking T' > T.

In summary, we arrive at the following preliminary conclusion:

Given ¢ > 0 there exists Tu = Ti(e, f,g) such that the following holds: for any
T>T,

I(T t) > I (00)(1 —¢)

87T // cos(T'(p1 + p2)) (— p1f(p1)p2f(p2) + f](pﬂ@) (p1p2)" dp1dpa

p1+ p2

// sin plfi;ﬁ’z))p F(p1 )Q(pz)(f’l/’?)u dp1dp2 —|—I~(T,t)7

(33)
where

Ve>0, [I(T,0)] <ci(@)(IfI% +lgl2e), and I(T,t)— 0 ast — +co.

The constants here do not depend on T, and the vanishing of I as t — oo holds
uniformly in T > 0.
To proceed we first note that

1 T
7| B + 8l uizn) dr — 0 (34)

as T — oo. The double integrals in will be dealt with by randomizing 7', in
other words, by taking averages in 7. This process becomes degenerate for small
frequencies p1, p2. However, by the uncertainty principle (which amounts to an
application of Bernstein’s inequality), these small frequencies occur only with small
probability and can therefore be ignored.

To be specific, we rely on the following simple fact: let h € L?(R?) be such that
2l 2 (jzj=r) < O|R| L2 Then, with h being the Fourier transform in RY,

Al 2 (g1 <p) < e(d)((Rp)E + )|l 2. (35)

To prove this property, let hy := hl[z|<g), ho := h—hy. Then hallzz < e(d)d||h]| 2
and
~ da d
[Pl < bl < c(d)R2[|ha][L2 < c(d)R=|[R]| >
15



Now, by Cauchy-Schwarz,

- 2 4
1hallzze1<p) < VHIEN < pH ]z < e(d)(Rp) 2 [|A]| 2

As h = le + iLg, follows.

We apply (35) to establish the following “randomized estimate” on the double inte-
grals in (33]). We formulate it as a general principle:

Given 6 > 0 and any hy,hy € L?(R?) radial, there exists T* = T*(5, hy, ha) such
that for oll T > T,

“’(P1+P2) )
/ / / ha(p1) ez (p2) (p1p2)" dprdpadr| < e(d)6? [ | 2| hall 2.

p1+ p2
(36)
With T, p > 0 to be determined later, we split the integral into two parts:
eim(p1tp2) =
I<,(t,T) / // ——————hi(p1)h2(p2) (p1p2)" dprdp2dr,
prtp2<p P1LT P2
et (p1+p2) -
L, (1.7) / J[ S iatonhalon) (1) dprdpad
p1+p2>p p1 + p2
where it is understood that p1, po > 0. Then with R as in
hi(p1)|1 h 1
(&, T)| / / 1R1(p1)| Lo, <pilP2(p2)| Lp,<p) (p1pa)* dprdpadr
p1+ p2
< [1H (1h (p)1pY Loy <) 22 B2 (p2)P5 122 (102 1< )
< c(d)*((Rp)% + 0)|[a] 21| 2.
where we used L2?-boundedness of the Hankel transform (H f)(r / f+
s

and . to pass to the final estimate. For the second term, we integrate first in 7

|7 (p1)ha(p2)]
I>p(t, 1) < = // p1p2)" dp1dp
| Zp( )| it p1+p2) ( 1 2) 1402
( )

| /\

|h1lot), lhalpy ) < [Pl L2l P2| L2

pT< (
where (-,-) is the L?(0, c0)-pairing. Taking first R large (depending on 4, k1, hs),
then p small, and finally T large implies .

It is now a simple matter to finish the estimation of the principal term. Indeed, fix
a small € > 0 (to be determined later) and let 7%, T, > 0 be sufficiently large. Then
for all T > max(T*,T,) and t > 0, we obtain the following lower bound on :

T T _
%/0 I(T,t)dTZ(l—s)Il(oo)—%/o |[I(T,t)|dr.

