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Abstract

We study Hamilton-Jacobi equations on networks in the case where Hamiltonians
are quasi-convex with respect to the gradient variable and can be discontinuous with
respect to the space variable at vertices. First, we prove that imposing a general
verter condition is equivalent to imposing a specific one which only depends on
Hamiltonians and an additional free parameter, the fluz limiter. Second, a general
method for proving comparison principles is introduced. This method consists in
constructing a vertex test function to be used in the doubling variable approach. With
such a theory and such a method in hand, we present various applications, among
which a very general existence and uniqueness result for quasi-convex Hamilton-
Jacobi equations on networks.
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1 Introduction

This paper is concerned with quasi-convex Hamilton-Jacobi (HJ) equations on networks.
The contribution of this paper is two-fold: one the one hand, general vertex conditions are
proved to be equivalent to fluz-limited vertex conditions; these conditions are constructed
from the Hamiltonians and a free parameter, the flux limiter; on the other hand, a very
general comparison principle is proved.

Let us first discuss the second contribution. It is known that the core of the theory for
HJ equations lies in the proof of a strong uniqueness result, i.e. of a comparison principle.
Such a uniqueness result has been out of reach for some time. It is related to the identified
difficulty of getting uniqueness results for discontinuous Hamiltonians. The proof of the
comparison principle in the Fuclidian setting is based on the so-called doubling variable
technique. It is known that, even in a one-dimension space, such a method generally fails
for piecewise constant (in x) Hamiltonians at discontinuities (see the last paragraph of
Subsection [[LH)). Since the network setting contains the previous one, the classical doubling
variable technique is known to fail at vertices |28 [I], 19].

Nevertheless, we show in this paper that the doubling variable approach can still be
used if a suitable vertex test function G at each vertex is introduced. Roughly speaking,
such a test function will allow the edges of the network to exchange the necessary infor-
mation. More precisely, the usual penalization term, @
eG (e7 'z, e y). For a general HJ equation

with € > 0, is replaced with

ur + H(z,u,) =0,
the vertex test function has to (almost) satisfy,

(at least close to the vertex x = 0). This key inequality fills the lack of compatibility
between Hamiltoniand]. The construction of a (vertex) test function satisfying such a
condition allows us to circumvent the discontinuity of H(x,p) at the junction point.

!Compatibility conditions are assumed in [28] [1] for instance.



1.1 The junction framework

We focus in this introduction and in most of the article on the simplest network, referred to
as a junction, and on Hamiltonians which are constant with respect to the space variable on
each edge. Indeed, this simple framework leads us to the main difficulties to be overcome
and allows us to present the main contributions. We will see in Section [ that the case of
a general network with (¢, z)-dependent Hamiltonians is only an extension.

A junction is a network made of one vertex and a finite number of infinite edges. It is
endowed with a flat metric on each edge. It can be viewed as the set of N distinct copies
(N > 1) of the half-line which are glued at the origin. For ¢ = 1,..., N, each branch J; is
assumed to be isometric to [0, +00) and

(1.1) J= |J 4 with JnJ;={0} for i+#j
N

izlv"'v

where the origin 0 is called the junction point. For points z,y € J, d(x,y) denotes the
geodesic distance on J defined as

A y) = |z — y| if ,y belong to the same branch,
Y lz| + |y| if 2,y belong to different branches.

For a smooth real-valued function u defined on J, d;u(x) denotes the (spatial) derivative
of u at x € J; and the “gradient” of u is defined as follows,

i if F=J; )
(12) uy(1) = Oiu(x) 1 xze Jf = J;\ {0}
(01u(0), ..., Oyu(0)) if z=0.
With such a notation in hand, we consider the following Hamilton-Jacobi equation on the
junction J

(13) { u + Hi(ug) =0 for te€ (0,400) and =z € Jf,

up+ Fuy,) =0 for te€(0,+00) and =0
subject to the initial condition
(1.4) u(0,x) = up(x) for =z € J.

The second equation in ([L3)) is referred to as the junction condition. In general, minimal
assumptions are required in order to get a good notion of weak (i.e. viscosity) solutions.
We shed some light on the fact that Equation (IL3]) can be thought as a system of Hamilton-
Jacobi equations associated with H; coupled through a “dynamical” boundary condition
involving F. This point of view can be useful, see Subsection As far as junction
functions are concerned, we will construct below some special ones (denoted by Fl4) from
the Hamiltonians H; (i = 1,..., N) and a real parameter A.



We consider the important case of Hamiltonians H; satisfying the following structure
condition: there exist numbers p? € R such that for each i = 1,..., N,

(Continuity) H; € C(R)
. . H; nonincreasing in (—oo, pY]
(1.5) (Quasi-convexity) { H; nondecreasing in [p?, 4+00)

(Coercivity) limy g 400 Hi(q) = +o0.

1.2 First main new idea: relevant junction conditions

We next introduce a one-parameter family of junction conditions: given a fluz limiter
A € RU{—o00}, the A-limited flux through the junction point is defined for p = (p1,...,pn)
as

(1.6) Falp) = max (A, max Ho(0)

=1,..

for some given A € RU {—oo} where H; is the nonincreasing part of H; defined by

Hi(p?) if g¢>p).

We now consider the following important special case of (L3J),

(1.7) { u + Hi(u,) =0 for te€(0,+00) and =z € Jf,

u+ Fa(u,) =0 for te(0,400) and =0

We point out that the flux functions F4 associated with A € [—o0, Ag| coincide if one
chooses

(1.8) Ay = max min H,.
i=1,.,N R
As annonced above, general junction conditions are proved to be equivalent to those
flux-limited junction conditions. Let us be more precise: a junction function F : RY — R
should at least satisfy the following condition,

(1.9) F :RY — R is continuous and non-increasing with respect to all variables.

Indeed, the monotonicity assumption on F is related to the notion of viscosity solutions
that will be introduced. In particular, it is mandatory in order to construct solutions
through the Perron method. It will be proven that for such a junction condition F', solving
(L3) is equivalent to solving (7)) for some A = Ap only depending on F. Solutions of
(L7) are referred to as A-fluz-limited solutions or simply fluz-limited solutions.



The special case of convex Hamiltonians. In the special case of convex Hamiltonians
H; with different minimum values, Problem (7)) can be viewed as the Hamilton-Jacobi-
Bellman equation satisfied by the value function of an optimal control problem; see for
instance [19] when A = —oo. In this case, existence and uniqueness of viscosity solutions for
(L0)-([T4) (with A = —o0) have been established either with a very rigid method [19] based
on an explicit Oleinik-Lax formula which does not extend easily to networks, or in cases
reducing to H; = H; for all 4, j if Hamiltonians do not depend on the space variable [28| [I].
In such an optimal control framework, trajectories can stay for a while at the junction point.
In this case, the running cost at the junction point equals min; L;(0) = — max;(min H;).
In this special case, the parameter A consists in replacing the previous running cost at
the junction point by min(—A, min; L;(0)). In Section [l the link between our results and
optimal control theory will be further investigated.

1.3 Second main new idea: the vertex test function

The goal of the present paper is to provide the reader with a general yet handy and flexible
method to prove a comparison principle, allowing in particular to deal with Hamiltonians
that are not convex with respect to the gradient variable and are possibly discontinuous
with respect to the space variable at the vertices. As explained above, this method consists
in combining the doubling variable technique with the construction of a vertex test function
G. We took our inspiration for the construction of this function from papers like [16], [4]
dealing with scalar conservation laws with discontinuous flux functions. In such papers,
authors stick to the case N = 2.
A natural family of explicit solutions of (L) is given by

u(t,x) =px — At if x € J;

for (p, A) in the germ G4 defined as follows,
(1.10)

o {{(p,)\)ERNxR, Hi(p)) = Fa(p) = A forall i=1,..,N} ifN>2,
A:

{(pla)‘)eRxRa Hl(pl):)\zA} if N =1.

In the special case of convex Hamiltonians satisfying H! > 0 the vertex test function
G is a regularized version of the function A -+ G°, where G is defined as follows: for
(x,y) € J; x Jj,

(1.11) Go(z, y) = sup (px—p;y—A).
(p,\)EG A

In particular, we have A + G°(x,z) = 0.

2Such a function should indeed be regularized since it is not C* on the diagonal {z = y} of JZ.



1.4 Main results

The main result of this paper is a comparison principle for Hamilton-Jacobi equations on
a junction.

Theorem 1.1 (Comparison principle on a junction). Assume that the Hamiltonians satisfy
(L), the junction function satisfies (L9) and that the initial datum g is uniformly con-
tinuous. Then for all (relazed) sub-solution w and (relazed) super-solution v of (L3)-(T4)
satisfying for some T > 0 and Cr > 0,

(1.12) u(t,x) < Cp(1+d(0,z)), ov(t,x) > —Cp(1+d(0,z)), forall (t,x) € [0,T)xJ,

we have
u<wv in [0,T) x J.

Definitions of relaxed sub- and super-solutions of (I3 can be found in Section [ (see
Definition 2.2)). Our second main result sheds light on the fact that the class of junction
conditions we consider are in fact quite general. Indeed, given a junction function F
satisfying (IL9]), it is always possible to construct solutions of (L3)) by Perron method [20].
Keeping in mind that it is expected that such solutions satisfy the junction condition in a
relazed sense (see Definition in Section [2), the next theorem states that those relaxed
solutions of (L3 are in fact solutions of (L) for some A = Ap.

Theorem 1.2 (General junction conditions reduce to flux-limited ones). Assume that the
Hamiltonians satisfy (LD) and that the junction function satisfies (L9) and that the initial
datum ug is uniformly continuous. Then there exists Ap € R such that any relazed viscosity
solution of ([I3)) is in fact a viscosity solution of (L) with A = Ap.

In particular, we have the following existence and uniqueness result.

Theorem 1.3 (Existence and uniqueness on a junction). Assume that the Hamiltonians
satisfy (LA), that F satisfies ([L9) and that the initial datum ug is uniformly continuous.
Then there exists a unique (relaxed) viscosity solution u of (L3), (L)) such that for every
T > 0, there exists a constant Cp > 0 such that

lu(t, z) —uo(z)| < Cp  for all (t,xz) € [0,T) x J.

The network setting. We will extend our results to the case of networks and non-convex
Hamiltonians depending on time and space and to limiting parameters A (appearing in the
Hamiltonian at the junction point) depending on time and vertex, see Section[7] Noticeably,
a localization procedure allows us to use the vertex test function constructed for a single
junction.

In order to state the results in the network setting, we need to make precise the assump-
tions satisfied by the Hamiltonians associated with each edge and the limiting parameters
associated with each vertex. This results in a rather long list of assumptions. Still, when



reading the proof of the comparison principle in this setting, the reader may check that
the main structure properties used in the proof are gathered in the technical Lemma [7.2

As an application of the comparison principle, we consider a model case for homoge-
nization on a network. The network A. whose vertices are £Z? is naturally embedded in
R?. We consider for all edges a Hamiltonian only depending on the gradient variable but
which is “repeated eZ?-periodically with respect to edges”. We prove that when ¢ — 0,
the solution of the “oscillating” Hamilton-Jacobi equation posed in N converges toward
the unique solution of an “effective” Hamilton-Jacobi equation posed in R?.

A first general comment about the main results. Our proofs do not rely on optimal
control interpretation (there is no representation formula of solutions for instance) but on
PDE methods. We believe that the construction of a vertex test function is flexible and
opens many perspectives. It also sheds light on the fact that the framework of quasi-convex
Hamiltonians, which is slightly more general than the one of convex ones (at least in the
evolution case), deserves special attention.

1.5 Comparison with known results

Hamilton-Jacobi equations on networks. There is a growing interest in the study of
Hamilton-Jacobi equations on networks. The first results were obtained in [2§] for eikonal
equations. Several years after this first contribution, the three papers [1l 19, 29] were
published more or less simultaneously. In these three papers, the Hamiltonians are always
conver with respect to the gradient variables and the optimal control interpretation of
the equation is at the core of the proofs of comparison principles. Still, frameworks are
significantly different.

First, the networks in [I] are embedded in R? while in [28, 29, [19], the networks are un-
derstood as metric spaces and Hamilton-Jacobi equations are studied in such metric spaces.
Recently, a general approach of eikonal equations in metric spaces has been proposed in

[18].

In [I], the authors study an optimal control problem in R? and impose a state constraint:
the trajectories of the controlled system have to stay in the embedded network. From this
point of view, [I] is related to [I3} 4] where trajectories in RY are constrained to stay in
a closed set K which can have an empty interior. But as pointed out in [I], the framework
from [13| 14] imply some restricting conditions on the geometry of the embedded networks.
Our approach can be compared with the reformulation of “state constraint” solutions by
Ishii and Koike [21] (see Proposition 2.14]).

The main contribution of [19] in constrast to [I, 29] comes from the dependence of
the Hamiltonians with respect to the space variable. It is continuous in [I] 29] while [19]
deals with Hamiltonians that are possibly discontinuous at the junction point (but are
independent of the space variable on each edge).

The reader is referred to [10] where the different notions of viscosity solutions used in
[1, 19l 29] are compared; in the few cases where frameworks coincide, they are proved to
be equivalent.



In [19], the comparison principle was a consequence of a super-optimality principle (in
the spirit of [24] or [30, BI]) and the comparison of sub-solutions with the value function
of the optimal control problem. Still, the idea of using the “fundamental solution” D to
prove a comparison principle originates in the proof of the comparison of sub-solutions and
the value function. Moreover, as explained in Subsection [B.3] the comparison principle
obtained in this paper could also be proved, for A = —oc and under more restrictive
assumptions on the Hamiltonians, by using this fundamental solution.

The reader is referred to [I} 19} 29] for further references about Hamilton-Jacobi equa-
tions on networks.

Networks, regional optimal control and ramified spaces. We already pointed out
that the Hamilton-Jacobi equation on a network can be regarded as a system of Hamilton-
Jacobi equations coupled through vertices. In this perspective, our work can be compared
with studies of Hamilton-Jacobi equations posed on, say, two domains separated by a
frontier where some transmission conditions should be imposed. This can be even more
general by considering equations in ramified spaces [9]. Contributions to such problems
are [6l [7] on the one hand and [26], 25] on the other hand.

We first point out that their framework is genuinely multi-dimensional while ours is
monodimensional. Moreover, their approach differs from the one in papers like [T], 29, 19]
and the present one since the idea is to write a Hamilton-Jacobi equation on the (lower-
dimensional) frontier. Another difference is that techniques from dynamical systems play
also an important role in these papers.

Still, results can be compared. Precisely, considering a framework were both results
can be applied, that is to say the monodimensional one, we will prove in Section [@] that the
value function U~ from [7] coincides with the solution of (L) for some constant A that
is determined. And we prove more (in the monodimensional setting; see also extensions
below): we prove that the value function U™ from [7] coincides with the solution of (L)
for some (distinct) constant A which is also computed.

Hamilton-Jacobi equations with discontinuous source terms. There are numer-
ous papers about Hamilton-Jacobi equations with discontinuous Hamiltonians. The recent
paper [17] considers a Hamilton-Jacobi equation where specific solutions are expected. In
the one-dimensional space, it can be proved that these solutions are in fact flux-limited
solutions in the sense of the present paper with A = ¢ where ¢ is a constant appearing in
the HJ equation at stake in [I7]. The introduction of [I7] contains a rather long list of
results for HJ equations with discontinuous Hamiltonians; the reader is referred to it for
further details.

Contributions of the paper. In light of the review we made above, we can emphasize
the main contributions of the paper: in compare with [28, 29], we deal not only with eikonal
equations but with general Hamilton-Jacobi equations. In contrast to [I], we are able to
deal with networks with infinite number of edges, that are not embedded. In constrast to



[T, 19, 28, 29], we can deal with non-convex discontinuous Hamilton-Jacobi equations and
we provide a flexible PDE method instead of an optimal control approach. The link with
optimal control (in the spirit of [I}, [6l, [7]) and the link with regional control (in the spirit of
[6, [7]) are thoroughly investigated. In particular, a PDE characterization of the two value
functions introduced in [7] is provided, one of the two characterizations being new.

To conclude, an application of our results to homogenization on networks is also pre-
sented in this paper.

Perspectives. A second homogenization result was obtained even more recently in [15].
An example of applications of this result is the case where a periodic Hamiltonian H (z, p)
is perturbed by a compactly supported function of the space variable f(x), say. Such a
situation is considered in lectures by Lions at College de France [23] Rescaling the solution,
the expected effective Hamilton-Jacobi equation is supplemented with a junction condition
which keeps memory of the compact perturbation.

We would also like to mention that the extension of our results to a higher dimensional
setting (in the spirit of [0l [7]) is now reachable for quasi-convex Hamiltonians and will be
achieved in a future work.

1.6 Organization of the article and notation

Organization of the article. The paper is organized as follows. In Section 2] we intro-
duce the notion of viscosity solution for Hamilton-Jacobi equations on junctions, we prove
that they are stable (Proposition [24]) and we give an existence result (Theorem 2.I3]). In
Section Bl we prove the comparison principle in the junction case (Theorem 2.13]). In Sec-
tion 4 we construct the vertex test function (Theorem [B2)). In Section[H a general optimal
control problem on a junction is considered and the associated value function is proved
to be a solution of (7)) for some computable constant A. In Section [@ the two value
functions introduced in [7] are shown to be solutions of (L) for two explicit (and distinct)
constants A. In Section [7, we explain how to generalize the previous results (viscosity solu-
tions, HJ equations, existence, comparison principle) to the case of networks. In Section 8]
we present a straightforward application of our results by proving a homogenization result
passing from an “oscillating” Hamilton-Jacobi equation posed in a network embedded in
an Euclidian space to a Hamilton-Jacobi equation in the whole space. Finally, we prove
several technical results in Appendix[Aland we state results for stationary Hamilton-Jacobi
equations in Appendix [Bl

Notation for a junction. A junction is denoted by J. It is made of a finite number
of edges and a junction point. The N edges of a junction (N € N\ {0}) are isometric to
[0, +00). Given a final time 7" > 0, Jp denotes (0,7 x J.

The Hamiltonians on the branches J; of the junction are denoted by H;; they only
depend on the gradient variable. The Hamiltonian at the junction point is denoted by F4

10



and is defined from all H; and a constant A which “limits” the flux of information at the
junction.

Given a function u : J — R, its gradient at x is denoted by u,; it is a real number
if x # 0 but it is a vector of RV at x = 0. We let |u,| denote |J;u| outside the junction
point and max;—;__n |Oju| at the junction point. If now u(¢, x) also depends on the time
t € (0,+00), u; denotes the time derivative.

Notation for networks. A network is denoted by N. It is made of vertices n € V
and edges e € £. Each edge is either isometric to [0,400) or to a compact interval whose
length is bounded from below; hence a network is naturally endowed with a metric. The
associated open (resp. closed) balls are denoted by B(xz,7) (resp. B(xz,7)) for x € N and
r > 0.

In the network case, an Hamiltonian is associated with each edge e and is denoted by
H,. It depends on time and space; moreover, the limited flux functions A can depend on
time and vertices: A, (t).

Further notation. Given a metric space E, C'(F) denotes the space of continuous real-
valued functions defined in £. A modulus of continuity is a function w : [0, +00) — [0, +00)
which is non-increasing and w(0+) = 0.

2 Viscosity solutions on a junction

This section is devoted to viscosity solutions in the junction case. After defining them,
we will discuss their stability. In order to do so, relaxed viscosity solutions of (L3 are
considered and are proved to coincide with viscosity solutions in the special case of ([LLT]).
We will also prove that general junction conditions reduce to an flux-limited junction
condition for some parameter A.

2.1 Relaxed viscosity solutions and flux-limited solutions

In order to define viscosity solutions, we first introduce the class of test functions.
For T'> 0, set Jp = (0,T) x J. We define the class of test functions on (0,7") x J by

C'(Jr) = {¢ € C(Jr), the restriction of ¢ to (0,T) x J; is C' for i =1,...,N}.

In order to define viscosity solutions, we recall the definition of upper and lower semi-
continuous envelopes u* and u, of a (locally bounded) function u defined on [0,7) x J,

u*(t,x) = limsup u(s,y) and us(t,x) = liminf u(s,y).
(s,9)—=(t,x) (s,y)—=(t,w)

We give a first definition of viscosity solutions, where the junction condition is satisfied
“in a classical sense” for test functions touching sub- and super-solutions at the junction
point.

11



Definition 2.1 (Viscosity solutions). Assume that the Hamiltonians satisfy (L3) and that
F satisfies (L9) and let u: [0,7) x J — R.

i) We say that u is a sub-solution (resp. super-solution) of (IL3)) in (0,7) x J if for all
test function ¢ € C'(Jr) such that

u* <@ (resp. u.> ) in aneighborhood of (ty, o) € Jr
with equality at (o, ) for some ty > 0, we have

¢r+ Hi(ps) <0 (resp. > 0) at (o, zo) if zg € J;
(2.1) o+ Fpe) <0 (resp. >0) at (to,xo) if zg = 0.

ii) We say that u is a sub-solution (resp. super-solution) of (L3]), (L4) on [0,7) x J if
additionally

u*(0,z) <wug(z) (resp. u.(0,2) > up(z)) forall =z e J

iii) We say that u is a (viscosity) solution if u is both a sub-solution and a super-solution.

An important property that we expect for viscosity solutions is their stability; either
by passing to local uniform limit, or the stability of sub-solutions (resp. super-solutions)
through supremum (resp. infimum). Furthermore, a junction condition can be seen as
a boundary condition and it is known that upper (resp. lower) semi-limits or suprema
(resp. infima) of sub-solutions are known to satisfy boundary conditions in a wiscosity
sense [22], [§].

