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Abstract

In a previous article, we constructed an invariant Z for null-homologous knots in
rational homology spheres, from equivariant intersections in configuration spaces. Here
we present an equivalent definition of Z in terms of configuration space integrals, we prove
that Z is multiplicative under connected sum, and we prove null Lagrangian-preserving
surgery formulae for Z. Our formulae generalize similar formulae that are satisfied by
the Kricker rational lift of the Kontsevich integral for null Borromean surgeries. They
imply that Z is universal with respect to a natural filtration. According to results of
Garoufalidis and Rozansky, they therefore imply that Z is equivalent to the Kricker lift
of the Kontsevich integral for null-homologous knots with trivial Alexander polynomial
in integral homology spheres.

Keywords: configuration space integrals, finite type invariants of knots and 3-manifolds,
homology spheres, rational lift of Kontsevich integral, equivariant Blanchfield linking pair-
ing, LMO invariant, perturbative expansion of Chern-Simons theory, beaded Jacobi di-
agrams, first Pontrjagin class, clasper calculus, Lagrangian-preserving surgery, surgery
formula.
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1 Introduction

In this article, a rational homology sphere is a compact oriented 3-manifold R with the same
homology as the usual 3-sphere S3. A null-homologous knot in such an R is a knot whose
homology class is trivial in Hq(R;Z). In [Lesl1], we constructed a series of invariants for null-
homologous knots in rational homology spheres, from equivariant intersections in configuration
spaces. For a knot K, our series lives in an algebra of Feynman-Jacobi diagrams beaded by ra-
tional functions whose denominators divide the Alexander polynomial of K. Our construction
is similar to configuration space integral constructions of invariants for knots or rational ho-
mology spheres performed by Altschiiler, Freidel, Axelrod, Singer, Bar-Natan, Bott, Cattaneo,
Taubes, Guadagnini, Martellini, Mintchev, Poirier, Polyak and Viro in [AF97, AS92, AS94,
BN95, BC98, BT94, Cat99, GMM90, Kon94, KT99, Les04a, Poi02, PV01] and others ... that
emerged after the Witten work [Wit89], in an equivariant setting as in [Mar05]. Configuration
space integrals associated with knots in R3 of [AF97, Poi02] yield a series of invariants that
is known to be equivalent to the Kontsevich integral. This series is a universal Vassiliev (or
finite type) knot invariant. Similarly, the series of configuration space invariants for integral
homology spheres of [KT99, LesO4a] is equivalent to the LMO invariant of Le, Murakami and
Ohtsuki, and it is a universal finite type invariant of these homology spheres. According to
recent work by Massuyeau and Moussard [Moul2b, Mas13], similar results hold for rational
homology spheres. In order to prove universality for such an invariant, one proves that the in-
variant induces an isomorphism from the graded space associated with a filtration of the vector
space generated by knots or integral homology spheres, to the target space of the invariant.

In this article, we prove null Lagrangian-preserving surgery formulae for the series of equiv-
ariant invariants of [Les11]. Our formulae generalize formulae that are satisfied by the Kricker
rational lift of the Kontsevich integral [GR04, Theorem 4. According to results of Garo-
ufalidis and Rozansky in [GRO04], they imply that our series Z = (Z,)nen is universal for
null-homologous knots with trivial Alexander polynomial in integral homology spheres, among
the finite type invariants with respect to the Garoufalidis-Rozansky filtration. Therefore, Z is
equivalent to the Kricker rational lift of the Kontsevich integral for these knots, where two knot
invariants are equivalent when two knots are distinguished by one of them if and only if they
are distinghished by the other one.

Results of Delphine Moussard [Moul2a] imply that Z is also equivalent to this Kricker
invariant for null-homologous knots with trivial Alexander polynomial in rational homology
spheres, and I conjecture that Z is also equivalent to the Kricker invariant for knots with any
given equivariant linking form.

We also prove that Z is multiplicative under connected sum.

1.1 Conventions and notation

Unless otherwise mentioned, manifolds are smooth, compact and oriented. Boundaries are
always oriented with the outward normal first convention. The fiber N,V of the normal bundle



N(V') to an oriented submanifold V' in an oriented manifold M is oriented so that the tangent
bundle T, M to the ambient manifold M at some x € V is oriented as T,M = N,V T, V. If V
and W are two oriented transverse submanifolds of an oriented manifold M, their intersection
is oriented so that the normal bundle to T,.(V N W) at x is the sum N,V & N,W. If the two
manifolds are of complementary dimensions, then the sign of an intersection point is +1 if the
orientation of its normal bundle coincides with the orientation of the ambient space (this is
equivalent to: T, M =T,V @ T,W as oriented vector spaces). Otherwise, the sign is —1. If V'
and W are compact and if V and W are of complementary dimensions in M, their algebraic
intersection is the sum of the signs of the intersection points, it is denoted by (V, W) ,,.

Let K be a null-homologous knot in a rational homology sphere R. A meridian of K is
the boundary of a disk that intersects K once transversely, with a positive sign. Let F be the
exterior of K, that is the complement of an open tubular neighborhood of K in R, and let
pp: E — E be the infinite cyclic covering of E. The action of the meridian m(K) of K on E is
denoted by 6g. The induced action on H 1(E : Q) is denoted as the multiplication by ¢ so that
Hi(E;Q) is a Q[t,t"]-module. Let §(K) denote the annihilator of Hy(E;Q). It is a divisor
of the Alexander polynomial A(K) of K and it coincides with A(K) when A(K) has only
simple roots. Both §(K) and A(K) are normalized in Q[t, ¢~!] so that A(K)(1) = 1 = §(K)(1),
A(K)(t) = A(K)(t™Y) and 6(K)(t) = 0(K)(t7Y) or 6(K)(t) = t6(K)(t™1) (see [Moul2c]).

Let (J,L) be a two-component link of £ such that pg(J) Npg(L) = . If J bounds an
oriented surface ¥ in F transverse to Upez07(L), define the equivariant intersection (X, L), as

(S, L)e =Y (S, 05(L)) 5

ne”

where (X,0%(L)) 5 is the usual Q-bilinear algebraic intersection. Then the equivariant linking
number of J and L is
lko(J, L) = (3, L)e.

In general, 0(K)(0g)(J) bounds a rational chain 6(K)(fg)% and

<5<K> <9E)27 L)e'

el 2 L) = 508 0

For any two one-variable polynomials P and @ in Q[t,t71],

lko(P(05)J,Q(05)L) = P(H)Q(¢ k. (J, L).

1.2 The space A"(§) of beaded diagrams

The invariants we constructed in [Les11] for null-homologous knots in rational homology spheres
live in the following spaces of beaded Jacobi diagrams.

A (finite) trivalent graph is said to be oriented if each of its vertices is equipped with a
vertex orientation, that is a cyclic order of the three half-edges that meet at this vertex. When
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an oriented graph is represented by the image of one of its planar immersions, the vertex
orientation is induced by the counterclockwise order of the half-edges meeting at this vertex.

>
A

When § € Q[t*!] and 6(1) = 1, let A"(5) be the quotient of the rational vector space
generated by oriented trivalent graphs with 2n vertices whose edges are oriented and equipped

with some rational functions of ﬁ@[til], by the following relations:

e Conjugation: Reversing the orientation of an edge beaded by P(t) and transforming this
P(t) into P(t71) gives the same element in the quotient.

P(tI = IP(t‘l)

e Multilinearity: 1f two graphs only differ by the label of one oriented edge, that is P(t)
for one of them and Q(t) for the other one, then the class of their sum is the class of the
same graph with label (P(t) + Q(t)).

P(t)+Q(tI = P(tI + Q(t)I

e Holonomy: Multiplying by ¢ the three rational functions of three edges adjacent to a
vertex, oriented towards that vertex, does not change the element in the quotient.

R(t) tR(t)
\Tﬁ ® \T{Q ® ?Q(t) ?Q(ﬂ
P(t) = P@) and  p(y) = (P(t)

o Antisymmetry or AS: Changing the orientation of a vertex multiplies the element of the
quotient by (—1).

LT
e Jacobi or IHX: The sum of three graphs that coincide outside a disk, where they look as

in the picture below, vanishes in the quotient. (The complete edges of the relation are
equipped with the polynomial 1 that is not written.)

Y Y0 e ;{: I



A more general version of this space of diagrams was introduced in [GK04, Definition 3.8].
Let A,, denote the quotient of the rational vector space generated by oriented trivalent graphs
with 2n vertices whose edges are neither oriented nor beaded, by the relations AS and THX.
There are two natural well-defined maps i: A, — A”"(§) that sends a diagram to itself viewed
as a diagram whose edges are beaded by 1, and p: A"(6) — A, that sets ¢ = 1 in the beads
that are next seen as coefficients. Since p o is the identity, i injects A, into A”(8) for any 4.

The topological vector spaces A =[],y An and A"(6) = [,,c A%(0) are graded algebras,
where the graded product of diagrams is their disjoint union, and the degree n is called the
loop-degree.

There is a hair map from A"(§) (where diagrams with circle components without trivalent
vertices are allowed) to an algebra B of diagrams with legs, that is isomorphic to the target
space of the original Kontsevich integral of knots, by a Poincaré-Birkhoff-Witt symmetrization
isomorphism. This hair map multilinearly replaces an oriented edge labeled by

P(t = exp(z)) = 3 put”

neN

by a combination of edges with hair (or legs), that is with new edges with univalent vertices as
in the following figure.

S
P(t) — Z Pn }: n horizontal edges called legs
n=0

Patureau-Mirand proved that this hair map is non-injective [PM12], using the work of Vogel
on Jacobi diagrams [Vogl1]. The Kricker lift of the Kontsevich integral of a knot K is valued
in a space similar to A"(A(K)) and its composition by a modified hair map (and the Poincaré-
Birkhoff-Witt isomorphism) is the Kontsevich integral. See [GKO04, Theorem 14 and Section
7.1].

Our equivariant invariant Z(K) is valued in A"(3(K)), its definition from equivariant inter-
sections in configuration spaces is given in Section 2, and an alternative equivalent definition
based on integrals on equivariant configuration spaces is presented in Section 6. I expect that
the universal finite type invariant of [BT94, AF97, Poi02] for knots in R? is obtained from Z(K)
in the same way as the Kontsevich integral is obtained from its Kricker rational lift.

1.3 Statement of the main theorem

Let K be a knot in a rational homology sphere R and let E be its exterior, this exterior is
implicitly equipped with the meridian of K so that it determines K.

The main result of this article describes part of the behaviour of the Z, under the null
Lagrangian-preserving surgeries defined below.

A genus g Q-handlebody is an (oriented, compact) 3—manifold A with the same homology
with rational coefficients as the standard (solid) handlebody H, of Figure 1. Note that the



Figure 1: The standard handlebody H,

boundary of such a Q-handlebody A is homeomorphic to the boundary (0H, = £,) of H,,.
For a (compact, oriented) 3-manifold A, £,4 denotes the kernel of the map induced by the
inclusion

H,(0A;Q) — H1(A; Q).

It is a Lagrangian of (H1(0A;Q), (,)sa), we call it the Lagrangian of A. A Q-handlebody A
sitting in a 3-manifold F is said to be rationally null-homologous if the map induced by the
inclusion maps Hi(A; Q) to zero in Hy(E; Q). A null Lagrangian-preserving surgery or null LP-
surgery (A, A’) is the replacement of a rationally null-homologous Q-handlebody A embedded
in a 3-manifold £ by another such A’ with identical (identified via a homeomorphism) boundary
and Lagrangian.

There is a canonical isomorphism

8MV: HQ(A Usa —A/; Q) — ,CA

that maps the class of a closed surface in the closed 3-manifold (A Ugs —A’) to the boundary
of its intersection with A. This isomorphism carries the algebraic triple intersection of surfaces
to a trilinear antisymmetric form Z4 on L4.

Zaw(as, aj,ax) = (On)y(a:), 0y (a5), O3y (ar)) au—ar

Let (a1, aq,...,a,) be a basis of L4, and let 21, ..., z, be homology classes of 0A, such that
(21,22, ...,24) is dual to (a1, as, . .., a,) with respect to (,)aa ((a;, 2j)94 = 0ij = { é gi ;; )

Note that (z1,. .., 2,) is a basis of Hy(A;Q).
Let A be a rationally null-homologous Q-handlebody in E. Then A lifts as Z homeomorphic
copies in F. Fix one of these lifts A, and for any i, let Z; denote the lift of z; in A.
Represent Z4 4/ by the following combination T'(Z44/) of tripods whose three univalent ver-
tices form an ordered set:
~ Zk
T(Zaa) = Z Tan(as, aj,ay) &
{ig,k}C{1,2,....g}i<j <k} '
Let G be a graph with 2n oriented trivalent vertices and with univalent vertices. Assume that
the univalent vertices of G are decorated with lifts in E of disjoint rationally null-homologous



curves of E. Let P(G) be the set of partitions of the set of univalent vertices of G in disjoint
pairs.

For p € P(G), identifying the two vertices of each pair provides a vertex-oriented trivalent
diagram. Orient each edge of this diagram arbitrarily and bead it with the equivariant linking
number of the two curves associated with its two half-edges, ordered by the edge orientation
(»>2«<). This yields [G,] € A(6(K)).

Define the contraction ((G)), of G

pEP(G)

The contraction ((.)) is linearly extended to linear combination of graphs, and the disjoint
union of combinations of graphs is bilinear.
A k—component null Lagrangian-preserving surgery datum in a knot complement E is a

ie{l,...,k},in E, and k associated LP-surgeries (A®, A®),
The main theorem of this preprint is the following one.

Theorem 1.1 Set N ={1,...,2n}. Let
(B (AY, AD)iey)

be a 2n-component null Lagrangian-preserving surgery datum in the exterior E of a null-
homologous knot K in a rational homology sphere. For S C N, let Es denote the manifold
obtained from E by replacing AYD by AY' for all i € S, and let Kg denote the knot with
exterior Es and with the same meridian as K. Then

> (1) Zy(Ks) = (|| T(Zawa0)))n-

SCN 1EN

The sum of the left-hand side runs over all the subsets of N (including () and N). Note that
the right-hand side of the above equality is independent of the chosen lifts of the A® thanks
to the holonomy relation and to the conjugation relation in A"(§(K)).

1.4 Organization of the article

In order to prove Theorem 1.1, we use the definition of Z from equivariant intersections in
configuration spaces that is given in Section 2. The definition will start with a construction of
invariants Z (E,7) of knot exteriors E equipped with some parallelization 7. Then Pontrjagin
classes allow us to associate a numerical invariant p; (7., 7) with such a parallelization so that

Z(E) = Z(E,T)exp (—W@)



for a constant

G= Ao € (A: HAk>
neN keN
that is called the anomaly.
In order to prove Theorem 1.1 in general, we need to make our construction more flexible
and use generalisations 7 of parallelizations that we call pseudo-parallelizations, that are also
equipped with a numerical invariant p;(7,,7) and we define Z(E, 7) so that

2(B) = Z(B, 7) exp @%a)

These pseudo-parallelizations defined in Section 7 are not needed for the proof of The-
orem 1.1 when the A® and the A®’ are integral homology handlebodies, as in the case of
Borromean surgeries. Sections 3 and 4 give the proof of Theorem 1.1 assuming natural ex-
tensions of parallelization properties to our pseudo-parallelizations. Then the last sections are
devoted to the justification of these properties that relies on earlier work in the setting of con-
figuration space integrals instead of the dual equivariant intersections in configuration spaces.
Section 6 contains a definition of Z based on configuration space integrals, and is interesting
in its own. Sections 9 and 10 contain the more flexible definitions of Z with respect to pseudo-
parallelizations rather than parallelizations, in the settings of differential forms and equivariant
intersections, respectively. Section 5 contains the precise definition of the invariant p; (7, .) and
some of its properties. The anomaly is completely defined in Section 8.

Finally, we study the behaviour of Z under connected sums in Section 11.

Remark 1.2 This preprint won’t be submitted in its present form. Sections 5 to 10 can be
thought of as appendices. Their results will be included in a monograph about Invariants
of links and 3—manifolds from graph configurations that I am compiling. I added Section 11
because its results are needed in Delphine Moussard’s Ph.D. thesis [Moul2a].

2 Definition of the invariant Z

2.1 Introduction

Let K be a knot in a rational homology sphere R and let E be its exterior, this exterior is
equipped with the meridian m(K) of K so that it determines K. Let pe: B — FE denote the
infinite cyclic covering of E, and let § = §(K) be the annihilator of H,(E;Q).

In this subsection, we define the invariant Z(K) = Z(FE), following [Les11], except for the
differences listed below.

e Let M = R(K,0) be the manifold obtained from R by 0-surgery on K, let K be the core of
the surgery framed by the meridian of K, and let Z,,(M, K) be obtained from the invariant

9



Z(M,K) € A"(6(K)) in [Les11] by conjugating all the beads, that is by replacing ¢ by
t=1. Here, we call Z,(K) or Z,(E) the configuration space invariant z,(M,K). It lives in
the subspace of A"(§(K)) made of connected beaded diagrams. This convention is more
natural and leads to nicer formulae.

e Here, we consider non-connected trivalent graphs in order to define

2000) = (1) = 0 305 ) € A1)

neN

e We do not repeat an error in [Lesl1], where M[Lk} should be replaced by Z\;[]Lk] and My
should be replaced by M), ;) in Section 1.8.

e The map fr was denoted by fy, in [Lesl1].

e Parallelization maps 7 go from M x R?® to T'M, here, while they go from TM x R? to
M x R? in [LesO4a, Les04b, Les11]. The anomaly ¢ is replaced by the anomaly & = —¢.
This convention is also more natural.

e The proofs of [Lesl1] are not repeated here, but some notions are presented with more
details here.

The invariant Z(K) will be defined from equivariant intersections in configuration spaces.
More precisely, we shall define a Z-covering Cy(E) of a compactification Cy(E) of E?\ diagonal.
This compactification Cy(F) will be a 6-manifold with boundary and ridges that has the
same homotopy type as E? \ diagonal. Then we shall define the equivariant intersection

.....

we shall fix a parallelization 7 of E, and fix cycles G;(7) of (Cy(E), dC5(E)) on a neighborhood

of 9C5(E) so that
Zu(K.7) = h({%@(ﬂ}»

The fundamental F;(7) = ﬁGi(T) will be called equivariant propagators. Finally, Z(K) will

be defined as Z(K) = Z(K,7)exp (—W&) for the anomaly
a=—¢= ZdQn-‘rl €A,

that is a constant described in Definition 8.4 or in [Les04a, Subsection 1.6], and for the Pon-
trjagin number p; (7, 7) associated with 7 described in Subsection 5.1. We first describe the
involved configurations spaces.