By the asymptotic behavior of I (1,t) we see that given ¢ > 0 there exists Ty,
depending on ¢, f, g and d, such that

1 /7
lim sup —/ I(r,t)dr > (1 — &)I1(c0).
t—o00 0
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Recall that so far we have only dealt with the kinetic part of the energy, i.e., the
one given by d;u. The other contribution coming from 8, u(t,r) equals

1 *1
(2W)d|gd_1|_1§||aru(t + D72 (fy50) = (27T)d/t 5\@“@ +T,r)Pr " ar

1
= (2n)? lir(r)lJr = |8Tu(t + T, 7)2rd e~  dr
e—

::Mn/ // cos((t+ T)p)orf(pr) +sin((t + T)pr)a(p1))

e—0+
- (cos((t + T)p2)p2f (p2) + sin((t + T)p2)(p2))
T (rp1) L (rp2) (P2 p1p2) T (p1p2)* tdprdpa T e dr 4 0,(1)

as t — o0o. The final term here results from the derivatives in r falling on the =2
weight outside of the Bessel functions, see below for the treatment of such error
terms. Plugging in the asymptotics from , and performing the same type of
arguments as before now yields

t—o0

. 17
hmsupf/o IVt at(t) 172t ry d7 > (1= ca(d)(8* + ()5 2

for all T > Ty. We also used the Plancherel identity ||f]|2 = (27)%||f]|3. By the
monotonicity of the exterior energy, we can take T' = Ty which leads to the desired
result.

It remains to verify the dominance of the leading order terms of the Bessel expansion
as expressed by . This is very similar to the corresponding argument in the proof

of Theorem Indeed, subtracting from yields, with w; as in ,

I(T,t) :== = lim /// —sm t+T)p1)p1f(p1)+cos((t+T)p1)( ))
t 00

(= sin((t + T)p2)paf(p2) + cos((t + T)p2)(p2))

- [(wa(rpr) + wa(rpe) + wa(rpr)wa(rps)) cos(rpr — 7) cos(rps — 7)

+ wi(rp1)(1 + wa(rps))sin(rp; — 1) cos(rps — 1)

+ wi(rp2)(1 + wa(rpr))sin(rps — 7) cos(rp; — 7)

+ wi(rp1)wi(rps) sin(rpy — 7) sin(rps — 7')] (p1p2)H dprdps e " dr.

All terms here are treated in a similar fashion. As one example, consider for all
€ > 0 the error term

Ei(e) := /O/O/Sin((t +T)p1)sin((t + T)p2) cos(rp; — 7) sin(rpe — 7)w1(rp2)

t

- F(p1)f (p2)(prp2)" e =" dp1dpadr,

As before, we write

cos(rpr — 1) sin(rps —7) =~ [(~1)” cos(r(pr + p2)) + sin(r(pr — p2))],
17



expand the trigonometric functions on the right-hand side into complex exponen-
tials, and perform an integration by parts in the r variable as in . We apply this
with 0 = p1 + p2 and 0 = p; — p2 to the fully expanded form of E;(e) as explained
above. In both cases one has the uniform bounds

supH/ d ‘
£>0 P1:|:p2 ﬂ:ze Pz

In order to use this, we distribute the exponential factors as well as all weights over

<C .
popy <ClIola

the functions f(p1) and f(p2), respectively. For the first term on the right-hand
side of we then obtain an estimate O(t~!) from the decay of the weight w,
whereas for the integral in we obtain a O(r~2)-bound via

sup o' (rp)p?| < Cr?
p>0
which then leads to the final bound
/ 002y dr = O(t~Y).

The O-here are uniform in € > 0. Note that various p-factors which are introduced
by the w-weights are harmless due to our standing assumption that 0 < p, < p <
pr. (]
Proof of Theorem[J This is an immediate consequence of Proposition [] and the
monotonicity of the energy on the region {|z| >t + T}. O

4. CONCENTRATION COMPACTNESS DECOMPOSITIONS

The section collects some admittedly more technical results which, however, are
of crucial importance in the implementation of certain nonlinear arguments in our
followup work [3], [4].

4.1. A bilinear convergence property. We begin with the following result is
useful when considering energy splitting in a concentration-compactness decompo-
sition. The issue here is to localize such a splitting to the exterior of balls. We show
that such a localization does not affect a Pythagoras-type property of the energy.
Technically speaking, the main issue here is the inclusion of the cut-off {|z| > r,}
or {|z| < r,} in (37). We present this material here since it rests on the exact same
considerations as the exterior energy estimates from above.