This is the reason why for general junction functions F', the junction condition is
relaxed: at the junction point either the junction condition or the equation is satisfied.
This is the reason why the following relaxed definition is needed.

Definition 2.2 (Relaxed viscosity solutions). Assume that the Hamiltonians satisfy (L5
and that F' satisfies (L9) and let u : [0,7) x J — R.

i) We say that w is a relaxed sub-solution (resp. relazed super-solution) of (L3) in
(0,T) x J if for all test function ¢ € C'(Jr) such that

u* <@ (resp. u. > ) in a neighborhood of (ty, o) € Jr
with equality at (o, ) for some ty > 0, we have

¢t + Hi(ps) <0 (resp.  =>0) at (to, o)

if z9 # 0, and
either ¢ + F(p,) <0 (resp. >0) at (to, 7o)
or o+ Hi(0;0) <0 (resp. >0) for some i 0720
if Ty = 0.

12



ii) We say that w is a relazed (viscosity) solution if u is both a sub-solution and a super-
solution.

For the special junction functions F' = F, we will prove below that viscosity solutions
and relaxed viscosity solutions coincide. We will refer to these solutions as flux-limited
solutions.

Definition 2.3 (Flux-limited solutions). Given A € R, assume that the Hamiltonians
satisfy (LH). A function w : [0,7) x J — R is a A-flux limited sub-solution (resp. super-
solution, solution) of (7)) if w is a viscosity sub-solution (resp. super-solution, solution)
of (7)) in the sense of Definition 2T with F' = Fy.

With these definitions in hand, we can now turn to stability results.

2.2 General junction conditions and stability

Proposition 2.4 (Stability by supremum/infimum). Assume that the Hamiltonians H;
satisfy (LH) and that F satisfies (L9). Let A be a nonempty set and let (ug)een be a
familly of relazed sub-solutions (resp. relaxed super-solutions) of (L3) on (0,T) x J. Let
us assume that
pu— a . pu— 1 f a
u ilelgu (resp. u inf u )

is locally bounded on (0,T) x J. Then u is a relaxed sub-solution (resp. relaxed super-
solution) of (3] on (0,T) x J.

In the following proposition, we assert that, for the special junction functions Fla, the
junction condition is in fact always satisfied in the classical (viscosity) sense, that is to say
in the sense of Definition 2.1] (and not Definition 2.2]).

Proposition 2.5 (flux-limited junction conditions are always satisfied in the classical
sense). Assume that the Hamiltonians satisfy (L5) and consider A € R. If F = Fj,
then relazed viscosity super-solutions (resp. relazed viscosity sub-solutions) coincide with
viscosity super-solutions (resp. wviscosity sub-solutions).

Proof of Proposition[2.4. The proof was done in [I9] for the case A = —oo, using the
monotonicities of the H;. We follow the same proof and omit details.

THE SUPER-SOLUTION CASE. Let u be a super-solution satisfying the junction con-
dition in the viscosity sense and let us assume by contradiction that there exists a test
function ¢ touching u from below at Py = (tg,0) for some tq € (0,7T), such that

(22) Yy + FA(QOJ;) <0 at PO.

Then we can construct a test function ¢ satisfying ¢ < ¢ in a neighborhood of F,, with
equality at Py such that

@t(P()) = (pt(P(]) and 81@(130) = mm(p?, 8Z<p(P0)) for = 1, eeey N.
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Using the fact that Fa(p,) = Fa(@.) > H; (0:9) = Hi(0ip) at Py, we deduce a contra-
diction with (Z2) using the viscosity inequality satisfied by ¢ for some i € {1,..., N}.

THE SUB-SOLUTION CASE. Let now u be a sub-solution satisfying the junction con-
dition in the viscosity sense and let us assume by contradiction that there exists a test
function ¢ touching u from above at Py = (tg,0) for some tq € (0,7, such that

(23) v + FA(QOm> >0 at P(].

Let us define

7

I={ie{l,.,N}, H;(p)<Falp,) at P}
and for i € I, let ¢; > p? be such that
Hi(¢;) = Fale.(1))

where we have used the fact that H;(+00) = +00. Then we can construct a test function
¢ satisfying ¢ > ¢ in a neighborhood of Py, with equality at Fy, such that

p 5 i, Oip (P if iel,
(o) = wi(Fy) and  9;p(Fy) :{ ?ZZ}EE%) ¢(F)) ;f ;¢[.

Using the fact that Fa(p,) = Fa(@.) < H;(0;p) at Py, we deduce a contradiction with
([23) using the viscosity inequality for ¢ for some i € {1,..., N}. O
2.3 A useful equivalent definition of flux-limited solutions

We show in this subsection, that to check the flux-limited junction condition, it is sufficient
to consider very specific test functions. This important property is useful both from a
theoretical point of view and from the point of view of applications.

We consider functions satisfying a Hamilton-Jacobi equation in J \ {0}, that is to say,
solutions of

(2.4) u + Hi(u,) =0 for (t,z) € (0,7)xJ for i=1..N.

Theorem 2.6 (Equivalent definitions for sub/super-solutions). Assume that the Hamil-
tonians satisfy (L) and consider A € [Agy,+oo[ with Ay given in ([L8). Given arbitrary
solutions p* € R, i=1,...,N, of

(2.5) Hi(pf') = Hi (p) = A,
let us fix any time independent test function ¢o(z) satisfying

0i60(0) = p;'.

Given a function u: (0,T) x J — R, the following properties hold true.
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i) If u is an upper semi-continuous sub-solution of 24, then u is a Agp-fluz limited
sub-solution.

ii) Given A > Ay and to € (0,T), if u is an upper semi-continuous sub-solution of (2.4
and if for any test function  touching u from above at (to,0) with

(2.6) o(t,x) = ¥(t) + do()
for some ¢ € C(0; +00), we have

o+ Falpz) <0 at (t,0),
then u is a A-fluz-limited sub-solution at (tg,0).

iii) Given tg € (0,7T), if u is lower semi-continuous super-solution of (2.4 and if for any
test function @ touching u from below at (ty,0) satisfying (2.0), we have

gOt—FFA(ng) Z 0 at (to,O),
then u is a A-fluz-limited super-solution at (tg,0).

Remark 2.7. Theorem 20l exhibits sufficient conditions for sub- and super-solutions of (2.4])
to be flux-limited solutions. These conditions are also clearly necessary.

In order to prove this result, the two following technical lemmas are needed.

Lemma 2.8 (Super-solution property for the critical slope on each branch). Letu : (0,7 x
J = R be a lower semi-continous super-solution of [24]). Let ¢ be a test function touching
u from below at some point (to,0) with ty € (0,T). For each i =1,...,N, let us consider

pi=sup{p € R: 3Ir >0, ¢(t,z)+px < u(t,z) for (t,x) € (to—r,to+7r)x[0,7r) with x € J;}.
Then we have for alli=1,... N,

Lemma 2.9 (Sub-solution property for the critical slope on each branch). Let u : (0,7) x
J — R be a upper semi-continous function, which is a sub-solution of (24). Let ¢ be
a test function touching u from above at some point (ty,0) with to € (0,7). For each
1=1,...,N, let us consider

pi=inf{p € R:3Ir >0, ¢(t,z)+pxr > u(t,x) for (t,z) € (to—r,to+r)x[0,r) with x € J;}.
Then we have for eachi=1,... N,

We only prove Lemma since the proof of Lemma is similar.
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Proof of LemmalZ8. From the definition of p;, we know that, for all ¢ > 0 small enough,
there exists d = () € (0,¢) such that

u(s,y) > o(s,y)+ (pi —e)y  for all (s,y) € (t —0,t+0) x [0,0) with y € J;
and there exists (f.,2.) € Bj/s(t,0) such that
u(ta xe) < ¢(t€7 xs) + (]5@ + 6)x€‘

Now consider a smooth function ¥ : R? — [—1,0] such that

0 in B:(0),
U= 2
—1  outside B;(0)

and define

D; + € ify e J;
D(s,y) = o(s,y) +2eVs(s,y) + (pet-e)y Y
0 if not

with Ws(Y) = 6W(Y/0). We have

O(s,y) < o(s,y) <u(s,y) for (s,y) € Bs(t,0) and y ¢ J;

and
D(s,y) = ¢(s,y) — 266 + (pi +e)y <uls,y)  for (s,y) € (9Bs(¢,0)) N (R x J;),
O(5,0) < ¢(s,0) < u(s,0) for s € (t —9,t+0)

and

q)(t€7 xe) = ¢(t€7x€> + (pz + 8):1:6 > u(tsa xe)-

We conclude that there exists a point (., Z.) € Bs(t,0) N (R x J) such that u — ® reaches
a minimum in Bs(¢,0) N (R x J;,). Consequently,

Py (., z.) + H;(0;®(t.,z.))) > 0
which implies
Aute, 7o) + 26(Vs)i(te, To) + Hi(0i(Ee, Te) + 220,(Vs) (L, 2<) + P + €) 2 0.
Letting € go to 0 yields (Z7). This ends the proof of the lemma. O

We are now ready to make the proof of Theorem 2.6

Proof of Theorem[2.0. We first prove the results concerning sub-solutions and then turn
to super-solutions.
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Sub-solutions. Let u be a sub-solution of ([24]). Let ¢ be a test function touching u
from above at (to,0). Let ¢:(t9,0) = —A. We want to show

(2.9) Fa(opy) <X at  (t,0).
Notice that by Lemma 29| for all : = 1,..., N, there exists p; < 0 such that
(2.10) Hi(0;0+p;) <X at (to,0).
In particular, we deduce that
(2.11) Ag < A\
Inequality (2.I0) also implies that at (¢g,0)
F(¢,) = max(A, nllax H(0:0))

.....

(

max(A, 1 H; (0ip + pi))
(
ax(

| /\

.....

< max(4, xH(6‘¢+pz))

.....

A,)

In particular for A = Ay, this implies the desired inequality (2.9). Assume now that (2.9])
does not hold true. Then we have

Then (2.10) implies that
0:¢(to,0) + i < p;' = Do (0).

Let us consider the modified test function
(p(t,l’) = ¢(t> 0) + ¢0(£L’) fOI" S Jz

which is still a test function touching u from above at (¢y,0) (in a small neighborhood).
This test function ¢ satisfies in particular (2.6]). Because A > Ay, we then conclude that

<Pt+FA(QOm)§O at (tO,O)

1.€.

-A+A<0
which gives a contradiction. Therefore (Z9) holds true.
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Super-solutions. Let u be a super-solution of (Z4]). Let ¢ be a test function touching
u from below at (tp,0). Let ¢¢(tp,0) = —A. We want to show

(2.12) Fa(ps) > X at  (1,0).
Notice that by Lemma 2.8 there exists p; > 0 for ¢ = 1,..., N such that

Note that (ZI2) holds true if A < A or if there exists one index i such that H; (9;¢0+ p;) =
H;(0;¢ + p;). Assume by contradiction that (ZI2)) does not hold true. Then we have in
particular

(2.14) Ay <A< A< H(0;0+pi) at (tp,0), for i=1,...,N.
From the fact that H; (0,0 +p;) < H;(0;¢+p;) for all index i, we deduce in particular that
86 (to, 0) + pi > pi' = Dio(0).
We then introduce the modified test function
o(t,x) = ¢(to,0) + ¢o(z) for z € J;

which is a test function touching u from below at (to,0) (this is a test function below u in
a small neighborhood of (tg,0)). This test function ¢ satisfies in particular (2.6]). We then
conclude that

@i+ Falpz) 20 at (to,0)

i.e.

“A+A>0
which gives a contradiction. Therefore ([2I2) holds true. This ends the proof of the
theorem. [

2.4 An additional characterization of flux-limited sub-solutions

As an application of Theorem 2.0] we give an equivalent characterization of sub-solutions
in terms of the properties of its trace at the junction point x = 0.

Theorem 2.10 (Equivalent characterization of flux-limited sub-solutions). Assume that
the Hamiltonians H; satisfy (LH). Let u : (0,7) x J — R be an upper semi-continuous
sub-solution of (Z4)). Then u is a A-fluz-limited sub-solution if and only if for any function
€ CH0,T) such that ¢ touches u(-,0) from above at ty € (0,T), we have

Proof of Theorem[2.10. We successively prove that the condition is necessary and suffi-
cient.
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Necessary condition. Let ¢ € C'(0,T) touching u(-,0) from above at (f,0) with
to € (0,7). As usual, we can assume without loss of generality that the contact point is
strict. Let £ > 0 small enough in order to satisfy

1
(2.16) > it

where p# is chosen as in (2.5]). Let
¢(t,x):¢(t)+§ for ze€J; for i=1,... N.

For r > 0,6 > 0, let
Q.= (t()—’l“,t()—l—’r’) XB&(O)

where Bj(0) is the ball in J centered at 0 and of radius 6. From the upper semi-continuity
of u, we can choose r,d small enough, and then ¢ small enough, so that

sup(u — ¢) > sup(u — ¢).
Q 09

Therefore there exists a point P. = (t.,z.) € £ such that we have
Sgp(u — @) = (u—0)(F).

If x. € J, then we have
¢+ Hi(0;0) <0 at P
i.e.

Y'(t) + Hy(e7h) < 0.

This is impossible for € small enough, because of the coercivity of H;. Therefore we have
r. =0, and get
¢t+FA(¢x) SO at PE'

Because of (2.16), we deduce that Fa(¢,) = A and then
V(t)+A<0 with ¢t € (tg—r,to+7).
In the limit » — 0, we get the desired inequality (2.15).

Sufficient condition. Let ¢(t,z) be a test function touching u from above at (ty,0) for
some tg € (0,7"). From Theorem 2.6] we know that we can assume that ¢ satisfies (2.0]).
Then ¢(t,0) is also test function for u(t,0) at tg. Therefore we have by assumption

&, 0)+A<0 at .
Because of (2.6]), we get the desired inequality
O+ Fa(dz) <0 at  (to,0).
This ends the proof of the theorem. O
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2.5 General junction conditions reduce to flux-limited ones

Proposition 2.11 (General junction conditions reduce to flux-limited ones). Let the
Hamiltonians satisfy (ILH) and F' satisfy ([L9). There ezists Ap € R such that any relazed
super-solution (resp. relazed sub-solution) of ([L3]) is a super-solution (resp. sub-solution)

of (L) with A= Ap.
The flux limiter Ap is given by the following lemma.

Lemma 2.12 (Definitions of Ap and p). Let p° = (79, ..., p%) with p? > p be the minimal
real number such that H;(p)) = Ay with Ay given in [I.3).

If F(p°) > Ay, then there exists a unique Ap € R such that there exists p = (p1,...,Dn)
with p; > pY > p? such that

If F(p°) < Ay, we set Ap = Ay and p = p°.
In particular, we have

(2.17) {Vi:p; >p;} = F(p) < Ap,
(2.18) {Vi:pi<pi} = F(p)=Ar.

Proof of Proposition[211. Let A denote Ap. We only do the proof for super-solutions
since it is very similar for sub-solutions.

Without loss of generality, we assume that u is lower semi-continuous. Consider a test
function ¢ touching u from below at (¢,x) € (0,400) x J,

¢ <wuin Bg(t,x) and ¢(t,x) = u(t,x)

for some R > 0. If  # 0, there is nothing to prove. We therefore assume that z = 0. In
particular, we have

(2.19) & (t,0) + max(F(¢,(t,0)), max H;(0;0(t,0))) > 0.
By Theorem 2.6, we can assume that the test function satisfies
(2.20) 0;0(t,0) = p;
where p; is given in Lemma We now want to prove that
&i(t,0) + A > 0.

This follows immediately from (Z19)), (220) and the definition of p; in Lemma 2121 O
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2.6 Existence of solutions

Theorem 2.13 (Existence). Let T' > 0 and J be the junction defined in (LI]). Assume
that Hamiltonians satisfy (LH), that the junction function F satisfies (L9) and that the
wnatial datum ug s uniformly continuous. Then there exists a generalized viscosity solution

u of (L3)-4) in [0,T) x J and a constant Cr > 0 such that
lu(t, ) —uo(z)| < Cp  for all (t,xz) € [0,T) x J.

Proof of Theorem[2.13. The proof follows classically along the lines of Perron’s method
(see [20} [I1]), and then we omit details.

Step 1: Barriers. Because of the uniform continuity of wug, for any € € (0, 1], it can be
regularized by convolution to get a modified initial data u satisfying

(2.21) lug —uol <& and  [(ug)a| < Le
with L, > max 1pY]. Let

=1,...,

C. = max (IA\,i::fIlL‘f}?fN Jnax | H;(pi), I;ﬂgﬁF(pl, . ,pw)) :
Then the functions
(2.22) uF(t,x) = us(x) £ Ct £ ¢

are global super and sub-solutions with respect to the initial data ug. We then define

ut(t,z) = inf ul(t,z) and wu (t,x)= sup u_(t,x).
c€(0,1] €€(0,1]

Then we have v~ < u® with v (0,2) = ug(x) = u(0,2). Moreover, by stability of
sub/super-solutions (see Proposition 24]), we get that u™ is a super-solution and u~ is a
sub-solution of (L3]) on (0,7") x J.

Step 2: Maximal sub-solution and preliminaries. Consider the set
S={w:[0,7)x J =R, wisasub-solution of (L3) on (0,7) x J, u <w<u'}.
It contains u~. Then the function

u(t,x) = supw(t, x)
weS

is a sub-solution of ([I.3]) on (0,7") x J and satisfies the initial condition. It remains to show
that u is a super-solution of (L3]) on (0,7") x J. This is classical for a Hamilton-Jacobi
equation on an interval, so we only have to prove it at the junction point. We assume
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by contradiction that w is not a super-solution at Py = (to,0) for some ty € (0, 7). This
implies that there exists a test function ¢ satisfying u, > ¢ in a neighborhood of Fy with
equality at Fy, and such that

Pt +F(90x) <0,
(2.23) {Spt“‘Hi(ai )<0, for i=1,...,N at Fo.

We also have ¢ < wu, < ul. As usual, the fact that u™ is a super-solution and condi-
tion (Z23) imply that we cannot have ¢ = (u™), at Fy. Therefore we have for some r > 0
small enough

(2.24) o< (u"), on B.(P)

where we define the ball B,.(P) = {(t,z) € (0,T) x J, |t —to)* + d*(0,2) < r?}. Sub-
stracting |(¢, ) — Py|? to ¢ and reducing r > 0 if necessary, we can assume that

(2.25) o <u, on B.(F)\{F}.

Further reducing r > 0, we can also assume that (Z23) still holds in B,.(FP,).

Step 3: Sub-solution property and contradiction. We claim that ¢ is a sub-solution
of (L3) in B,(P). Indeed, if v is a test function touching ¢ from above at Py = (¢1,0) €
BT(P()), then

U (P) = @(Py) and Opp(P) > Oip(Py) for i=1,..,N.
Using the fact that F' is non-increasing with respect to all variables, we deduce that
U+ F(Y,) <0 at P

as desired. Defining for 6 > 0,

max (0 + ¢, u) in B,(F),
u =
0 U outside

and using (2.25]), we can check that us = u > 0 + ¢ on 0B, () for 6 > 0 small enough.
This implies that us is a sub-solution lying above u~. Finally (Z24]) implies that us < u™
for 0 > 0 small enough. Therefore us € S, but is is classical to check that u;s is not below
u for § > 0, which gives a contradiction with the maximality of w. O

2.7 Further properties of flux-limited solutions
In this section, we focus on properties of solutions of the following equation
(2.26) ug+ H(ug) =0

for a single Hamiltonian satisfying (LH). We start with the following result, which is
strongly related to the reformulation of state constraints from [21], and its use in [2].
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Proposition 2.14 (Reformulation of state constraints). Assume that H satisfies (LT).
Let Q = (a,b) and let uw: (0,T) x Q — R. Then u satisfies

(2.27) { w+ H(ug) >0 for (t,z) € (0,T) xQ,

u+ H(ug) <0 for (t,z) € (0,T) xQ

in the viscosity sense, if and only if u solves

u + H(u,) =0 for (t,z) € (0,T) X (a,b),
(2.28) u+ H (uz) =0 for (t,z) € (0,T) x {a},
u+ H (uy) =0 for (t,z) € (0,T) x {b}

in the viscosity sense.

Proof of Proposition [2.1]] Remark first that only boundary conditions should be studied.
We first prove that (227) implies ([2:28). From Theorem 2.6Hl), we deduce that the
viscosity sub-solution inequality is satisfied on the boundary for (2.28)) with the choice
A=Ay =min H.
Let us now consider a test function ¢ touching wu, from below at the boundary (o, x¢).
We want to show that u, is a viscosity super-solution for (Z28) at (¢g, zo). By Theorem [20]
it is sufficient to check the inequality assuming that

p(t,x) = ¥(t) + ¢(x)

with
H(¢p,) = H"(¢,) = A at xzo if x9=a,
{ H<¢x) = H_<¢x) = A(] at Zo if Ty — b.

Remark that we have in all cases H(¢,) = H(¢,) = H (¢,) at zo. We then deduce
from the fact that wu, is a viscosity super-solution of (2.27)), that u, is also a viscosity
super-solution of (Z28)) at (¢, zo).