10



2.2 Involved configuration spaces

The configuration space Co(M) is the configuration space obtained from M? by blowing up the
diagonal, that is by replacing it by its unit normal bundle (in this article). (In a trivialized
tubular neighborhood R? x diag(M?) of the diagonal, the fiber R? = {0} U(R™ x 5?) is replaced
by R* x S2, so that (0, (m,m)) is replaced by the fiber {0} x S? x {(m,m)} of the unit normal
bundle to the diagonal at (m,m).) In particular, the boundary dCy(M) of Cy(M) is the unit
normal bundle to the diagonal that is identified with the unit tangent bundle UM to M by the
map induced by the following one

(z,y) =y — .

The points of the interior of Cy(M) are pairs (mq,ms) of distinct points of M, and the
points of dCy(M) are pairs (m, m) equipped with a unit tangent vector to M at m.

Consider the quotient Cy(M) of the space of paths v from a point v(0) of M to another
such (1) - equipped with a tangent vector of T,y M, when (1) = v(0) - by the relation that
identifies two paths v and +' if and only if 4(0) = +/(0), v(1) = +/(1) and the path composition
~7' vanishes in Hy(M;Q). Equip Co(M) with the natural topology that makes

por Co(M) — Co(M)
v = (7(0),7(1))

become an infinite cyclic covering. The transformation § that maps the class of a path v
to its path composition with a loop conjugated to the oriented meridian of K generates the
transformation group of the covering.

Note that the boundary UM of Cy(M) has a canonical lift {0} x UM that corresponds to
constant paths 7 in the description above. This boundary UM lifts as Zx UM =[], 6" ({0} x
UM) in Co(M).

When A is a 3-dimensional submanifold of M, Cy(A) denotes the preimage of A? under the
blow-down map from Cy(M) to M?, and Cy(A) is the preimage of Cy(A) under the covering
map pe from Cy(M) to Co(M). This applies to A = E.

The interior of Cy(F) is the quotient of E2 \ (pg x pg) *(diag(E?)) by the equivalence
relation such that the equivalence class of (my, ms) is {(0%(my), 0%(m2));n € Z}, where O is
the covering transformation of E induced by the action of the oriented meridian of K.

The covering transformation @ of Cy(M) maps the class of (17, 72;) to the class of (g, 0 (13)).

We also consider the configuration spaces Cy,, (M) that are obtained from M?" by blowing
up all the partial diagonals of M?", starting with the diagonals where the number of coinciding
points is maximal, successively. This configuration space is denoted by Cy,[M] in [Sin04] where
it is presented in details. See also [AS94, Section 5] and [LesO4a, Section 3]. Again, for a
submanifold A of M, Cy,(A) will denote the preimage of A" under the blow-down map p
from Cy, (M) to M*".

11



2.3 Equivariant intersections valued in spaces of beaded graphs

Let 8 (resp. S,) be the set of trivalent graphs (resp. connected trivalent graphs) I' with 2n
vertices numbered from 1 to 2n and with 3n oriented edges numbered from 1 to 3n without
loops (edges with coinciding ends). Formally, such a I' is an ordered set of 3n ordered pairs of
elements of {1,2,...,2n} such that any element of {1,2,...,2n} belongs to three pairs. The
degree of a graph of S is n.

Any I' € 8" has the following canonical vertex-orientation o(I") (up to an even number of
changes). Orient the vertices of I' so that the permutation of the half edges from (first half
of first edge, second half of first edge, ..., second half of last edge) to (half-edges of the first
vertex v(1) ordered in a way compatible with the vertex orientation, half-edges of v(2) ordered
in a way compatible with the vertex orientation, ...) is even.

Consider the generalized holonomy relation generated by the identification of a beaded graph
with the one obtained by multiplying the beads of incoming edges by ¢ and the beads of the
outcoming edges by ¢! at some vertex. This relation is usually a consequence of the holonomy
relation and the conjugation relation, but here we do not want to reverse the orientation of the
edges that induces the vertex-orientation of I'.

Lemma 2.1 Let ' € 8*. An element p of H (I';Z) can be identified with a beaded graph T,
with support T' (equipped with its canonical vertex-orientation) and with beads in {t";n € Z},
up to the generalized holonomy relation.

PROOF: Assume that a graph with support I' and with beads in {t";n € Z} is given. Consider
a cycle of I'. This cycle is an algebraic sum of oriented edges. Map it to the corresponding
algebraic sum of the edge bead exponents. The obtained morphism of H'(T'; Z) does not depend
on the representative of the beaded graph in his class modulo generalized holonomy. Conversely,
when an element of H'(T';Z) is given, consider a maximal tree in each component of T'" and
bead its edges by 1, then bead the remaining edges so that they induce the given morphism
of HY(T'; Z) by the above process. The class of the obtained beaded graph modulo generalized
holonomy relation is independent of the chosen maximal tree, since the generalized holonomy
relation allows one to modify the edge beads in any subtree of I, arbitrarily. 0

.....

.....

graph I' of S). Consider I' € §.

Let e = e(i) be the edge of I' numbered by i that goes from v(j) to v(k). Consider the map
p(I,3) = p(T',e(i)): Con(E) — Co(E) that lifts (mq,...,ms,) — (m;, my), continuously. Let
H;(T') € Cy,(E) be defined as

H;(T) = p(U'i) " (pc(H))) .-
Then H;(I") is a codimension 2 chain (here, a combination of simplices, or of manifolds with
boundaries) whose points (that project to) (mq,...,ms,) are continuously equipped with ra-

tional homology classes of paths from m; to my. It is cooriented in Cy,(E) (that is oriented
like £*") by the coorientation of H; in Cy(F).
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Then the intersection of the H;(T"), for i € {1,2,...,3n}, is a compact subspace I(I',{H,})
of Con(E). Its image p(I',4)(L(I',{H;})) in H; is a compact subset of H;.

Definition 2.2 The H; are said to be in general position with respect to I' if
o [(I',{H,}) is finite,

o p(I',4)(L(I', {H;})) is made of points in the interiors of the 4-manifolds with boundaries
of H;, and,

e all the H,(I") intersect transversally at the points of I(I',{H;}) that are in the interior of
Con(E).

Assume that our H; are in general position with respect to I'. Then the cooriented H;(I") only
intersect transversally at distinct points in the interior of Cy,(FE). We define their equivariant
algebraic intersection Ir({H;}) € A"(6) as follows.

Consider an intersection point m, such that py(m) = (my,...,ma,) € E?", it is equipped
with a sign £(m) as usual, and it is also equipped with the following additional data: Associate
m; with v(j). Since m belongs to H;(I'), the edge e(i) from v(j) to v(k) is equipped with a
rational homology class of paths from m; to m;. Each edge of I' is equipped with a rational
homology class of paths between its ends in this way. By composition, each cycle of I' is equipped
with an element of H;(FE;Z)/Torsion. Since Hy(F;Z)/Torsion = Zm(K), the isomorphism from
H,(E;Z)/Torsion to Z that maps m(K) to 1 associates an integer with each cycle of I'. Thus
m defines a map from H;(T';Z) to Z, that is an element p(m) of H(T;Z).

Assign e(m)[Tyim)] € A%(6) to m, with the notation of Lemma 2.1.

Then define Ir({H,}) € A%() as the sum over the intersection points of the &(m)[T m)].

Note that Ir({H;}) does not depend on the numbering of the vertices of I". Also note that
when some H; is changed to P(f)H; for a Laurent polynomial P with integral coefficients, the
bead on Edge number i in every I, is multiplied by P(t).

The definition of I+ ({ H;}) naturally extends to cycles H; of (Co(E), 0Cy(E)) with coefficients

in ﬁ@[til] as follows. First recall that a cycle of (Cy(E), 0Cy(E)) with coefficients in Q[t*!]

is nothing but a rational cycle of (Cy(E),dCs(E)), where the multiplication by ¢ stands for

the action of #. Cycles with coefficients in ﬁ@[til] are obtained from these by tensoring this

Q[t*!]-module by Tlt)(@[til] over Q[t*!]. For any collection of cycles H; of (Cy(E),dCy(F))

with coefficients in ﬁ@[tﬂ], there is an integral number k such that kd(t)H; is an integral

chain of Cy(E) for all i. Cycles H; of (Cy(E),dCy(E)) with coefficients in ﬁ@[til] are said to
be in general 3n-position with respect to I if for some k € N, the kd(t) H; are integral cycles of
(Cy(E),dCy(E)) in general position with respect to I'. For such a collection of cycles, define
Ir({H;}) as the element of A"(§) obtained from Ir({k&(t)H,}) by dividing the bead of each
edge by kd(t).

Cycles H; of (Cy(E),0Cy(FE)) with coefficients in Tlt)(@[tﬂ] are said to be in general 3n-

position if for some g € Q, the ¢d(t)H; are integral cyles of (Cy(E), dCy(E)) in general position

13



with respect to I, for any I' € S*. For such a collection of cycles, define the A”-intersection of
the H; as

Ir({H;
L({H:}) = FZ %

Considering only the connected graphs as in [Lesl1], define the connected A"-intersection
of the H; as
¢ Ir({H:})
L{HY) =)

3n ! I
52 (3n)!(2n)!

2.4 Equivariant propagators of £

The equivariant propagators F;(T) = ﬁGi(T) of (Cy(E), 0Cy(E)) with coefficients in M%)Q[tﬂ]
that will be used to define Z, (K, 7) as I,({F;(7)}) can be thought of as parallel to each other.
We are going to give conditions on G(7) = G(7) depending on parameters X = X; € S? and
s =s; € S! to constrain G(7), and the G;(7) will be defined by replacing the parameter X by
X; € S%2 and s by s5; € S*.

For oo C [0,4], let D, = {z € C;|z| € a}. Fix a collar neighborhood FEj; /54 of OE that
reads as the product of the annulus Dy /24 by the circle S so that, for s in the circle Dy,
s x S' is a meridian of K and, for z € S*, Dy;y x {z} is a parallel of K that bounds in E.

The product Djg 4 X R embeds in C x R, naturally where C is thought of as horizontal in
R3 = C x R where R is vertical.

The standard parallelization of R? induces a parallelization 7, of Dy 4 x R. Since 7 is
equivariant under the translations by the upward unit vector of R3, it induces a paralleliza-
tion on the quotient Dig 4 X S! that is still denoted by 7., and that is the natural product
parallelization.

Embed pEI(E}l/M}) = Dji/24 X R in C x R, naturally.

Fix a parallelization 7: E x R® — T'E of E that coincides with the parallelization 7, on
TEj12,4. (There is no obstruction to doing so since Dyyy x {2} vanishes in H,(E;Z).)

The vector X of S? defines a section s,(E; X) = 7(E x X) of the unit tangent bundle UE
to E that sits in 0Cy(F).

Consider a map fz: E — S! that coincides with the projection to S* on Di1ja4 % St and
a lift of this map fE E — R, through the standard covering (¢ — exp(2int)) such that the
projection to R of E]1/2 4 = Dyijoq xR is fE

Let

r E — [1/2,4]
WS E\(D]1/2,4] X Sl) = 1/2
(ZD,Z) € D[1/274} x St — ‘ZD|.

When a C [0,4], set E, = r~'(a) and E, = pg'(E,) so that Egy = E\ (Dyq x SY).
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Fix ¢ €]0,1/8]. Let

x: [—4,4] — 10,1]
t e [—¢,4 =1
te[-4,-2 — 0

be a smooth map. Recall that E}IA} is embedded in R? that is seen as C x R. When (u,v) €
(E[Qo,zq \E[2072[>’ set

U(u,v) = (L= x(r(w) = r(©))(0, fo(w)) + x(r(w) = r(v))u
V(u,v) = (1= x(r(v) = r(w))(0, fo(v)) + x(r(v) = r(u)

where Ou = 0 € R?, for any u € E, so that (U(u,v),V(u,v)) € (R?)2. Define

mopet ((Bhy \ Ehy) \ ding(Efy)) — S
V (u,v)—U (u,v)
IV (w,0)=U(u,0)]*

(u,v) >

The map 7 naturally extends to Cy(Ejg.4) \ Ca( Ejo2))-
The following proposition is proved in [Les10, Section 12, Propositions 12.2 and 12.4].

Proposition 2.3 Set

tA'(t)
Ja =2l =37
Let S3; denote the subset of S* made of the vectors whose vertical coordinate is in ]0, 55[. Let

X € S%, let s € Dyyy, then there exists a 4-dimensional rational chain C(X,s,7) of Co(Ejp2)
whose boundary is

(. . _
S @) (Wit oty ) U 57 (Elo2 X) U Ja (DU Bl )
and that is transverse to 86’2(E[072}).

Lemma 2.4 There exist
e £ €|0,5-[, f (involved in the above definition of the map ), k # 0 € N,
e 3n distinct elements s, ..., 83, of Dy,

e a regular 3n-tuple (Xi,...,X3,) of (S%)%", where regular means in some open dense
subset of (S%)>", that is specified in [Les11, Definition 2.7]. (A more restrictive notion
of regular is defined in Subsection 10.1 below, it still defines a dense open subset.)
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e 3n integral chains (integral combinations of C> properly embedded 4-manifolds with bound-
aries) C(X;, si,7) of Ca(Ejpg)) in general 3n-position whose boundaries are

ko(K)(0) (Xi) Usr(Ep2; Xi) U JA<§)UE|s¢xSI) :

T~
|0C2 (E0,2))\0C2(E[o,2])
respectively.

PROOF: Tt is proved in [Lesll, Sections 2.3, 2.4, 2.5], with the difference that general 3n-
position only means general position with respect to connected graphs in [Lesl1]. However, if
any subfamily of cardinality 3k of the C;(7) is in general position with respect to all connected
graphs of S, then the C;(7) = C(X;, s;, 7) will be in general position with respect to all graphs
in Sy, and it is proved in [Lesll, Proposition 2.9] that this is true when (Ci(7))icq1,2,...,3n}
belongs to a finite intersection of open dense sets. O

Theorem 2.5 Under the assumptions of Lemma 2.4, set

1

= waom ¢ Ko s )+ 71X € Cul ).

Fi(7)

Then neither I,({F;(1)}) nor I ({Fi(7)}) depends on the equivariant propagators Fi(7) satisfy-
ing the conditions above. Therefore, they are invariants of (K, 1), that are denoted by Z,(K, 1)
and Z,(K, 1), respectively. Furthermore,

(Zn(Kv T))neN = exp (Z 219(K7 T))
in AP(8(K)).

PROOF: According to [Lesll, Theorem 2.4], IS({F;(7)}) is an invariant

)
Zn(K,T) _ Z [F(ngET)})

= 237(3n)!(2n)!

of (K, 7). Thus it is enough to prove that

(In({Fi(7)})), = exp <1 +> a(K, T)) :

k>1

Let P(n) be the set of partitions of n, that is the set of uples ((ny, k1); (n2, k2); .. .; (kr,ny))
where the £; and the n; are positive integers such that Z§=1 Eing=mn.0<n <ng <...<n,.
Then I,({F;(7)}) splits as

LUFMY) = Y LipAFRM))

pEP(n)
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where I,(p, { F;(7)}) is a combination of beaded graphs with k; connected components with 2n;
vertices for every j. Furthermore, for such a given p, I,,(p, { F;(7)}) splits as

LpAFMY) = Y Lp,¢. {E(1)})

q€9(p)

over the set Q(p) of partitions ¢ of {1,...,3n} that have k; subsets A(¢, n;) of cardinality (3n;),
for every j.

Let S), (resp. S}) be the set of graphs of S,, (resp. of §)) where the vertices are not num-
bered anymore. Then Z,(K,7) = > rcsr %?f,:)m For p = ((n1, k1); (ng, k2); .. .5 (krymy)) €
P(n), and for g € Q(p), let S, (p, q) be the set of graphs I' of §* such that two edges e(k) and
e(¥) are in the same connected component of I if and only if k£ and ¢ are in the same component
of q.

According to [Lesll, Theorem 2.4], Z, (K,7) = Iy ({Fi(T)}icawn,)), for every A(L,ny).
Furthermore, when I' = I'y [ [ T's, Ir({F3(7)}) = Ir, ({ F5(7) Yetiyer, ) Iro ({ Fi(T) }e(yer, ). Thus

i\ T 7?*1 n; !kj T B .
In(p’q’ {FZ(T)}) — Z [I‘<{Fz< >}> _ ij (3 ) Hznj(K, T)kf

3n | |
res;, (n.a) 2% (3n)! (3n)! j=1

In particular, I,,(p,q, {F;(7)}) does not depend on ¢, and since the number of partitions ¢ of

. (3n)!
Q(p) 1S W’ we find that

L(p, {Fi(7)}) i HszKT

_] 1

O

Remark 2.6 Asin [Les10, Proposition 3.3 and Theorem 4.8], the F;(7) represent the equivari-
ant linking form in the sense that for a two-component link (J, L) of E such that pg(J)Npe(L) =
0,

lke(J,L) = (L x J, Fi(7))e = (Fi(T), J X L)..

Consider a 4-dimensional manifold W with signature 0 and with boundary and ridges such
that

oW = —(D[0,4] X Sl) U{O}X@D[OA]XSl (—[0, 1] X 8D[0,4] X Sl) U{1}><8E ({1} X E)

and W is identified with an open subspace of one of the products [0, 1[xDjg 4 x S* or |0,1] x E
near OW. Recall that 7, is the standard product parallelization of Djyg4 X S'. Then the
parallelizations 7 and 7, together induce a trivialization 7y of TW on OW and p; (7, 7) is the
relative first Pontrjagin class of 7oy, in (W, 0W). The definition and properties of p; are given
in details in Subsection 5.1.
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Theorem 2.7 Let &, = =&, be the element of A, defined in Definition 8.4 or in [Les04a,
Subsection 1.6]. It is zero when n is even and & = 75[0]. Then
. b1 (7-7'('7 T)&

5n<K) :5n<K77') 1 n

is an invariant of K for anyn > 0. Set Z)(K) =0 and 2(K) = )
exp(2(K)) is an invariant of K such that

2.(K). Then Z(K) =

neN

Z(K)=Z(K,T) exp(—@&).

ProOF: This is a consequence of [Lesll, Theorem 2.4]. According to [Les04a, Proposition
2.45], & = — (0], and according to [LesO4a, Proposition 1.10], &, = 0 if n is even. O

3 Preliminaries for the proof of Theorem 1.1

We refer to Section 2 above for the construction of (Z,),. What is actually constructed is an
invariant Z(K,7) = (Z,(K, T))nen for some parallelization 7 of E that is fixed on a collar of
OF such that

Z(K) = Z(K.7) exp GW&)

where

& = Z@Qnﬂ e A.

Fix E and n. Since the data of £ and m(K) are equivalent to the datum of K C R, we
write Z,(E) = Z,(K). Under the assumptions of Theorem 1.1, we compute

Zo([B; (AV/AD)ien]) = Y (F1)¥Z,(Es).

Sc{1,2,....2n}

In order to do this, we use 3n parallel cycles G,(Es) of (Cy(Es), 0Cy(Es)) similar to the
chains §(t)Fy (Mg) constructed in [Lesl0, Section 11]. We first review the properties of the
equivariant propagators F.(Eg) = %GT(ES). In order to construct them, we assume that the

A® are inside Ejo,1/9. Recall that pg: E — E is the covering map of the infinite cyclic covering
for E. Note that §(Kg) is independent of S. Denote it by ¢ or §(K).