Lemma 6. Let W, = (wWn,0,Wn,1) be a bounded sequence of radial functions in
H' x L%. Let t,,r,, be two sequences (r, > 0). Assume that V. 1S(—t,)@, — 0 in
L? asn — oo. Then for any U = (ug,u1) € (H' x L2)(R?), one has

/ Vm’tS(tn)lj- (Vawn0,Wp1)dx —0 as n— +oo, (37)
[z|>7n

/ V. eS(t ) (VaWn0,wn1)de —0 as n— +oo. (38)
|z|<ry

Proof. By conservation of the linear energy, one has

—

Vz’tS(tn)U . (Vzwn,o, wn,l) dx
- (39)

= Vx’t(j - S(—tn)(Vawno,wp,1)de —0 as n— +oo.
Rd
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Hence, and are equivalent.

By unitarity of the evolution we may assume that u is a Schwartz function with
Fourier support away from the origin. Also it suffices to show the claim assuming
that the sequences

(tn)ns  (Ta)ny (tn —7n)n and (t, +7,), have a limit in R.
If ¢,, has a finite limit, then S(tn)(j converges strongly in L? and (VaWn,0, Wn1)

converges weakly in L?. Now recall the following simple fact: if f,, — f weakly in
L? and o, — a € R, the dominated convergence theorem shows that

Ligi>anfn = Latoo)f Weakly in L2,

Applying this to o, = 7y, and f,, = (Vywn 0, Wy,1) yields the result in this case.
We now turn to the case when limt, € {£oo}. We have shown above that the
sequence Vg ¢S (tn)U asymptotically concentrates its L2 mass where ||z|—|t,|] < R.
In particular,

/ Vet S(tn)U|? = 0.
[z|<[tn]/2

If r,, is bounded, it then transpires that
/ VmS(tn)U' . (wan707wn71) dr — 0,
|z|<rs

and we are done with this case.
It remains to treat the case where both (¢,), and (r,), have infinite limits. We
proceed as in the proof of Proposition [ using the Fourier representation and

the Bessel functions J, with v = ——. Retaining only the leading orders in the

expansions of these functions the dominant contribution to is given by
/OO /000 (cos(tnp)puo(p) + sin(typ)ui(p)) sin(rp — ) rp) """ 2p? dp
| mmieosinto - o)t do et ar
0
+ /O0 /000 (= sin(tnp)ptin (p) + cos(t,p)ai(p)) cos(rp — ) (rp) ™"~ p~tdp

o0
/ Wy, 1(0) cos(ro — T)(rg)—”—%gd—l do e—=" 01 gy
0

in the limit ¢ — 0. Carrying out the r-integration and passing to the limit yields
the expression

d—1

[ [ (costtapraato) + snt,p)i(0) o7 rimato)os

sin(rn(p — o)) v C08(rn(p +0))
mo(p— o) — ——8 2 ()= ) dpdo
( 0 p—o0 pto ) (40)

d—1

+ /ooo /ooo (= sin(tap)ptio(p) + cos(tnp)ii(p))p > Wni(o)o' ™

(7750(0 —0)— Sin(T;(_pa_U)) + (—I)VW) dpdo.

The &y make the following contribution to (40)):
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/ " 5(0) [ cosltp) o) — sin(tap) T (9)] 0% dp

+ [T @) sinttap)oma (o) + costtn) T (0] dp

which tends to 0 by the assumption on w,. Next, we extract the terms involving
the Hilbert transform kernel from (ignoring multiplicative constants):

T [ b0 [eos(taplodi(o) — sin(tap)ami ()] +
0 0

sin(ra(p — o))

o (po) 7 dpdo.

(41)
Using simple trigonometry, the terms involving ug can be transformed into the
following expression'

/ / puo( p sm ((tn +710)(p—0)) —sin((t, — ) (p — O’))} cos(ty,0)owy 0(0)

05((tn + 1) (p — 0)) — c08((ra — ta)(p — 0))] sin(t,0)oTp (o)
- [cos«tn—m(p—a))—cos((tn+rn><p—o>>] cos(t0) i (o)

+ T (p) [sin(tn)o @0 (0) + cos(tnp)na ()] }

— [ = sin((tn — 1) (p — 0)) + Sin((tn + ) (p — 0))] sin(tna)@(g)}m dpdo

- /Ooo/ooo pqu(p){ [sin((t, 4+ r0)(p — @) +sin((rn, — ta)(p — 0))]
X (COS(tnU>0m(U) - sin(tna)qm(g))

+ [COS((tn +rn)(p—0)) —cos((rn —tn)(p — 0))]

d—1
(po) dpdo.

x (sin(t,o)owno(o) + cos(tna)uf;l(a))}

Define, with %] the Fourier transform on R,
- - o\ d=1
i := 1 (Ip+puo(p)p 2 ) € L*(R).