We now prove that (228) implies (2Z27). Let u* be a sub-solution of ([Z28). The
fact that u* is also a sub-solution on the boundary for (227, follows from the fact that
H > H*. This ends the proof of the proposition. O

Proposition 2.15 (Classical viscosity solutions are also solutions “at one point”). Assume
that H satisfies ([LO)) and consider a classical Hamilton-Jacobi equation posed in the whole
line,

(2.29) u+ H(ug) =0 forall (t,x)€ (0,T) xR
i) (Sub-Solutions) Let u : (0,T) x R — R be a sub-solution of (2.29). Then u satisfies
ug(t,0) + max(H " (u,(t,07)), H (u.(t,0%))) < 0.

ii) (Super-Solutions) Let u : (0,T) xR — R be a super-solution of (2.29). Then u satisfies
wi(t,0) + max(H " (u,(t,07)), H (uy(t,0%))) > 0.
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Proof of Proposition[2.13. We only prove the result for sub-solutions since the proof for
the super-solutions is very similar. By Theorem [Z.6H), we simply have to check that if ¢
is a test function touching u from above at (ty,0) with ¢y € (0,7") and

o(t,r) = ¥(t) + ¢()

with ¢ given such that

H(¢2(07)) = H™(¢:(07)) = min H = H™(¢,(07)) = H(¢2(07))

then we have
Yy(to) + max(H " (4.(07), $,(07)) <0.

We can choose such a function ¢ € C'(R). In this case, ¢ is a test function for the original
equation (Z29). This ends the proof of the proposition. O

Proposition 2.16 (Restriction of sub-solutions are sub-solutions). Assume that H satisfies
(LH). Let u:(0,7) x R — R be upper semi-continuous satisfying

(2.30) u+ H(ug) <0 forall (t,z) € (0,T) xR
Then the restriction w of u to (0,T) x [0, 4+00) satisfies

{ wy + H(w,) <0 forall (t,z) € (0,T) x (0,+00),
wy + H (w,) <0 forall (t,x) € (0,T) x{0}.

Proof of Proposition[216. We simply have to study w at the boundary. From Proposi-
tion 215 we know that u satisfies in the viscosity sense

e+ max(H " (u(t,07)), H (u,(t,07))) < 0.
By Theorem with two branches, we deduce that v(t) = u(t,0) satisfies
vy +min H < 0.

Again by Theorem (now with one branch) and because v(t) = w(t,0), we deduce that
w satisfies
wy + H (w,) <0 forall (¢0)e(0,7)x {0}

which ends the proof. O

Remark 2.17. Notice that the restriction of a super-solution of (226 may not be a super-
solution on the boundary, as shown by the following example: for H(p) = |p| — 1, the
solution wu(t,z) = z solves u; + H(u,) = 0 in R but does not solve u; + H™ (u,) > 0 at
x = 0.
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3 Comparison principle on a junction

This section is devoted to the proof of the comparison principle in the case of a junction
(see Theorem [[T]). In view of Propositions 2.1 and [2Z3] it is enough to consider sub- and
super-solutions (in the sense of Definition 2.]) of (1) for some A = Ap.

It is convenient to introduce the following shorthand notation

H;(p) for p=mp; if xelJf,
31 H = i K]
(3.1) (z.p) { Fu(p)  for p=(p1,...,pn) if xz=0.

In particular, keeping in mind the definition of u, (see (I.2))), Problem (IL7)) on the junction
can be rewritten as follows

ug+ H(x,u,) =0 forall (t,x) € (0,+00) x J.
We next make a trivial but useful observation.

Lemma 3.1. [t is enough to prove Theorem[I1 further assuming that
(3.2) P =0 for i=1,..N and 0= H(0)> Hy(0)> .. > Hy(0).
Proof. We can assume without loss of generality that

Hi(p) > ... > Hy(p%).

Let us define
u(t,r) = a(t,x) + pdz — tH(p}) for z € J;.

Then u is a solution of (L) if and only if @ is a solution of (LT) with each H; replaced with
Hi(p) = Hi(p+p]) — Hi(p}) and F4 replaced with F'; constructed using the Hamiltonians
H; and the parameter A = A — H(p?). O
3.1 The vertex test function

Then our key result is the following one.

Theorem 3.2 (The vertex test function — general case). Let A € RU{—o0} and v > 0.
Assume the Hamiltonians satisfy (LH) and B2). Then there exists a function G : J> — R
enjoying the following properties.

i) (Regularity)

G(x,-) € CY(J) forall z € J,

GeC(J?) and { G(-.y) € CY(J) forall ye.J

ii) (Bound from below) G > 0 = G(0,0).
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iii) (Compatibility condition on the diagonal) For all x € J,

(3.3) 0 < Gz, 2) — G(0,0) < 7.

iv) (Compatibility condition on the gradients) For all (z,y) € J?,
where notation introduced in (L2) and BI) are used.

v) (Superlinearity) There exists g : [0, +00) — R nondecreasing and s.t. for (x,y) € J*

(3.5) g(d(z,y)) < G(z,y) and lim 9(a) = +00.

a—+o00

vi) (Gradient bounds) For all K > 0, there exists Cx > 0 such that for all (z,y) € J?,

(3.6) dz,y) <K = |G.(7,9)] +|Gy(z,y)| < Ck.

Remark 3.3. The vertex test function G is obtained as a regularized version of a function
G° which is C! except on the diagonal = y. It is in fact possible to check directly that G°
does not satisfy the viscosity inequalities on the diagonal in the sense of Proposition
(when it is not C'' on the diagonal).

3.2 Proof of the comparison principle

We will also need the following result whose classical proof is given in Appendix for the
reader’s convenience.

Lemma 3.4 (A priori control). Let T' > 0 and let u be a sub-solution and w be a super-
solution as in Theorem [T Then there exists a constant C = C(T') > 0 such that for all
(t,x), (s,y) € [0,T) x J, we have

(3.7) u(t,x) <w(s,y) + C(1+d(z,y)).
We are now ready to make the proof of comparison principle.

Proof of Theorem[I1. As explained at the beginning of the current section, in view of

Propositions 2.TT] and 2.7] it is enough to consider sub- and super-solutions (in the sense
of Definition 1) of (L) for some A = Ap.
The remaining of the proof proceeds in several steps.
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Step 1: the penalization procedure. We want to prove that

M= sup (u(t,x) —w(t,z)) <0.
(t,x)e[0,T)x J

Assume by contradiction that A > 0. Then for a,n7 > 0 small enough, we have M., >
M/2 > 0 for all e,v > 0 with

(3.8) 2 2
M., = sup {u(t,x) —w(s,y) —eG (i Q) B (t—s) _.n d (O,:B)}

—«
(t,2),(5,9)€[0.T)x J €€ 2v T—t 2

where the vertex test function G > 0 is given by Theorem for a parameter 7 satisfying

. n M
0<7<m1n<ﬁ,4—6)

Thanks to Lemma B4 and (3.H), we deduce that
d(fc,y)) e d*(0, z)

2

M
. 5 < o
(3.9) 0< = < C(L+d(z,y) —eg ( - 2w T—t 2

which implies in particular that

; (d(a«; y)

(3.10) ) < O(1+ d(z, y)).

Because of the superlinearity of g appearing in (3.5]), we know that for any K > 0, there
exists a constant C'x > 0 such that for all ¢ > 0

Ka— Ck < g(a).

For K > 2C, we deduce from (B.I0) that

(3.11) d(x,y) < inf {Kg e + %5} = w(e)

- K>2C

where w is a concave, nondecreasing function satisfying w(0) = 0. We deduce from (3.9
and (I that the supremum in (B8] is reached at some point (¢, x, s,y) = (t,,x,, Sy, Yy)-

Step 2: use of the initial condition. We first treat the case where t, = 0 or s, = 0.
If there exists a sequence v — 0 such that ¢, = 0 or s, = 0, then calling (x¢, yo) any limit
of subsequences of (z,,v,), we get from ([B.8) and the fact that M., > M/2 that

0< 5 < o) — ualuo) < wi(d(z0, 1)) < w00 w(e)

where wy is the modulus of continuity of the initial data ug and w is defined in ([B.I1]). This
is impossible for € small enough.
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Step 3: use of the equation. We now treat the case where t, > 0 and s, > 0. Then
we can write the viscosity inequalities with (¢, x,s,y) = (t,,x,, ., y,) using the shorthand
notation (B.I]) for the Hamiltonian,

n t—s

-1 -1 <
(T—t)2 + v +H($a G:c(g T, € y)‘l‘Oéd(O,Zlf)) <0,

t—s

” + H(y, —Gy(e'z,e71y)) > 0.

Substrating these two inequalities, we get

% < H(y, —Gy(e 'z, e y)) — H(z, Gole'z,e7'y) + ad(0,z)).

Using ([B4) with v € (0, %), we deduce for p = G, (e 'z, e ly)

n

<< — .

572 < H(z,p) — H(z,p+ ad(0,z))

Because of ([B.6) and (3I1), we see that p is bounded for ¢ fixed by |p| < Cu(). Finally, for

e > 0 fixed and o« — 0, we have ad(0, x) — 0, and using the uniform continaity of H(z,p)
for x € J and p bounded, we get a contradiction in ([B.I2]). The proof is now complete. [

(3.12)

3.3 The vertex test function versus the fundamental solution

Recalling the definition of the germ G4 (see (ILI0)), let us associate with any (p, \) € Ga
the following functions for ¢, j =1, ..., NV,

uPNt,x,8,y) = pix —py — Nt —s) for (z,y) € JixJ;, tseR.
The reader can check that they solve the following system,

{ w + H(z,u,) =0,
0.

(3.13) oy + H(y, —uy)

Then, for N > 2, the function GO(t, z, s,y) = (t — 5)G° (£, %) can be rewritten as

t—s? t—s

(3.14) GO(t,z,s,y) = sup uPMt,x,s,y) for (r,y)eJxJ t—s>0
(P,A)€GA

which satisfies

0 if r=uy,
+00 otherwise.

(3.15) GO(s,z,5,) = {

For N > 2 and A > Ay, it is possible to check (assuming [{@.I)) that G° is a viscosity
solution of (BI3) for t —s > 0, only outside the diagonal {z =y # 0}. Therefore, even
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if (BI4]) appears as a kind of (second) Hopf formula (see for instance [5l, 3]), this formula
does not provide a true solution on the junction.

On the other hand, under more restrictive assumptions on the Hamiltonians and for
A= Apand N > 2 (see [19]), there is a natural viscosity solution of ([B.I3) with the same
initial conditions (B.IH), which is D(t,z,s,y) = (t — s)Dy (ﬁ, %) where Dy is a cost
function defined in [I9] following an optimal control interpretation. The function Dy is
not C'' in general (but it is semi-concave) and it is much more difficult to study it and to
use it in comparison with G°. Nevertheless, under suitable restrictive assumptions on the
Hamiltonians, it would be also possible to replace in our proof of the comparison principle

the term eG(e 1z, e 1y) in B8) by eDy(e 1z, e y).

4 Construction of the vertex test function

This section is devoted to the proof of Theorem B2l Our construction of the vertex test
function G is modelled on the particular subcase of normalized convex Hamiltonians H;.

4.1 The case of smooth convex Hamiltonians
Assume that the Hamiltonians H; satisfy the following assumptions for : = 1,..., N,

H; € C*(R) with H’>0 on R,
H/ <0 on (—00,0) and H/>0 on (0,+00),
Hi(p)

|p|—+o0 |p\

(4.1)

= +00.

+

i

It is useful to associate with each H; satisfying (4.1]) its partial inverse functions 7

(4.2) for A\ > H;(0), H;(7(\)) =\ such that =+ m5()\) > 0.

2

Assumption () implies that 7> € C?(min H;, +o00) N C([min H;, +00)) thanks to the
inverse function theorem.

We recall that G° is defined, for 7,5 =1, ..., N, by

G(z,y) = sup (pix—pjy—A) if (z,9)€JixJ;
(p,\)€Ga

where G4 is defined in (LI0). Replacing A with max(A, Ap) if necessary, we can always
assume that A > A, with A, given by (LS]).

Proposition 4.1 (The vertex test function — the smooth convex case). Let A > Ay with
Ay given by (L) and assume that the Hamiltonians satisfy {@I). Then G° satisfies

i) (Regularity)

GOe C'({(z,y) € I x J, x#y}),

ccot) i { e OGS wt ol D
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ii) (Bound from below) G® > G°(0,0) = —A4;

iii) (Compatibility conditions) [B3) holds with v = 0 for all x € J and B.4l) holds with
v =0 for (x,y) such that either v #y orx =y =0;

iv) (Superlinearity) (35) holds for some g = ¢°;
v) (Gradient bounds) [B6) holds only for (z,y) € J? such that x #y or (z,y) = (0,0);

vi) (Saturation close to the diagonal) Fori € {1,..., N} and for (x,y) € J; X J;, we have
GY(z,y) = li(x — y) with {; € C(R) N C*(R\ {0}) and

&(a):{aW;r(A)_A if  0<a<z'

am; (A)—A if  z7 <a<0
where (2, 2}) == (H!(7; (A)), H(m(A))) and the functions 7= are defined in ([E2).

RN

Moreover G° € C'(J; x J;) if and only if 7 (A) = 0 = 7; (A).

Remark 4.2. The compatibility condition (B.4]) for x # y, is in fact an equality with v =0
when N > 2.

The proof of this proposition is postponed until Subsection [£.4l With such a result in
hand, we can now prove Theorem in the case of smooth convex Hamiltonians.

Lemma 4.3 (The case of smooth convex Hamiltonians). Assume that the Hamiltonians
satisfy (Ad)). Then the conclusion of Theorem[32 holds true.

Proof. We note that the function GV satisfies all the properties required for G, except on
the diagonal {(z,y) € J X J,x =y # 0} where G° may not be C'. To this end, we first
introduce the set I of indices such that G° ¢ C*(J; x J;). We know from Proposition FTIv)
that

I= {z e{l,.,N}, =}(A) > ﬂ[(A)}.

2

For i € I, we are going to contruct a regularization G% of G° in a neighbourhood of the
diagonal {(z,y) € J; x J;, x =y # 0}.

Step 1: Construction of G% for i € I. Let us define

ar (A) if a>0,
arm; (A) if a<0.

We first consider a convex C' function L; : R — R coinciding with L; outside (2, z}),

that we choose such that

(4.3) 0<L,—L;<1.
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Then for ¢ € (0, 1], we define

Li(¢)—A if = exft
o) = 1° () if a€ ez, &2,
li(a) otherwise.

which is a C'(R) (and convex) function. We now consider a cut-off function ¢ satisfying
for some constant B > 0

¢ € C*(R),
¢ =0,

(4.4) (=0 in (—o0,0],
(=1 in [B,+0),
+25¢' <1 in (0, +00)

and for € € (0, 1], we define for (x,y) € J; x J;:
G¥(z,y) = 6 (@~ y),

Step 2: First properties of G%. By construction, we have G € C((J; x J;) \ {0}).
Moreover we have

éO,i = GO on (Jz X Jz) \(55

where
5 ={(z,y) € Jix Ji, ez (lx+y)<z—y<ezt((z+y)}

is a neighborhood of the diagonal
{(x,y) € Ji x J;, x=y#0}.
Because of ([43]), we also have
(4.5) GO < G% <e.
As a consequence of (£4]), we have in particular
(i x J)\ o7 D (i x{0})U ({0} x J;)

and moreover G% coincides with G° on a neighborhood of (J# x {0}) U ({0} x J#), which
implies that

(4.6) G =G, GU=GY and GY'=GY on (J;x{0})U ({0} x J;).
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Step 3: Computation of the gradients of G%. For (z,y) € 6%, we have

ég’i(i, y) = (E'Z?C(I"'y))’(z —y)+el(x+y) & (x__|_yy)
—ég’i(l’, y) _ (ﬁ?((x-i-y))/(l. _ y) — €C/(ZL' + y) gz EC(I' +yy)

with
&(b) = Li(b) — bL(b)
while if (z,y) € (J; x J;) \ 0§ we have
G (,y) = =Gy (,y).

Given v > 0, and using the local uniform continuity of H;, we see that we have for £ small
enough o o
Hi(GY) < Hi(=GY' )+~ in J x J;

and using (A.0]), we get
(4.7) H(z,G%(z,y)) — H(y, —ég’i(:c,y)) <7 forall (z,y)€J;xJ.
Step 4: Definition of G. We set for (z,y) € J; x J;:
GO(z,y) — G°(0,0 if i#£4j or i=5¢1,
Glay) = { S0 =00 A /e
G (z,y) — G°(0,0) if i=j5¢€l.

From the properties of G°, we recover all the expected properties of G with g(a) = ¢°(a) —
G°(0,0). In particular from (7)) and [{H), we respectively get the compatibility condition
for the Hamiltonians ([B.4]) and the compatibility condition on the diagonal ([B.3]) for £ small
enough. O

4.2 The general case

Let us consider a slightly stronger assumption than (LH), namely

H; € C*(R) with H(p?) > 0,

(4.8) H! <0 on (—o00,p?) and H/>0 on (p?, +00),
| |hm H;(q) = 0.
q|—+

We will also use the following technical result which allows us to reduce certain non-
convex Hamiltonians to convex Hamiltonians.

Lemma 4.4 (From non-convex to convex Hamiltonians). Given Hamiltonians H; satisfying
(@A) and B2), there exists a function B : R — R such that the functions B o H; satisfy
(@1) fori=1,...,N. Moreover, we can choose [3 such that

(4.9) B is convex, [ € C*R), B(0)=0 and B >0>0.
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Proof. Recalling (L2), it is easy to check that (8o H;)"” > 0 if and only if we have

H!
(4.10) (In B (\) > — (H’Z)2 om(N\) for > H;(0).
Because H/'(0) > 0, we see that the right hand side is negative for A close enough to H;(0).
Then it is easy to choose a function f satisfying ([AI0) and (L9). Finally, compositing
with another convex increasing function which is superlinear at +oco if necessary, we can
ensure that $ o H; is superlinear. O

Lemma 4.5 (The case of smooth Hamiltonians). Theorem [3.2 holds true if the Hamilto-
nians satisfy ([AL8).

Proof. We assume that the Hamiltonians H; satisfy (4.8). Thanks to Lemma B.I] we can
further assume that they satisfy ([B.2). Let 5 be the function given by Lemma L4l If u
solves (ILT)) on (0,7") x J, then w is also a viscosity solution of

{ B(u) + Hi(uy) =0 for te(0,7) and ze.J:,

(4.11) B(ug) + Fy(uy) =0 for te(0,7) and z=0

with £ ;i constructed as Fy where H; and A are replaced with ]3[2 and A defined as follows
Hy=pBoH, A=pA)

and B(\) = —B(—)). We can then apply Theorem in the case of smooth convex
Hamiltonians (namely Lemma [L3) to construct a vertex test function G associated to
problem ({.I1]) for every 4 > 0. This means that we have with H(x,p) = 8(H (z,p)),

H(y,—G,) < H(z,G,) +7.
This implies
H(y7 _Gy) S B_I(B(H(xv GZE)) _'_ fAy) S H(JI, GZD) _'_ f%(ﬁ_l)/hw([&)’

Because of the lower bound on 3’ given by Lemma 4, we get |(871)|p~®) < 1/6 which
yields the compatibility condition ([3.4]) with v = 4/0 arbitrarily small. O

We are now in position to prove Theorem in the general case.

Proof of Theorem[3.2. Let us now assume that the Hamiltonians only satisfy (L3). In
this case, we simply approximate the Hamiltonians H; by other Hamiltonians H; satisfying

(@) such that .

We then apply Theorem to the Hamiltonians H; and construct an associated vertex
test function G also for the parameter v. We deduce that

H(y,—G,) < H(z,Gy) + 37

with v > 0 arbitrarily small, which shows again the compatibility condition on the Hamil-
tonians (B.4]) for the Hamiltonians H;’s. The proof is now complete in the general case. [
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Remark 4.6 (A variant in the proof of construction of G°). When the Hamiltonians are
not convex, it is also possible to use the function § from Lemma [£4] in a different way by
defining directly the function G° as follows

G'(z,y) = sup (piz —pjy— BN).
(P, A)€EGA

4.3 A special function

In order to prove Proposition .1, we first need to study a special function &. Precisely,
we define the following convex function for z = (zq, ..., 2x) € RV,

&(z) = sup (p-z—A).
(p,A)€GA

We then consider the following subsets of R,

QUI{Z:(Zl,...,ZN)eRNZ O'Z'ZZ‘ZO, Zzl,,N}
N
0;%;
Aoz{z:(’zl""’ZN)GQ":qu(A) Sl}

=1 "t

where 27(A) = o, H!(77*(A)) > 0 and the functions 7" are defined in [@2). We also make
precise that we use the following convenient convention,

Z; {0 if z =0,

(4.12) 2(A) | too  if % >0 and z/(A)=0.

7

Lemma 4.7 (The function & in Q),). Under the assumptions of Proposition[{.1], we have,
for any o € {£}N with o # (+,...,+) if N > 2:

i) & is C' on Q, (up to the boundary).

ii) For all z € Qy, there exists a unique A = £(z) > A such that

G(z)=p-z—A
V&(z) =p=(p1,---,PN)
pi=m;"'(A)

with (p, ) € Ga.
iii) For all z € Q,, £(2) = A if and only if z € A,. In particular, & is linear in A,.

Before giving global properties of &, we introduce the set

_(r if N =1
(4.13) Q:{ : ’

RN\ (0, 4+00)Y if N > 2.
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Lemma 4.8 (Global properties of & and £). Under the assumptions of Proposition [{.1],
the function & is conver and finite in RY, reaches its minimum —A at 0 and the function
£ is continuous in 2.

Proof of Lemmas[[-] and[-8 Let o € {#}" and 2 € Q,. We set
m(A) = @ (), T (V)

Using the fact that 77(A) € G4, we get B(z) > &(0) = —A.

Step 1: Explicit expression of &. For o # (+,...,+) if N > 2, we have
(4.14) (p,AN) €GanN(Qy xR) <= A>A and p=77(\).
This implies in particular that

(4.15) &(z) = igg (z-m(A) — A).