3.1 The equivariant propagator F(F)
Let (a§i),Z§i))j:17___g(A(i)) be a basis of H;(0A®) such that agi) = 62(@?) where Z(agi)) is a
rational chain of A®”) and (agi), z,(;)) = 0,
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Let [~7,4] x 9A® C E be a neighborhood of 9A® =0 x 9A®D . ([-7,0] x 9AD c A®)))
For s € [=7,4], set

A —

S

AD U ([0,s] x 0AD) if 5> 0
ADN (]s, 0] x 0AD) if s <0

and (E\ AD), = B\ A0,
9AD = {5} x 9AD = —9(E\ AD),.

Assume that X(a (i)) intersects [—4 O] x 0AW as [—4,0] x a(i) and construct a rational chain
2i(al’) = 2(@”) U 0,4] x a’. Set £(al) = A“mz(<h

J
Recall that we have fixed preferred hfts for the A® in E, the preferred hfts of the curves

, and the chains %(a; @) ) in the preferred lift of A®) are also denoted by a or X(a ()) while

the preferred lifts of the curves zj(» " will still be denoted by z

Assume that the map fp: E — S' is constant on each A® and that the fz(A®) are pairwise
distinct. There is no loss since the restriction of fz to A® is null-homotopic. The functions
frs will be assumed to coincide with fz outside UjegA®" and to map AW’ to fr(AD).

Let p(A®) be a point of 9A® outside the ay) and the z]@. Let v+H(A®) (resp. v~ (AD))
denote a path in pg ((E\ AD) 4\ ], AD) that intersects (pgl(Aé(f)) C E) as ([—4,4] x
p(AD)), and that intersect Ejy 4 C C x R as the half-line through {0} x fz(A®) directed by
X (resp. by —X) does.

Any path 4= (A®) is supposed to be disjoint from all the paths y*=(AY) for j # i. For

€ [~4,4], 77 (AD) = 4=(AY) N py KE\A“))

For k=1,...,9(A%), 5(K)(9E)Zk bounds a rational chain in E. Therefore it cobounds a
rational chain 5(K)(t)2(2l(:)) (E \ pgt(A ’))) with a combination of az ) that has its coeffi-

cients in Q[t, t71].

g(A®)

O(K)0D(E") = oK) Op)5" — Y (80k(E 27)) 0s) (af) = 5(K)(0)2".
Furthermore assume that, for ¢ # j,
. g(A(j)) . .
SO Mo (AD) = Y (3)k(E2)) (08) (Sala™))

Again use the product structures to extend & (t)E(Z',(;)) on [—4,0] x 0AY by setting
8(HZu(2)") = 82" U —([u,0] x 95(1)5(5")) € (E\p;m&“))
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for u € [—4,0]. Note that CQ(AEE )) has a preferred lift in C'(E), namely the lift that contains
{0} x UAflj). In the following proposition that is proved in [Les10, Proposition 11.8], AIE]) X
p(AW), Zt(ay)) X z,(g]), p(AW)) x AIE]) and zlij) X Zt(ay)) are in the preferred lift of CQ(Aflj)).

Proposition 3.1 The chain G(E) can be assumed to satisfy the following properties.
e Foranyj=1,...,2n, for any t € [—4,0], G(E) intersects
AP e (BN AD ) = pct(A) x (BN AD)p)
as
SO xafs(AN) + Y0 Sila) X 6(0)Sea(2).
ic{l,....,g(AU}

e foranyj=1,....2n, for anyt € |—4,0], intersects Nits Xe ) as
Foranyj=1,...,2 yt € [—4,0], G(E) intersects (E\ AD), 5 x, AP

D Tes(5) x Tu(@)”) = 50)(135(AP) x AP,

e Foranyj=1,....2n, foranyi=1,...,g(A9), (G(E),23(a") x p(AD)), = 0 and

(2

(G(E), p(AD) x Sy(a)). = 0.

e G(E) = 0G(E) x [0,1] in an equivariant neighborhood OCy(E) x [0,1] of OCo(E) in

Cy(E), where the coordinate in [0, 1] is thought of as the distance between two points in a
configuration near UE.

We therefore assume that G(F) satisfies all the above properties.

3.2 Defining G(Es) from G(F)

We consider parallelizations 7 of E that are standard on Ej; 4. See Subsection 2.4. When the
A® and the A%’ are integral homology handlebodies, the restriction of such a parallelization
7 of E to E\ [ A(i) extends as a parallelization 7(Eg) on Eg for every S € N where
N = {1,...,2n}. It does not necessarily extend when A® and A%’ are rational homology
handlebodies. In order to prove Theorem 1.1 in general, we use the pseudo-parallelizations
introduced in [Les04b, Sections 4.2 and 4.3] as in [Les10, Section 10].

These pseudo-parallelizations T defined in Definition 7.1

e generalize parallelizations,
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e always extend to rational homology handlebodies (Lemma 7.8),

e induce genuine trivializations 7¢ of TF ®g C that have Pontrjagin numbers p; (7, 7c) (see
Definition 7.2),

e define 3-dimensional pseudo-sections s;(E; X) of UE, for X € S?, so that
<87~—(E; X) N UE‘g, 87:(E; Y)>UE =0
for a two-dimensional cycle ¥ when X # Y (see Definition 7.3 and [Les10, Lemma 10.5]),

e provide 3-dimensional bounding cycles (X, s, 7) of GCQ(E[OQ]), for s € Dyyy and X € S,
~ . — -1 . —
8(X7 S, T) - 5<K)<‘9) <7T|8C‘2(E[072])\8@2(E[0’2[)<X) U S?<E[O,2}7 X) U JA(‘g)UE\sXSl) )

e thus allow us to define equivariant propagators F;(7) = (S(—t)Gi(%) of E such that

1
S(EK)(?)

Fy(7) = O(Xi, 81, 7) + 71(X,) C Co(E)

where C'(X;, s;, 7) is a rational 4—chain such that 0C(X;, s;, 7) = 90(X;, s;,7T), so that

Zn(K,7) = L,({Fi(7)})
is an invariant of (K, 7) and

Z2(K) = Z(K,7) exp(—@a).

See Theorem 10.1.

These pseudo-parallelizations are genuine parallelizations outside a link tubular neighborhood
in the interior of E, and they are “averages® of parallelizations on this tubular neighborhood.

The reader who is only interested by the proof in the case where the L P-surgeries involve
pairs of integral homology handlebodies -that includes the Borromean surgery case, and thus the
clasper case-, or more generally in the cases where the parallelizations extend to the replacing
rational homology handlebodies, does not need to read Sections 6 to 10 that justify all the
above assertions, in order to get the proof of Theorem 1.1. She/he just needs to replace the
word pseudo-parallelization by parallelization in the proof below.

In any case, the restriction of our parallelization 7 of F to E'\ H1221 AD extends as a pseudo-
parallelization 7(A®") on each A®’. For every S C N, define the pseudo-parallelization 7(Es)
so that it coincides with 7(E) on E \ [,.g A® and with 7(A@") on A when i € S.

1

The equivariant propagators F'(Eg) = WG(ES) associated with these knot exteriors Eg

will be associated with these pseudo-parallelizations so that
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e 0G(Es) = 0G(7(Es)) satisfies the same conditions as before,

 p(1) = p1(7r, T(Eiy)e) = pa(7n, 7 = 7(E)) = p1(7r, T(Esugiy)c) — pi(7x, 7(Es)c) for any i
of N and for any S C N\ {i}, thanks to Proposition 5.3 (2), so that

P17, T(Es)e) = pi(7a, 7) + ) pli).

=
Lemma 3.2 In order to prove Theorem 1.1, it suffices to prove that

Y (FUFZ(Es,m(Es)) = ({|| T(Zawa00))n-

SCN 1EN

(The Pontrjagin classes won’t appear in the alternate sum.)

PROOF: By definition, we have that

Z(—l)ﬁszn(Es) = Z(—l)ﬁs (Zn(ES,T(Es)) + ZZJ(ES,T(ES))Pn—j(S)>

SCN SCN j<n

where P,_;(S) stands for an element of A,_; that is a combination of m[['] where the m are
monomials in p;(7;,7) and in the p(i) of degree at most (n — j), for degree (n — j) Jacobi
diagrams I'. Furthermore, such an m[I'] appears in P,_;(S) if and only if m is a monomial in
the variables pi(7,,7) and p(i) for i € S. Therefore, we can rewrite the sum of the annoying
terms by factoring out the m|[[']. Let I C N be the subset of the i such that p(i) appears in m.
(#I < n —j). The factor of m[I'] reads

> (D) Zi(Es,7(Es)) = (=" Y (=DY Zj(Ers, 7(Er))

ICSCN JC(N\I)

where §(N'\ I) > N + j —n. Since {N +j—n=n+j and j < n, §(N \ I) > 2j. Thus since
the right-hand side of the equality in the statement of the lemma is obviously invariant under
a disjoint null LP-surgery, the factor of m[I'] vanishes if this equality holds true. O

Let AY denote A® if i € S and AD if i ¢ S.
For j =1,...,9(A"), let Z’(a?) be a rational chain in A% that intersects [—4, 0] x A
as [—4, 0] x ag»i). Identify a collar [—4,0] x AW of JAD" in AV with [—4, 0] x 9A® | naturally.

Define 5(t)zs(5j('i)) C <E;‘ \PE;(AS;))) from 5(75)2(%-”) by replacing the pieces Z(ay“)) by

pieces Zs(agk)), where Es(aék)) = Z’(aﬁk)) it k€S and Es(aék)) = Z(a§k)) ifk¢s.
Define G(E; = Egy) on (Co(E;) \ Int(Co(A"))) so that

e G(E) = G(E) on Cy((E\ AV)_y)
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e For any ¢ € [—4,0], G(E;) intersects A" x, (E\ A®), 5 as

S i) x 6T (27) + 5(0) (AR X 55(A0))

JE{Lg(AD)}
e For any t € [—4,0], G(E;) intersects (E\ AD), 5 x, A,Ei”

> Sea(E”) < Dilaf) —60) (175(40) x A7)

JE{L,...g(AD)}

e G(F;) intersects a neighborhood Z x UE; x [0,1] of Z x UE; in Cy(FE) as

3(0) ({0} x s-(Ei; X) x [0,1]).

Recall that ()55 (21") = 6(t)25(2”) U —([u, 0] x 96(t)x5(2)")) C (E“ \pg;<A£f>>) , for
€ [—4,0]. Set is(v(i)) = pe(0(t)%5 (2 :1)) C Eg. For a 2—chain X of Eg, let U(X) abusively
denote UEg)x and define Hé C 6CQ(E5) as
HO = Luoaw @l d)s@)ik 0, 50 @)U S (2
(7,k,0)E{1,...g(AD)}3

Define G(Es) on Cy(Es) \ 11,

€S

Int(Cy(AD")) as
e G(FE) on C, <E \ ies A(_ZZ;),

o et SHay) x SOTE () +00) (A X i ) on AP X (Bs \ AP,
for i € S and t € [—4,0],

O ety 0T () x Ti(a”) = 00) (v g % A on (Es\ ATy x A,
for i € S and t € [—4,0].

Proposition 3.3 Let 1) €]0, & [. Choose an injective map g:{1,2,...,2n} —]0,1[.
There exist rational chains G(A®") in Cy(AD') such that

o G(AY) intersects the equivariant neighborhood 8C~’2(A(_Z)1/) x [0,1] as the intersection of
8C(AY) x [0, 1] with

(G N (Z x UAWY)) x [0,1]) U < O _sig( X L9, 1])
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U (HE) iy < Lo(in})

(Here, we use our equivariant neighborhood 802(Ei) x [0,1] of OCs(E;) in Co(E;) where
the coordinate in [0, 1] is thought of as the distance between two points in a configuration

near UE;.)

o The chains

G(Es) = G(Bs) N (Ca B)\ Lies CalA™) ) + Xy G(AD)
+ Sies ((HE 41y * 196} ) 0 (ColBs) \ Ca(a)))

are of the prescribed form on (C'Q(E) \ C~'2(E[072})> UUE and their boundaries are the

wanted ones.

PROOF: See [Les10, Lemma 11.11]. O
Then the chains G(Eg) can be used to compute Z,(Eg, 7(Es)).

3.3 The parallel chains G,(Eg)

The construction of the chains G(Fg) involves choices of transverse chains ES ( gz)), 5(t)S ( j(z))

and y*(A®). In order to construct the G, (Es), we use parallel copies ES( 7’) 6()%% (% @ T)
and v*(A® r) of these chains with the same properties. We furthermore fix consrstent Rle—
mannian metrics on the Eg and assume that the y*(A® r) are at distance at least 7 from
each other for a small positive n for distinct (7,7). We also assume that the neighborhoods of
the intersections of three ¥9( 5), r) are identified with euclidean cubes that are intersected by
the surfaces as parallel or orthogonal planes, and that the pseudo-parallelizations match the

standard parallelization of these cubes.

Lemma 3.4 The Es(ay), r) can be chosen so that there exists v €]0,1/2[ such that for any i,
for any S C N,

e for any 4 distinct pairs (ji, ) in {1,...,g(AD)} x {1,...,3n}, for any x € Ag), there
exists (jg,7¢) among the 4 pairs such that d(z, Zs(ag»z), re)) >V,

e if there exist 3 distinct pairs (j, %) i {1,...,9(A®)} x {1,...,3n} and v € Ag) such
that d(x, %5( §k),rk)) < v for any k, then the ji are pairwise distinct, and x is in a
(@)

standard neighborhood of an intersection point of the three ¥°(a a;, JTE)-
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PRrROOF: When a curve ay) is null-homologous, for different r, the chains ©% (ag»i), r) (can and)
will (be assumed to) be disjoint parallel surfaces. In general, let k& be the order of ay) in
Hl(Ag);Z), the 39 (ag.i),r) will intersect Ag,)fﬁ as disjoint parallel surfaces —with coefficient
1/k— and they will intersect a collar [—4,0] x 0A® as [—4,0] x {t,} x agi) where [—1,1] x agi)
is a collar of ay) in 0A® and the ¢, are different elements of [~1,1]. Then % (ag.i),'r) and
ES(agi), s) will intersect inside | — 6, —4] x 9AD as k(k — 1)/2 curves {x, i} X ag»i), these
curves will be disjoint for different (7, s, £). See the figure where k = 3.

(0,21, p(a)) (0,2, p(a))
(—4,t1,p(a)) (—4,t2,p(a))
(—=6,t1,p(a))

There is no loss in assuming that the intersections Zs(ag), )N Zs(aq(f), s) for a given (u,v),
with u # v, sit outside the collar [—7,0] x A® of A® either, and we do.
For any i, and for any set of 4 elements (ji,rx) in ({1,...,9(A®)} x {1,...,3n}), the
continuous function from Ag) to R*
r +— max;_,d(x, Zs(ag»i), )
has a non zero minimum because Ag) is compact and there are no quadruple intersections.
Similarly, for any set of 3 elements (j,7) in {1,...,g(A®)} x {1,...,3n} such that j; = js,
x> max;_,d(z, Zs(ag?, %))
has a non zero minimum.
The minimum over all the above finitely many minima satisfies the wanted properties. [J

Note the easy lemma.

Lemma 3.5 Fiz 3n distinct vectors X1, ..., X3, (in generic position) in S*. Then there exists
C > 3n such that for any vector @ of norm less than 2/C, for anyi # j, (X;+u) #|| X;+4 || Xj,

and the map (X — ”X—iﬁ”(X + 1)) is a diffeomorphism of S.

O

Fix n €]0, zz[ such that the 7E(AD) are at distance at least 7 from each other.

For i € N, and for r € {1,2,...,3n}, set
1

g(i,r) = V(C2)T'
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Set G1(Es) = G(Es) with g(i) = ¢(i,1). Then define G,.(Es) from G(Es) and G,.(A®") from
G(A®") by replacing ¥°(.) by 9(.,7), v (A®) by v5(AD, ) and g(i) by g(i,r) everywhere in
the construction.

Then set

Go(Es) = Grl(Es) N (CalEs)\ [T Ca(A)) O
+ Ties (Y 41 g * {07 ) 01 (Cals) \ Co( AD) ) 4 K05 Gu(ADY).

Furthermore assume that for a pair of points in U Egjo ) X {t} C UEgjo,9 %[0, 1], the distance
between the two points is t if ¢ < v.

4 Proof of Theorem 1.1

4.1 Associating colorings with contributing intersections

Recall N = {1,2,...,2n}. We want to compute

Z(_l)ﬁszn(ES,T(Es)) = Z (_1)115@.

3n | |
SCN SCN;reSy 2 (3n)(2n)

Recall that S* is defined in Subsection 2.3. Consider an intersection point m = (m;)ien € EY
that contributes to Ip({F (Es)}) for I € S¥. Let n be the parameter of Proposition 3.3. When
m; belongs to A” u) porA G »» color the corresponding vertex v(7) of I' by j. Then color the remain-
ing vertices by 0. If the intersection point is in p(T,e(r))™" (p(; (Hé) srgliry X 190, T)’I]}))

then color the edge e(r) by i. Then the two vertices of e(r) must have the same color unless one
of them is in AY) \A(_J,)z In this case, switch its color from 0 to j. Iterate such switches so that
two vertices of a colored edge always have the same color, and vertices colored by j are in AV
or AU Let C denote the obtained coloring of the diagram. This process assigns a coloring C to
each intersection point. Let Zr({F,(Eg)};C) be the contribution of all the intersection points
colored by C to Zr({ F.(Es)}) so that Zr({F-(Es)}) = > o Zr({F:(Es)}; C). For this proof, we
denote the alternate sum of the intersections associated with (I', C) by I(T',C).

I(T,C) = Y (-)*Ir({F.(Es)}; C).

SCN

s I(r,c
SV LETEN = Y g

SCN (T',C); TeSY, C coloring of T

We first fix I' and C and we get rid of colorings C such that I(I',C) = 0, in order to be left
with the admissible colorings of Definition 4.4. Consider the graph T'(I", C) obtained from I" by
removing the uncolored edges.
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Lemma 4.1 T(I',C) is a disjoint union of trees (where an isolated vertex is a tree).

PROOF: Otherwise, consider a simple cycle in T'(I',C), and the two (points associated with
the) vertices of the edge e(r) with minimal label 7. The distance between these two vertices
related by the edge e(r) colored by i is g(i,7)n where

g(i,m)n > 2ng(2n,7")n

for any " > r. Since there are at most (2n — 1) edges different from e(r) in that cycle, the

distance between our two vertices is then less than 22;19(2', r)n, and the cycle cannot exist. [

Lemma 4.2 If I(I',C) # 0, then the color 0 does not appear and every color of N appears
either once as an edge color or as a color of the vertices of a tree with colored edges.