Then with some constant c,

oo _

/ 6*“3"(”*")@ p% dp = 7 (sign(- £ By,)g) ().
0 p—0

If B,, has a limit in R or 400, then this converges strongly in L?(R): in our case,

B, ist, +r, or t, —r,. Thus, can be reduced to the form (v, 9,) — 0 where

vy, converges strongly in L? and 9, — 0 weakly in L? as n — oco. Analogously, the

terms involving u; in are reduced to the following expressions:

/ / T (p){ [sin((tn + 1) (p — ) = sin((tn — 1) (p — 0))]

(sin(t,0)own,0(0) + cos(tno)wn1(0))
— [cos((tn +712)(p = 0)) = cos((tn — n)(p — 0))]

(cos(tno)oWno(0) — sin(tno)wn 1 (o } po) >

20



which converges to zero by the same reason.

It remains to handle the terms in involving the Hankel kernel

. Using
o
the same type of trigonometric identities as above the terms involving the Hankel
kernel as well as ug are transformed into the following ones:

[ [ st {[sin(en + r) o+ o)+ sinl(t = ra) o+ o))
0 0

—

(sin(t,,0)own o(0) + cos(t,o)wn1(0))

+ [COS((tn +ra)(p+0)) + cos((tn — ) (p + U))]
(cos(tno)owno(0) — sin(tna)um(o))}m dpdo.
We proceed as in the case of the Hilbert transform, considering

y _ a1
i == F; " (1p-pug(p)p 7 )

instead of g, and noticing

s PO )52 4y o g B 0)
0 pt+o

We argue analogously for the terms involving the Hankel kernel as well as w1, which
are of the form

/Ooo /000 m(ﬂ){ [sin((tn +70)(p + 0)) + sin((t, — ) (p + 0))]
(COS(tnU)o'u%(g) - Sin(tna)um(g))
— [cos((tn +70)(p+ 7)) + cos((tn — ) (p + 0))]

po) > o,
p+o

(sin(tno)ownp (o) + cos(tna)m;;l(a))}
By inspection, these also vanish in the limit n — co.
It remains to deal with the errors resulting from the lower orders in . In contrast
to the leading order, no use is going to be made of the weak convergence assumption
on w,. Indeed, just by means of L?-estimation and the gain of (at least) one power
stemming from the w; and @; factors in (10)), one obtains a O(r,, ') bound on all of
the contributions of these terms to the left-hand side of (recall our assumption
p > pe > 0, and the same for o). To be more specific, the error terms are of the
form

/OO (Uno(r)wy 1 (r) + Un, 1 (r)wy o(r) + Up,a (r)wy, 3 (r)r=" dr (43)

n

where
Upa(r) = /O h (cos(tnp)ﬂa(p) + Sm(;”p )TE(,O)) (@1(rp) cos(rp — 7)
— @(rp) sin(rp — 7)) (rp) ™72 p dp,

s

Wy 1(r) = /000 Wy, (0) (&1 (ro) cos(ro — ) — Ga(ro) sin(ro — 7)) (ra)_”_%ad do.
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Let us consider the first term in (43)):

/wUnom 't dr

_ S000) ) s - o)L
= Jim. / N / cos(tnp)Ta(p) + 7(0)) sin(rp — 7)(rp) 40" dp

/ Wy, (o) (@1(ro) cos(ro — 1) — Wa(ro) sin(ro — T))(TO’)iVi%O'd do e "ri 1 dr
0
(44)
In view of the r-integral here is of the form
0o ) e [eFiT] e l[eFiT]
/ e EFT (ro) dr = ———w(to) + / — W' (ro)odr (45)
¢ € FiT . EFIT

for all t > 0,0 > 0. Inserting the boundary term on the right-hand side of
into yields expressions of the form, for j = 1,2,