Step 2: Optimization. Because of the superlinearity of the Hamiltonians H; (see ([.1])),
we have for z # 0,

lim f7(\) = —o0 for f9(N\):=2z-77(\)— A\

A——+00

Therefore the supremum in ([£I7) is reached for some A € [A, 4+00), i.e.

Then we have A\ = Aor A > A and (f?)'(\) = 0. Note that for A > Aj, we can rewrite
(f7)'(A) =0 as

_ Zi = 0;%; Z O,

Moreover, we have
o Hi (7" (V)
Z) N = —7
o Hi(m" (X))
where the strict inequality follows from the strict convexity of Hamiltonians, see ({I).
Moreover, by definition of z{, we have

>0

because H; is convex and superlinear.
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Step 3: Foliation and definition of £. Let us consider the sets

(

{ZG[O,+OO)N, 'Z Zf("k)ﬂ} if > A,

{ - g1} if A=A
L LN

(keeping in mind convention (£I2))). Because for A > A, the intersection points of the

piece of hyperplane P(\) with each axis Re; are z)(\)e;, we deduce that we can write the

partition

(4.16) PI()) =

N
M
=
_l’_
g
L2
NE
=

0, +00)" = [ P7()
A>A
where P?(\) gives a foliation by hyperplanes for A > A. Then we can define for z € @,

£7(z) ={X\ such that ze€ P7(\) for 2z =0,z for i=1..,N}.

From our definition, we get that the function £7 is continuous on (), and satisfies £7(0) =
A. For z € @), such that z;, = 0, we see from the definition of P? given in (4I6]) that the
value of £7(z) does not depend on the value of ¢;,. Therefore we can glue up all the £7 in
a single continuous function £ defined for z € Q by

L(z) =£7(z) if z€Q,.
which satisfies £(0) = A.

Step 4: Regularity of & and computation of the gradients. For z € Q, C Omega,

we have

6(z) = sup (z-77(A) = A)

where the supremum is reached only for A = £(2). Moreover & is convex in RY. We just
showed that the subdifferential of & on the interior of @), is the singleton {7?(\)} with
A = £(z). This implies that & is derivable on the interior of @), and

VB(z) =7n7(\) with X\ = £(2).
The fact that the maps 77 and £ are continuous implies that &g, is ot O

4.4 Proof of Proposition [4.1]
We now turn to the proof of Proposition [Z.1]
Proof of Proposition[{.1 By definition of G°, we have
GOz,y) = 6(Z(x,y)) with Z(x,y) :=xe; —ye; €Q if (v,y) € J; x J;
where (eq, ..., ex) is the canonical basis of RY and Q is defined in (EI3).
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Step 1: Regularity. Then Lemmas 7 and imply immediately that G° € C(J?)
and G° € C'(R) for each region R given by

R:{J,-xjj if i,

4.17
( ) T ={(z,y) € Ji x Ji, F(z—y) >0} if i=j.

This regularity of & implies in particular the regularity of G° given in i).

Step 2: Computation of the gradients. We also deduce from Lemma [L.8 that
Az, y) = L£(Z(x,y))

defines a continuous map A : J? — [A, +00) which satisfies

(4.18) Az,z)=A

because of Lemma [L7H) and Z(x,2) = 0. Moreover, for each R given by (£I7) and for
all (z,y) € R C J; x J; we have

Go(xay) =Pt — pjy — A
and
(G\()R>m(xv y)=pi and (G?R)y(xa y) = —pj
with A = A(z,y) and (p, A) € G4 and

(7N, T (N) i R=J;xJ;  with i # 5,
(4.19) (Pi, ;) —{ (E(O), 7E(\)) i R=T* with i = J

7

Step 3: Checking the compatibility condition on the gradients. Let us consider
(r,y) € J? with . = y = 0 or o # y. We have

(BG°(y)(@) € (rEN} and  — (B,6°(x,)(y) € {xFN)}  with A= Ae,y) > A
We claim that

(4.20) H(z, Gz, y)) = \.

It is clear except in the special case where

(4.21) =0 and (9,G°(,y))(0)==(\) forall i=1,...,N

7

If 0 #y € Jj, then (z,y) = (0,y) € T; and (9;G°(-,))(0) = m; (A). Therefore 2T only
happens if y = 0 and then
H(0,G3(0,0)) = A

which still implies (£20), because A = A(0,0) = A.
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In view of ([A20)), (34) with equality and v = 0 is equivalent to
0
This is clear except possibly in the special case where
(4.23) y=0 and —(9;G°(x,))(0)=m;(\) forall j=1,., N.

If z € Jyand N > 2, then we can find j # i such that —(9;,G°(z,-))(0) = 7; (A). Therefore
(@.23)) only happens if N =1 and then

H(0,—G(x,0)) = A < A

Step 4: Superlinearity. In view of the definition of G°, we deduce from (ZI9) that

N _ e
0 T, ()\)—’yﬂ'j )\)—)\ if Z?’é%
G(x,y)z{(x_y)ﬁf(A)_A if i=j and +(z—y)>0
Setting
O\ = , in +7,°(A) >0,
we get

Gz,y) > d(z,y)7(\) — A

From the definition (&2 of 7" and the assumption (@I on the Hamiltonians, we deduce
that
m(A\) = +o0 as A — +oo

which implies that for any K > 0, there exists a constant Cx > 0 such that
Therefore we get (3.0) with
¢°(a) = sup(Ka — Ck).
K>0

Step 5: Gradient bounds. Note that

Because each component of the gradients of G° are equal to one of the {77'2:()\)
with A = £(Z(z,y)), we deduce (3.6) from the continuity of £ and of the maps 7.

Step 6: Saturation close to the diagonal. Point [v1) in Proposition E1] follows from
Lemma A7), from the definition of & and from the regularity of G°. O
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4.5 A second vertex test function

In this subsection, we propose a construction of a second vertex test function G* (see
Theorem below), that can be seen as a kind of approximation of the original vertex
test function G. This test function is somehow less natural than our previous test function,
but it has the advantage that it is easier to check its properties. Moreover, it can be useful
in applications.

We introduce the following

Definition 4.9 (Piecewise C' Regularity). We say that a function u belongs to C1#(.J),
if w € C(J), and if for any branch J; for i = 1,..., N, there exists a sequence of points
(a})ren on the branch J; satisfying

O0=ah<da} <---<aj<aj,,—+oo as k— +0o0
such that
1 (1.0 i .
Uat ai, ] € C (lay, ajyy]) forall keN, i=1,...,N.
The smooth convex case

Following what we did in order to construct the first vertex test function, we first construct
G* in the smooth convex case and we then derive the general case by approximation. In
the smooth convex case, we first consider

(4.24) G (x,y) =sup | sup (pw—py— )| if (z,y) € Jix J;
EeN \ (p,\x)€G A
for an increasing sequence (\y)ren satisfying for some constant vy > 0

(4.25) {)\ozA and A\, — 400 as k — 400

Mer1 — A <y forall k>0.
Lemma 4.10 (Piecewise linearity). The function G%* is piecewise linear. More precisely,

o [For (z,y) € J; X J;,
G (z,y) = iz —y)

with ¢; € C(R) and

ary (Ne) — N if AT <a <N

. — ? 1 = = ~4 >
li(a) { o= () — As if zf“’_ <a< va_ forall k>0
and

(4.26) 2F =0 and STE = A1 = A forall k>0

i T (A1) = 5 (M)
(recall that 3 is defined in (E2)). We have in particular for all k > 1

k41,4

7

(4.27) AT T < T =0 =20 < <
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o For (x,y) € J; x J; with i # j,
GO%(x,y) = om (M) — ym; (k) — Me

for (z,y) € AL with

k x Y x Y
(428) AU = {(m,y) S JZ X ij By - > 1, Z{H_L_i_ - Z’?-ﬁ-l,— < 1} .

( J ( J

Proof. Remark that A\, = H;("(\t)). Therefore the definition of z"* and the convexity
of H; imply inequalities (2T). It is then easy to check the explicit expressions of G%*. [

We recall that if u € C1*(J) and w is not C* at a point z € J7, then Proposition 215
can be used in order to understand H as follows

(4.29) H(z,u,) = max (H; (u(z")), H (Ou(zt))).

This interpretation will be used to check inequality (3.4) at points where G%%(z,y) is not
C* with (z,y) € J; x J; with i # j.

Proposition 4.11 (The second vertex test function — the smooth convex case). Let A >
Ay with Ay given by (L8) and assume that the Hamiltonians satisfy (A1l). Let (Ax)ren
be any increasing sequence satisfying (4.23) for some given vy > 0. Then the function
G% . J* = R defined in [{-Z]) satisfies properties ii) and iv) listed in Proposition [}
together with the following properties

i") (Regularity)

G%(z,-) € CY¥(J) for all =€ J.

0,4 2 ) ’
GHec() and { GO y) € CY4(J) forall ye J.

iii’) (Compatibility conditions) On the one hand, [B3) holds with v = 0 for allx € J.
On the other hand, B.4) holds with v = 7y, for all (x,y) € J?, except possibly for all
points on the diagonals x =y € J; forie {l,...,N}.

Moreover, at points (x,y) € J; x J; with i # j, where the functions G%*(x,-) or
G% (-, y) are not C*, inequality [B.4) has to be understood using convention (7.29);

v') (Gradient bounds) Estimate B.8) holds for all (x,y) € J* if we understand it
as a bound for both left and right derivatives, at points where the functions G (z, )
and G%(-,y) are not C*.

Proof. The regularity i) follows immediately for the previous lemma. Moreover points ii)
and iv) listed in Proposition 1] follow easily, and similarly for the gradient bounds v’).
Also (B.3]) holds clearly for v = 0.

The only important point is to check inequality (34 in iii’) with v = 7.
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Step 1: checking on J x J* Inequality ([B4) is clearly true for (z,y) € JF x JF, if
r—yF# zk’i. Let us check it if x —y = zkH % £ 0. We distinguish two cases.

CASE 1: (z,y) € JF x J* WITH = —y = """ > 0. The only novelty here is that the

function G is not C’1 at those points, and we have to use interpretation (£29) to compute
it. We get

H(z, Gy (z,y)) = max(H (G (™, y)), Hy (GRF(a*,y)))
(4.30) = max(H" (m (\), Hy (7 (A1)

and

H(ya _G27ﬁ(za y)) = maX(H;_(—GO’ﬂ(ZIZ, y_))> H'_(_G()’ﬁ(l’a y+)))
(431) = masU1 (o) (00
= Nk41-

This implies inequality 4] for v =79 > Apr1 — A\g-

CASE 2: (z,y) € JF x J* WiTH 2 —y = 2771~ < 0. We compute
H(z,GY¥(,y)) =max(H; (G (a™,y)), H; (G (2™, y)))

(4.32) — max(H; (m; (), Hy (7 (W)

and

H(y, —Gy*(x,y)) ZmaX(H+( v A y7)), Hy (=Gyi(z,y™))
(4.33) = max(H (r; (W), Hy (77 (M)

= )\k+1

which gives the result.

Step 2: checking on Ak for i # j. This inequality is also obviously true if (z,y) €
Int Ak for i # 7. We then dlstlngulsh six cases.

CASE 1: z =y = 0. This case is similar to the study of G° and we get immediately
0, _ _ 0,

CASE 2: (z,y) € AL wiTH y = 0 AND 2% <z < 2/ *0F,

H(0, =GY*(x,0)) = A = H(x, G (x,0)).
CASE 3: (z,y) € AL WITH 2 =0 AND —2)"~ <y < =27,

H(y, —GY4(0,y)) = Ay = H(0,G2*(0,y)).
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CasE 4: (x,y) € (AN ((J; x {0}) U ({0} x J;)). Let us consider the subcase where
T

FLE Z;_c+1,—

compute again:

=1 (the other case with k + 1 replaced by k being of course similar). We

H(z, Gy#(x,y)) = max(H"(Go#(2™,y)), H (GRF(x*,y)))

2

= max(H;" (7" (\)), H (7] (M\rx1)))

7

and
H(y, =Gy (x,y)) —maX(H+( 0 (z,y7)), Hy (=GYH(z,yT)))
= max(H; (7, ( k), Hy (7 (Ak+1)))

= )\k+1

This implies again inequality ([B4]) for v =9 > A1 — A

CASE 5: (x,y) € Ak WITH y = 0 AND z = zk+1+. Again, we check easily that

H(0,-GY4x,0)) = )\k+17 and H(z, G%(z,0)) = \, as in Case 4.

CASE 6: (z,y) € A}; WITH z = 0 AND y = —zf“’_. We have H(y, —GY*0,4)) = Aest

as in Case 4, and H (0, G%*(0,y)) = . O

The general case
Then we have the following

Theorem 4.12 (The second vertex test function). Let A € RU{—oc0} andy > 0. Assume
that the Hamiltonians satisfy (L5) and B2). Then there exists a function G* : J*> — R
enjoying properties ii) to vi) listed in Theorem [3.3, and property i’) given in Proposition
13

In particular, at points (different from the origin) where functions G*(x,-) and G*(-,y) are
not C, we get bounds (38) on both left and right derivatives. Moreover, at those points,
inequality (34]) has to be interpreted in the sense of Proposition [213.  Moreover, there
exists some € > 0 such that we have

(4.34)  G*=G" on JNO. with 552{(x,y)€ U J5 % J7, |x—y\§a}

where G is given in Proposition [{.11, with v = Y.

Proof of Theorem[f.13. In the smooth convex case, we define G* as in (L34]). On J; x J;,
we simply define G* as a regularization of G%* along each line x = y € J, following the
procedure described in the proof of Lemma for ¢ < v = 9. The general case follows
by approximation. O

Remark 4.13. With the help of Proposition 2.I7] it is straighforward to check that the
proof of the comparison principle works as well with this second vertex test function G*
given by Theorem [.12]
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5 First application: link with optimal control theory

This section is devoted to the study of the value function of an optimal control problem
associated with trajectories running over the junction.

5.1 Assumptions on dynamics and running costs

As before, we consider a junction J = J,_,

7777 ~ Ji- We consider compact metric spaces

A; for ¢ = 0,...,N and functions b;,¢; : [0,T] x J; x A; — R for i = 1,...,N and

bo,lo : [0,T] x Ag — R. The sets A; are the sets of controls on each branch J for

1 = 1,..., N, while the set Ay is the set of controls at the junction point x = 0. The

functions b; represent the dynamics and the ¢;’s are the running cost functions.
Fori=1,..., N, we follow [7] by assuming the following

(b, and ¢; are continuous and bounded

b; is Lipschitz continuous w.r.t. (¢,z) uniformly w.r.t. o;

(5.1) ¢; is uniformly continuous w.r.t. (¢,z) uniformly w.r.t. a;

Bi(t,x) := {(b;(t, z,0;), li(t, x, 04)) - ; € A} is closed and convex
L Bi(t,x) ={bi(t,z, ;) : a; € A;} contains [0, ]

for some ¢ independent of (¢, x).
It is easy to check the following lemmas.

Lemma 5.1 (Hamiltonians). Assume (21). Then given i € {1,..., N}, the Hamiltonian

H; defined by

Hz(t7 xvpl) = Sup (bl(t7 z, al>p2 - gl(h z, az))
a; EA;

satisfies Assumption (LI).

Lemma 5.2 (Non-increasing Hamiltonians). Assume (&21). Given i € {1,..., N}, then
the non-increasing part of H;(t,0,p;) with respect to p;, is given by

Hz’_(t>pi) = sup (bi(@o’ai)Pi - E,-(t,(),a,-))

a; €A
= Ssup (bl(tv 07 al)pz - gl(tu 07 az))
aiEAf

where A7 = {a; € A; - b;(t,0, ;) <0} and AT = {a; € A; = b;(t,0, ;) < 0}.

As far as the dynamics and running costs at the junction point are concerned, we also
assume that

(5.2) bo and Iy are continuous bounded, A, C R%
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for some dy > 1, and define
By(t) = {bo(t, ap) : g € Ag}.

We also define

(5.3) Ao(t) = max min Hi(t,0, p).
We set
sup (—0o(t, ) it Ag(t) #0,
(54) Ho(t) e Ol()EA()(t)
with
(5.5) Ay(t) ={ap € Ay, by(t,ap) =0},

and we assume that

(5.6) Hy : t — max(Hy(t), Ao(t)) is continuous in [0, 7).

5.2 The value function
We then define the general set of controls,
A=Ay x- - xAy
and define for a = (ayg,...,an) € A and (¢t,z) € [0,T] x J,

— bi(t>zaai) if xe€ JZ-*,
blt,,0) = { bo(t, ao) if x=0.

Similarly, we define
. Kl(t, xZ, Oéi) if e ']2*7
f(t, xZ, Oé) - { 60(t7 a()) if »=0.

For 0 <s<t<T and y,z € J, we define the set of admissible dynamics

(X(),a()) € Lip([s, t]; J) x L=([s, 1]; A),

(5.7) T = { X(s) =y, )
b(t, X(7),a(r)) forae 7€ (s,t)

Then we consider the value function of the optimal control problem,

(5.8) u(t,z) = inf inf E{(X, )
2 (X()a()eETys
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with
Ei (X, a) = ug(X(0)) +/0 U1, X (1), (7)) dT

where the initial datum ug is assumed to be globally Lipschitz continuous.

Note that if 761&; = (), then we have inf (...) = +o00. More generally and for later use,
0%
we set

(5.9) EY(X,a) =u(s, X(s)) —l—/ U7, X(7),a(T)) dr.

5.3 Dynamic programming principle
The following result is expected and quite standard.

Proposition 5.3 (Dynamic programming principle). For all x € J, t € (0,T] and s €
[0,1), the value function u defined in (28) satisfies

u(t,z) = inf inf EY(X, )
Ve (X(),a()eTsy

where EL and T}' are defined respectively in (2.9) and (5.7).

Proof. Let V(t, ) denote the right hand side of the desired equality. Consider (X (), a(-)) €
Os,éy and (X (-),a(-)) € Tsyt, x. Then

C(r) alr)) — ()~((7'),a(7')) if 7 €0, s]
(X(7),a(r)) {(X(’T),d(’T)) if 7 € (s,t]

. . t’x .
lies in 7,7 . In particular,

u(t, z) < ug(z) +/0 U1, X (1), a(T))dr

s t
< up(z) +/ 07, X(7),a(T)) dT +/ 01, X (1), a(r)) dr.
0 s
Taking the infimum, first with respect to (X(-),a(-)) and 2, and then with respect to
(X (+),a(-)) yields u(t, x) < V(t,x).
To get the reversed inequality, consider, for all e > 0, an admissible dynamics (X¢(-), a°(+)) €
7o such that
t
u(t, z) > ug(X°(0)) + / U1, X(7),a°(1))dr — ¢
0
s t
> up(X(0)) + / 07, X°(7), (1)) dr + / U1, X5(7),a°(T))dTr — ¢
0 s
t
> u(s, X°(s)) + / U1, X(7),a°(1))dT — ¢
>V(t,x) —e.
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Since € is arbitrary, we conclude. O

5.4 Derivation of the Hamilton-Jacobi-Bellman equation

We will show that the value function u solves the following problem

{ w + Hi(t, z,u,) =0 for all (t,x) € (0,7T) x Jf,

(5.10) ug + Foo(t,u,) =0 forall (t,2) € (0,7) x {0}

with
Fy (t, ug(t,07)) := max (}_Io(t), max Hi_(t,aiu(t,OJr)))

i=1,..,N

and with initial condition
(5.11) u(0,z) = ug(x) forall z e

Theorem 5.4 (The value function is a flux-limited solution). Assume (21), (22) and
(24). Let us also consider H;, H; and Hy respectively defined in Lemmas[21l and[2.2 and
in (Z4). Assume also that the initial datum g is globally Lipschitz on J. Then the value

function u defined by (58) is the unique solution of (BI0), (E1T)).

In order to prove this theorem, two technical results are needed. Their proofs is post-
poned until the end of the proof of Theorem [£.4]

Lemma 5.5 (A measurable selection result). Assume that by and ly satisfy (2.2). For
some [a,b] C (0,T), let us also assume that

0 # Ao(7) :={ap € Ao, bo(T,a0) =0}  forall 7 € [a,b]

and that
T+ Hy(1) := sup (—ly(T,0a0)) is continuous on |a,b.
ap€Ao(T)

Then there ezists a mesurable selection ag € L>([a,b]; Ag) such that
ao(1) € Ao(T) and Hy(1) = —Llo(T,000(7)) for a.e. T € [a,b)].

Proposition 5.6 (Checking assumptions for the comparison principle). Assume ([2.1),
(Z3) and [Z48). Let us also consider H;, H; and Hy respectively defined in Lemmas [51]
and [5.2 and in ([548). Using notation from Section [] on networks, let us consider the
network N = J, with edges € = {J1, ..., n} = &, where the unique vertex n is identified
to the junction point 0. We set H.(t,x,p) := H;(t,x,p) and H; (t,p) = H; (t,p) fore = J;

for each i = 1, [ N. We also set A,(t) := Hy(t). Then assumptions (H0)-(H6) and
(A0)-(A2) are satisfied.

Proof of Theorem[5.4). We will show that u* is a super-solution and u, is a sub-solution on
(0,T) x J. Deriving the Hamilton-Jacobi-Bellman equation outside the junction point is
known and standard. This is the reason why we will focus on the junction condition. As
in the standard case, it relies on the dynamic programming principle.
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Step 1: the super-solution property. Consider any test function ¢ such that
¢ <wu,in (0,400) x J and ¢ =u, at (¢,0) with t€ (0,7).