PROOF: Let us first prove that if at least one color of N does not appear in the coloring C,
then I(I',C) = 0. Let i be the smallest color that does not appear. Let S be a part of N. If

S contains 4, then a contributing intersection point m to Zr({F,.(Fs)};C) is in (Es \ A@;)Z"

outside the parts p(T, e(r)) ™! <pc (Hglﬂg(m)n X {g(i,r)n})). Then the same point s(m) of

(Es\iy \ A@?)Q" will contribute to Zr({ F,.(Es\(i1)}; C) like m contributes to Zr({ . (Es)}; C), so
that the contributions of m and s(m) cancel in the alternate sum. Setting s(s(m)) = m allows
us to define an involution s of the set of intersection points such that one color of N does not
appear, so that the contribution of m and s(m) cancel each other. Thus if I(I',C) # 0, then all
the colors of N appear in C.

There is one vertex color in each component of T'(I',C). Therefore the number of colors
in I is at most the sum of the number of components of T'(I',C) and the number of edges of
T(T',C), that is the number 2n of vertices of I, because of the previous sublemma. Therefore,
the number of colors in I' is at most 2n. Finally, since the 2n colors of N must appear, the
color 0 cannot appear and every color of N appears either once as an edge color or as a color
of the vertices of a tree. OJ

Fix v and the £ (agi), r) so that the conditions of Lemma 3.4 are satisfied.

Lemma 4.3 Let T be a component of T(I',C). Let E(T) denote the set of edges of T, let
V(T) be the set of vertices of T, and let E.(T') be the set of edges of ' that have one end in
V(T). If I(T',C) # 0, then

2E(T)) + §(Ee(T)) < 3.

PrOOF: The vertices of V(T') are colored by ¢ € N. An edge of E.(T) constrains its vertex

in 7" to live in some Z(al(.é),),r). The edges of T' constrain both their vertices to live at a

distance less than g(i,r)n from some Z(agfi), r). All the vertices of T" are at distance less than
(2n — 1)g(2n, 1)n from each other where (2n — 1)g(2n,1)n < vn < §. Then, since g(i,r)n < %,
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a vertex of 7" will be at distance less than v from all the Z(agfi), 1) associated with the edges

of E(T) or E.(T) that are distinct because the r are distinct. According to Lemma 3.4, this
finishes the proof. OJ

Definition 4.4 Let S’ be the set of trivalent graphs with 2n numbered vertices and with 3n
numbered and oriented edges, with possible loops. Let T' € St. An admissible coloring of T is
a coloring C of all the vertices of I and some edges of I' by elements of N such that

e all the elements of N color either an edge or at least one vertex,

e two vertices have the same color if and only if they are connected by a path of colored
edges,

e the graph T'(T", C) obtained from I' by removing the uncolored edges is made of components
T that satisfy one of the following set of hypotheses.
— Case V: T is a vertex.
— Case 0: T is an edge, and the component of T' in I is a #-graph.

— Case D1: T is an edge, and there is one uncolored edge in I" that has the same ends
as 1.

— Case D2: T is made of two edges e(r1) and e(ry) sharing one vertex v(b), the other
vertex v(a) of e(ry) belongs to the only edge of E.(T), the third vertex v(c) of T' is
connected both to v(a) and v(b) by uncolored edges, and r; < 5.

— Case D3: T'is a linear tree with 4 vertices, and its component in I is as in the figure
below with 7 < ry and r1 < rs.

These 5 cases are drawn below, the colored edges are dotted.

Case V: /l\
Case 6: 44

Lemma 4.5 Let ' € §*. If I(T',C) # 0, then C is an admissible coloring of T".
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Proor: If §(E(T')) = 0, then T'is a vertex. If §(£(T")) = 1, then T"is an edge, and §(E.(T)) < 2,
then either §(E.(7T")) = 0, and the component of T"in I' is a #-graph, or §(E.(7")) = 2, and there
is one uncolored edge in I' that has the same ends as T.

If 4(E(T)) = 2, then T is made of two consecutive edges sharing a vertex v(b), and #(E.(T))
that is necessarily odd is one.

U(a)....?’.@. ....... )

In particular, in all cases but Case 6, §(E(T)) + §(E.(T)) = 3. Therefore the vertices of T

must be at distance less than v from three Z(agfi), r) associated with distinct . Thus they are
near triple intersection points of surfaces, according to Lemma 3.4, and at a distance less that
¢ from each other (see the proof of Lemma 4.3).

Recall that the pseudo-parallelizations are standard on the neighborhoods of these points.
Then the constraint associated with an uncolored edge e(r) of T" from a vertex v(z) of T to a
vertex v(y) of T' will sit inside U (A(f%) x [0, 1] and since our chains G read as products by [0, 1]
there, according to Proposition 3.3, (where this [0, 1] is thought of as an interval of distances
between two points), such an uncolored edge e(r) constrains the direction of the vector from
v(x) to v(y) to be positively colinear to X,.

Back to the case where §(E(T)) = 2, there cannot be a double uncolored edge between the
two ends of our linear tree with two edges because the X, are distinct.

s @ g

Therefore the edge of E.(T) meets T at a vertex v(a) # v(b), and the edges of I' involving T’
are as in Case D2. Now, if 71 > ry, then the length of the edge e(rs) (or of a geodesic segment
joining the images of its ends) is greater than C times the length of e(r), then according to our
assumption on C in Lemma 3.5, the directions of the two uncolored edges are too close to each
other to be colinear to different X,.

We are left with the case when §(E(T")) = 3. In this case §(F.(7)) = 0, and T" contains the
4 vertices of a connected component of I'. Then either T' has a trivalent vertex and we say that
T is a tripod, or T' is a linear tree. If T"is a tripod, _.s. , the component of T"in I' is .
One of the edges of E(T) is far longer than the two other ones : the length of the edge indexed
by the smallest r is greater than C times the length of any of the two other edges. Then the
directions of the two edges of \ 7" that are connected to the exterior vertex of this one
are too close to each other in S? to be mapped to different X;, because of the condition on C
and the X; in Lemma 3.5.

Then T is a linear tree with 4 vertices v(a)e-*®le.c...c. ¥ eu(d) and the extra edges that
connect them in I' are

e cither {v(b),v(c)} and twice {v(a),v(d)},
e or {v(b),v(d)}, {v(a),v(c)} and {v(a),v(d)},
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e or in the last case {v(b),v(a)}, {v(d),v(c)} and {v(a),v(d)}

The first two cases can be ruled out by the longest edge argument, and the third case can be
ruled out by the same argument unless {v(b),v(c)} is the longest edge of T. Thus we have no
contributions unless we are in Case D3. 0

4.2 Sketch of the proof of Theorem 1.1

The definition of I(I',C) can be extended to any graph of 8% equipped with an admissible
coloring as the following alternate sum of A” intersections.

I(T,C) =) (—1)¥Ir(5;C)

SCN

where Ir(S;C) is the intersection It defined by the following constraints when I' has no #-case.

e The vertices colored by j must be in Agj) (that is AV if j € S and AY) if j ¢ 9).

e The constraint associated with an uncolored edge e(r) from a vertex colored by i to a
vertex colored by j is

Fop= > (20250, r) x 550, 7)
(u,0)€E(4,5)

where £(i,5) = {1,..., (AN} x {1,...,g(AU}if j # i and E(i,4) = {1,...,g(AD)}2\
diag.

e The constraint associated with an edge e(r) colored by i € S between two vertices colored
by m is
> Zuo a0l af ke (57, 5 O 20Uy 00 (2% 0l 1)

where the sum runs over the ((j,k,¢),v) € {1,...,g(A)}3 x {1,...,9(A")} and
Ug(i,r)n(ZS(af,m),'r’)) denotes {0} x UE 55300 ) X {g(i,7)n} in the neighborhood {0} x
UEs x [0,1] of {0} x UEg in Cy(M).

e The constraint associated with an uncolored edge e(r) between two vertices colored by ¢

reads
sTS(Ag);Xr) x [0, 1]

and determines the direction of the vector associated with its ends.
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It is easy to check that this definition of I(I",C) is consistent with the existing one when
I'eS;.

For a graph I" of S* equipped with a coloring C, I(I',C) is the product of the intersections
I(T;; Cpr,), where the product runs over the connected components of I'. Similarly, for a graph
I of 8¢ equipped with an admissible coloring C, I(I',C) is the product of the intersections
I(T';;Cr,), where the product runs over the connected components of I'. This finishes the
general definition of I(I',C), since I(I',C) has already been defined when T is a -case.

A simple coloring of I' € 8¢ is an admissible coloring C such that no edge is colored.

The following subsections will be devoted to the proof of the following proposition.

Proposition 4.6

> > Ir.c)=>Y_ > I(T,C)

I'eSY C admissible coloring of T’ rest C simple coloring of T
Assuming Proposition 4.6, since
. I(r,C)
S 5
S (1) Z, (B, 7(Es)) = ) IO
ol . 237(3n)!(2n)!
SCN (I',C); TeSY, C admissible coloring of "

Theorem 1.1 is the direct consequence of the following proposition that we prove in this sub-
section.

Proposition 4.7

I(T',C) -
> > = (| | T(Zur a0)))n
3n | |
rest C simple coloring of T 2 (377,)(277,) 1€EN
Definition 4.8 For i € N, let D(i) be the set of maps d(i,.): {1,2,3} — N such that
1<d(i,1) < d(i,2) < d(i,3) < g(AD).

For d(i,.) € D(1), set
Z(d(i,.)) = Zaw aer(Cae), Gai,2), Gdi,3))-
Let D be the set of maps d: N x {1,2,3} — N such that for alli € N, d(i,.) € D(i). For d € D,

set
Z(d) = [ [ Z(d(i, ).

iEN

Note the obvious lemma:
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Lemma 4.9 Ford € D, set

T(i,d(i,)) = 39 L 50 apd T(d) = | | T(i,d(,.)).

d@,3) " Fd(i1)
1EN

Then
(] T@ara0))) =D S T(d)((T(d)))n-

1EN deD

O

A simple coloring of I' € S¢ induces a bijection from the set of vertices of I' to N. For a
simple coloring C of a graph I'; and for d € D, define I(I',C, d) as follows. Denote the three half-
edges of the vertex colored by i of I by h(i, 1), h(i,2) and h(i, 3), respectively, arbitrarily. The
bijection h from N x {1, 2,3} to the set H(I") of half-edges of I' induces an orientation o(h) of I'
that is called its h-vertez-orientation. An edge e(r) in our graph I' goes from a vertex colored
by i(r) to a vertex colored by j(r). There is a natural bijection b from {1,2,...,3n} x {1,2} to
H(T') that maps (r, 1) to the first half-edge of e(r) and (r,2) to the second one. Let G(I',C, d)
be the set of maps 7:{1,2,...,3n} x {1,2} — N such that v o b= (h(i,k)) = d(i, p,(i, k)) for
a permutation p,(7,.) of {1,2,3}, for all 7. Let sign(p,(7,.)) = %1 be the signature of p,(i,.),
and set e(7y, h) = [[;cn sign(p,(4,.)). Note that p, is determined by v and that v is determined
by p,.

Equip I" with its h-vertex-orientation. For v € G(I',C, d), define [I',(o(h))] as the (class in
A" of the graph obtained by beading the oriented edge e(r) of ['(o(h)) by k. (z/") 200y ().

y(r,1)? “x(r,2)
Define
IT.C.d)= Y ely,))I(d)[T,(o(h))].
~EG(T,C,d)

Proposition 4.10 If a graph T' € S is equipped with a simple coloring C, then

I(T,C) =) _I(I.C.d).

deD

PROOF: For an edge e(r) from a vertex v(z) colored by i(r) to a vertex v(y) colored by j(r),
the constraint is a sum running over the elements (¢, u) of £(i(r), j(r)) of constraints that read

(mx, my) c ES(aiz’(r))7 7“) % ES(a(j(r))7 7“)

u

with a beading coefficient lk:e(égi(r)), z(tj(r)))(t), where the normal bundle to Zs(al(f), )X Es(ag), T)
)
)

is oriented by the normal V/(r,1) to Es(agi), r) in Copy x of Eg followed by the normal V(r,
to ©5(a%’,r) in Copy y of Eg. Associate V(r,1) with the half-edge (v(z),e(r)) and V(r,
with the half-edge (v(y),e(r)).

2
2
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Lemma 4.11 Let I' € §*. Consider a point m = (mq,...,ma,) in a transverse intersection
mre{1727m73n}p<r,T)_1<pC<Gr)). Assume that the oriented normal bundle to G, is generated by
two vectors whose preimages V(r, 1) and V(r,2) live in T, ., & and Ty, ., ., E, Tespectively,
so that exactly three independent normals live in every T,, E, for every j, (k(V(r,1)) = x
and k(V (r,2)) =y, above). Let e(m)[I o] denote the contribution of m to Ip({F,}) (where
[ is equipped with its canonical vertex-orientation o(I')). Then the sign of the contribution
e(m)[L pem)] may be computed as follows.

Assign the normal V (r,1) (resp. V(r,2)) to the first half-edge of e(r) (resp. to the second
one). Then use a permutation o of the set of normals to permute the normals so that the normals
in Trn, BV are assigned to the three half-edges adjacent to v(j). Equip ' with an arbitrary verter-
orientation o, and let [I'(0,)] be the corresponding element of A", Let e(m,a) be the product of
the sign of the permutation of the normals by all the signs associated with the vertices, where
the sign associated with the vertex v(j) is 1 if the normals assigned to the half-edges of v(j) in
the cyclic order induced by o, induce the orientation of T,,, E, and it is (—1) otherwise. Then

5(m)[rp(m)] = ¢e(m, Oa)[rp(m)(oa)]'

Observe that the sign of £(m, 0,) (" y(m)(04)] is independent of o, and of the numbering of vertices.
PROOF OF LEMMA 4.11: Equip I' with its canonical vertex-orientation o(I") (induced by the
edge-orientation and the order of factors, see Subsection 2.3). Then the sign in front of the
beaded I' associated with the intersection point m is determined by comparing the orientation
of E?" with the orientation given by the sequence of normals associated with the half-edges
ordered by the order of factors of E** and by the vertex-orientation (up to even permutations).

O

In our current proof of Proposition 4.10, there is no need of permuting the half-edges and
the contribution of the normals to the sign in front of [I'], where I" is now equipped with the
arbitrary vertex-orientation o(h) that does not necessarily coincide with the canonical one, is
the product over the vertices of the signs associated with each oriented vertex by comparing
the orientation induced by the three normals to the orientation of Eg. The original numbering
of the vertices of I' is unimportant, but the vertices inherit a new numbering from the coloring
of the vertices.

Numbering the vertices of I with the coloring, our intersection point m reads (my, ma, ..., may,)
where each m; is an intersection point of three surfaces Z(ag()i7k),r(i, k) in A® if 4 ¢ S and

it is an intersection point of three surfaces Z’(ag()%),r(i, k) in A®" if i € S. In this latter
case, the contribution is multiplied by (—1) in the alternate sum. Then we can get rid of
the S and of the alternate sum by considering m; as an intersection point of three surfaces
(a0 k) U (=X (al), 4, 7(i, k))) in AD U —AO.

Here, we fix the d(i, k), for k = 1,2,3, so that 1 < d(i,1) < d(4,2) < d(i,3) < g(A®D). Thus
our intersection point determines an element d of D and a permutation p,(z,.) of {1, 2,3} such

that the normal to Z(ag()l. P (iaK))’ r(h(i, k))) is associated with h(i, k), and the sum of the con-

tributions to I(I',C) of the intersection points that determine d and « is (v, h)Z(d)[I'y(o(h))].
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This concludes the proof of Proposition 4.10. 0

In particular, for a graph I' of 8¢ equipped with a simple coloring C, I(T',C) is independent
of the numbering of the edges, of their orientations and of the initial numbering of the vertices.

Thanks to Lemma 4.9 and Proposition 4.10, Proposition 4.7 is now the direct consequence
of the following lemma.

Lemma 4.12 For any d € D,
- I(T',C,d)
s -y w e
Trest C simple coloring of I’

PROOF: For any graph I' of 8, the simple coloring induced by the numbering of vertices of T
in SfL is called the canonical coloring of T', it is denoted by Ceq, (). Note that

I(T,C,d) <= I(T,Coun(T), d)
Z Z 23"(371)!(271)!_2 23n(3n)!

eS¢ C simple coloring of T’ rest

Consider the set B of bijections from {1,2,...,3n} x {1,2} to N x {1,2,3}. Let py: N X
{1,2,3} — N be the natural projection. With each bijection b € B, associate the maps
i:{1,2,...,3n} — N and j:{1,2,...,3n} — N such that i(r) = py(b(r,1)) and j(r) =
pn (b(r,2)). Then the bijection b determines the graph I'(b) € S’ such that the edge e(r) of I'(b)
goes from v(i(r)) to v(j(r)). Furthermore, b equips the half-edge b=1(i, k) of the vertex v(i) of
['(b) with d(i, k), it also equips the vertex v(i) with the orientation induced by b71(4,.). This
vertex-orientation of I'(b) will be called its d-orientation and denoted by o(d). Let I'(b),(o(d))
be the graph obtained from I'(b) by beading each edge e(r) by lke(éc(li(g?rzl)), 2c(l](l(>7(2)2)))

Observe that for any I' € S,

I(T,Ccan(D),d) = Y Z(d)[L(b)y(0(d))]-

beB;I(b)=T

Thus

I(1,C,d Z(d)[T(b)y(o(d
> 3 ( ) _Z:<M<nu>n

23n(3n)1(2n)! 237(3n)!

eS¢ C simple coloring of I' beB

Now, a bijection b of B determines a pairing of P (T (d)) See the definitions before Theo-
rem 1.1. Namely, if b(r, 1) = (4, k) and b(r,2) = (j,¢), the leg labeled by d(i, k) is paired with
the leg labeled by d(j, ¢). Two bijections b and b determine the same pairing if and only if they
differ by a permutation of {1,2,...,3n} x {1,2} that preserves the partition in pairs. Such a
permutation permutes the labels of the edges and reverses some edge orientations. There are
23"(3n)! such permutations. O
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Remark 4.13 Let S¥° denote the set of trivalent graphs (with possible loops) with 2n num-
bered vertices, whose edges are unordered and unoriented. Let I' € S be a graph equipped
with a simple coloring C. Let I'(C) € S*¢ be the graph obtained from (I',C) by forgetting the
numberings and the orientations of I' and by numbering the vertices of I' by the coloring. For
a graph ' € &, equipped with a simple coloring C, I(T',C,d) depends neither on the num-
bering of edges and vertices of I' € S, nor on the orientations of the edges (because of the
conjugation relation for the edge reversals), thus it only depends on I'(C) and will be denoted

by I(I'(C),d). There are %&%ﬁ' colored graphs (I',C) that give rise to a given I'(C), where

Aut(I'(C)) denotes the set of automorphisms of I'(C). Such an automorphism must preserve
the colored vertices pointwise. It only permutes multiple edges with identical ends and reverses

looped edges.
ped ecg Ir.c,d I(T'(C),d)
2D S 2 A(TC)

eS¢ C simple coloring of T rc.eSge
4.3 The 6 case
First note the following two easy lemmas.