0o oo e:titnpe—(s:l:z'(p:l:a))(tn—i-A) - . . . o
j 2
/o /0 ceti(pto) @;j(rno)uo(p)wn(o)(op) = dpdo

where the signs are chosen independently of each other. By the L?-boundedness
of the Hilbert, respectively, Hankel transforms and the fact that ¢ > p, > 0, we
conclude that uniformly in & > 0 this expression is O(¢,;'). Similarly, the integral
on the right-hand side of (45| @ yields

0 otitnpo— (EiZ(PiG))TN/ . P ﬁd dol d
. 2
[ [ e s momeon s i o

Again by L2-boundedness the expression in brackets is O(r~2) uniformly in ¢ > 0
and n. Integrating this in r > r, then yields O(r,;!) as before. This shows that
the entire first term on the right-hand side of is O(r,;1). The second and third
terms satisfy the same bound and we are done. (I

4.2. Energy partition for profile decompositions. We first recall the notion of
a profile decomposition which originates in this form in [2]. It plays a fundamental
role in the analysis of nonlinear equations at large energies. See for example [5] [6]
and |3}, 4].

2(d+1)

We denote S the Strichartz space L, 5 > (R?), and its associated norm

Iflls = IfIl 2wen  2win
L, 7% (RL:7% (RY))
Definition 7. We say that a sequence (ugn,%1.,) C H' x L? admits a profile
decomposition (U{,0,U})jen C H' x L? (solutions to the linear wave equation

(1)), with parameters (X n,t;), and remainder w; (also solutions to the linear
wave equation (T))) if there holds

J
1 ; tin @
Ug,n = Z 7)\(1/2_1 Ui < )\Jf N > +w?! (0, z),
jjl in ], ], (46)
1 t; T
UL,y = 815Uj < ai ) + 8tw (0 LL')
jz:l )\d/2 Ajn Ajn
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where lim limsup ||wn s =0,
J—=+00 n—too

and the parameters are pseudo-orthogonal, that is for all i #£ j,
Ajin
)\i,n

Itjn — tinl
Ajn

In + — +o00 as n — +oo.

The following result is the Pythagorean expansion of the truncated energy.

Corollary 8. Let {(uon,u1,n)} be a bounded sequence in H' x L?, and assume it
admits a profile decomposition with profiles (U; (ﬂ )jen, parameters (Ajn,tin),
and remainder w;. Let t,,r, be two sequences. Then we have the Pythagorean
expansion.:

/| L (Ve0a @ + (o)) do

J I 2 2
VUL (M, >
Ain Ajn

o)
B N

j=1"lzl2Tn Afon
Proof. Tt suffices to prove that the cross terms go to 0, i.e.
1

t; T 1 ; t; T
V'L 7£ j; / 7VI tU ( o 7) 7vz,tUj <_ 27 9 ) d.’E — 07
|z|>7 )\d/2 L )\z n Ai,n )‘j,/nZ L )‘jﬂl )\j7n

7,1

der/ |V 1w, (0, ) \2 dz+o0,(1).
|z|>ry,

b
jn Ajn

1 i tin
V] S J, /l > va,t(]ﬂ (_ L x ) Vm tW,, (0 x) dx — 0.
T2 Ay

After scaling, this takes the expression
d/2

Vi # j, / Vo Ut (—m,a:> N, U (— L “a:) dz — 0,
alzr /e N )\j/f o Ajn Ajn
Vi< J, /||> N VaiUi (/\]:z:> N2, qw] (0,002 2) dar — 0.
T|27Tn/Njn 7,m

In both cases we will use Lemmal[6} we have to check the weak convergence. In the
first case, we have

d/2 1 d/2
t; oy tin A oy tin A
vats (”L> UJ ( 77"’ Ln x) atUJ < Jvn’ LN m)
Ain )\f/f ! A Ajn )\j/f A Ajin
dj2
i,n j tin_t'n /\in
= ;vw,tUj (7]77 7.];) .
\J72 U e TN

From pseudo-orthogonality, it is clear that this last expression tends weakly to 0 in
L2. Let us focus on the second, then