Our goal is to show that

(5.12) 21(£.0) + Fi (. 0(£.07)) > 0

The proof of this inequality proceeds in several substeps.

STEP 1.1: THE BASIC OPTIMAL CONTROL INEQUALITY. Let (¢,,z,) € (0,7") x J be such
that
(tn,rn) — (£,0) and  u(t,,r,) = u.(t,0) as n — +oo.

Let s € (0,¢). Then the dynamic programming principle yields

w(ty,x) — inf  inf {u(s, X(s)) + / " b X (), a(r) dT}

YES (X ()a()eTig ™

This implies that

oty 2n) + 0n(1) > inf  inf {QD(S,X(S))+/n€(7‘,X(T),a(T)) dT}

YT (X ()a()eTy ™

where 0, (1) — 0 as n — +o00. Therefore, we have

(5.13) Sy, = sup sup K'"(X,a) > —o,(1)
veT (X()a()eTy
where
tn
B) K (Xa) = lt X(0) — (s, X(5) — [ Ur X (7)a(r) dr
with

SO(th(tn))—90(8,X(8))=/n dr {pi(7, X(7)) + a7, X(7))b(7, X(7), (7)) } -

Here, we take the convention that the product ¢,b equals 0 if X (7) = 0. This makes sense
for almost every 7, because by Stampacchia’s truncation theorem, we have

(5.15) 0= X(T) =b(r, X(7), (7)) = bo(1, (7)) a.e. on {7 € (s,t,), X(7) =0}
which implies in particular

(5.16) ag(T) € Ag(7) a.e. on {7 € (s,t,), X(7) =0}
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where Ay is defined in (B.5]). This shows that we can write
tn
K (Xa)= [ dr slr, X(r) ()

with for (7,2) € (0,T) x J and 8 = (Bo,...,On) € A:
K(T,l’, 6) - @t(ﬂ I) + 9096(7_’ ZL’)b(T, z, 5) - K(Tal’a ﬁ)

with the convention that

o (T, 2)b(T,2,8) =0 ) B
{5061%(7') ‘ it ==0.

STEP 1.2: FREEZING THE COEFFICIENTS. We now freeze the coefficients at the point
(t,0) € (0,T) x J, defining for any (7,x) € (0,7) x J and 8 € A:

(5.17) R(T,x, ) = { 2i(E.0) — Lo(T. Bo) i or—0,

with the convention that 5y € Ag(7) if x = 0. From structural assumptions (5.1]) and (5.2)),
there exists a (monotone continuous) modulus of continuity w (depending only on ¢ and
the quantities b;, ¢; for i = 0,..., N) such that

|k(T, 2, 8) — k(1,2,8)| < w(|t — 7| +d(x,0)) forall (r,z,8)¢€ (0,T)xJ x A.
Since trajectories are uniformly Lipschitz, there exists a constant Cy > 0 such that for all

T € (8,tn),
d(X(7),0) < d(2n,0) + Coltn — 7| = 0n(1) + Colt — 7.

Defining

_ t7l
(5.18) K'"(X, ) :/ dr ’(7, X (1), a(T))
we get that

(5.19)  |K'"(X,a) — K"(X,a)| < [ty — slw(on(1) + C1|F — s]) with Cy =1+ Cp.

STEP 1.3: APPLICATION TO A QUASI-OPTIMIZER. Let us consider a quasi-optimizer
(X", a") € Tlwn for some y,, € J such that

KX a™) > S, — on(1).
By (BI3) and estimate (5.I8]), this implies
(5.20) Ki(X™ a™) > —on(1) — |t, — s|w(0,(1) + C1|t — s|).
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In order to evaluate K’ (X" a™), we naturally define the following sets. Let
To = {7 € (s,t,), X"(r)=0}
which is a (relative) closed set of (s,t,), and let us set for i = 1,..., N:
T ={7 € (s,t,), X"(7) € J'}
which are open sets. We have
KXo = S KP with KP = / dr R(r, X"(r),a"(7)).
i=0,...,.N 5

We next study each term K of the previous sum.

STEP 1.3.1: CONVERGENCE FOR ¢ = 1,...,N. We now use an argument that we found
in [7]. For ¢ = 1,..., N, by convexity of the set B;(¢,0) defined in (5.1]), we deduce that
there exists some @ € A; such that

! t. " ; a™(7))) = (b al), 4(t,0,ar
(5.21) M/T? dr (b;(t,0,a" (7)), 4;(¢,0,a"(7))) = (bi(£,0,al), £;(t,0,al))

and then -
KP = T2 {e(F, 0) + D50 (F, 0)bi(, 0, a7) — £5(F,0,a7)} -

Moreover, decomposing the set T? in a (at most countable) union of intervals (ay, by)
(with possibly a, = s or by = t,, for some particular value of k), we see that we have with
x, = X(t,)

(5.22) / dr b (1,0, 0™ (1)) = /T dr X" (1)

i

0— X"(s) it X"(t,) &€ J5,  X"(s) € Jf,
=< X(t,) —X"(s) if X"(t,) e Jr, X"(s) € J,
X(t,) =0 it X"(t,) e Jr,  X"(s) & J:

Up to a subsequence, we have a' — a;, |T}| — T; for some 7; > 0. It is convenient to
write T; as |T;|. Remark in particular that we have

N
S OIT| =1 —s.
=0

Next, we get that the sequence of trajectories X™(-) converges uniformly to some X (-) such

that X(s) if X(s)€/J
o 0-X(s) if X(s)€Jp,
|T;|bi(,0, ;) = { 0 if X(s)¢&J;
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and therefore
bi(t,0,a;) <0 if |T;| #0.

This implies

with
K = |1r,~|{sot<_o>+azso<_,o>b<tj 0,a;) = Gi(f,0,a;)}
(5.23) < |Ti|{{got<t ,0)+ H; (t,0,0(2,0)) }
< Tl Lt 0)+FHOt(t (t,0%))}.

STEP 1.3.2: CONVERGENCE FOR 7 = 0. We have
Ry = / dr &(7, X"(7),a"(7)) = / dr {u(£,0) — lo(r, af())} .

Because of (.I6]), we know that of(7) € Ag(7) for almost every 7 € T which implies

Ty

K< [ dr (@00 + B} < [ dr {alf0)+ Bor)}

where Hy and Hy are defined in (5.4) and (5.6]) respectively. Since the function Hj is
assumed to be continuous, see (5.0), there exists some (monotone continuous) modulus of
continuity, that we still denote by w, such that

K < |T5] {u(t,0) + Ho(ta) + w(ltn — s]) }

Up to a subsequence, we have |Tj| — |Ty| and then

(5.24) limsup,, .o Ky < ‘TO% (£, 0) + Ho(?) +w(|f - s])}
@i(t, 0

< [Tol {u(t,0) + Frgq) (¢, 9u(t,07)) + w(lt — s]) } .

STEP 1.4: CONCLUSION. From (5.20) on the one hand, and from (5.23), (5.24]) on the
other hand, we deduce that

— |t — s|lw(C4|t — s|) < limsup Z K!

n—+o0o i—=0... N
s( > |'1ri|> {:(£,0) + Froo) (£, 02(1,0%) } + [ Tolw([E — s]).
i=0,...,.N

Using the fact that } . |Ti| = [t —s| and Cy > 1, and dividing by [t — s/, we deduce
that
—QW(Cl‘t - S|) < Sot(tv O) + Ff{()(t)(tv Som(tu O+)

Passing to the limit s — ¢, we deduce (5.12)).
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Step 2: the sub-solution property. Consider any test function ¢ such that
p>u"in (0,400) x J and @=u"at (¢,0) € (0,7)x J, with te (0,T).

Our goal is to show that

(5.25) ©i(t,0) + Fryp) (£, 02(t,07)) < 0.

STEP 2.1: THE BASIC OPTIMAL CONTROL INEQUALITY. Let (¢,,z,) € (0,7) x J such
that
(tn, @) — (£,0) and  u(t,,z,) — u*(t,0) as n — +oo.

From the dynamic programming principle, we get that for all (s,y) € (0,t,) x J and all
(X(), () € T,

u(ty, 1,) < E"(X,a) = u(s, X(s)) + / n U1, X(7), (7)) dr.

This implies .
Oty 1n) — 0n(1) < (s, X(5)) +/ 01, X(7),a(T)) dr

1.€.
KX, a) < on(1)

with K" (X, a) defined in (G.14).

STEP 2.2: FREEZING THE COEFFICIENTS. Using (5.19)), this implies
tn B _
(5.26) / dr R&(r, X(7),a(7)) = K (X, ) < 0n(1) + [tn — s|w(0a(1) + C1]E — s])

with & defined in (517]).
STEP 2.3: INEQUALITIES FOR i = 1,...,N. For each i = 1,..., N, let us choose some
Q;,a; € A; such that

(5.27) bi(t,0,a;) <0 and b;(¢,0,q;) > 0.

We now fix some index iy € {1,...,N}.
Assume first that z, € J; with j # ip. Then we look for a solution with terminal
condition X"(t,) = x,, which solves backward the following ODE

X" (1) = by(r, X"(1),q;) for 7<t,

up to the first time 77 where X" reaches the junction point, where 77 is precisely defined
by

(5.28) 7] €(0,t,) suchthat X"(7])=0 and X"(r)eJ' forall 7€ (7] t,]
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By assumption ([5.27) and the continuity of b;, we know that we will have 77 — ¢ as
n — +o00. Then we consider some a"(-) € L>([s, t,]; A) such that

o (1) = &, it 7els, 7],
Oz;‘(T) =q; if 7€ (7t

Assume now that x,, € J;,. In this case, we require

ap (1) = @, forall 7€ [s,t,]

In both cases, we call X" (-) the trajectory such that (X", a") € 7?’_;(’?(15).

Up to a subsequence, we get that X" converges uniformly towards some X, and "
converges to « = @;,, such that (using (5.26)),

|E_ S| {th(ﬂ O) + aiogp(fa O)bio(ﬂ 07 aio) - gio(ﬂ Oa d/io)} - Kg(Xa O./) < |E_ S|w(01|{_ ‘9|)

Dividing by |t — s| and passing to the limit s — ¢, and taking the supremum on &;, € A;,
such that b;,(Z,0,a;,) < 0, we get

(5.29) pi(t,0) + Hi (¢, 0, (1, 0)) < 0.

STEP 2.4: INEQUALITY FOR ig = 0. We now assume that (5.25]) does not hold true. Then
(E29) implies that
(5.30) @i(t,0) + Ho(t) > 0

and
Ho(t) = Ho(t) > max H; (t,00(t,07)) > Ao (D).

By continuity of Hy = max(Hy, Ag) with Ay continuous defined in (5.3)), we deduce that
there exists some sy < ¢ such that Hy is continuous on [sg,?]. In particular, we have
Ag(1) # 0 for all 7 € [sg,t]. By Lemma .5 there exists a measurable selection @y €
L ([s0, t]; Ag) such that

ao(1) € Ag(1) and  Ho(1) = —lo(1,a0(7)) for a.e. 7T € [sq,1].

If ,, € J;, we now use the defintion of 7 given in (528) and consider some a"(-) €
L>([so, t]; A) such that

{ o (T) = o if 7€ (T,{,tn],
(1) = ap(7) if 7€ [s, 7]

If 2, = 0, then we simply choose some a"(-) € L*>([so, t,]; A) such that

ag(1) = ap(r) if 7€ [so,tn].
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Let s € [so, ). In any cases, we call again X™(-) the trajectory such that (X", a™) Tt’;gi’gs).

Similarly to Step 2.3, up to a subsequence, we get that X" converges uniformly towards

X =0, and " converges to a = @&;,, such that (using (£.26])):
[t = slw(Cilt = s]) > Ki(X.a)

:/ dr {¢(t,0) — Lo(T, a0(7)) }

_ / dr {oi(£.0) + Ho(r)}
> 1= 8| {u(F, 0) + Ho®) — w(]T - s))}

where w still denotes some modulus of continuity of Hy on [so, ¢]. Dividing by |t — s| and
passing to the limit s — ¢, we get

pe(£,0) + Ho(t) <0
which contradicts (5:30). This finally shows that (5.25) holds true.
Step 3: checking the initial condition and a priori bounds. From the fact that ug

is continuous and the fact that b;, ¢; are bounded for ¢ = 0,..., N, we deduce easily from
the representation formula (5.8]) that the value function u satisfies

u*(0,2) = up(x) = u(0,2) forall x e J

Again from the representation formula (5.8), the fact that b;,¢; are bounded for i =
0,...,N, and the fact that ug is globally Lipschitz continuous, we also easily see that
there exists a constant C' > 0 such that |u(t, z) — ug(x)| < Ct. In particular

(5.31) lu(t,z)| < Cr(1+d(x,0)) forall (t,x)e€[0,T]x J.

Step 4: conclusion. The previous steps show that u solves (BI0) with initial condition
(E10). We also have the sublinear property (5.31). Then, we apply Proposition [5.6] (which
is postponed) which claims that our PDE satisfies the assumptions of Corollary [[.9. This
implies the indentification of the function u to the unique solution of (5.10), (5.I1]). This
ends the proof of the theorem. O

We now turn to proofs of Lemma and Proposition
Proof of Lemmalid. We consider the map f : [a,b] x Ay — R? defined by
f(7, a0) = (bo(T, ), Ho(7) — Lo(7, o))

Recall that by (£.2), we have Ay C R%, with A compact. Then we define the multifunction
[ : [a,b] = R% defined by

[(7) = {an € Ay,  f(7,00) = 0}
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Because f is continuous, I'(7) is closed. Moreover our assumptions guarantee that I'(7)
is nonempty. We recall (see [27], page 314, beginning of section 2) that I' is said to be
L-measurable (Lebesgue measurable) if and only if its graph

G() = {(7‘, ) € [a,b] x R™ g € F(T)}

is £ ® B-mesurable, i.e. belongs to the g-algebra generated by the product of Lebesgue
sets in [a, b] and Borel sets in R%. Here G(I') = f~1((0,0)) is a closed set of [a,b] x R,
so this set is obviously £ ® B-measurable. We now apply the mesurable selection result
cited as the corollary on page 315 in [27]. This result states that for any £-measurable
multifunction I' : [a, b)) = R%, which is closed-valued with I'(7) nonempty for almost every
7 € [a, b], there exists a L-measurable function ay : [a,b] — R% such that

ag(t) € I'(r) for almost every 7 € [a, b
This implies the result stated in the lemma and ends its proof. O

Proof of Proposition[5.6. We check successively all assumptions.
STEP 1: CHECKING (HO) AND (H3). We set

P: (t,flf,p) a“nd q)l(alvp) :pbi(taxvai) _el(tvxaal)
We recall that
Hi(P) = sup ®;(ay, P) = &;(a;(P), P).

Ocl'EAi

Let P' = (t',2',p"). We assume that

Ip], lq| < L.

Using the fact that b;, ¢; are uniformly continuous with respect to (¢, z), uniformly with
respect to a; € A;, we deduce that there exists a modulus of continuity wy ;, such that

Hy(P') 2 ®i(a;(P), P') = ©i(a;(P), P) — wr(|1P = P'|) = Hi(P) — wr,(|P = P]).
Exchanging P and P’, we get the reverse inequality, which yields
(5.32) |Hi(P') — Hy(P)| < wr ([P = P')

In particular, this gives the continuity of H;.
STEP 2: CHECKING (H1). By assumption (5.]), there exists some § > 0 and controls
af = af(t,r) such that

2

+b;(t, x,05) > § > 0.
Using the fact that ¢; is bounded, this implies that

(5.33) H;(t,x,p) = é|p| = C

o4



for some constant C' > 0.
STEP 3: CHECKING (H2). Again, using the boundedness of b; and ¢;, we get the uniform
coercivity estimate

(5.34) |Hi(t, 2, p)| < C(|p] +1).

STEP 4: CHECKING (H4). The quasi-convexity of H;(t,x,-) follows from its convexity.
STEP 5: CHECKING (H5). We write with p' = p, 2/ =z, a; :== &;(P’)

Hy(P') — Hy(P) = ®(a;(P), P') — Hy(P)
o(a;, P') — ®(ay, P)
p(bi(t, x, ;) — bi(t,x,a5)) — (G(H, x, ) — Ci(t, x, &)
L|p||t' —t]+o(|t" — 1)
L6~ (C + max(0, Hy(t,z,p)|t' —t| + @(|t' —t])

IAIA I IA

where in the fourth line, we have used the fact that b; is L-Lipschitz continuous with respect
to t, uniformly with respect to a;. We have also used the fact that there exists a modulus
of continuity w for ¢; with respect to (¢, ), uniformly in ;. In the fifth line, we have used
the uniform coercivity estimate (5.33]). The previous inequality implies easily (H5).
STEP 6: CHECKING (H6). Recall that H; is uniformly coercive by (H1), and continuous
by (HO). This implies that the map ¢ — min H;(t, 0, -) is also continuous. This implies the
continuity of
Ad(t) = mamelnH(t 0,-).

STEP 7: CHECKING (AO0). The continuity of Ay(t) = Hy(t) follows from (E.6).
STEP 8: CHECKING (A1) AND (A2). The bound on Ay(t) and the uniform continuity of
Ap(t) are trivial since there is only one vertex.

This ends the proof of the proposition. O

6 Second application: study of Ishii solutions

This section is strongly inspired by the work [7] where one of the main contribution of the
authors was to identify the maximal and minimal Ishii solutions (in any dimensions), in
the framework of convex Hamiltonians, and using tools of optimal control theory. With
our PDE theory in hands, we revisit this problem in dimension one, but for quasi-convex
Hamiltonians (in the sense of ([LH)) that can be non-convex. As a by-product of our
approach, we give a PDE characterization of both the maximal and the minimal Ishii
solutions.

Remark 6.1. Combining results from Subsection with the ones from this Section, we
can easily see that for one-dimensional problems, the solutions in [6], [7], [26] and [25] fall
naturally in our theoretical framework; they coincide with some A-flux-limited solutions
for A well chosen.
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6.1 The framework

Let us consider two Hamiltonians H; for ¢ = 1,2 which are level-set convex in the sense of
(LH). In particular H; is assumed to be minimal at p.

Ishii solutions on the real line. In [7], Ishii solutions are considered. A function w is
said to be a Ishii sub-solution if its upper semi-continuous envelope u* solves

w4+ Hy(ug) <0 for < 0,
uy + Ha(u,) <0 for z > 0,
up + min(Hy (uy), Hy(u,)) <0 forxz =0

A function u is said to be a Ishii super-solution if its lower semi-continuous envelope

solves
uy + Hy(ug) >0 for z < 0,

uy + Ho(uyz) >0 for z > 0,
up +max(Hy(uy), Ho(u,)) >0 for z =0.

An Ishii solution is a function u which is both an Ishii sub-solution and an Ishii super-
solution.

Translation of flux-limited solutions in the real line setting. The notion of solu-
tions @ (¢, z) from Section 2l on two branches J; U Jy with two Hamiltonians

FII(Q) = H1(—Q) and ﬁz((l) = H2(Q)

is translated in the framework of the real line into functions u defined for (¢, z) € [0, +00) x
R by
ult I):{ﬂ(t,x) for 0<uxe s
' a(t,—z) for 0< —x€Jp.

Then @ solves (7)) with Hamiltonians H; if and only if u solves

u + Hy(ug) =0 for (t,z) € (0,400) x (—00,0),
(6.1) ur + Ha(ug) =0 for (t,z) € (0,+00) x (0, +00),
wy + Fa(ug(t,07),u,(t,07) =0 for (t,z) € (0,400) x {0}
with )
Falq, ¢2) = max(A, H (q1), Hy (g2))
where

o _ ) Hi(q) if q<py, oy H(@)) i g <pf,
= (q)_{Hi(p?) if ¢ <pf and H7(q) = Hi(q)  if ¢>p).

Viscosity inequalities are now naturally written by touching u with test functions ¢ :
[0,+00) x R — R that are continuous, and C' in [0, +00) x (—00,0] and in [0, +00) X
0, +00).
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Ishii flux-limiters. We recall the quantity

i=1,2 \ geR i=1,

Ap = max (min Hl(q)) = max H;(pd).

and define
A* = max (min(H(q), H2(q))).

qGCh[p(l),pg]
with the chord
ch [p?, p9] = [min(pY, p3), max(p, p))].

Then we set

(6.2) AT = max(A*, A)
and

_ [ AT if py <,
(6.3) A —{ Ao it >

Remark 6.2. Notice that even if the points of minimum p{ of H; may be not unique, it is
easy to see that the quantities A7 are uniquely defined.

These two quantities AIi will play a crucial role here; they have been identified first in
[7], in a different way (see below).

6.2 Identification of maximal and minimal Ishii solutions

The main result of this section is the following.

Theorem 6.3 (Identification of maximal and minimal Ishii solutions). We assume that
the Hamiltonians H; satisfy (LH) fori=1,2. We have A; < A} and the following holds.

i) (Ishii sub-solution) Every Ishii sub-solution is a FA; -sub-solution.
i) (Ishii super-solution) Ewvery Ishii super-solution is a I At -super-solution.
iii) (Particular Ishii solutions) Every EF4-solution is a Ishii solution if A € (A7, A7].

iv) (Maximal and minimal Ishii solutions) For a given bounded and uniformly continuous

initial data, the FA} -solution 1s the minimal Ishii solution, and the FA; -solution 1is the

mazximal Ishii solution. Moreover the Ishii solution is unique if and only if A7 = A7 .

We prove successively i)-iv) from Theorem [6.3]
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Proof of Theorem[6.31). Let u be a Ishii sub-solution. We want to check that u is a F A"

sub-solution. The only difficulty is on the junction point x = 0. If A, = Ay, then the
result follows from Theorem 2.6 1).
Assume now that
AI_ > A().