Lemma 4.14 In A", for any beading b(t) we have
b(t) b(t) b(t) — b(t)

where b(t) = b(t™").

PROOF: These are easy consequences of the Jacobi relation, the conjugation relation and the
antisymmetry relation. O

Lemma 4.15 For any P(t) € Lt)@[t, t1,

5
b(t) b(t)
<fp(t) ?1;(1)

Let Z(4,¢) be the following component of a colored graph of S%

=(i,0) = OO

where the coloring is the only represented data. See Definition 4.4.
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Let 203 denote the set of even permutations of {1,2,3}. Fori € N, o € 3, and d(i,.) € D(i),
set

B(i,0,d(i,.)) = Ik (Zdzo(Z))’zc(lZ()z o(3)) (1) — Ik (zc(ll()z a(3))? 26(;()@ o)) (1)-

Note the two immediate lemmas.

Lemma 4.16
B, 7, d(t,))()
—_ . 0
I(2(i,0)) = 3 S T ) D 0y 2y -
(d(i,.),d(£,.))ED (i) x D(¢) (o,7) A2 B(i,0,d(i,.))(t)
Lemma 4.17
), x {g(i,r)n Z S T(d(i, ) (0B, 0, d(i, ) O)Us(inrn(Sn (240 o 11))

,)ED (i) o3

where Uy vy, (3) denotes {0} x UEgs x {g(i,r)n} in the neighborhood {0} x UEg x [0,1] of
{0} x UEg in Co(M).

O

Proposition 4.18
e(t) 0 if r = maa(r, s, t),
1< @ ) _ L IEG ) ifr = min(r, s, ©),
S1(2(i,0))  otherwise.

(In particular, it is independent of the edge-orientation.)

PROOF: The vertices v(z) and v(y) of an intersection configuration are in A® or A®’  and,

according to Lemma 4.17, their pair is in Uy, (2° (aq(,g), r)) equipped with the coefficient

I(d(Z’ ))B(la g, d(Z’ ))(e)lk(zd(z (1)) 1()@)7

for some d(i,.) € D(i), for some o € As, and for some v € {1,...,g(A®)}. This pair of vertices
is in U(A(g)) [0,1] and in two other chains pc(G¢(Es)) and pc(Gs(Es)). There, according to

Proposition 3.3, up to parts (Hé{)_4+g(j7t)n x {g(7, t)n}) that cannot intersect because g(j,t) #
g(i,r), Fi(Es) reads (s;4(AY; X;) x [0,1]) if £ ¢ S and Gy(Es) reads

5(8) (575 (A®; X,) % [0,1]) U
(<0HS 1,y % o060 1)) U (B0, % {o(L 00}
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if ¢ € S. If we are dealing with actual parallelizations s,,(A®; X;) N s, (A©; X,) = 0, and
since ¢(i,7) # g(¢, s), up to exchanging ¢ and s, our pair is in pC(HS)—Hg(z s X lg(¢, s)n, 1]). If
we are dealing with pseudo-parallelizations, since the algebraic intersection

<STS(ZS(GQ()£)7 T), Xt)? STS(ZS(az()z)v ’I"), XS)>U(ZS(O/1()£),T‘))

vanishes, according to [Les10, Lemma 10.5], the possible intersections in s (AD": X)Ns. (A X))
do not contribute to Z,(Es) so that we may assume in any case that our pair is in

(8HS —4+g(£,8)n [g(f, 5)777 1]) N (STS(ES<Q1()Z)7 T); Xt) X {g(iv 7“)77})

and therefore that g(i,r) > g(¢,s), r < s, and {i,¢} C S. Recall that

= > ST ) @B, d( ) DU (S (25 0)-

d(¢,)ED(¢) T€A;

Now, the third constraining propagator Fy(Es) reads s,,(A®’; X;) x [0, 1] near our intersection
point and 7g is a genuine parallelization there, so that this third propagator constrains the
direction of the vector from m, to m,, and the vector (m, — m,) is fixed because its length is
fixed by e(r).

Assume that the three edges go from v(z) to v(y). Then Edge e(r) constrains m, to live in
X (ag), r), and Edge e(s) constrains m, to live in 855(26(2;(1))), so that v = d(¢,7(1)).

Associate the normal z = 2 to Zs(aq(f), ) with the half-edge (v(x), e(r)) and the positive
normal N(S) = N(S ) to the sphere S, around v(x) with radius g¢(i,7)n with (v(y),e(r)).
Note that (—0U (2 ( ZT(I)))) [9(¢, s)n, 1]) is cooriented by the positive normal a = agl?“(l))
to ii(z‘) followed by the outward normal N(9A®) to dAL . These normals are respectively
associated with the half-edges (v(z), e(s)) and (v(y), e(s)). Associate two tangent vectors v; and
vy to 5% at X; that orient S? with the half-edges (v(x),e(t)) and (v(y), e(t)). Using Lemma 4.11,
we compute the signs with the following picture:

U1 V2 N(@A(Z) ) V2
v(w) ) ~ — v(x) )
a N(aA(L’)) a V1

so that we get positive signs at the two vertices of the right-hand side vertex-oriented 6.

Fix d(i,.) and d(¢,.). For (o,7) € 2%, set B(i,0) = B(i,0,d(i,.))(t) and B({,7) =
B(¢,7,d(¢,.))(t). Then the intersection associated with this graph with its extra-structure
given by d(i,.) and d(/,.), the coloring and the choice of s > r is

S T )T )R . zé‘;ZT(l)))(—l)
(0,7)€23 W
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where there is no possible choice of s if r = max(r, s,t), there are two choices if » = min(r, s, t),
and there is one otherwise.
Since B(i,0) = —B(i,0), Lemma 4.14 implies that

:_% B(t,){ »—<€ )»B(i,0) in A"

Thus Proposition 4.18 is proved when the three edges are oriented from v(x) to v(y).

Lemma 4.19 Reversing the orientation of an edge with fixed length associated with a constraint
s-(F; X;) x [0,1] does not change the contribution of the intersection point.

PROOF: The constraint on Edge e(t) from v(z) to v(y) is induced by the S?-valued map
”direction of m, — m,*“. Assume that (X, vi,vs) is a direct orthogonal basis of R*®. Then
my — my = AX; + avy + Svy, and the constraint reads (o, 8) = 0.

When this constraint is seen as a constraint on m, for a given m,, let vy, (resp. vs,) be
the vector vy (resp. wvy) seen in T, Se as a vector tangent to the sphere S, centered at m,
with radius the length A of (m, — m,). Then the normal vectors associated with e(t) are vy,
assigned to the first half-edge b(¢, 1) = b(¢, x) and vy, assigned to b(t,2) = b(t,y).

When the constraint is seen as a constraint on m, = m, — AX; + a(—v;) + B(—v) for a
given my, let (—vy ;) (resp. (—va,)) be the vector (—vy) (resp. (—vq)) seen in T;,, S, as a vector
tangent to the sphere S, centered at m, with radius A\. Then the normals associated with e(t)
are (—vy ) assigned to the first half-edge b(¢,1) and (—vs ) assigned to b(t,2).

Thus when the orientation of e(t) is reversed, e(t) goes from v(y) to v(z), the associated
constraint (a, ) = 0 with m, — m, = AX; + av; + [vs, seen as a constraint on m, will be
represented by the normals (—vy,) € T},,5, on the new initial half-edge b(t,y) that contains
v(y) and (—vay) € 1), S, on b(t, x).

In a next step, the normal vectors will be permuted so that the normal vectors in T,,, Sy
are assigned to the half-edges that contain v(y). Next, the orientation of T}, S, induced by
the normal vectors around v(y) and by the vertex-orientation of v(y) will be compared with
the orientation of Eg. The involved normal vectors are £v;,, vy, and the normal N(S;)
associated with the fixed distance between m, and m,, that is a positive multiple of X, for the
first orientation of e(t) and a negative one, otherwise. UJ

Let us now study the effect of reversing the orientation of the edge e(s). This exchanges the
normals a and N~ (9A®) and thus reverses the sign, and the bead B(¢,7) is now on the edge
with the opposite orientation, so that if we keep the initial orientation, the bead is changed to

B, 7) =—-B((,T).
Finally, the contribution does not depend on the edge orientations since changing all the
orientations changes the graph by permuting its vertices. This concludes the proof of Proposi-

tion 4.18. ]
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4.4 Proof of Proposition 4.6

We now take care of the colored edges outside the #-components by proving the following
proposition.

Proposition 4.20 Let T be a graph of 8% equipped with an admissible coloring C. If there exists
an edge e(r) colored by i from a vertex v(z) to a vertex v(y) colored by ¢ outside a -component,
and an uncolored edge e(s) between v(x) and v(y), define (¢;(T'), ¢;(C)) as the colored graph
obtained from (I',C) as follows: The vertex vy(y) of ¢;(I') is colored by i, and the edge e4(r)
of $i(T') is looped at vy(y). The edge ey(s) of ¢;(I') goes from vy(z) to vy(y) if e(s) goes from
v(z) to v(y), and it goes from vy(y) to ve(x), otherwise. The only change in the other parts
of the graph is that vy(z) replaces v(y) in the other edge that contains v(y) in I'. This can be
pictured as follows:

e(r) € (r) e(r) eg(r)
R Vs (1) R Vo (¥)
:_. ._: ¢ es(s) :_. ._: ¢ eq(s)
e els) i i ‘) and e e(s) i i ¢

b u(y) v(z) ¢ b vy(z) b u(y) v(z) ¢ b vy(x)

I10,€) = ST 6:(C)).

The edge-orientations do not affect the I(.,.), but they will be used later in combinatorial
arguments.

Lemma 4.21 Under the assumptions of Proposition 4.20, the vector (m, —my) is a tiny vector
determined by the two edges, and the number and the nature of the intersection points corre-
sponding to (I',C) are independent of this tiny subconfiguration. Such a (v(z),v(y),e(r),e(s))
will be called an independent tiny subconfiguration.

PROOF: Our two vertices v(x) and v(y) are colored by (. Since there is no f-case, the point m,
is very close to a triple intersection of surfaces %° (a de, k)) See the proof of Lemma 4.3. The
colored edge determines the length of (m, —m,) that is the very small ¢(i, r)n, so that our pair
is in U(A®)) x [0, 1]. Near a triple intersection of surfaces, the contributing part of Fy(Es) reads
($r6(A®; X,) x [0,1]) and determines the direction of the edge, so that (m, —m,) is fixed as
soon as we have a double-edge in our cases D1, D2 and D3. See Definition 4.4. Then in case D1,
imposing m, € X(a) or (m, € X(a) < m, € X(a) + (m; —m,)) will not change the nature of
the solution m, that will be at the intersection of three surfaces E(ag()& k)) or at the intersection
of three parallel surfaces close to these surfaces. In cases D2 and D3, the vectors corresponding
to the edges colored by ¢ and k are similarly determined. The length of the remaining colored
edge is also determined so that the corresponding vector X should be found in a sphere, with
a constraint on the direction of X + « for a fixed vector @ whose length is sufficiently small so
that (X — T +u” (X + 1)) is a diffeomorphism from our sphere to the standard sphere, thanks
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to Lemma 3.5 and to the definition of ¢(.,.) that follows it. In all these cases, the small drawn

subconfiguration is a rigid set of vectors determined in a unique way by the constraints. In

addition, m, must be at the intersection of three surfaces close and parallel to some %° (ag& k))

Lemma 4.22 The contribution of an independent tiny subconfiguration

o .

where half-edges a and b may be dotted reads

B(i, 0,d(i,.))(t)

()

Z Z Z(d(i, ) o)

d(i,.)eD(i) c€As

meaning that the vertex colored by ¢ is constrained to live in ZS(Z o)) = )

intersects AY g as
g(A®)

J4
Z (2 oy 20 )55 (a))

and that the associated normal will be assigned to the vertical half-edge labelled by Zg()i (1))
PROOF: Recall B(i,0,d(i,.)) = lk (zd (1.0(2)) ZC(;()Z o3)) Uk (zd (1.0(3)) ZC(;()Z o(2)))- Thanks to Lemma 4.19,
we may assume that the orientations of e(r) and e(s) match. Then we compute the contribu-

tion of the tiny independent configuration as in the first part of the proof of Proposition 4.18.
Thanks to Lemma 4.17, this contribution reads

*B(l o, d(l ()

. .,

N(S) - 5 (1)

d(za(l))
PIEDBECC TR

d(i,.)€D(i) o€U3

where the minus sign in front of B(i,0,d(i,.))(t) comes from the fact that i € S.

Now,
—B(i,0,d(i,.))(t) B(i,0,d(i,.)(t) B(i,0,d(i,.))(t)
e pE . ity < . ,
N Wy (9) N (@)
N(S): ‘.Zd(i,o-(l)) . N(S)_.+ d(z (1)) . 1 Ed(z a(1))
b U2 vy a - v v pb @ - 9 b ¢ @



O
Now, according to Lemma 4.15, Proposition 4.20 follows from Lemmas 4.21 and 4.22. [

PROOF OF PROPOSITION 4.6:

We can perform the following operation ¢; ; on a 6-graph whose vertices are colored by ¢,
with an edge e(r) from v(x) to v(y) colored by i, with another edge e(s) such that r < s, and
a third edge e(t). Under ¢; s, the edge e(r) becomes looped at the vertex vy(y) that is colored
by i, the edge e(t) becomes looped at the vertex v,(z) that is colored by ¢. The edge e(s)
goes from vy(x) to ve(y) if e(s) goes from v(z) to v(y), and from vy (y) to vs(x), otherwise. By
convention, we dash the edge e(r).

Let T" € 8” be a graph equipped with an admissible coloring C. Let S(I',C) be the set of
choices of one edge e(s) with r < s for each #-case. For each element s in S(I',C), we get a
graph ¢s(T,C) € S’ with a simple coloring by composing the operations ¢; s associated with
s and operations ¢; of Proposition 4.20. In each tadpole-component (——< of the graph
#s(T',C) € S, one looped edge is dashed. Note that the operation ¢; must be performed before
the operation ¢; for Configuration D2. For Configuration D3, ¢; and ¢, must be performed
before ¢;, and they commute so that ¢4(I',C) is well-defined. Let n(I',C) be the number of
colored edges in (I',C), then ¢g is a composition of n(I',C) operations.

Then according to Propositions 4.18 and 4.20,

I0.0) = s 3 1(64(T.C).

seS(T',C)

Say that a colored graph (T'¢,C?) of S’ is §-admissible, if C* is a simple coloring, if (T'¢, C%)
has one dashed looped edge in each of its tadpole-components, and if, for any such looped edge
e(r), the label s of the adjacent non-looped edge e(s) is bigger than r.

Let us prove

> > I(T,C) = > 1T, Y.

T'eS¥ C admissible coloring of T’ teSt (Tt,ct)0-admissible,
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Starting with a §-admissible graph (I'*,C*) of S, let us determine the colored graphs such
that ¢4(I',C) = (I'*,C"), and the associated s. If (I'Y,C?) has only one loop, whose vertex is
colored by i, then there are two ways of writing (I'*,C%) as ¢;(T",C), they are obtained from
each other by reversing the double edge.

...............

e_ e(s) 'e :
b u(y) v(z) ¢ b vy(x) b v(2) oly)
Similarly, if (', C’) has no meeting lollipops (see below) and if it has m(I'*,C*) loops,
there are 2(".CY) colored graphs of S* such that ¢s(I',C) = (I, C%), and for all these graphs
m(T*,C*) = n(T,C). If there are several meeting lollipops

30701' Oi@,or O—),

first remove all the dashed loops of the tadpoles, and next the loop e(r) with the smallest 7,
thus we get a loop elimination algorithm with 2 choices at each loop removal that produces 2%
graphs (I',C) of 8" equipped with admissible colorings and with elements s of S(I',C), where
k is the number of colored edges of the obtained (I',C). One easily checks that the 2* obtained
(T',C,s) are all the (T',C,s) such that ¢s(T,C) = (I'*,CY).

Now, the proof of Proposition 4.6 is reduced to the proof of the following equality.

> reeh=>Y" > I(T,0).

IeSt ;(It,ct) f-admissible, I'eSY C simple coloring of I'

Note that there is a canonical obvious one-to-one correspondence between graphs without
tadpoles of the left-hand side and graphs without tadpoles of the right-hand side. Say that
two simply colored graphs (I',C) and (I”,C’) are equivalent if (I'",C’) is obtained from (I",C) by
permuting some edge labels inside tadpoles. Let ¢(I") be the number of tadpoles in I'. Since the
edges are oriented, there are exactly 6! simply colored graphs (I, C’) in the equivalence class
of (I',C). For each of them, I(I",C") = I(I',C). Similarly, there are exactly 6“1 #-admissible
graphs (I, C’) in the class of (I',C). Indeed,

e for the two permutations of the edge labels in a tadpole that put the smallest label in the
middle edge, no looped edge can be dashed in an admissible way,

e for the two permutations of the edge labels in a tadpole that put the biggest label in the
middle edge, each looped edge can be dashed in an admissible way,

e for the two remaining permutations, one edge can be dashed.
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5 Relative Pontrjagin numbers

Recall that any compact oriented 3-manifold is parallelizable.

5.1 Definition of relative Pontrjagin numbers

Let Cy and C; be two compact connected oriented 3-manifolds whose boundaries have collars
that are identified by a diffeomorphism. Let 75:Cy x R3 — T'Cy and 71: C; x R® — TC; be
two parallelizations (that respect the orientations) that agree on the collar neighborhoods of
0Cy = 0Cy. Then the relative Pontrjagin number pi(19,71) is the Pontrjagin obstruction to
extending the trivialization of TW ® C induced by 79 and 7; to the interior of a signature 0

cobordism W from Cj to C;. Details follow.
Let C be a compact connected oriented 3-manifold. A special complex trivialization of T'C'

is a trivialization of TC' ® C that is obtained from a parallelization 7o:C' x R® — TC by
composing (75 = 7¢ ®r C): C x C3> - TC @ C by

P(@GE): CxC — COxC?
(z,y) = (2,G()(y))

for a map G:(C,0C) — (SL(3,C),1). The definition and properties of relative Pontrjagin
numbers that are given with more details below are valid for pairs of special complex trivial-

izations.
Recall that the signature of a 4-manifold is the signature of the intersection form on its

Hy(.;R) (number of positive entries minus number of negative entries in a diagonalised version
of this form). Also recall that any closed oriented three-manifold bounds a compact oriented
4-dimensional manifold whose signature may be arbitrarily changed by connected sums with
copies of CP? or —CP?. A cobordism from Cy to C, is a compact oriented 4-dimensional

manifold W with corners such that
OW = —Cy Upcy~oxac, (—[0, 1] x 0Cy) Uaey~axac, Ch,

and T is identified with an open subspace of one of the products [0, 1[xCy or ]0, 1] x C} near
OW , as the following picture suggests.