VS < > (A%?_lw;{,o(o, Ajn), )\?/3 w,. (0, \jn) = )\d/2 Vi tWn (tjns NjnT) -
] n
But by construction of a profile decomposition, for j < J, recall that

)\;l,/nQVI’tw (tjnsAjnz) = 0 weakly in L? as n— 4. ]
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4.3. Asymptotic vanishing of Strichartz norms. The goal here is to prove a
technical statement on the stability of the asymptotic vanishing of global Strichartz
norms under spatial cutoffs, see Lemma [I1] below. In odd dimensions, this was
established in [5, Claim 2.11]. This statement will play an important role in the
applications of this paper to wave maps, see [3], [4].

Lemma 9 ([5, Lemma 4.1]). Let v be a solution to the linear wave equation ,
and (t,) CR, (A\,) C RY be two sequences. Define the sequence

oty ) = L (=
n ] - )\z/2_1 )\n7>\n .

Assume that ;—n — ¢ eR. Then
n

n—oo

If L R, lim sup || Vo, evn (tn) |22 tn(a /a0y 5 r) = 0 as R = +oo.

n—oo

Proof. First consider the case £ € R, then notice that

IV ,tvn (tn) | L2 (2 /20) 1210 B) = V2Ol 2 (|10 2] 210 R) + 0n(1),
from where the result follows. In the case |¢| = +o0, then

IV v (En)ll 21t 20 = (Va0 (En/ A L2 lal~ 0 /20112 R)

and the result follows from Theorem O

Lemma 10 (Claim A.1 in [5]). Let (u,0u) and (wy,diw,) be solutions to the
linear wave equation bounded in H' x L?, and let (\n)n, (tn), (tn)ns (Sn)n be
sequences of real numbers (with Ay, i, > 0). Assume that

A2, 0y, (b, Apz) — (0,0)  weakly in L2 (47)

If ¢ is either a radial, compactly supported smooth function such that p = 1 (or
» = 1) in a neighbourhood of 0, we have

T 1 Sn—tn x
/QO (/J,) VLtwn(sn, 33) . vaﬁtu ()\n, )\n) d.T — 0, (48)

n

T 1 Sp—tn «
and /(1 — ) (%> V1w (S, ) - vau (An’ )\n> dx — 0. (49)

as n — Q.

Proof. By conservation of the linear energy for solutions to 7 and we have
1 Sp—tn T
[ esentnse S (S ) o
d/2 Sp — ty
= [ AN/ Vg wn(ty,x) - Vyu | ——, 2 ) dz
An

= / A2 i (tny M) - Vi gu (0,2) dz — 0. (50)
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where we used weak convergence (47). This settles the case ¢ = 1. Also this
shows that is suffices to prove . For this we will use Lemma@ Writing ¢(z) =

7/1[1122]%0/(9)6@, we have
w)¥ L v (2t T a - [ gy
¥ Hn w,twn(snax)-Az/2 z,tU N, A, xr = — | so(y) . y) Y,
Sn_tn xr
— | dz.
< An ’An) v
n/\_ntn,a?> dx.

VaiS (t" . S) (X2 (3 An), X200 (50, M)

n

1
where F,(y) = /]l[xgﬂny]vm_,twn(smx) . W

Unscaling, we see that

Vz,tu
S
Fn(y) = /]l[zguny/)\n])‘;iz/2vw,twn(8n7 )‘nx) : vx,tu (

Now we compute

= \2V, i, (te, Az) = 0 in L2, (51)
by hypothesis. Hence ensures that for all y, F,(y) — 0 as n — +oo. Further-
more, it is clear that

[Fn ()] < [, Oru) || g1y 2 1 (wn, Own) || 1 o2 < M.
Hence for all n, |¢'(y)F.(y)| < M|¢'(y)|. As ¢’ € L', the Theorem of dominated

convergence applies and

/Ooo ©'(y)Fn(y)dy — 0. O

We are now in a position to derive the aforementioned stability result for the as-
ymptotic vanishing of the Strichartz norms.

Lemma 11 (Claim 2.11 in [5]). Let w, be a sequence of radial solutions to the
linear wave equation with bounded energy and such that

lwnlls =0 as n — +oo.