Then A; = A*, and p9 < p{. In particular, we can choose p* € [p3, p}] such that
(6.4) Hy(p*) = H{ (p") = A" = A} = H(p") = H, (p").

Now from Theorem i), we see that, in order to show that u is a F 4--sub-solution, it is
sufficient to consider a test function ¢ touching u from above at (to,0) for ¢y > 0, with

p(t,z) =¢(t) +px
with ¢» € C*, and to show that

Indeed, such ¢ is now an admissible test function for Ishii sub-solutions. So we deduce
that

oo+ min(H" (0a(to,07)), Hy (px(to,07))) <0 at  (t,0)
which implies ([6.5). We conclude that u is a FA; -sub-solution and this ends the proof. [
Proof of Theorem [6-3d). Let u be a Ishii super-solution. We want to show that u is a

Fy+-super-solution.

Step 1: preliminaries. We distinguish two cases.
CASE 1: A* > Ay. Then we have AT = A*. In particular, there exists p* € ch [pY, p3] such
that (6.4]) holds true. We set

(6.6) o(t,x) :=U(t) + p'x = @¢(t, z)

with ¢ € C*.
CASE 2: A* < Ag. This implies that there is a unique « € {1,2} such that

Af = Ay = Ha(py)
and for a € {1,2}\ {a} we have
(6.7) Ho(po) > Ha(p) forall p € ch [p}, p)]

We set
o =+, 01=—

and set

Pa :Pg
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and choose ps such that
Hs(pa) = Ao = HZ"(pa)-
Then we have
Hy(p2) = Hy (p2) = Ao = A = Hi(p1) = Hy (p1)

and
p2 > p1-
We set
(68) (p(t,l’) = ¢(t) +p1x1{m<0} +p2x1{x>0} Z (ﬁ(t,l’) = ¢(t) +pax
with ¢ € C*.

Step 2: conclusion. Now from Theorem ii), we see that, in order to show that u is
a FA?—super—solution, it is sufficient to consider a test function ¢ (given either in (G.6]) in

case 1 or (G.8) in case 2) touching u from below at (to,0) for ¢, > 0, and to show that

Because we have ¢ > ¢ with equality at (¢p,0), we deduce that ¢ is an admissible test
function for the Ishii super-solution u. Therefore, we have

& + max(Hy(@z), Ha(@z)) >0 at  (to,0)
Using either (6.4) in case 1, or (6.7) in case 2, we deduce that
v+ AF >0 at (to,0)
which implies (€3). This implies that u is a F A?—super—solution and ends the proof. O

We now state and prove a proposition which is more precise than Theorem [G.3Hil).

Proposition 6.4 (Relation between F4 and Ishii sub/super-solutions). Under the assump-
tions of Theorem[G.3, every Fa-subsolution (resp. I y-super-solution) is a Ishii sub-solution
(resp. Ishii super-solution) if A > A; (resp. A < Af).

Moreover for every A € [AO,AI_), there exists a Fy-sub-solution which is not a Ishii
sub-solution. For every A > AF, there exists a Fy-super-solution which is not a Ishii
super-solution.

Proof. We treat successively sub-solutions and super-solutions.
SUB-SOLUTIONS. Let u be a F4-sub-solution with A > A;. Consider a C' function
¢ : R — R touching u from above at (¢,0) for some ¢ > 0. Then

A+ Fu(g,q) <0
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where A = 0,¢(t,0) and ¢ = 0,¢(t,0). In particular, A + A < 0. We want to prove that
A+ min(Hi(q), Ha(q)) < 0.

If ¢ < pY, then
min(H(q), H2(q)) < Hy (q) < Falq, q) < =\

Similarly, if ¢ > p?, then
min(H, (g), Ha(q)) < H (q) < Falg,q) < =X,
If p) < p?, and q € [pY, p!], then by definition of A*, we have
min(Hy(q), H2(q)) < A* < Af = A7 <A< -\

This shows that u is a Ishii sub-solution.

If A* < Ag or py > p!, there is nothing additional to prove. Assume now that pJ < p?
with A; = A* > Ay, and we claim that for any A € [Ao, AI_) = [Ap, A*), there exists a
Fy-sub-solution which is not an Ishii sub-solution. Indeed, let us consider p* € (P9, p?] such
that

A* = Hy(p") = Ha(p").

Then there exists pJ < po < p* < p; < p? such that

(6.10) A= Hi(p1) = Hy(p2) = Fa(p1.p2)

Let us now consider
u(t,r) = —At + p1alyzcoy + perli>o

In particular u is Fj-sub-solution because of (GI0). Now the test function ¢(t,z) =
— At + p*x touches u at (¢,0) from above and does not satisfy the inequality

This shows that w is not a Ishii sub-solution.

SUPER-SOLUTIONS. Let u be a F4-super-solution with A < AF. Consider a C" function
¢ : R — R touching u from below at (¢,0) for some ¢ > 0. Then

A+ Fa(g,q) >0

where A\ = 0,¢(t,0) and ¢ = 0,¢(t,0). Without loss of generality, we can assume that
A > Ay. We want to prove that

A+ max(Hi(q), H2(q)) = 0.
If Fa(q,q) = A, then we deduce from Lemma below that

0< A+ A< A+ AT <X+ max(H(q), Hx(q)).
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If now Fa(q,q) = H; (q), then

0< A+ Fa(q,q) <A+ Hi(q) <X+ max(H,(q), Ha(q)).
If finally F4(q,q) = Hy (q), then

0 <A+ Fa(q,q) <X+ Ha(q) < X+ max(H,(q), Ha(q)).

This shows that u is a Ishii super-solution.
Assume next that A > AJ. If A* > Ay, let p* € ch [pY, p] such that

Let us choose an index « € {1,2} such that

)

nax H(p;) = Ha(p,)-

Then we set
p* if A* > A,

p= D1 if A*< Ay and a=1,
P2 if A*< Ay and o=2.
In particular we have
(6.11) max(H,(p), Ha(p)) = A} .

Then for A > A7, there exist p, > max(p{,p3) > p > min(p?, p9) > p; such that

Hz(pz) =A= Hl(pl)-

Let us now define
u(t, x) = —At+ plxl{Ko} + pgﬁl{xzo}.

Then u is a F-super-solution because Fi(p1,p2) = A. Now the test function ¢(t,z) =
— At + px touches u at (t,0) from below and does not satisfy the inequality

at¢(ta O) + maX(Hl(ax¢(t> 0))a H2(ax¢(t> 0))) 2 0

because of (G.I1]). This shows that u is not a Ishii super-solution. This achieves the
proof. O

In the previous proof, we used the following elementary lemma.

Lemma 6.5 (Bound from above for Af). For all ¢ € R, A7 < max(H,(q), H2(q)).
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Proof. We recall that A} = max(A*, Ag). Assume first that max(A*, Ay) = Ao, then
Ay = min H,, for some a € {1,2}. In particular, for all ¢ € R, we have A} = A, <
Ha(q) < max(H:(q), Ha(q))
If now max(A*, Ag) = A* > Ay, then there exists p* € [p{, pf] for some i,5 € {1,2} (i # j),
such that

A" = Hy(p*) = Hj(p").
Moreover, H; is non-increasing in (—oo, p*] hence

H;(q) > A" for ¢ < p%;
similarly, H; is non-decreasing in [p*, +00) hence

Hi(q) > A* for ¢ > p".
This implies the expected inequality. O

We finally state a proposition which implies Theorem [G.3Hiv]).

Corollary 6.6 (Conditions for uniqueness of Ishii solution). We work under the assump-
tions of Theorem [623.  Recall that AT > A7, and let g be a Lipschitz continuous initial
data.

o [f AT = A7, then there is uniqueness of the Ishii solution with initial data g.

o If AT > A7, then there exists a Lipschitz continuous initial data g such that there
are two different Ishii solutions with the same initial data g.

Proof. If A7 = A7, then Theorem B.3/[l) and ) imply that every Ishii solution u is a
Fy-solution for A = Af. Given some Lipschitz continuous initial data, such a solution is
then unique.

On the contrary, if AT > A7, then

U (t,x) = —At + prxlpcoy + paxlsoy
is a F-solution with A = A} with initial data g(z) = U~ (0, z) if
Af = A=Hi(p) = Ha(p2), p2>py p1 <1
On the other hand, U~ is not a FA;-solution because FA; (p1,p2) = A7 < A7, O

6.3 Link with regional control

In this subsection, we shed light on the consequence of our results in the interpretation of
the results from [7] when both frameworks coincide. Roughly speaking, the one-dimensional
framework from [7] reduces to our framework with two branches. In this case, the value
function U~ defined in 7, Eq. (2.7)] (see also (6.14)) in the present paper) and characterized
in [7, Theorem 4.4] corresponds to the unique solution of (7)) for A = A} . Similarly, the
function U™ defined in [7, Eq. (2.8)] (see also (GI3]) in the present paper) corresponds to
the unique solution of (L7) for A = A;. This is shown in this subsection. We also provide
the link between our definition of A} and A} and the tangential Hamiltonians introduced
in [7], coming from optimal control theory.
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6.3.1 The optimal control framework

The one dimensional framework of 7] corresponds to
Q) = (—00,0), H={0}, Q= (0,+00).

In this case, (Hgq) in [7] is satisfied. We refer to this framework as the common framework.

Hamiltonians. As far as the Hamiltonian is concerned, the (t,z)-dependence is not
relevant for what we discuss now; for this reason we consider the simplified case of convex
Hamiltonians given for ¢ = 1,2 by

Hi(p) = sup (=bi(ei)p — li(os))
OliEAi
for some compact metric space A; and b;, ¢; : A; — R. In this simplified framework, (H¢)
reduces to the following assumptions for i = 1, 2:

b; and ¢; are continuous and bounded
(6.12) {(bi(ay), li(c;)) = a; € A;} is closed and convex
B; = {b;j(c;) : a; € A;} contains [—0, d].

In particular, we see that B; is a compact interval. Introducing the Legendre-Fenchel
transform L; of H;, it is possible to see that this problem can be reformulated by assuming
that for ¢ = 1,2

H;(p) = sup(qp — Li(q))

q€EB;

where L; : B, — R is convex where we recall that B; is a compact interval containing
[—d,6]. Indeed the graph of L; on B; is the lower boundary of the closed convex set
{(bi(a;), b)) = a; € A;} in the plane R%  In particular, we see that H; is convex,
Lipschitz continuous and H;(p) — 400 as |p| — +oo. This last fact comes from the fact
that +6 € B;. Moreover H; reaches its minimum at any convex subgradient p? of L; at 0

and satisfies
H; is non-increasing on  (—o0, pY],
H; is non-decreasing on [p?, +00).

Hence, H; satisfies (LLH).

Tangential Hamiltonians. Using notation similar to the one of [7], we define
A:Al XAQX [0,1]
Now, for a = (aq, g, p) € A, we define

{ by(a) = pbi (o)
ln(a) = ply(a)

63

1—



and set

Ay = {a= (a1, a0,p) € A:0= bu(a)},
AFE = {a = (a1, 02,11) € A bi(a1) < 0,by(az) > 0 and 0 = by(a)}.

In the common framework, the tangential Hamiltonians given in [7] reduce to constants,
and we can see that we can write them as follows

Hp = sup  (—lula)),
a=(a1,a2,p)€Ap
6.13 e
(6.13) HEE = s (—lu(a)).

a=(a,o2 ,M)GAf)Cg

The value functions U~ and U*. We consider the following initial condition
u(0,z) = g(z) for zelR

with g globally Lipschitz continuous.
For a = (a1, az, 1) € A, and for x € R, we set

bl(Oél) if xe€ (—O0,0> = Ql,
b(!)ﬁ', a) = bg(O&g) if = S (0, +OO) = QQ,
by (a) if zeH={0}
and
61(041) if xe€ (—O0,0) = Ql,
lz,a) =< Llo(ag) if x € (0,+00) =y,
ly(a) if xeH={0}.
We consider admissible controlled dynamics starting from the point (0,z) and ending at
time t > 0 defined by

(X(-),a(")) € Lip(0,;R) x L>=(0,¢; A) such that

tt

and define the set of regular controlled dynamics as

Treo - { (X(-),a(-)) € T+ such that } |

b(’X(s),a(s)) for a.e. s € (0,1)

a(s) € Ap9 forae. se(0,t) suchthat X(s)=0

Notice that the definition of 7y, differs from the one given in (5.17), where now X takes the
value x at time 0 instead at time ¢. Then we define

(6.14) U (z,t) = inf {g(X(t)) +/0 (X (s),a(s)) ds}

(X(),a(-)€Tt,
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and

(6.15) Ut(x,t) = inf {g(X(t)) +/0 (X (s),a(s)) ds} :

(X().a()eT 5’
Then we have the following characterization of U~ and U™:

Theorem 6.7 (Characterization of U~ and U™). Under the previous assumptions, U~
is the unique Fy-solution with initial data g for A = Hp. Similarly, Ut is the unique
Fy-solution with initial data g for A= Hy™.

Proof. Theorem is a straightforward application of Theorem [5.41 O

6.3.2 Tangential Hamiltonians and Ishii flux-limiters

In this paragraph, we show that the tangential Hamiltonians from [7] coincide with the
Ishii flux-limiters.
We start to define
A:Bl XBQ X [0,1],
Ao = {(v1,v2, 1) € A:vjvg <0 and 0= pv; + (1 — p)va},
Ay = {(v1,v9, ) € A: vy < 0,03 >0 and 0= poy + (1 — p)va}.

Then we can see (with v; = b;(«;)) that the tangential Hamiltonians given in (6.13) can be
written as follows

Hr= sup (—pLi(v;) — (1 — p)La(vy)),

(v1,v2,1)€ A0

Hy® = sup  (—pLi(v1) — (1 = p)La(v2)).

(v1,v2,1) EABCg
Proposition 6.8 (Characterization of Hr).
Hr = Af.

Proof. REDUCTION. Remark that there exists p. € R such that AT = H, (p.) for some
i. € {1,2}. We then consider

H;(p) = Hi(pe +p) — A
In this case, using obvious notation, fl}’ =0 and p. = 0. Remark that

Li(p) = sup(pq — H;(q))

q

= sup(pqg — Hi(p. +q)) + Af
q

=sup(pq — Hi(q)) — pep + A
q

= Li(p) — pep + A}
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Then

Hr= sup (—pLi(v1) = (1~ p)La(vz))

(v1,v2,1)€AQ

= sup (—pLli(vr) = (1 = p)La(v2)) — AT

(v1,02,1)EAg
= Hr — A}.
Hence, it is enough to prove .
Hr =0.
From now on, we assume that A7 = 0 and p. = 0. We distinguish two cases.

FIRST CASE. Assume first that 0 = A} = A* > Ay. Then 0 = A* = H,(p*) =
Hy(p*) = H; (p.) with p* € ch[p?, pI]. Choosing initially p. = p*, we can assume that
A* = Hy(0) = H9(0) = 0. In particular, Ly > 0 and Ly > 0. Hence Hr < 0. To get the
reverse inequality, we observe that there exists v} € 0H;(0), i = 1,2, with

vivy < 0.
Indeed, if this is not true, this implies that for all v; € 9H;(0),
V19 > 0

which is impossible because H; and Hy cross at p*.
Pick now p € [0,1] such that pvf + (1 — p)vy = 0. Then (v],v3, 1) € Ay and conse-
quently,
Hy = —pLy(v7) = (1 = p)La(vy) = pH1(0) + (1 — ) H(0) = 0.

Hence Hr = 0 in the first case, as desired.
SECOND CASE. We now assume that 0 = A7 = Ay > A*. In this case, there exists
a € {1,2} such that
min H, = H,(0) =0,

with the initial choice p. = p?. This implies in particular
L, > L,(0)=0.

Moreover, for b # a,
min Ly, = —H,(0) > 0,

where we have used the fact that A* < Ay. Hence, L, > 0 and L; > 0 and consequently,
Hr < 0. Moreover with v} € 0H;(0), we have, (0,v5,1) € Ay when a = 1 and (v},0,0) € A
when a = 2. Hence, in both cases,

Hr > —L,(0) = 0.

Hence Hr = 0 in the second case too. The proof is now complete. O
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Proposition 6.9 (Characterization of H77).
H = A7 .

Proof. The proof is similar to the proof of Proposition [6.8. We make precise how to adapt
it.

REDUCTION. The reduction to the case A; = 0 and p. = 0 is completely analogous.
We now have to prove that H;¢ = 0.

FIRST CASE. Assume first that 0 = A; = A* > Aj. Note that this case only makes
sense either when p3 < p{ or when pJ > p¥ and 0 = A; = A* = A,. Similarly, we get
H;9 < 0. To get the reverse inequality, we observe that there exists v} € 0H;(0), i = 1,2,
with

vivy < 0.

We deduce that we can choose v > 0 and v} < 0, both in the case p§ < p{ and the case
py > p) and 0 = Ay = A* = A,. This implies that we can find (vf,v3, 1) € Ap™ and
similarly, we conclude that Hy¥ > 0. Hence Hy = 0 in the first case, as desired.

SECOND CASE. We now assume that 0 = A, = Aj;. We set again for some a € {1, 2}:

min H, = H,(0) = 0.
From our definition of a, we have again
Ly>L,0)=0 and p°=0.

We first prove that Hy < 0. In order to do so, we now distinguish three subcases.

Assume first pJ < pf. Then we can assume that Ay > A* (otherwise we have Ay = A*
and we can apply the first case). Then we deduce, as in the proof of Proposition [6.8] that
H < 0.

Assume now that p§ > p{ and a = 1. We deduce that 0 = p? < p9. But because Hy is
minimal at pJ, we have 0 € dH(pY), and we deduce that 0 < p) € Ly(0). This implies
that Ly > Lo(0) = —Ho(p3) > 0 on RT. By definition of H,Y, this implies that H;* < 0.

Assume finally that pJ > p? and a = 2. This subcase is symmetric with respect to the
previous one. We deduce that 0 = p3 > p?. But because H; is minimal at p{, we deduce
that 0 > p{ € 0L,(0). This implies that L; > L;(0) = —H;(p}) > 0 on R™. Again, by
definition of A}, this implies that A, < 0.

We now prove that Hx? > 0. To do so pick some (0,vq,1) € A{® when a = 1 and
some (v1,0,0) € Ay when a = 2. Hence, in both cases, we get

H9 > —L,(0) = 0.

Hence Hr = 0 in the second case too. The proof is now complete. O
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7 Third application: extension to networks

7.1 Definition of a network

A general abstract network A is characterized by the set (€ of its edges and the set V) of
its vertices (or nodes). It is endowed with a distance.

Edges. €& is a finite or countable set of edges. Each edge e € £ is assumed to be either
isometric to the half line [0, +00) with de = {e°} (where the endpoint €” can be identified
to {0}), or to a compact interval [0,[.] with

(7.1) igﬁ le>0

and de = {e°, e'}. Condition (1)) implies in particular that the network is complete. The
endpoints {e’}, {e'} can respectively be identified to {0} and {l.}. The interior e¢* of an
edge e refers to e\ (de).

Vertices. [t is convenient to see vertices of the network as a partition of the sets of all

edge endpoints,
U Oe = U n;

eef ney

we assume that each set n only contains a finite number of endpoints.
Here each n € V can be identified as a vertex (or node) of the network as follows. For
every o,y € J.cg €, we define the equivalence relation:

r~y <= (r=y or x,yeney)

and we define the network as the quotient

(7.2) N = (Ue>/~ = (Ua)w.

ec& ec&

We also define for n € ¥V
E,={e€ &, neode}

and its partition &, = &, U & with
E ={ec&.n=€}, & ={ec& n=¢}.

Distance. We also define the distance function d(z,y) = d(y, z) as the minimal length of
a continuous path connecting x and y on the network, using the metric of each edge (either
isometric to [0, 4+00) of to a compact interval). Note that, because of our assumptions, if
d(x,y) < 400, then there is only a finite number of minimal paths.

Remark 7.1. For any € > 0, there is a bound (depending on ¢) on the number of minimal
paths connecting = to y for all y € B(y,e) ={y e N, d(y,y) <e}.
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7.2 Hamilton-Jacobi equations on a network

Given a Hamiltonian H, on each edge e € £, we consider the following HJ equation on the
network N/,

(7.3) { uy + He(t,x,u,) =0 for t e (0,+00) and x € e*,

u + Fa(t,z,u,) =0 for t e (0,400) and z=necV
submitted to an initial condition
(7.4) uw(0,x) = ug(x) for z e N.

The limited flux functions F4 associated with the Hamiltonians H, are defined below. We
first make precise the meaning of u, in (3.

Gradients of real functions. For a real function u defined on the network N, we denote
by O.u(z) the (spatial) derivative of u at x € e and define the “gradient” of u by

() = {aeu(il?) if zee*=e)(0e), .
’ (Qeu(®))oegy s (Oct(@))cegy)  if w=neV

The norm |u,| simply denotes |0.u| for z € ¢* or max{|0.u| : e € £,} at the vertex x = n.