{O} X Co = Co | w4 {1} X Cl = Cl

1
1

! — =
[0,1] x (—9Cy)" N

Let W = W* be such a connected cobordism from Cj to C;, with signature 0. Consider the
complex 4-bundle TW ® C over W. Let N be the tangent vector to [0,1] x {pt} (under the
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identifications above), and let 7(7y,71) denote the trivialization of TW ® C over OW that is
obtained by stabilizing either 7y or 77 into N @1 or N@7. Then the obstruction to extending
this trivialization to W is the relative first Pontrjagin class

pL(W;T(10,71)) = pi(70, 1) [W, 0W] € H*(W,0W; Z = m3(SU(4))) = Z[W, OW]

of the trivialization.

Now, we specify our sign conventions for this Pontrjagin class. They are the same as in
[MS74]. In particular, p; is the opposite of the second Chern class ¢y of the complexified tangent
bundle. See [MS74, p. 174]. More precisely, equip Cy and C; with Riemannian metrics that
coincide near 0Cy, and equip W with a Riemannian metric that coincides with the orthogonal
product metric of one of the products [0, 1] x Cy or [0, 1] x C; near OW. Equip TW @ C with
the associated hermitian structure. The determinant bundle of TW is trivial because W is
oriented and det(TW ® C) is also trivial. Our parallelization (7, 71) over OW is special with
respect to the trivialization of det(T'W ® C). Up to homotopy, assume that 7(7, 71) is unitary
with respect to the hermitian structure of TW @ C and the standard hermitian form of C*.
Since m;(SU(4)) = {0} when i < 3, the trivialization 7(79,71) extends to a special unitary
trivialization 7 outside the interior of a 4-ball B* and defines

7:5° x C' — (TW ® C)|s3

over the boundary S® = dB* of this 4-ball B*. Over this 4-ball B*, the bundle TW ® C admits
a trivialization

75:B* x C* — (TW & C)|pa.

Then TB Yor(v e 8% weC*) = (v,6(v)(w)) for a map ¢ : S> — SU(4).
Let i2(m%) be the following map

i2(m): (S cC?) — SU4)
10 0 0
(21, 25) 01 0 O
’ 0 0 21 —Zo
0 0 Z9 El

When (e1, es, €3, €4) is the standard basis of C*, the columns of the matrix contain the coordi-
nates of the images of the e; with respect to (ey, e, es,e4). Then the homotopy class [i?(mE)]

of i2(m%) generates 73(SU(4)) = Z[i*(mE)]. Define p; (7, 71) from the homotopy class [¢] of ¢
so that

(8] = —p1(70, 1) [i*(my)] € m3(SU(4)).

Proposition 5.1 Let Cy and C; be two compact connected oriented 3-manifolds whose bound-
aries have collars that are identified by a diffeomorphism. Let 19:Cy x C3 — TCy ® C and
71:C1 x C3 — TC,®C be two special complex trivializations (that respect the orientations) that
agree on the collar neighborhoods of 0Cy = 0CY.

The first Pontrjagin number p(7g, 71) is well-defined by the above conditions.
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PROOF: According to the Nokivov additivity theorem, if a closed (compact, without boundary)
4-manifold Y reads Y = Y Ux Y~ where Y and Y~ are two 4-manifolds with boundary,
embedded in Y that intersects along a closed 3—manifold X (their common boundary, up to
orientation) then

signature(Y’) = signature(Y ") + signature(Y ™).

According to a Rohlin theorem (see [Roh52] or [GMS86, p. 18]), when Y is a compact oriented
4-manifold without boundary, then p;(Y) = 3 signature(Y’).

We only need to prove that p; (79, 71) is independent of the signature 0 cobordism W. Let Wg
be a 4-manifold of signature 0 bounded by (—0W). Then W Uy Wi is a 4-dimensional mani-
fold without boundary whose signature is (signature(WWg) + signature(WW) = 0) by the Novikov
additivity theorem. According to the Rohlin theorem, the first Pontrjagin class of W Uy Wg
is also zero. On the other hand, this first Pontrjagin class is the sum of the relative first Pontr-
jagin classes of W and Wy with respect to 7(79, 7). These two relative Pontrjagin classes are
opposite and therefore the relative first Pontrjagin class of W with respect to 7(1, 71) does not
depend on W. O

Remark 5.2 When 0C; = () and when Cy = (), the map p; coincides with the map h that is
studied by Hirzebruch in [Hir73, §3.1], and by Kirby and Melvin in [KM99] under the name of
Hirzebruch defect.

5.2 Properties of relative Pontrjagin numbers

Proposition 5.3 Let Cy and C; be two compact connected oriented 3-manifolds whose bound-
aries have collars that are identified by a diffeomorphism. Let 19:Cy x C* — TCy ® C and
71:Cy x C* — TC,®C be two special complex trivializations (that respect the orientations) that
agree on the collar neighborhoods of 0Cy = 0CY.

The first Pontrjagin number p(7o, 1) satisfies the following properties.

1. Let C5 be a compact 3-manifold whose boundary has a collar neighborhood identified with
a collar neighborhood of 0Cy. Let T3 be a special complex trivialization of TCs that agrees
with 7 near 0Cy. If two of the Lagrangians of Cy, Cy and Cy coincide in H1(0Cy; Q),
then

p1(70, 72) = p1(70, T1) + p1(71, T2).

In particular, since p1(79,70) =0, p1(71,70) = —p1(70, T1)-

2. Let D be a connected compact 3-manifold that contains Cy in its interior, and let Tp be a
special complex trivialization of T D that restricts as the special complex trivialization T
on T'Cy, let Dy be obtained from Dy by replacing Cy by Cy, and let Tp, be the trivialization
of T Dy that agrees with 7, on TCy and with Tp on T(D \ Cy). If the Lagrangians of Cy
and C7 coincide, then

17D, TD,) = P10, T1)-
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3. For any
g:(C1,0C) — (SU(3),1),

define

P(g): CyxC* — Oy xC3

(ry) = (z9() )
and
Pi(9) = pi(1o, 7 09(9)) = pirg, 1) = pal(ri. 71 0 9(9))-

Then p'(g) does not depend on the special complex trivialization TC of TC,. The group
structure of SU(3) induces a group structure on the set [(Cy, 0C1), (SU(3),1)] of homotopy

classes of maps from Cy to SU(3) that map OC to 1, and p) defines an isomorphism from
[(C1,0C), (SU(3),1)] to Z.

4. For any
g9: (C1,0C1) — (SO(3),1),

let deg(g) denote the degree of g and let

Yr(g): C1xR¥ — () xR3
(,y) = (2,9(2)(y))

then

p1(70, 71 0 Yr(9)) — P1(70,71) = P1(71, 71 0 Yr(9)) = —p1(T1 0 Yr(9), T1) = 2deg(g).

5. If Cy is the unit ball of R3, if 7y is the standard parallelization of R3, and if Cy has
the same integral homology as a point, then pi(7g,.) defines a bijection from the set of
homotopy classes of parallelizations of Cy that are standard near 0C, = S? to 47Z.

The proof will use a weak form of the Wall Non-Additivity theorem. We quote the weak
form we need.

Theorem 5.4 ([Wal69]) Let Y be a compact oriented 4—manifold (with possible boundary),
and let X be a three manifold properly embedded in Y that separates Y and that induces the
splitting Y =Y T Ux Y™, for two 4-manifolds Y and Y~ in'Y, whose intersection is X, as in

the following figure of Y :
xX-| YT [ xY" x+

Xt=0Y*\(=X) and X =-0Y \ X.

Set
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Let L, L~ and LT respectively denote the Lagrangians of X, X~ and X, they are the La-
grangian subspaces of H1(0X,Q). Then

(signature(Y') — signature(Y ") — signature(Y ™))
is the signature of an explicit quadratic form on

LN(L+ L)
(LNL )+ (LNL)

£rn(L+L7)
LTNL)+(LTNLT)

L£n(L+Lt)
L—NL)+(L—NLt)”

Furthermore, this space is isomorphic to ( and (

We use this theorem in cases when the space above is trivial. This is why we do not make the
involved quadratic form explicit.

PROOF OF PROPOSITION 5.3: Let us prove the first property. Let Y~ = W be a signature
0 cobordism from X~ = Cy to X = (4, and let Y* be a signature 0 cobordism from C to
X1t = (5. Then it is enough to prove that the signature of Y = Y+ Uy Y~ is zero. With the

-yt
notation of Theorem 5.4, under our assumptions, the space % is trivial, therefore,
according to the Wall theorem, the signature of Y is zero. The first property follows.

We now prove that under the assumptions of the second property, pi(7p, 7p,) = p1(70, T1)-
Let YT = <[0, 1] x (D\ CO'O)), let Y~ = W be a signature 0 cobordism from Cj to C, and
let X = —[0,1] x dCy. Note that the signature of Y is zero. In order to prove the wanted
equality, it is enough to prove that the signature of ¥ = YT Ux Y™ is zero. Here, H; (6X Q) =
H1(800> D H1<aCO) Let j H1<aCO) — H1<D \ Co) and let jaD: Hl(ﬁD) — H1<D \ Co) be the
maps induced by inclusions. With the notation of Theorem 5.4,

L ={(z,—z);x € H1(0Cy)}

L~ :{(l‘,y);{L‘GECO,yGLCI}

L* = {(z,9); (§(2),5(v)) = (Jan(z € H1(ID)), —jan(2))}
={(y,—¥);4(y) € Im(jop)} © {(x,0); j(x) = 0}

LNL ={(x,—x);x € LeyNLe, = Loy}

LNLY ={(z,—x);j(z) € Im(jap)}

Let us prove that LN (L™ + L") = (LN L)+ (LN LT). For a subspace K of H;(0Cp;Q),
set juv(K) = {(x,—x);2 € K} € Hi(0X;Q). Then £ = jyv(H1(0Ch)) and LN LT =
Juv (71 (Im(jap)))-

LML +LY)=LNL + juyv (Lo, N (Lo, + Ker(h))) -

Since Lo, = Loy, (Lo, N (Lo, + Ker(j))) = L, so that LN (L™ + L) = (LNLT) 4+ juv(Le,)-
Then the second property is proved, thanks to the Wall theorem that guarantees the additivity
of the signature in this case.
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The equality p; (78, 75 09(g)) — p1 (78, 75) = pi (75, 7L 01b(g)) comes from the first property.

Then it is easy to observe that p;(7C, 7C 0 9(g)) does not depend on 7. Once it is observed,
the fact that p) is a group homomorphism comes from the first property again. Now, since
m;(SU(3)) is trivial for ¢ < 3 and since m3(SU(3)) = Z, the group [(C1,0C),(SU(3),1)] is
isomorphic to Z and it is generated by the class of a map that maps the complement of a
3-ball B to 1 and that factors through a map that generates m3(SU(3)). By definition of the
Pontrjagin classes, such a generator is sent to £1.

In order to prove the fourth assertion, for an oriented connected 3-manifold C' with possible
boundary, and equipped with a parallelization, similarly define the map

Py [(C,0C),(50(3),1)] — Z
9] = pi(T, T o Yr(g))

from the group of homotopy classes [(C,0C), (SO(3),1)] to Z. This map is independent of 7.
Furthermore, it is a group homomorphism. Therefore, according to the following independent
lemma 5.5, it is proportional to the degree and it is enough to compute it when ¢ is the map
Gc(p) described in Lemma 5.5, and this is done in [Les04a, Proposition 1.8]. (See also Lemmas
2.36 and 2.39 in [Les04a], but be warned that what is denoted by 7 there would be denoted by
77! here.)

The fifth assertion is proved in [LesO4a, Lemma 2.40]. O

Thus we are left with the proof of the following version of Lemma 2.32 of [Les04a].

Lemma 5.5 See S® as B3/0B3 and see B* as ([0,27] x S?)/(0 ~ {0} x S?). Let x,:[0,2n] —
0,27] be an increasing smooth bijection whose derivatives vanish at 0 and 2w. Let p: B® —
SO(3) map (6 € [0,27],v € S?) to the rotation with azis directed by v and with angle x(0). This
map induces the double covering p: S* — SO(3). Let C be an (oriented, compact) connected 3-
manifold with possible boundary. Let Go(p) : C — SO(3) be a map that sends the complement
of a ball B* of the interior of C to the identity, and that coincides with p on this 3-ball. Note
that all such maps induce the same element [Go(p)] in the group of relative homotopy classes

[(C,0C),(SO(3),1)]. Also note that the elements of [(C,0C),(SO(3),1)] have a well-defined

degree.
1. Any homotopy class of a map G from (C,0C) to (SO(3),1), such that
m(G) : m(C) — m(SO(3)) = Z/2Z

is trivial, belongs to the subgroup < [Geo(p)] > of [(C,0C),(SO(3),1)] generated by
[Gelp)].

2. For any [G] € [(C,0C), (SO(3),1)],

(G]? €< [Gelp)] > .
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3. The group [(C,0C), (SO(3),1)] is abelian.
4. The degree is a group homomorphism from [(C,0C), (SO(3),1)] to Z.

5. The morphism

dTegr [(C,00),(50(3),1)]©2,Q — Q[Gc(p)]
o1 — Y0 (G ()

18 an isomorphism.

PROOF: For a connected topological group I', the m;-group structure of m;(I", 1) coincides with
its group structure induced by the multiplication of maps using the group structure of I'. Also
recall that deg: m3(SO(3)) — 2Z is an isomorphism.

Assume that 7 (G) is trivial. Choose a cell decomposition of C' with respect to its boundary,
with only one three-cell, no zero-cell if 9C # (), one zero-cell if C' = (), one-cells, and two-
cells. Then after a homotopy relative to 0C', we may assume that G maps the one-skeleton
of C' to 1. Next, since m2(S0(3)) = 0, we may assume that G maps the two-skeleton of C' to
1, and therefore that G maps the exterior of some 3-ball to 1. Now G becomes a map from
B3/0B? = S3 to SO(3), and its homotopy class is k[p] in 73(SO(3)) = Z[p|, where (2k) is the
degree of the map G from S? to SO(3). Therefore G is homotopic to G¢(p)*. This proves the
first assertion.

Since 71(G?) = 27, (G) is trivial, the second assertion follows.

For the third assertion, first note that [G¢(p)] belongs to the center of [(C,0C), (SO(3),1)]
because it can be supported in a small ball disjoint from the support (preimage of SO(3)\{1}) of
a representative of any other element. Therefore, according to the second assertion any square
will be in the center. Furthermore, since any commutator induces the trivial map on 7 (M), any
commutator is in < [G¢(p)] >. In particular, if f and g are elements of [(C,9C), (SO(3),1)],

(9f)=(f9)’ = (PN (g fg)

where the first factor equals f2¢? = ¢?f?. Exchanging f and ¢ yields f~'¢~'fg = ¢ ' flgf.
Then the commutator that is a power of [G¢(p)] has a vanishing square, and thus a vanishing
degree. Then it must be trivial.

For the fourth assertion, it is easy to see that deg(fg) = deg(f) + deg(g) when f or g is
a power of [Go(p)]. Let us prove that deg(f*) = kdeg(f) for any f. In general, there is an
unoriented embedded surface Sy of the interior of C such that the restriction of f to a loop
7 is homotopic to a constant if and only the intersection mod 2 of Sy and v is 1. Choose
a trivialization 7¢ of T'C' and consider a tubular neighborhood of Sy. Locally, the tubular
neighborhood reads [—1,1] x D for a disk D of S;. This defines a local coorientation for
D. Then define the map from [—1,1] x D to SO(3) that maps (¢,z) to the rotation of angle
(m(t+1)) and with axis directed by the positive normal to D. Since changing the coorientation
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of D reverses both ¢ and the direction of the normal, this process defines a map g(7¢, Sy) that is
homotopic to f on the two-skeleton of C. Therefore f is homotopic to g(7¢, S¢) composed with
some Ge(p)", and we are left with the proof that the degree of g* is kdeg(g) for g = g(7¢, Sf).
This can easily be done by noticing that ¢* reads g(7¢, S}k)) where Sj(ck) is the k-covering of Sy
embedded in the tubular neighborhood of Sy and intersecting each [—1,1] x D as k parallel
copies of D. In general, deg(fg) = 3deg((fg)?) = 2deg(f?g?) = 5 (deg(f?) + deg(g?)), and the
fourth assertion is proved.
In particular, since

%; [(C,00),(50(3),1)] @2 Q = Q[Ge(p)]

is a homomorphism that maps [Gc(p)] to [Ge(p)], it is a surjective morphism, and since
deg(g) = 0 = deg(g?) = 0 = [¢?] = 0, the last assertion follows, too. O
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6 Alternative definition of Z with differential forms

In this section, we present an alternative definition of Z with differential forms. This section
has its own interest. It will be used in the proof of Theorem 10.1 in order to refer to some
computations that were performed in this context in [Les04b]. It will also be used to study the
behaviour of Z under connected sum in Section 11.

We use the notation of Subsection 2.4. For a parallelization 7: E x R® — T'E that coincides
with the standard parallelization 7, on Fjj 4 X R3, define a map

7(7): (0C2(E) U (Ca(E) \ Ca( Bipz)) ) — S°

e that coincides with the map 7 on (Cy(E) \CN'Q(E[O,Q[)),
e that is the natural projection of UE]y o to S? induced by 77! on UE o = {0} x UEj 2,

e that maps (N\ {0}) x UEjg to the upward vertical vector, and (=N \ {0}) x UEjg [ to
the downward vertical vector.
Let w; be a 2-form on S?, supported in S%, such that [, w; = 1, and let 7(7)*(w;) denote
its pull-back under 7(7) on (66’2(E) U (Co(E) \ C’Q(E[OQ[))).
Let s; € Dyyy, let D(s;) x S* be a tubular neighborhood of s; x S*. Define

p(s:): 0C2(E) U (Co(E) \ Ca(Bpg) — S°

so that p(s;) maps the complement of {0} x U(D(s;) x S') to the upward vertical vector
N, and p(s;) factors through the natural projection from {0} x U(D(s;) x S') to D(s;) on
{0} x U(D(s;) x S'). Let w;p be a 2-form with compact support on S? \ {N} such that
fsQ Wi,p = 1.

Lemma 6.1 Recall Jar(t) = tA(K . There exists a closed 2-form €; with compact support

on Cy(E) that restricts on < E[O o) U (Co(E )\CQ(E[O,Q[)) as

—k

O(E) (0 )m(r)" (wi) + (8(K) Jaw) (@) (p(s:) (wi,p)).

PROOF: The obstruction to such an existence would be cohomological. Since Proposition 2.3
guarantees the existence of a form that is Poincaré dual to a natural extension of C(X;, s;, T)
and that satisfies the above boundary conditions, this obstruction vanishes. O

Now, fix a graph I of S* and consider the following associated covering Cs,(E,T") of Cy,(E).
The fiber over a configuration (my, ..., ma,) of 2n distinct points of E is the space of 3n-tuples
([7],-- -, [3n)) of rational homology classes of paths ~; associated with edges such that if the
edge e( ) goes from v(j) to v(k), then ~,;:[0,1] — E is a path of E such that ;(0) = m; and
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7i(1) = my, and [7;] is the rational homology class of +; that contains all paths 7/ from m; to
my, such that /7, vanishes in H;(E;Q).