Let (wo,n,w1) be the initial data of w,, x € Z(R?) radial and such that x = 1
around the origin, and A\, be a sequence of positive numbers. Consider the solution
vy, to with truncated data

(v0.n501,n) 7= (@(| - [/ An) w0, (] - [/ An)w01,0),
where ¢ = x or ¢ =1 —x. Then
lvnlls = 0 as n — +oo.

Proof. Tt suffice to consider the case ¢ = x. By scaling invariance, we can assume
that A\, = 1 for all n. Notice that convergence to 0 in the Strichartz space S
is equivalent to having trivial profile decomposition, more precisely, one has the
following:

Let (un,Oyu,) be a sequence of solution to (). Then [ju,||s®) — 0 if and only if
for any sequence (t,) C R, (up,) C (0,400),

/L‘f/zvz,tun(f,untmunm) — 0 weakly in L?.
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This a consequence of the construction of a profile decomposition, see [2] for further
details.

Hence, let (t,) C R, (u,) C (0,400) be two sequences, and (ug,u;) € H' x L2
By density, we can assume that (ug, u1) are radial, smooth and compactly support
outside 0, say in {z | |z| € [px«, p*]} for some p., p* > 0. Define (u,d;u) be the
solution to (1)) with initial data (ug,u;). It suffices to prove that

1 tn
/ T/zvx,tvn (—, x) Veu(0,z)dz — 0.
[in

fin fin

Now we compute,

1 tn
—5 Va,tUn - i Ve tu(l‘) dr = VitV (Oa JJ) ,u;il/va tu(_tna ,U/nx) dx
ug/g , [t fin , , ;

= /cp () Vzwy, (0, 2) /zflﬂvxu(tn, Un) dx
+ [ @) B, (0,2) Bt o) d

+ /ngp () wn (0, ) n& >V yu(ty,, pn) de.

The claim together with , shows that the first two terms of the right-hand
side converge to 0. Hence we are left to prove that

I, = /ngo () wn, (0, 2) p&?V yu(ty, pnz) dz — 0.

It suffices to prove this for subsequences, hence we can assume that t,, y, and
tn/ iy have a limit in R. The claim ensures that w, (0,z) — 0 in H'. Recall that
V. has compact support away from 0: due to Hardy’s inequality, we deduce

1
—w,(0,x) =0 in L®-weak, andthen V,p(z)w, (0,2) =0 in L*weak.

]

In particular ||w,(0,2)/|z|||L2, |Vz¢ (2) wy (0,2) || 2 are bounded.

T
First assume that ¢, — 7 € R. By Lemma [9] we see that MZ/QVI,tu <tn, )
fn
concentrates L2 mass on annuli of the form
{z | pun/R < |2| < poRY}.

Hence if p,, — +o0 or if p,, — 0, as V¢ has compact support away from 0, we see
that I,, — 0.
If n, = p € (0,400), then

12N gt ) = p?Vou(r, px)  strongly in L2.
As Vo () w, (0,2) — 0 in L2-weak, we deduce that I,, — 0.
We now turn to the case when |t,| — +00. Then Lemma [0 shows that

limsup || 4V o et (tns @) | L2 (2] = tn] /n |5 R /sy — O 85 R — +00.  (52)

n—-+o0o

tn ,
1t ol oo then for all B, Supp(Vap) C {l[z] = [tnl/pn] = pnR} when n is

n
large enough: hence we see that I,, — 0.
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t
Otherwise, — — ¢ € R. Using and p, — 400, we see that

fin

x
H/’Li/Qv;c,tu (t'r“ l,[,n) ||L2(H1|*E|ZM;1/2) — O

Hence, separating the integral in I,, between the regions {|z| — ¢| > un
complement, and writing V¢ (z) = \x|Vx<p(x)ﬁ, we have

1/2} and its

1
I, = / 2|V () —wy (0,2) p2 >V yu(ty, pnz)ds + o(1)
llel—€1<pn /> ]

n

1
~ %200 | Lt (0,2) 29 (b, )+ o).
lel—tl<uz 2 |2

(we used the continuity of ||V ¢ (z) at £ on the last line, and 1/,/p, — 0).
1

Now as —w,, (0,2) — 0 in L?, we deduce that the last integral converges to 0, and
x

I, — 0. This completes the proof. ([
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