Limited flux functions. We also define for (¢,2) € R X Oe,
— - He(tvxaq) lf q Spg(tvx)u
R VA T

l’ f ) 1 e Y ) Y
( ’ ’ ) { 116(t71?q) lf q>pe(t71)

Given limiting functions (A,),ey, we define for p = (pe)ees,
Fu(t,n,p) = max <An(t), max H_ (t,n, p.), max H(t,n, —pe)) .
e€l, e€ly

In particular, for each n € V), the functions F4(t,n,-) are the same for all A,(t) €
[—o00, A%(t)] with

15 A s o (a2 ) s H 1 000))
ec&y, ec&y
A shorthand notation. As in the junction case, we introduce
(7.6)
Hylt ) H.(t,z,p) for peR, t €R, if xe€e’,
€T =
MBEP Fat,z,p)  for p=(p)ece, €RCILE teR if z=neV

in order to rewrite (73] as

(7.7) ug + Hy(t,z,u,) =0 forall (¢,2) € (0,400) x N.
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7.3

Assumptions on the Hamiltonians

For each e € £, we consider a Hamiltonian H, : [0, +00) X e x R — R satisfying

(HO) (Continuity) H. € C([0,+00) x e X R).
(H1) (Uniform coercivity) For all 7' > 0,

lim H.(t, z,q) =400

gl =00
uniformly with respect to t € [0,7] and x € e C .

(H2) (Uniform bound on the Hamiltonians for bounded gradients) For all 7', L > 0,
there exists C'r;, > 0 such that

sup |Hp(t,z,p)| < Cr.
t€[0,T], pe[—L,L],zeN'\V

(H3) (Uniform modulus of continuity for bounded gradients) For all T', L > 0, there
exists a modulus of continuity wr  such that for all |p|,|¢| < L, t € [0,T] and
reecé,

|He(ta x,p) - He(ta z, q)| S WT,L(|p - Q|)

(H4) (Quasi-convexity) For all n € V, there exists a (possibly discontinuous) function
t — p2(t,n) such that

H,(t,n,-) is nonincreasing on (—oo,p(t,n)],
H.(t,n,-) is nondecreasing on [p2(¢,n), +00).

(H5) (Uniform modulus of continuity in time) For all 7" > 0, there exists a modulus
of continuity wr such that for all t,s € [0,T],p e R, x € e € &,

H.(t,z,p) — Ho(s,z,p) < wr ([t — s|(1 + max(H.(s,z,p),0))).

(H6) (Uniform continuity of A%) For all T' > 0, there exists a modulus of continuity
wr such that for all ¢, s € [0,7] and n € V,

[AL(1) — Ap(s)| < @r(]t — s)).

As far as flux limiters are concerned, the following assumptions will be used.

(A0) (Continuity of A) For all T > 0 and n € V, A,, € C([0,T1]).

(A1) (Uniform bound on A) For all 7" > 0, there exists a constant C'r > 0 such that
forallt € [0,7] and n € V
|A,(t)] < Cr.
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e (A2) (Uniform continuity of A) For all T > 0, there exists a modulus of continuity
wr such that for all ¢, s € [0,7] and n € V,

[ An(t) = An(s)] < @r(]t — s)).

The proof of the following technical lemma is postponed until appendix.

Lemma 7.2 (Estimate on the difference of Hamiltonians). Assume that the Hamiltonians
satisfy (HO)-(H4) and (A0)-(Al). Then for all T > 0, there exists a constant Cp > 0 such
that

(7.8) 1P°(t,2)| <Cr  forall t€[0,T], z€0de, ec€k&,
(7.9) 1A%t <Cr  forall t€[0,T], neV.

If we assume moreover (H5)-(H6) and (A2), then there exists a modulus of continuity wr
such that for all t,s € [0,T], and x,p

(7.10) Hy(t,x,p) — Hy(s,2,p) < wp(|t — s|(1 + max(0, Hy (s, z,p))).

Remark 7.3. From the proof, the reader can check that Assumptions (H5)-(H6) and (A2)
in the statement of Theorem [L.8 can in fact be replaced with ([I0).

Remark 7.4 (Example of Hamiltonians with uniform modulus of time continuity). Condi-
tion on the uniform modulus of continuity in time in (H5)-(H6) is for instance satisfied by
Hamiltonians of the type for ¢ > 0 and 6 > 0 such that for all x € e € £ we have

H.(t,x,p) = co(t,x)|p|? with 0<d <c.(t,z) <1/

with ¢, uniformly continuous in time and continuous in space.

7.4 Viscosity solutions on a network

Class of test functions. For T' > 0, set Ny = (0,7') x N. We define the class of test
functions on (0,7) x N by

C'(Nr) = {p € C(N7), the restriction of ¢ to (0,T) x e is C", for all e € £} .

Definition 7.5 (Viscosity solutions). Assume the Hamiltonians satisfy (H0)-(H4) and
(A0)-(A1) and let w: [0,T) x N'— R.

1) We say that u is a sub-solution (resp. super-solution) of (L) in (0,7) x N if for all
test function ¢ € C'(N7) such that

u* <@ (resp. u, > ) in aneighborhood of (tg,zg) € Nt
with equality at (o, xg), we have

o+ Hy(t,z,0,) <0 (resp. >0) at (to, zo).
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ii) We say that u is a sub-solution (resp. super-solution) of (7)), (L4) in [0,T) x N if
additionally

u*(0,2) <wp(x) (resp. u.(0,2) > up(z)) forall zeN.

iii) We say that u is a (viscosity) solution if u is both a sub-solution and a super-solution.

Remark 7.6 (Touching sub-solutions with semi-concave functions). When proving the com-
parison principle in the network setting, sub-solutions (resp. super-solutions) will be
touched from above (resp. from below) by functions that will not be C, but only semi-
concave (resp. semi-convex). We recall that a function is semi-concave if it is the sum of a
concave function and a smooth (C? say) function. But it is a classical observation that, at
a point where a semi-concave function is not C'!, we can replace the semi-concave function
by a C! test function touching it from above.

As in the case of a junction (see Proposition 2.4]), viscosity solutions are stable through
supremum/infimum. We also have the following existence result.

Theorem 7.7 (Existence on a network). Assume (H0)-(H4) and (A0)-(A1) on the Hamil-
tonians and assume that the initial data ug is uniformly continuous on N'. Let T > 0.
Then there exists a viscosity solution v of (C1),[4) on [0,T) x N and a constant Cr > 0
such that

lu(t, z) —ug(x)| < Cr  forall (t,x) €[0,T)x N.

Proof. The proof follows along the lines of the ones of Theorem [Tl The main difference
lies in the construction of barriers. We proceed similarly and get a regularized initial data

ug satistying
8 p—

lug —ugl <e and |(ug).| < Le.

Then the functions
(7.11) uF(t,x) = us(x) £ Ct + ¢

are global super and sub-solutions with respect to the initial data ug if C. is chosen as
follows,

te[0,T] neV te[0,T] ec€ z€e, |pe|<Le

(7.12)  C.=max < sup sup | max(A4,(t), A%(t))|, sup sup  sup |He(t,:c,pe)|> ;
indeed, we use ([9) in Lemma [[2] to bound the first terms in (T12]). O
7.5 Comparison principle on a network

Theorem 7.8 (Comparison principle on a network). Assume the Hamiltonians satisfy

(HO)-(H6) and (A0)-(A2) and assume that the initial data uy is uniformly continuous
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on N. Let T > 0. Then for all sub-solution u and super-solution w of (1), (T4) in
0, T) x N, satisfying for some Cr > 0 and some xqg € N

(7.13)

u(t,z) < COp(l+d(xo, ), w(t,z) > —Cr(1+d(xo,z)), forall (t,z)e€[0,T)xN,

we have
u<w on [0,T)xN.

As a straighforward corollary of Theorems and [T.7 we get

Corollary 7.9 (Existence and uniqueness). Under the assumptions of Theorem[7.8, there
exits a unique viscosity solution u of ([T), [T4) in [0,T) x N such that there exists a
constant C' > 0 with

lu(t, ) —ug(x)| < C  forall (t,x)€[0,T)xN.

In order to prove Theorem [.8] we first need two technical lemmas that are proved in
appendix.

Lemma 7.10 (A priori control — the network case). Let T' > 0 and let u be a sub-solution
and w be a super-solution as in Theorem[7.8. Then there exists a constant C' = C(T) > 0
such that for all (t,z),(s,y) € [0,T) x N, we have

(7.14) u(t,z) < w(s,y) + C(1+d(z,y)).

Lemma 7.11 (Uniform control by the initial data). Under the assumptions of Theorem[7.8,
for any T > 0 and Cp > 0, there exists a modulus of continuity f : [0,T) — [0, 400]
satisfying f(07) = 0 such that for all sub-solution u (resp. super-solution w) of (L),
(T4 on [0,T) x N, satisfying ([LI3)) for some xq € N, we have for all (t,z) € [0,T) x N,

(7.15) u(t, z) < uo(x) + f(t)  (resp. w(t,z) = uo(x) — f(1)).

We can now turn to the proof of Theorem The proof is similar the comparison
principle on a junction (Theorem [[T]). Still, a space localization procedure has to be
performed in order to “reduce” to the junction case. From a technical point of view, a
noticeable difference is that we will fix the time penalization (for some parameter v small
enough), and then will first take the limit ¢ — 0 (¢ being the parameter for the space
penalization), and then take the limit @ — 0 (« being the penalizaton parameter to keep
the optimization points at a finite distance).

Proof of Theorem[7.8 Let n > 0 and 6 > 0 and consider

M(0) :sup{u(t,z)—w(s,z)— reN, tsel0,T), |t—s| SH}.

/.
T—t
We want to prove that

M =1lim M (0) < 0.

0—0
Assume by contradiction that M > 0. From Lemma [[.T0l we know that M is finite.
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Step 1: The localization procedure. Let ¢ denote %

Lemma 7.12 (Localization). The supremum

—t 2w

M, = sup {“(tvx) —w(s, z) — ay(x) — T77 = 8)2}

t,s€[0,T],t<T
BAS

is reached for some point (tn, Sa,To). Moreover, for a and v small enough, we have the
following localization estimates

(7.16) M, >3M/4> 0
(7.17) d(zo, ) < %
(7.18) 0<Tl,§ta,8a§7;—%
(7.19) lim (lirg_s)g)lp W) =0

where C' 1s a constant which does not depend on «, €, v and 7.

Proof of Lemma[7.13 Choosing « small enough, we have (ZI0) for all v > 0. Because
the network is complete for its metric, the supremum in the definition of M, is reached at
some point (t,, Sq, o). From Lemma [[10) we deduce that

Ul (ta — 50)°

3M
— < < — — —
0< 1 < M, <C—ap(z,) T 5

and then

Ul (to — Sa)2
2 < (.
(7.20) atp(za) + 7= Tt <0

This implies (ZI7) changing C' if necessary.
On the one hand, we get from (.20) the second inequality in (Z.I8) by choosing v such
that v2vC' < n/2C. On the other hand, we get from Lemma [7.TT]

0< M, < f(ta) + f(s50) — %

In particular,

% <2f(r+V2v(0)

where 7 = min(t,, So). If both 7 and v are too small, we get a contradiction. Hence the
first inequality in (CI8) holds for some constant 7,, depending on v but not on «, € and 7.

We now turn to the proof of (ZI9). We know that for any § > 0, there exists #(0) > 0
(with 6(0) — 0 as § — 0) and (#°,s°,2°) € [0,T) x [0,T) x A such that

u(t’, 2%) — w(s®, 2%) — 7 i 3 >M—6 and |t —s°| < 6(6).

74



Then from (Z20) we deduce that

M(VQVC)—W > My > M —6— ap(a®) — |0(25V)‘2

and then . ) 05\
limsupmgM(VQVC)—M+5+| ©)l :

a—0 2v 2v
Taking the limit 6 — 0, we get
. (ta _'Sa)2
limsup ———— < M(V2vC) — M
a—0 2v
which yields the desired result. O

Step 2: Reduction when z, is a vertex. We adapt here Lemma B.11

Lemma 7.13 (Reduction). Assume that v, =n € V. Without loss of generality, we can
assume that £ =0 and p%(ta, o) = 0 for each e € &, with n = z,,.

Proof of Lemma[7.13. The orientation of the edges e € &, can be changed in order to
reduce to the case £ = (). In particular, for p = (p¢)ees,

Fa(t, n, p) — max (An@), max H (1, n,pe>) |

e€eE,

We can then argue as in Lemma [BIl This means that we redefine the Hamiltonians (and
the flux limiter A,) only locally for e € &,. Using (78), we can check that the new
Hamiltonians (locally for e € &,) and A, still satisfy (H0)-(H6) and (A0)-(A2) (with the
same modulus of continuity, and with some different controlled constants C7r.1,). We also
have ([T.I3]) with some controlled different constants. O

Step 3: The penalization procedure. We now consider for ¢ > 0 and v € (0, 1)

Mo = sup {u(t,x) —w(s,y) — a(x) — o
(t,@),(s,9)€[0,T1X B(wa,r) T—1t
t<T
(t—s)?
2v

- G2 (a) - 05 )
where the function p®
1
(L, s,x) = 3 (\t —to)? |5 — sa]* + d*(z, :ca))

will help us to localize the problem around (., s, ), and B(z,,r) is the open ball of
radius 7 = r(a) > 0 centered at z,; besides, we choose r € (0,1) small enough such that
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B(za,7) C e if 2, € e\ V. Lemma ensures that ¢ and p® are semi-concave and
therefore can be used as test functions, see Remark [Z.Gl

We choose
G2 (2,y) =G (e w,ey)
with
2

(r —y) .
Ga’ﬁ/(x’ y) _ T if To € N\ V,

G® (z,y) if x4, €V,

where G777 > ( is the vertex test function of parameter v > 0 given by Theorem [3.2] built
on the junction problem associated to the vertex z, at time ¢,, i.e. associated to junction
problem for the Hamiltonian Hfj“x“ given by

H.(to,n,p) if xze€e\{n} with ee€é&,

ta,m P
(7.21) By, p) = { Fy(te,n,p) if x=n.

The supremum in the definition of M, . is reached at some point (¢, ), (s,y) € [0,T] x
B(z,,r) with ¢t < T'. These maximizers satisfy the following penalization estimates.

Lemma 7.14 (Penalization). Fore € (0,1) and v € (0, M/4), we have

(7.22) Mye> My, —ey>M/2>0
(7.23) d(z,y) < w(e)
0<7 <s5,t<T o0y

for some modulus of continuity w (depending on o and ) and 7, and o, not depending on
(e,7). Moreover,

(8,2, y) = (tas Sar Tay Ta)  as (g,7) = (0,0).
In particular, we have x,y € B(xy, ) for e, > 0 small enough.

Proof of Lemma[7.17 For all e,v > 0, the compatibility on the diagonal ([B.3]) of the vertex
test function G**7 yields the first inequality in (22]). Then for € € (0, 1], with a choice
of v such that 0 < v < M/4, we have the second one.

Bound on d(z,y). Remark that

g (d“’y)) < GE(a,y)

3

where
if 2, e N\V,
g*(a) if xz,€V,
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and where g7 is the superlinear function associated to G**7 and given by Theorem
Thanks to Lemma [[.T0, we deduce that

oy M SCUF @) Gy - S - -t
| < O+ dlog)) —eg (B22) LR T

which implies in particular that

eg (@) < C(1+d(z,y)).

This gives (7.23)) as in Step 1 of the proof of Theorem [L1]

First time estimate. From ([24) with G*7 > 0 and (23]), we deduce in particular
that for e € (0, 1]
t—s)® __m
0<M/2<C — ( — .
/2= 2v T—t

This implies in particular that

(7.25) T—t> ! —Vw(C' >

_@7 T_SZ

Ui no_.

for v > 0 small enough, and up to redefine o, for the new constant C" > C.

Second time estimate. From Lemma [[.11] we have with

0<M/2 < f(t)+ f(s)+ uo(x) —uoly) — L — <t;2>2
< F(0) + F(5) + w00 wle) — 2~ t -~

where wy is the modulus of continuity of ug. Let us choose € > 0 small enough such that

(7.26) wpow(e) < %

As in the proof of Lemma [[12 for 7 = min(t, s), we get
1 <2f(r+ Va0,

For v small enough (with 7 fixed), we then get a contradiction if 7 converges to 0 as v
does.
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Convergence of maximizers. Because of (T.22) and using the fact that G > 0, we
get for e € (0, 1]

n (t—8)2 @
Ma—VSMwSu(t,x)—w(s,y)—aw(:)ﬁ)—T_t— 5 — (1, s, 7).

Extracting a subsequence if needed, we can assume

Step 4: Viscosity inequalities. Then we can write the viscosity inequalities at (t, z)
and (s,y) using the shorthand notation (7.6]),
n t—s

(7.27) gty () H (s () + g5 (0 5,2)) < 0

t—s

v - (S - Sa) + HN(Sa y’pg,'y,a) >0

where
s [ — ) -1 -1
Pyt =Gyl (e w, e y),
Y6 — (oY -1 -1
Pyt = =G (e, e y).

We choose ¢,y small enough such that (Lemma [[.14]) we have

N
t—tal, — Sq < —.
N N
Substracting the two viscosity inequalities, we get
(7.28) < Hy(s, Y, py %) — Hy(t, 2, pp " + anhe(x) + 93 (¢, 5, 1)),

272 —
Step 5: Gradient estimates. We deduce from (Z.27)) that
P = 7+ ot () + 5 (L 5, @)
satisfies

T
(7.29) Hy(t o, o) <2 " it —t< = 4T
1%
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Hence (H1) implies that there exists a constant C!, (independent of «, €, v, but depending
on 7, v) such that

{\ﬁgma\ <Cif xtz, or 3.V,

Py > —C it r=x, and =z,€V.

From (ZI7), we deduce that

(7.30) |ote () + 5 (L, 5, 2)| < CVa+d(z,2,) < C

for @ <1 (using (CI7)). Therefore, we have for some constant C, (independent of «, &,

):

peE| < C, if 2#x, or x,¢&V,
perE > —C, if 2=z, and xz,€V.

From the compatibility condition of the Hamiltonians satisfied by G*7 if z, € V, or the
definition of G*7 if z, ¢ V, we have in both cases,

(7.:31) H=% (y, p7e) < H' (a0, p37) +

where
Hy™(x,p)  if za=n€,
H.(to,xa,p) if x4 ¢V, x, € €.

H'"(x, p) = {
We deduce that pj7° satisfies (modifying C,, if necessary)
{|p§’%€| <, if y#x, orz, ¢V,
py e > —=C, if y=xz, and z,€V.
Defining for z = x, vy,

ﬁa7775 — (mln (K7 (p?’%e)i))gegca lf z = xa a‘nd xa E V
: e if not.
with, in the case where z, € V, the constant K given by

K = mgx(pg(s, Ta), P(ta, 7)), P2 (t, 74) + C)) < Op + C
ec Toy

(C' comes from (Z.30) and Cr from (Z.8)), we have
pe| <C,+Cr+C=:Cyr

and

(7.32) % < Hy(s,y, P07°) — Hye(t, 2, P27 + atby () + 92 (t, s, 2)),
(7.33) Hpr(t, 2, p57° + ay(x) + 5 (t,s,2)) < ST_t tt,—t< % + T,
(7.34) Hewe(y, p ) < H'% (2, p7©) + .
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Step 6: The limit (¢,7) — (0,0) and conclusion as a — 0. Up to a subsequence, we
get in the limit (e,7v) — (0,0) for z = x, y:

P —=pl with [pZ] < Cop.

Moreover, passing to the limit in (Z.32) and (Z33)), we get respectively

n —Q —
ﬁ S HN(Saaxaapy) - HN(tomxonpm + awﬁ(‘ra))

and

HN(tavxavﬁg +a¢x(xa)) < <

On the other hand, passing to the limit in ([C34]) gives

Sq —to T
v v

Hta,fﬂa (xa’ﬁzl) S Hta,fﬂa (xa’ﬁ;f>

Because
HN(taa Slfa,p) = Htmma (xa,p)

we get for any p,
n

o72 <L+
with
[1 - HN(Som ﬂfmﬁg) - H/\/(Sa, Ilfa,pg + a¢x(za))a
]2 = HN(Saa SL’a,ﬁg + 04%(%)) - HN(taa SL’a,ﬁg + 04%(%))-

Thanks to (H3) and (ZI7), we have |at,(x,)| < C, 7 and we thus get

(7.35) I < wrpe, (@, (24)) < wrae, (CVa).

Now thanks to Lemma [7.2], we also have

I2 S @T(|to¢ - Sa|(1 + maX(HN(ttxa xaapg + a¢x(za))? O)))

~ Sa _ta
< @0r(|ta — Sal(1 + max( 1/ ,0))).

Then taking first the limit @ — 0 and then taking the limit v — 0, we use (ZI9) to get
the desired contradiction. This achieves the proof of Theorem [7.8] O

8 Fourth application: a homogenization result for a
network

In this section, we present an application of the comparison principle of viscosity sub- and
super-solutions on networks.
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8.1 A homogenization problem

We consider the simplest periodic network generated by €Z?. Hence, the network is nat-
urally embedded in R?. Let us be more precise now. At scale e = 1, the edges are the
following subsets of R%: for k,l € Z4, |k — 1] =1,

€kl = {9]{7 + (1 — 9)[ 10 € [O, 1]}

If (ey,...,eq) denotes the canonical basis of R?, then for [ = k + ¢;, e, is oriented in the
direction of e;. The network N at scale € > 0 is the one corresponding to

g& = {gek,lakal € Zd> |k: - l| = 1}
V. = eZ¢

endowed with the metric induced by the Euclidian norm. We next consider the following
“oscillating” Hamilton-Jacobi equation on this network

¢ HE ) = * .
(8.1) {“t+ e(uz) =0, t>0,x€e,e€l

ui + Fa(%,u;) =0, t>0, v €V

(for some A € R) submitted to the initial condition

(8.2) u®(0, z) = up(x), r e N..
For m € Z%, it is convenient to define

€€k + EM = ECLym itm-

Assumptions on H for the homogenization problem For each e € N, we associate
a Hamiltonian H, and we assume

e (H’0) (Continuity) For all e € &, H. € C(R).
e (H’1) (Coercivity) e € &,
liminf H.(¢q) = +oo.

lgl—+o0

e (H’2) (Quasi-convexity) For all e € &, there exists a p? € R such that

{He is nonincreasing on  (—oo, p?],

H. is nondecreasing on [p?, +00).

e (H’3) (Periodicity) For all m € Z¢, H.\,,(p) = H.(p).
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A homogenization result The goal of this section is to prove the following convergence
result for the oscillating Hamilton-Jacobi equation.