Then there are natural projections p(I',): Con(E,I') — Cy(E) associated with the edges.
These projections equip Ca, (E,T') with the 2n-form

3n
= A\, )7 (
i=1
Lemma 6.2 The support of Qr((£2;);) is compact.

PROOF: Since the support of ©; is compact, the map (z,y) — |fz(y) — fe(z)| is bounded by
some integer M; for every j, on the support of ;. Let Supp(Qr((€%;);)) denote the support of
Qr((£2;);). Consider the map

pj: Supp(Qr((€2):) — [ _
(Ml hse)) = fe(35(1) = fe(5;(0))
The union of (Z + [—1/4,1/4]) and (Z + [1/4,3/4]) covers R. Let

Cjo=p; " ([=M;, M;] N (Z + [-1/4,1/4)))

[—M;, Mj]

and
Cjaj2 = p; ' ([=M;, M1 N (Z +[1/4,3/4]))
Then
Supp(Qr((€2:):)) = CjoU Cj1/0 = U N Cin)
L:{1,2,...,3n}—{0,1/2}

where each N C; ;) is a union of finitely many copies of a closed subset of the compact

Recall that H,(F;Z)/Torsion is identified with Z where 1 is the image of the oriented
meridian of K that generates H,(FE;Z)/Torsion. Then an element of Cy,(E,T) induces the
map from H;(I';Z) to Z that maps a loop of I' to the homology class of the composition of the
paths associated with the edges of the loop (these paths are reversed for edges with coefficient
(—1)). In particular, CQn(E I') splits as a disjoint union over the elements p of H'(I'; Z) of the
subsets Ca,(E, T, p) of Cy,(FE,T) made of the elements inducing p.

Let I')5x) be obtained from the element I', of Lemma 2.1 by dividing all the beads by
S(K)(t).

Now, set It ,((£%); fcgn ET.p) Qr((€;);) and define the following elements of A”(§) ®q R:
= > I Cpsuo)]s
peH(Z)
Ir(($2:):) Ir((§2)i)
L)) =Y smmraie and L((Q0):) = D g5y
et 237(3n)!(2n)! = 237(3n)!(2n)!

where &) and S, are defined in the beginning of Subsection 2.3.
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Lemma 6.3 Let {G,(1) = §(K)(t)Fy(7)}; be a collection of cycles of (Cy(E),dCy(E)) as in
Theorem 2.5. For p € HYI;Z), let Ir ,({F;(1)}) denote the algebraic intersection of the
p(L,4)"H(Gy(7)) in the component Con(E, T, p), then

F{EMD = Y (ROl

pEH(IZ)

PROOF: The intersection points coincide, and their coefficients also do. O

Lemma 6.4 H,(Cy(E);R) = 0.

PROOF: Let 0 = 0y x O act on B2, and let B2 = %?(x) denote the quotient of E? by the

induced Z-action. Recall that Int(Cy(E)) is the quotient of E?\ (pg x pg)~'(diag(E?)) by
the same action of Z. According to [Lesl0, Proposition 12.11], H4(E?;R) = 0. Therefore

any 4-cycle of Int(Cy(E)) bounds a 5-chain in the interior of E2. Such a 5-chain generically
intersects the quotient of (pg x pr)~!(diag(E?)) (that is Z copies of diag(E?)) as a 2-cycle. Since
H,(E;Q) = 0, this 2-cycle may be assumed to be empty. Therefore Hy(Int(Cy(E)); R) = 0 and
since Int(Cy(E)) is homotopy equivalent to Co(E), the lemma follows. O

Theorem 6.5 For any (Q;); that satisfies the hypotheses of Lemma 6.1, Z(K,7) = (I,((%)i))nen
and Z(K, 1) = (1;((€2):) Jnen-

PROOF: In order to prove this theorem, we prove that I,((€2;);) is independent of the specific
(€2)s, and then we choose 2; and G; Poincaré dual to each other such that Ir((€;);) = Ir({F}}).

In order to prove that 1,,((€2;);) is independent of the specific (£2;);, it is enough to prove
that it does not vary when €); is changed to some similar (2] associated with w| = w; +dn; for a
one-form 7, supported in S%, and wi p = wi,p +dn p for a one-form n; p compactly supported

in S?\ {N}. Extend m(7) and p(s;) in a neighborhood of (86’2(51[072[) U (Co(E) \ é'g(E[OQ[)),

and consider a map x valued in [0, 1] on this neighborhood that maps a smaller neighborhood
to 1 and the complement of an intermediate neighborhood to 0. Set

*

1 =+ d (8@ )r(7) o)) + d ((805) Ta) @ p(s1)" (am,) )
Then (€ — Qy1) is a closed 2-form on Cy(E) with compact support that vanishes on
(0Ca(Eio2) U (Co(B) \ CalBipp)
Thus its cohomology class belongs to HE(CQ(E[O72_E[)); R) that is isomorphic to H4(C~'2(E[0,2_5[); R)

that is trivial according to Lemma 6.4. Then (€2} — ;) has a primitive (;; with compact
support in Cy(Ejg2—.[) and

C1 = G+ 6(K)(@)m(r) (xm) + (6(K) Tac)) (@ p(s1)* (xm,p)
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is a primitive of (2] — ). Let

Qr(Cr, (%)s) = p(, 1)"(C1) A /\ﬁ(F, i) ().

1=2

Then, by the Stokes theorem, the variation of Ir ,((€);) = f@n(EFp) Qr((€%);) € R when Oy

is changed to ] is
[ @)
0Can (E,T,p)

This integral is a sum of integrals over the codimension 1 faces of Cy,(E, T, p) of the (2n — 1)-

form Qp(gl, (Qz)z)
Lemma 6.6 The (2n — 1)-form Qr (1, (€2;);) vanishes on the faces where one point is on OF.

PROOF: The proof is dual to the proof of [Lesll, Lemma 2.11], but we write it in more details
below. Recall that e €]0, 5[ is involved in the definition of 7(7) in the beginning of Section 6
with notation of Subsection 2.4. This definition is valid for a fixed n. Let v(¢) be the vertex that
is mapped to m, € OF. With a configuration ¢ of the face that maps v(i) to m; € E, associate
a subgraph G of I' with edge-orientations independent from the initial edge-orientations of T',
so that G satisfies the following properties:

e G contains v(¢),

e there is an increasing (with respect to the new edge-orientation) path from v(¢) to every
other vertex of G

o if an edge e(a) of G goes from a vertex v(i) of G to another such v(j) then r(m;) >

T(ml) - 232157

e (7 contains all the edges of I" between two elements of G,

o if an edge e(a) of I' contains a vertex v(i) of G and a vertex v(j) of I' \ G, then r(m;) <
r(m;) — 2e.

Such a graph G can be constructed inductively, starting with v(¢): For each constructed vertex
v(z) with less than 3 incoming edges, successively add each other edge of I' adjacent to v(1)
whose other end v(j) satisfies r(m;) > r(m;) — 5i2¢, together with the vertex v(j), and orient
such an edge from v(7) to v(j). Add the edges between two elements of G. The graph G is
not uniquely defined from ¢. But any such graph G defines an open subset F(v(¢);G) of our
face F'(v(¢)) that is covered by these open sets. It is enough to prove that the restriction of
Qr(¢r, (£24);) to F(v(f); G) vanishes.

Let E(G) denote the set of edges of G, let E,(G) denote the set of edges of I' adjacent to G
(i.e. that have one end in ), and let V(G) be the set of vertices of G. The form Qr((y, (€%):)
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reads Qa A Qyq) where Qg is the exterior product of the forms associated with the edges of
E(G) U E,(G) that read m(7)*(w;) or 7(7)*(11), and €, is the exterior product of the forms
associated with the other edges of I'. Write m; € Dp 4y x S* as (pp(m;) € Diaa), fr(m;)). For
an edge a adjacent to G between v(i) € G and v(j) ¢ G, r(m;) < r(m;) — 2¢ and 7(7) factors
through

(miymy) = (pp(ma), fe(ms) — fo(my)).
(Locally, we identify the m; with their lifts.) Write psq(c) = m; and gsq(c) = fe(m,). The
degree deg(€) of Q¢ is 2(8E(G) + 4E.(G)) or (2(HE(G) 4+ tE4.(G)) — 1). On the other hand,

because of the above factorisation, if Qg # 0,

deg(Q¢) < dim | Im [l ~#(mopT.a)] | <dim(Im(Ps))

a€E(G)UEL(G)

where P = [l @) 250 X [lacr, @) Psa X [luen@ ™(7) 0 (', a). Now, Pg only depends on
the positions of the vertices of G' that make a (3§V(G) — 1)-manifold (since m, € OF), and on
the "vertical coordinates gg,“. Since a global vertical translation of these positions does not

affect Pg, Pg factors through a (34V(G) — 2 + §E£,(G))-manifold, and if Qg # 0,
deg(Qq) < HEL(G) + 38V (G) — 2.

A count of half-edges shows that 3V (G) = {E,(G) + 24E(G), and that deg(Q2g) < 2(1E(G) +
tF.(G)) — 2. This shows that Qg = 0. Therefore Qr((1, (€2;);) vanishes on F'(v(¢); G). O

The other codimension one faces correspond to simple collapses of subgraphs I'; of I' made
of the vertices numbered in a set I with cardinality at least 2 and the edges between two of
them. The projection in Cy,(M) of a configuration of such a face Cy, (E, T, p; I) maps I'; to a
point m(I';) and injects the set (V(I') \ V(I';)) of other vertices of I" to E \ {m(I';)}. The face

Con(E,T, p; ) fibers over the complement of all diagonals in (E X EO(V(F)\V(FI))>, and the fiber

over (m(I'y), (m;);) is a covering of the quotient of (T,,r,)E)" ") by the translations and the
dilations (homotheties with positive ratio).

When the subgraph I'; is disconnected, the product of the p(I', 7) factors through the effect
of translating a connected component of I'; without moving the other ones; therefore the
(2n — 1)-form Qp (¢, (€2;);) pulls back through a space of dimension strictly less than (2n — 1)
on C’Qn(E , I, p; I) and it vanishes there.

If I'; is connected, if I'; is not an edge, and if ['; has a univalent vertex, the product of the
p(T',4) factors through the effect of translating this univalent vertex in the direction of its edge
on I';, and the form Qp(¢y, (Q;);) vanishes on Co,(E, T, p; I).

The faces corresponding to edge collapses are treated by the so-called IHX or Jacobi identifi-
cation that shows that they do not yield any variation, thanks to the IHX relation, see [Les04a,
Lemma 2.21]. Here, we furthermore note that on an edge collapse face, the form associated with
the edge is 0(K) (0 )m(7)*(w;) since p(s;)*(wi.p) does not see the direction of the infinitesimal
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edge. Then the edge will be first beaded by §(K)(¢) and next by 1 after the division. Therefore,
we can directly pretend that the edge is beaded by 1.

The faces where I'; has at least one vertex of valency 2 is treated by the Bott and Taubes
parallelogramm identification (that works as in [Lesll, Section 2.6], see also [Les04a, Lemma
2.20]).

The faces where I'; is a component of I' won’t contribute because, via the parallelization 7,
the product of the 7(7) o p(I', j) for the edges of I'; does not depend on the position of m(I';),
while p(s;) o (T, 4) only depends on a projection to S? of the image of m(T';).

Now, we have proved that ,,((€2;);) is independent of the §2; satisfying the above conditions.
We can fix X, let the supports of the w; be small enough disks around X, let the supports of
w; p also be small enough, and choose the 2; Poincaré dual to G; such that their supports are
small enough neighborhoods of the G; so that the support of Qr((€2;);) is concentrated around
the intersection points of the p(T',4)~*(G;). Then L,(();) = L,({Fy(7)}) = Z,(K,7) and we
are done. OJ

Remark 6.7 Let ¢ be the involution of C’Q(E) that lifts the exchange of two points in a pair,
and that preserves {0} x UE, 100 =8 ' o Assume 5(t) = 6(t1). Set Q = (1 — ().
Then 2 satisfies the same properties as the €2;, and it satisfies the additional property that
Q= —*(2). Choose Q; = Q for all 4, then for any I' € §*, Ir((€;);) is independent of the
numberings of the edges and vertices and of the orientation of the edges. Therefore, I,,((€2;);)
reads as a sum over the isomorphism classes of unoriented graphs I' of % where fAut(I")
is the number of automorphisms of I' (permutations of the half-edges that respect the graph
structure).

7 Pseudo-parallelizations and associated notions

Sections 9 and 10 will present the more flexible definition of Z that is needed to prove Theo-
rem 1.1 in general. In order to give this more flexible definition, we first recall the notion of
pseudo-parallelization (or pseudo-trivialization) from [Les04b, Section 4.3 and 4.2]. See also
[Les10, Section 10].

Definition 7.1 A pseudo-parallelization 7 = (N(c); 7., 7) of a compact 3-manifold A with
possible boundary consists of

e a framed link c of the interior of A equipped with a neighborhood N(¢) = [a, b] xex[—1, 1],
e a parallelization 7, of A outside N(c),
e a parallelization 7,: N(c) x R* — T'N(c) of N(c) such that

= { Te over d([a,b] x ¢ x [-1,1]) \ ({a} x ¢ x [-1,1])

7.0 7. over {a} x ¢ x [—1,1].
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where
7;(t7/7 SHENIAS [_17 1]7X € R3) = (tafyvuupa(u)<X>>
where pow) = p(a(u), (0,0,1)) denotes the rotation of R?* with axis directed by (0,0,1) and

with angle a(u), and « is a smooth map from [—1, 1] to [0, 27] that maps [-1, —1+¢] to 0, that
increases from 0 to 27 on [—1 +¢,1 —¢], and such that a(—u) + a(u) = 27 for any u € [—1, 1].

Definition 7.2 [Trivialisation 7¢ of T'A ®g C] Let Fyy be a smooth map such that

Fy: [a,b] x [-1,1] — SU(3)
Identity if |u| >1—¢
(t,u) = Pa(u) ift<a+e
Identity ift >b—e.

Fy extends to [a, b] x [—1, 1] because 7 (SU(3)) is trivial. Define the trivialization 7¢ of TA®g C
as follows.

e On (A\ N(c)) xC? 7c = 7. ® 1,
e Over [a,b] x ¢ x [—1,1], 7c(t, v, u; X) = 7 (t, v, u; Fyr(t,u)"H(X)).
Since mo(SU(3)) is trivial, the homotopy class of 7¢ is well-defined.

Definition 7.3 [Pseudo-sections s:(.; X)| Let € > 0 be a small positive number, recall the map
a from Definition 7.1, and define a smooth map

F: [a,b] x [-1,1] — SO(3)
Identity if |u| >1—¢
(t,u) — Pa(u) ift<a+e
P—a(w) ift >b—e.

The map F' extends to [a,b] x [—1,1] because its restriction to the boundary is trivial in
m(50(3)).
Let F(c,7) be defined on UN(c) 2 [a,b] x ¢ x [~1,1] x S? as follows

Fle,m): [a,b] x ¢ x [-1,1] x §* — S2
(t,v,u;Y) = F(t,u)(Y).

Let X € S? and let S'(X) be the circle (or point) in S? that lies in a plane orthogonal to
the axis generated by (0,0, 1) and that contains X. There is a 2-dimensional chain Cy(X) in
[—1,1] x S*(X) whose boundary is { (u, p—a@w) (X)), u € [=1, 1]} +{(t, paq)(X)) ,u € [-1,1]} —
2[—1,1] x {X}. Then s;(A; X) is the following 3—cycle of (UA,UA}pa)

8ot (N (c); X) + F(e, 1) (X)) + {b} x ¢ x Cy(X)

s7(4; X) = s, (A\ N(0); X) + 5
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where 7, and 7. identify UA|ppxex(—1,1] With {b} x ¢ x [=1,1] x S? in the same way. When ¥
is a 2-chain that intersects N(c) along sections N, (c) = [a,b] x {7} x [-1,1],

8;—(2; X) = S;-(A; X) N UA‘Z
so that

$~(N (c)X) B STbOTC*l(N“/(C);X) + F(C, Tb)*l(X) N UA|N—Y(C) — {b} X {'y} X CQ(X)
V4 (C); = 5 .

We also introduce small deformations of these sections associated with &; such that 0 < ¢; < ¢
as follows. Let N(c,&;) = [a,b— ;] x ¢ x [=1,1] x S?, and let F(c,T,¢;) be the restriction of
F(c,m) to N(c,g;). Then s;(A; X, ¢;) is the following 3—cycle of (UA, UAjpa)

S?(A; X7 gi) =

Sror—t (N(c,€); X) 4 F(e, 1, 6:) 71 (X) +{b — &} x ¢ x Co(X)

57 (A\ N(c,&); X) + >

Lemma 7.4 Let A be a Q-handlebody equipped with two pseudo-parallelizations 7y and 7, that
coincide with the same genuine parallelization near the boundary of A. Let X € S%. Let
n €)0,e[. There exists a rational 4-chain H (7o, 71, X,n) in UA such that

aH(%(b 7:17 X7 ?7) =85 <A7 X7 77) - S7~'0<A; X? 77)
PROOF: Let us show that C' = sz (A4; X,n) — sz (A4; X,n) vanishes in
H3(UA;Q) = Hi(4;,Q) ® Hy(S% Q).

In order to do so, we prove that the algebraic intersections of C' with sz (S;Y) vanish for
2-cycles S of (A,0A) that generate Hy(A,dA), for Y € S*\ SY(X). Of course, sz (0A4;X)
does not intersect sz (S;Y). According to Lemma 10.5 in [Les10], sz,(S; X) does not intersect
57,(S;Y) algebraically in UA|g, so that sz (A; X) does not intersect sz (S;Y), either. Since
Lemma 10.7 in [Les10] guarantees that (sz (S; X) — sz (5; X)) bounds in UAg, s7 (S; X) does
not intersect sz (S;Y) algebraically in UAg, so that sz (A; X) does not intersect sz (S;Y),
algebraically. This proves the existence of the 4—chain H (7o, 71, X, n). O

Definition 7.5 [2-forms associated with pseudo-parallelizations on UA with S%-support] Re-
call the part S% of S? introduced in Proposition 2.3. The axis (0,0, 1) of Paf) is vertical. Let w
be a 2-form compactly supported in S%, invariant under the rotations around the vertical axis,
such that [, ws, = 1. Let w; be a 2-form compactly supported in S%, such that [, w; = 1. Let
Mi,sq be a 1-form with compact support in S?% such that w; = w, + dn; s Let €; €]0, %[ and let
k be a large integer. Let 7(7;) denote the projection from UN(c) to S? induced by 7.