Theorem 8.1 (Homegenization of a network). Assume (H'0)-(H'3). Let ug be Lipschitz
continuous and u® be the solution of [BI)-RZ). There exists a continuous function H :
R? — R such that u® converges locally uniformly towards the unique solution u° of

(8.3) uw + H(V,u’) =0, t>0,2¢cR
(8.4) (0, 7) = up(z), xR

Remark 8.2. The meaning of the convergence u® towards u° is

lim  u®(s,y) = u’(t, z).
()= (t,2)
yeNe

8.2 The cell problem

Keeping in mind the definitions of networks and derivatives of functions defined on net-
works, solving the cell problem consists in finding specific global solutions of ([81]) for e = 1,
1.€.

(8.5) wy + He(w,) =0, teR, yeeecé,
' wy+ Fa(y,w,) =0, teR, ye).

Precisely, for some P € RY, we look for solutions w(t,y) = A\t + P -y + v(y) with a
Z%-periodic function v; in other words, we look for (), v) such that

(8.6) {)‘+He((P'y+U)y)=0, y€etec &,

)\_I'FA(ya(Py_l_v)y):Oa erl-

Theorem 8.3. For all P € R? there exists A\ € R and a Z-periodic solution v of (8.8).
Moreover, the function H which maps P to —)\ is continuous.

Proof. We consider the following Z?-periodic stationary problem

0, yEeeeecl,

av® + H.((P -y +v%)y)
(87) { 1 O, Yy € Vl.

av® + Fa(y, (P -y +v%)y)

We consider
C = max|[H.((P - y)y)|-

ecé

Then the existence result and the comparison principle for the stationary equation (see
Appendix [B]) imply that there exists a (unique) Z?-periodic solution v® of (87) such that

lav®| < C.
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Since H, is coercive, this implies that there exists a constant C' such that for all & > 0, v,
is Lipschitz-continuous and .

vy | < C;
in other words, the family (v*),>0 is equi-Lipschitz continuous. We then consider

Vo = Vo — V4(0).

By Arzela-Ascoli theorem, there exists a,, — 0 such that v" := v, converges uniformly
towards v. Moreover, we can also assume that

QpUa, (0) = A

Passing to the limit into the equation yields that (A, v) solves the cell problem (8.0).
The continuity of A is completely classical too. Consider P, — P, as n — oo and
consider (A, v,) solving (8.6). We proved above that

An| < C.

Hence, arguing as above, we can extract a subsequence from (\,,v,) converging towards
(Ao, Uoo). Passing to the limit into the equation implies that (A, vs) solves the cell
problem (86]). The uniqueness of A yields the continuity of H. The proof is now complete.

]

8.3 Proof of convergence
Before proving the convergence, we state without proof the following elementary lemma.

Lemma 8.4 (Barriers). There exists C' > 0 such that for all e > 0,
|us(t, x) — up(z)| < Ct.
We can now turn to the proof of convergence.

Proof of Theorem[81. We classically consider the relaxed semi-limits

ﬂ(t, l’) = lim Supgﬂo,(séy)ﬂ(t,x) UE(S, y),
Yy 5

u(t, x) = Iminfe o () em (S, Y).
yeN:
In order to prove convergence of u° towards u’, it is enough to prove that @ is a sub-solution
of (B3] and u is a super-solution of ([83]). We only prove that @ is a sub-solution since the
proof for u is very similar.
We consider a test function ¢ touching (strictly) @ from above at (g, xo): there exists
ro > 0 such that for all (t,z) € B,,(t, x0), (t,x) # (to, z0),

o(t,z) > u(t, )
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and ¢(tg, z9) = u(to, o). We argue by contradiction by assuming that there exists 6 > 0
such that

(88) 8t()0(t0, Io) — A= 8t()0(t0, LU()) + ﬁ(vm@(to, LU())) =60>0.
We then consider the following “perturbed test” function ¢°: RT x N. — R [12],
P (t, ) = p(t, ) +ev(e'x)

where (A, v) solves the cell problem ([§0) for P = V ¢(to, xo).

Lemma 8.5. For r < rq small enough, the function ¢ is a super-solution of (&Il) in
B((to, o), ) C Nz and ¢° > u® +n, in OB(to, z0),r) for some n, > 0.

Proof. Consider a test function v touching ¢° from below at (¢,z) €]0,+00[xN.. Then
the function

wa(&y) = 5_1(w(8a Ey) - 90(8’ Ey))

touches v from below at y = 2 € e. In particular,

(8.9) Q(t,x) = Op(t
(81()) >‘+HN1(y7<px(t07x0) +¢m(t=3€) - Som(tvx»

Combine now (BF), (89) and (BI0) and get
O (t, @) + Hy, (y,va(t, 2) 2 0+ E

x)
0.

A%

where

E = (it 2) = ¢ilto, o)) + (Hay (9, Yt %)) = Ha (4, 2 (E, ) + u(lo, o) — @alt, 1)))-

The fact that ¢ is C* implies that we can choose r > 0 small enough so that for all
(t,!lf) € B((to,l’o),’r’),
E > —0.

Moreover, since ¢ is strictly above @, we conclude that ¢° > u® + 1, on 0B((to, o), r) for
some 7, > 0. This achieves the proof of the lemma. O

From the lemma, we deduce thanks to the (localized) comparison principle that
¢ (t,x) = us(t, ) + 1.
In particular, this implies
u(to, zo) = p(to, o) > u(to, zo) + 1y > u(to, zo)

which is the desired contradiction. O
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8.4 Characterization of the effective Hamiltonian

We remark that, in view of (H’3), there are exactly d different Hamiltonians Hy, ..., Hy
corresponding to e, where (b;); denotes the canonical basis of R<. With_ such a remark
in hand, we can know give the explicit form of the effective Hamiltonian H.

Proposition 8.6 (Characterization of the effective Hamiltonian). Under assumptions of
Theorem 81, for all P = (p, ..., pq) € RY,

H(P)=max(A, max H;(p;)).

i=1,...,

Proof of Proposition[8.8. Let i denote max(A, max;—; 4 H;(p;)) and p denote H(P). We
prove successively that p < p and i < p.

Step 1: bound from above. Consider the following sub-solution of (83
w(t,y) = —fit + P-y.

By comparison with
w(t,y) = —pt+P-y+v(y)

where the bounded corrector v is a solution of (8.0) with A = —u, we deduce that

H(P)=p<p
by letting t — 400
Step 2: bound from below. To deduce the reverse inequality, we first notice that
the periodic corrector v is Lipschitz continuous (by coercivity of the Hamiltonians), which

implies
—pu~+ He(pe+v,) =0 forae yeceeé.

If H, is convex, we deduce that

1 1
|y B[ o) d)
0 0
which implies
(8.11) p > He(pe).

When H, is only quasi-convex, we still get the same inequality, because for any € > 0, we
can find a Hamiltonian H¢ such that |[HS— H,| < e with H, satisfying (£38). By Lemma[4]
we know that there exists a convex increasing function . such that g. o H ¢ is convex for
all e € &, which implies again

B(p+¢e) > B o Hi(p,).
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Composing by 81 and letting £ go to zero, we recover (8I1]).
Let us now consider what happens at the junction point y = 0. Since w(¢,0) =
v(t,0) — pt, Theorem implies
—pn+ A<O0.

Together with (8I1]), this implies

HP)=p=>p O

A Appendix: proofs of some technical results

A.1 Technical results on a junction

In order to prove Lemma [3.4] we need the following one.

Lemma A.1 (A priori control at the same time). Let T' > 0 and let u be a sub-solution
and w be a super-solution as in Theorem [I1. Then there exists a constant Cp > 0 such
that for allt € [0,T),x,y € J, we have

(A1) u(t,z) <w(t,y) + Cr(l +d(z,y)).
We first derive Lemma [3.4] from Lemma [A 1]

Proof of Lemma[5.4) Let us fix some ¢ > 0 and let us consider the sub-solution u_ and
super-solutions v defined in (Z22]). Using ([Z21]), we see that we have for all (¢, x), (s,y) €
0,T) x J

(A.2) ul (t,2) —u_ (s,y) < 2C.T + 2¢ + L.d(z,y)

We first apply Lemma [A]] to control u(t,z) — ut(¢,z), and then apply Lemma [A]] to
control u_ (s,y) — w(s,y). Finally we get the control on u(t,z) — w(s,y), using (A2). O

We now turn to the proof of Lemma [A ]
Proof of Lemma[A. 1. Let us define

ple,y) = V1+ & (z,y).
Then ¢ € C'(J?) and satisfies

(A-3) |ox (2, 9)]s [y (2, m)] < 1.

For constants C,Cy > 0 to be chosen, let us consider

M= sup (u(t7 LL’) - w(tv y) - C2t - Clgo(xv y)) :

tel0,T), x,ycJ
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The result follows if we show that M is non-positive for '} and C5 large enough. Assume
by contradiction that M > 0 for any C; and C5. Then for n,a > 0 small enough, we have
My, > M/2 > 0 with

(A4) M,,=  sup (mwn—w@m—cw—quw— —a
tel0,T), z,yeJ T —t 2

7 dz(%ax)) '

From (LI2), we have

2
0< ¥ < Cr2 + a(0,2) +d(0.9) ~ ot~ Crplay) — 1 - D07

which shows that the supremum in ([A.4)) is reached at a point (¢, z,y), assuming C > Cr.
Moreover, we have (for 0 < a < 1)

(A.5) ad(0,z) < C = C(Cr).
From the uniform continuity of the initial data ug, there exists a constant Cy > 0 such that

uo(r) — uo(y) < Cop(r,y)

and therefore ¢ > 0, assuming C; > Cj. Then the classical time penalization (or doubling
variable technique) implies the existence of a,b € R (that play the role of u; and v;) such
that we have the following viscosity inequalities

{a+H@Q%@w+

ad(zg,z)) <0,
b =+ H(y7 _Clgpy(x7 y)) Z 0

(using the shorthand notation ([B.1]) and writing ad(xo, x) for o (d?*(zg, x)/2), for the pur-
poses of notation) with a — b = Cy + n(T — t)~2. Substracting these inequalities yields

(A6) 02 + (T ﬁ t)2 S H(yv _Cl(py(xvy» - H (LL’, Clgom(xv y) + ad(07 SL’)) .

Using bounds (A23]) and ([AF), this yields a contradiction in ([(A6) for Cy large enough. [

A.2 Technical results on a network
Proof of Lemma

Proof of Lemma[7.3. (H1) and (H2) imply the uniform boundedness of the p?(t,z), i.e.
((C8). We also notice that because of (Z.8]), there exists a constant Cp > 0 such that for all
t€[0,T],e €& and n € de,

(A7) [He(t,n, p2(t,n))| < Co

from which ([Z9]) is easily derived.
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We now turn to the proof of (I0). In view of the definition of F4 and (A2), (H5), we
see that it is enough to prove that for all for n € V, t,5 € [0,T], p = (Pe)ece, € RE¥4 &n,
r eV,

(A.8) A0 (¢, p) — A%(s,p) < aJT(|t — s|(1 + max(0, Ag(s,p)))).

where

AV(t,p) :==max H_ (t,n,p.) > Ap(t)
ecE,

or

AS(t,p) = max HY (1, n, pe) = A%(0).
ee&n

We only treat the first case, since the second case reduces to the first one by a simple
change of orientation of the network.
We have

A%(a,p) = H_ (a,x,p.,) for a=t,s.
Let us assume that we have (otherwise there is nothing to prove)

0< I(t,s) == A2(t,p) — A2(s.p).

We also have
H (t,n, pe,) < A(t,p) = H (t,n,pe,)

and
HZ (s,m,pe,) < AY(s,p) = H_ (s,n,pe,)-

€t €s

We now distinguish three cases.

Case 1: H_ (s,n,p.,) < H.,(s,n,pe,). We first note that
(A.9) 0 <I(t,s) < A(t,p) — AD(s).
Let us define

B inf{a € t,s]l, H(o,n,pe,) < He,l(0o, n,pet)} if t<s,
| sup {O’ € [s,t], H(o,n,pe,) < Het(a,n,pet)} if t>s.

Let us consider a optimizing sequence o, — 7 such that

He_t(o-k’ naP@t) < Het(gka napet)'
Then we have

H;(ak,n,pet) = Het(0k>n>pgt(gkan)) < A?L(Uk) < Ag(Uk,p)-
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Then passing to the limit & — +oo, we get (by convergence of the minimum values of the
Hamiltonians, even if the map ¢ — p?(f,n) is discontinuous)

(A.10) H_ (7.1, pe,) = He,(7,n,p;, (1,0)) < Aj(1) < A (7, p).
If 7 = t, then (AI0) implies that A%(¢,p) = A%(t) (keeping in mind the definition of p,,).
SUBCASE 1.1: 7 # t. This shows that
H,,(1,n,p.,) < A%(7) and H,,(t,n,pe,) > A%1).
We now choose some 7 in between ¢ and 7 such that
H,,(7,n,pe,) = A%(7)
and estimate, using (A.9)) and ([A.7) and (H5)-(H6),

0<1I(ts) <{AN(t.p)— He,(7,n,pe,)} + {A0(7) — A} (s)
< {Hm(t n,Pe,) — He, (7,1, pe) } + {AL(7) — Aj(s)}
< @r([t = 7[(1+ max(A)(7), 0))) + @r(|7 — )
S ([t = s[(1+ Co)) + wr(|t — ).

SUBCASE 1.2: 7 =t. Then A%(¢,p) = A%(¢). Using (A.9)), this gives directly
0 <I(t,s) < Ap(t) — An(s) < wr(ft — s).

Case 2: H_ (s,n,p.,) = H.,(s,n,p.,) and H_ (t,n,p.,) = He,(t,n,p.,). We have

0<1I(ts) (t,m,pe,) — A%(s,p)

(t, 1, pe,) — e,5(8 n,pe,)

(t n pet) - Het(s n pet)

(|t — s|(1 + max(H,,(s,n,pe,),0)))
(|t — s|(1 4+ max(H_ (s,n,pe,),0)))
(|t — s[(1 + max(Af(s,p),0))).

™
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Case 3: H_ (s,n,p.,) = H,(s,n,p.,) and H_(t,n,p.,) < H,(t,n,pc,). Then

pgt(t’n) < pet S pgt(s7n)

Because of (A7) and the uniform bound on the Hamiltonians for bounded gradients, (H2),
we deduce that

Het(s7n7p€t) < C(1
for some constant C; > 0 only depending on our assumptions. Therefore, we have
0<I(t,s) =H,(t,n,pe,)— A%(s,p)
S He_t(ta napet) - He_t(sanapet)
< Het(t> n7p€t) - HEt(S’ napet)
< wr([t —s|(1 +C1)).

The proof is now complete. O
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Semi-concavity of the distance

In order to prove Lemmas [Z.10 and [Z.1T] we need the following one.

Lemma A.2 (Semi-concavity of ¢ and d?). Let N be a network defined in (T2) with edges
& and vertices V. Let

p(r,y) =1+ d*(z,y)

where d is the distance function on the network N'. Then ¢(z,-) and ¢(-,y) are 1-Lipschitz
for all z,y € N'. Moreover ¢ and d* are semi-concave on e, X e, for all eq, e, € £.

Proof of Lemma [A.2 The Lipschitz properties of ¢ are trivial. Since r + 72 and r
V1 + 1% are smooth increasing functions in R*, the result follows from the fact that the
distance function d itself is semi-concave; it is even the minimum of a finite number of
smooth functions.

If e, = ey, then d*(z,y) = (z — y)? which implies that p € C'(e, X €,). Then we only
consider the cases where e, # ey.

Case 1: ¢, and ¢, isometric to [0,+00). Then for (z,y) € e, X €, we have
d(z,y) = = +y + d(eq, )

which implies that ¢ € C'(e, X €p).

Case 2: ¢, isometric to [0, +00) and ¢, isometric to [0,/,]. Reversing the orientation
of e, if necessary, we can assume that

do :=d(el,e)) < d(el,e}) =: d;
and then for (z,y) € e, X e, we have
d(z,y) =z +min(do + y,d1 + (I — y)) = min(do + z + y,di + = + (I, — y)).

Then ¢ is the minimum of two C! functions, it is semi-concave.

Case 3: ¢, and e, isometric to [0,/,] and [0,[;]. Changing the orientations of both e,
and e, if necessary, we can assume that

d(eb, ef) = ,mi(l]rll di; with di; = d(el,el).
Z7-7: K

Therefore
d(z,y) =min(doo + v +y,dor + =+ (b —y). dio + (la — ) +y,di + (la — 2) + (b — y))

and again ¢ is the minimum of four C! functions, it is therefore semi-concave. O
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Proof of Lemma

Proof of Lemma [7.10. We first prove ([ZI4)) for ¢ = s by adapting in a straightforward

way the proof of Lemma [A. 1l The only difference is that for any e,, e, € £, the function
p(r,y) = 1+ d*(z,y)

may not be Cl(e, x ¢;). But Lemma [A.2 and Remark ensure that this is harmless.
The remaining of the proof of Lemma [A1]is unchanged. In particular the uniform bound
on the Hamiltonians for bounded gradients is used, see (H2).

Now ([I4)) is obtained for ¢ # s by following the proof of Lemma [B4] and using the
barriers given in the proof of Theorem [T O

Proof of Lemma [T.11]

Proof of Lemma [7.11. We do the proof for sub-solutions (the proof for super-solutions
being similar). We consider the following barrier (similar to the ones in the proof of

Theorem [7.7))
ul(t, ) = ug(z) + Ket + ¢

with
lug —ugl <e and |(ug).| < L.

and K. > C. with C. given in (T.IZ). It is enough to prove that for all (¢,2) € [0,T) x N,
u(t,r) < ul(t, )
for a suitable choice of K. > C. in order to conclude. Indeed, this implies
u(t, ) < wug(x) + f(t)

with
F(6) = mip(K.t+ )

which is non-negative, non-decreasing, concave and f(0) = 0.
We consider for 0 <7 < T,

M= sup (u—ul)(t )
(t,x)€[0,7) XN

and assume by contradiction that M > 0. We know by Lemma [7.10 that M is finite. Then
for any «,n > 0 small enough, we have M, > M/2 > 0 with

M, =  sup {u(t, r) —ul(t,z) —
(t,x)€[0,7) XN

- wm}.

T—1

(we recall that 1 = d?(z¢,-)/2). By the sublinearity of u and u}, we know that this

ER)
supremum is reached at some point (¢, z). Moreover ¢ > 0 since u(0, z) < ug(x) < ul (0, x).

91



This implies in particular that

d2
0< M/2< M, =u(t,r)—ul(t,z)— T _a (0, 2)
T—t 2
d2
< Cp(1 +d(wo,x)) — (o) + Led(x, z9) — a@
d*(zo,
< Cr(1+ d(wo,2)) + [uo(wo)| + & + Led(x, o) - QM
d2
< R.(1 + d(zp, 7)) — ay
with
R. = Cr + max(L., |ug(zo)| + €).
Then z = ad(zo, x) satisfies
22 22
5 §R€a+R€z§REa+R§+Z
which implies that for a <1,
(A.11) ad(xg,x) < 24/ R. + R2.
Writing the sub-solution viscosity inequality, we get
K.+ Hy(t, z, (ug)(x) + atp(x)) <0
We get a contradiction for the choice
K. =1+
max | sup sup|max(A,(t), %), sup sup sup  swp |Ho(t,p0)
t€[0,T] neV tel0,T] ee€ z€e Ipe\SLs+2\/RsTR§

B Appendix: stationary results for networks

This short section is devoted to the statement of an existence and uniqueness result for
the following stationary HJ equation posed on a network A satisfying (1),

(B.1) u+ Hy(z,u,) =0 forall zeN.

For each e € £, we consider a Hamiltonian H, : e x R — R satisfying
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e (HO-s) (Continuity) H. € C(e x R).
e (H1-s) (Uniform coercivity)
liminf H,(z,q) = 400
lg|—=+o00
uniformly with respect to z € e, e € £.
e (H2-s) (Uniform bound on the Hamiltonians for bounded gradients) For all L > 0,
there exists Cr, > 0 such that
sup  |Hy(z,p)| < Cr.
p€[—L,L],zeN\V
e (H3-s) (Uniform modulus of continuity for bounded gradients) For all L > 0, there
exists a modulus of continuity wy, such that for all |p|,|¢| < L and z € e € €,
|H6(x7p> - He(xvq)‘ < UJL(‘p - q|)
e (H4-s) (Quasi-convexity) For all n € V, there exists a p?(n) such that

{He(n, -) is nonincreasing on  (—oo, p°(n)],

H.(n,-) is nondecreasing on [p%(n), +00).

As far as flux limiters are concerned, the following assumptions will be used.

e (A1-s) (Uniform bound on A) There exists a constant C' > 0 such that for all n € V,

|An| < C.

The following result is a straightforward adaptation of Corollary Proofs are even
simpler since the time dependance was an issue when proving the comparison principle in
the general case.

Theorem B.1 (Existence and uniqueness — stationary case). Assume (HO-s)-(H4-s) and
(A1-s). Then there exists a unique sublinear viscosity solution u of (B in N.
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