(1) (o (t, 7, u; X € S?)) = X.
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Let 7; s be a 1-form with compact support on [b—e; — 2e¥, b — &; 4+ 2e¥] x ¢ x [—1,1] x S% that
pulls back through pja 4 X pj-1,1] % 7(7) and such that

m(150Te ) * (i,5,1) +7(150Te)* (1i,5,1)

> on[b—ez—25 b—ez—e]xcx[—l,l]xS?{
Mis = m(1)* (Nis1) on[b—e; +ef b—g +2eF] xex[-1,1] x S%
and on [b —e; — 2e¥, b —g; + 2% x ¢ x 9[—1,1] x S%
Define
(T, )( ) onU (A\ ([a,b—e; +ef] x ¢ x [-1,1]))
wW(F,wiy kg4, mi0) = § MDTN IR en) @) o [7(ja,b — &; — 4] x ¢ x [~1, 1])
()" (ws +dms onU([b—¢e;—eb b—g; +eF] xex] —1,1])

)
with the notation of Definition 7.3.
Lemma 7.6 Definition 7.5 of w(T,w;, k,€;,m;s) is consistent.

PROOF: There exists a function g,:] — 1/50,1/50]— R with compact support such that wy =
(gs © py)dO A dp, where p, is the vertical coordinate in C x R and 6 is the angular coordinate
around the vertical axis (the argument in the horizontal C). Recall 7.(t,y € c,u € [-1,1]; X €
§%) = (6,7, t; pa(uy(X)). Thus 7, 0 TE(t, 5, u; X) = 7(t, 7, 5 pra(w) (X)) and

(7 0 TE)(To(t, 7, 4 Y)) = pnaw (V)
so that F(c,7)*(w;) = m(m 0 Te)*(w;) on [b—g; — 2e¥, b —&; — eF] x ¢ x [=1,1] x 5% and
(15 0 T)*(ws) = m(1)" (ws) — K(gs © py) (w)du A dp,.

Furthermore (7(7, o 7,71)* (ws) + F(c, )" (ws)) reads 27(m)* (ws) on [b —g; — 2e¥ b —e; — k] x
c x [=1,1] x §% and extends as 27(7,)*(ws) on U([b —g; — ¥, b — &; + &F] x ex] — 1,1[). This
shows that the definition is consistent when w; = wy, 1;51 = 0 and 7; ; = 0. The general case
follows easily. O

Definition 7.7 [2—forms associated with pseudo-parallelizations on U E] Definition 7.5 can be
generalized starting with forms w; with arbitrary support in S? such that | g2 wi = 1 by removing
all the constraints involving S% from Definition 7.5. In particular, w; can be the homogeneous
volume 1 form of S? that was already treated in [Les04b, Section 4.3], and the definition here
coincides with the definition of [Les04b, Section 4.3].

Finally, recall Lemma 10.2 in [Les10].

Lemma 7.8 Let A be a Q-handlebody and let T be a parallelization of A defined on a collar
[—1,0] x OA of OA. Then there is a pseudo-parallelization of A that extends the restriction of
T to [—1,0] x 0A.
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8 On the anomaly &

Lemma 8.1 Let A be a Q-handlebody equipped with two pseudo-parallelizations T and Ty that
coincide near the boundary of A. Fori=1,...,3n, let w; be a 2-form on S? such that f52 w; =1,
let wi(T) = w(T,wi, k, g4, mis) be a form on UA associated with w; and 7 by Definition 7.7, and
let wi(T1) be a form similarly associated with w; and 7. Fori=1,...,3n, there exists a 1-form
n; = ni(w;i, T, 71) on UA with compact support in the interior of A such that dn; = w;(T1) —w;(7T).

PROOF: First note that the cohomology class of (w;(71) —w; (7)) is independent of (w;, k, ;). In
particular, w; can be assumed to be supported in a very small neighborhood of some X € S% so
that w;(7) is supported in a neighborhood of sz(A; X, ¢;) and locally dual to this chain outside
U(lb—e; —eF,b—e;+¥] x ex] —1,1]). Furthermore, its support intersects U([b —&; — ¥, b —
giteflxex]—1,1))in [b—e; — ¥ b—e; +eF] x ex] — 1,1[xS%. In order to prove Lemma 8.1
as Lemma 7.4, it suffices to prove that

/sf(s;y) wi(1) = wi(F) = 0

for any 2-cycle S of (A, 0A), for Y € S?\ S%. Since this integral is the algebraic intersection
with sz (A; X, n) — s7(A; X, n), it vanishes according to Lemma 7.4. O

The preimage under the blow-down map py: Co, (M) — M?" of Ny, (M) = {(m,m,...,m);m
M} is a fibered space pg: Sa, (T M) — M, its fiber pg'(m) is a compactification Sy, (T,, M) of
the space of injections from {1,2,...,2n} to T,,M up to translations and dilations. The space
Son(T'M) is oriented as a codimension 0 part of dCs,(M). When A is a submanifold of M,
Son(TA) = pg'(A) C Sy, (TM). Note that Sy(T'A) is the unit tangent bundle UA to A. When
a graph I of S, is given, the maps p(I, ) introduced in Subsection 2.3 restrict to natural maps
p(I,0): S, (TA) — UA.

Proposition 8.2 Under the hypotheses of Lemma 8.1, let pjg1) (resp. pua) denote the natural
projection from [0,1] x UA to [0,1] (resp. to UA). Fori = 1,...,3n, there exists a closed
2-form (; on [0,1] x UA that restricts as pir4(wi(7)) on ({0} x UA) U ([0,1] x UAjpa) and as
Pia(wi(71)) on ({1} x UA). Then

3n
p(T,5)*(¢) ) [T € A1
T /]( (/\ () n) ] € AL()
only depends on A, T and T1. It will be denoted by &, (A, T,T1).

PROOF: The existence of (; comes from Lemma 8.1: If y;: [0, 1] — [0, 1] is a map that maps a
neighborhood of 0 to 0 and a neighborhood of 1 to 1, we can choose

G = d(ppy(Xi)pra(ni) + piralwi(7)).
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The independence of the choices of the (; when the w; are fixed can easily be proved like
Theorem 6.5 since H2([0,1] x UA,9([0,1] x UA); Q) = 0. When the w; are not fixed, first use
partial primitives of (w;(71)—w;(71)) and (w;(7) —w;(7)) that factor through (pjep X pj—1,1)X7(7))
on UN/(c) and through 7(7) elsewhere on UA. O

Proposition 8.3 Under the hypotheses of Lemma 8.1 and with the notation of Proposition 8.2,

dn(Aa 7:7 7’:1) =

23n(3 2n122/ p(L,4)* (n; /\/\g 1pFJ (w; (1) /\/\ 2L, 7) (wy(7 NI

i=1 Tes, 7 S2n(TA)

PROOF: Let x;:[0,1] — [0, ] be a map that maps [3- — 5-, 1] to 1 and [0, &= — 2] to 0, choose
G = d(pjo, 1 (Xi)Pya(m)) + pira(wi(7)) in Proposition 8. 2 Then a simple calculatlon allows us
to conclude O

Definition 8.4 Let p: (B3 0B*) — (SO(3),1) be the map defined in Lemma 5.5 that induces
the double covering of SO(3). Consider the standard parallelization 75: B> x R® — T'B3 of
B3, and the parallelization 75 o ¥gr(p) where Ygr(p)(z,v) = (z, p(x)(v)). With the notation of
Proposition 8.2, set

an = an(B?, 75,78 0 Yr(p)).

See [LesO4a, Subsection 1.6] for an alternative definition of &, = —&,. According to [Les0O4a,
Proposition 1.10], o = 0 for any integer k.

Theorem 8.5 Let A be a Q-handlebody equipped with two pseudo-parallelizations T and Ty that

coincide near the boundary of A. Then &, (A, 7,71) = @ i

ProoF: If A is a rational homology ball, this is Proposition 4.8 in [Les04b], because the
variation that is expressed there is &, (A, 7,71)(23"(3n)!(2n)!). See [LesO4a, Subsection 2.3].
Then any Q-handlebody A can be embedded in such a ball B and the pseudo-parallelizations

p1(fB,T1B) ~ __
fa” -

&, according to Proposition 5.3 (2). O

can be extended in the same way to B\ A, so that &,(A,7,71) = a,(B,7,71) =

p1(Ta,T1j4) ~

9 A more flexible definition of Z with pseudo-parallelizations
and differential forms

The definition of Z(K,7) with differential forms extends to the case when 7 is a pseudo-
parallelization that coincides with 7, on Efy 4.

61



Theorem 9.1 With the notation of Definition 7.5, and of the beginning of Section 6, let T be
a pseudo-parallelization that coincides with 7o on Ey 94, there exists a closed 2-form €; with

compact support on Cy(E) that restricts as

% —k

O(K) (O )m(7)" (wi) + (3(K) ) () (p(s:)" (wi.p))

on (802(E]1 120) U (Co(E) \ CQ(E[OQ[))), and as §(K)(@ )w (7, wi, k,e1,mi.s) on UEj. . Recall
the definition of (I¢((€2;)i))nen in Section 6. Then (IS((€2):))nen is independent of the chosen
()i, it is an invariant of (K,7T) that is denoted by Z,(K,T). Furthermore, if 7y is another
pseudo-parallelization that coincides with T on Ejy /94, then

p1<7—7 7—1>&n'

Zo(K,T) — Z,(K, T) =

PROOF: Let 7 be a parallelization of E that coincides with 7 on E[j/24). Let Q;(7) be a form
that satisfies the hypotheses of Theorem 6.5 with respect to 7. Let x: Co(E) — [0, 1] be a map
supported in a neighborhood of UEjg /5 that maps a smaller neighborhood of UEjg /9 to 1.
Extending the form ; = 7;(w;, 7, 7) of Lemma 8.1 to Cy(E) so that Q; = Q;(1)—6(K)(0)(dxn;)
satisfies the conditions of the statement shows the existence of €2;. Conversely, for any (2; that
satisfies the hypotheses of the statement, the form €;(7) = Q; + 6(K)(0")(dxn;) satisfies the
hypotheses of Theorem 6.5 with respect to 7.

Let
Qr (i, (9,);) = (0, )* (K@) (xm)) A /_\M,j)*(ﬂj(ﬂ)A N BT ().
j=1 j=i+1

The variation of It ,((€2;);) = f@n(}; r.p) Qr((24);) € R when € is changed to Q4(7) is

/~ QF<n17<Qj)j)-
9Ca2n (E,T,p)

This integral is a sum of integrals over the codimension 1 faces of Cy,(E, T, p) of the (2n — 1)-
form Qp(m, (€2,);), where the faces that do not correspond to a total collapse of the connected
I' cancel as in the proof of Theorem 6.5.

The (T, j) project the faces that correspond to a total collapse to dCy(E). Since 7 is
supported near U Ejg /2 where §2; reads 6(K) (0")w (7, wi, k, €, m;.5), and since the beads will be
divided by d(t), we change €; to Q% = w(7,w;, k, €;,m;,5) in the following discussion. Then the
(T, j) project the support of

3n

O (1, (23);) = BT 0)" (em) A\ BT, 5)7(92)

J=2
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on these faces to UEjg 19 X Z, and more precisely to UEjg /9 X {0} because of the known
restriction of (25 on the boundary. Finally, the variation of Ir ,((€2;);) when €, is changed to

Q4(7) is zero if p # 0, and it is
[ o @)
Son (TE)

otherwise. Similarly computing the variations when €; is changed to Q;(7), successively, for
1=2,...,3n, shows that

(L ((€2(7))i) Jnen = (L ((€2)i) nen = @n(E, 7, 7)

with the expression of Proposition 8.3. This proves that (I°((£2;);))nen is an invariant z(K, 7)
of (K,7) and that z,(K,7) — 2,(K,T) = &,(F,7,7). Now, we may apply the same technique
to prove

20K, 1) — Z (K, T) = &, (E, T,71)

in general, or use that &, (E,7,71) = a,(E,7,7) — &, (E, 71, 7), that is clear by Proposition 8.2.
Conclude with Theorem 8.5. O

10 The definition of Z,(K,.) for pseudo-parallelizations
with equivariant intersections.
The definition of Zn(K ,.) of Section 2 naturally extends to pseudo-parallelizations as follows.
Theorem 10.1 There exist
e ¢ €]0, [, f& (involved in the definition of the map m in Subsection 2.4), k #0 € N,
e 3n distinct elements (sq,...,83,) of St,

e 3n distinct g; in ]0, ],

a regular 3n-tuple (X1, ..., X3,) of (S%)*",

3n integral chains C(Xi, i, 7) of Co(Ejp9)) in general 3n-position whose boundaries are

ké(K)(G) )<Xz) U S;—(E[Qz}; Xi7 Ei) U JA<9)UE‘SZ'><51

(e s,

|0C2 (Eo,2)\0C2(E[o,2 ’
respectively. (See Definition 7.3 for sz.)

Under these assumptions, set

- 1 iy 5 o
E(T) = WC(XZ',SZ',T) + (Xz) C CQ(E)
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Then I, ({Fi(T)}) = 2, (K, T), where Z,(K, 7) has been defined in Theorem 9.1, and I,({Fi(7)}) =
Zn(K,T) where

(Z(K, 7))nen = exp <Z Zi(K, 7~')> = Z(K,7) = Z(K) exp (@&) .

7>0

The proof of this theorem is very similar to the proofs of Theorems 2.5 and 2.7. We only
detail the additional different arguments below.

10.1 Regular points of (5%)"

Extend 7 to (C'Q(E[OA}) \ C’Q(E[O,m[)). The restriction of pe: Cy(E) — Cy(E) to

(CQ(E[0,4]) \ 572(E[o,1-5[)) N (S%)

is a diffeomorphism py to its image Py in (CQ(E[OA}) \ CQ(E[O,M[)). Define 7 as mopj;' on Py,
for the map 7 of Subsection 2.4.

Consider a graph I' € S,,, its set of vertices V(I'), a coloring L: V/(I') — {Ejo,1.5, Ej1.5,4} of
its vertices, and a set B of edges of I" that contains all the edges between two vertices of color

E[071.5]. Set A = {17 ey 377,} \ B and

_ L 1{E L 1{E _
C(T,L,B)=p," (E[O,l.é}{ o) E[1.5,§}{ [1'5’4]})) N Nacap(T, @)~ (Pr) C Con(E)

where py: Cy,(E) — E?" denotes the blow-down map. Consider the product

g(T, L, B) = [ [ 7o p(T,a) x Identity(S%)”: C(T, L, B) x (S)" — (S%)" x (5%)".

a€A

In general, a regular value of a map g: C' — Y is a point y of Y such that for any point = of
g '(y), the tangent map to ¢ at z is surjective. Here, our spaces C' have stratifications, and a
reqular value of a map ¢g: C' — Y is a point y of Y that is a regular value for all the restrictions
of g to the faces of C. o

In order to be regular, a point of (5%)%" will have to be regular (in our sense) for all the
maps ¢(I", L, B), but it will also have to be regular (in the same sense) for other maps associated
with the definition of pseudo-sections (Definition 7.3). We describe all these maps below.

Let p, denote the height in E[1.5,1.7} that is the natural projection to the vertical factor R.
Let U be the disjoint union of a line and the trivial infinite cyclic covering of a circle. Embed
an equivariant tubular neighborhood [a, b] x U x [—1, 1] of U in E[l.t’),l.ﬂ so that p, is constant on
[a,b] x (k,t) for any (k,t) € U x [—1, 1], and the restriction of p, to {22} x U x {0} is regular
on the line and it has only two critical points in every circle: a non degenerate maximum and a
degenerate minimum with respective heights n and (n 4 1). (This U and the normalization of
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fEg in N(c) in Lemma 10.4 below are only here in order to have a notion of regularity in (5%)"
independent of N(c).)

Consider a partition P of the subset of vertices L_l(E[1_574}) into subsets Fy, P, ... P,
where every P; has at least 2 elements for ¢ > 1, and Fy may be empty; also consider the
configuration subspace C(I', L, B;P) of C(I', L, B) made of the configurations that map Fy to
E}5 4, and every P; to some point m; of [a,b] x U x [—1,1]. Assume that B contains all the
edges whose vertices lie in different P; with ¢ > 0.

Say that an edge e is a P;-edge if both ends of e are in P;, and say that an edge is a P~¢-edge
if e is a P;-edge for some i > 0. Let A.( be the set of the P.g-edges of A.

Let e € Ay, then p(T', e) projects C(I', L, B; P) to U(E|jap)xtUx[-1,1]), this projection can be
naturally composed to yield two projections ¢ (T", e): C(T", L, B; P) — [a, b] and

¢@(T,e):C(T, L, B;P) — [-1,1].

Then the projection p(I',e) can be twisted in various ways with the help of the functions
of Definition 7.3. Namely, let m(7x): UE|ja5xUx[-1,1] — S? be the projection induced by the
parallelization 7, set

pr(T,e)(7) = F(a(T, e)(7), (T, e) (7)) (7 (7)) o p(T, €) (7)),
and, for j =1,2,3,

pi(L,€)(7) = p-2)atem.e)() (T(7x) © (I, €)(7))-

Let A, Ay, Ac and Af be four disjoint subsets of A such that, for any i, A contains at
most one P;-edge, and if Ac contains a P;-edge, Ar does not. Let A3 denote the complement
of the union A; U Ay U Ac U Afp in A-g. Define

g(T,L,B; P, Ay, Ay, Ac, Ap): C(T', L, B; P) x (S%)F — (8%){L2-3n\e w [—1/50,1/50]4¢
by

g<F7L7B;P7A17A27AC7AF> == HeE(A\A>O)ﬁOp<F7€)
X HeeAl pl <F7 e) X HGEAQ p2<F7 e) X HGEAS p3<F7 e) -
X HeeAF pr(Le) x HeeAC py oo p(T, e) x Identity(S%)E.

where p,: 5% — [—1/50,1/50] is the first coordinate.

Definition 10.2 Let Py (X;) be the vertical plane of R3 that contains 0 and X;. An element
(X;); of (S%)3™ is regular if

e it is a regular value for all the maps ¢(T', L, B),

e its image under Identity (S )tH-3"\Ae x pAc is a regular value of g(T', L, B; P, A1, Ay, Ac, Ar)
for all these maps,
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e for any pair {7, 5} of {1,2,...,3n}, Py(X;)NPy(Xj;) is the vertical line through the origin.
Lemma 10.3 The set of reqular (X;); is dense and open in (S2%)>"

PrROOF: The set of regular values of g(I', L, B)g(r,1,5)-1((s2,)3») is open and dense in (S5%)3n.
The density is a direct corollary of the Morse-Sard theorem [Hir94, Chapter 3, Section 1].
Since the set where the tangent maps are not all surjective is closed in the compact source of
g(I', L, B), its image is compact, and the set of regular values is open. Similarly, the sets of
regular values of the g(T', L, B; P, Ay, Ay, Ac, Ar) are open and dense. Then the preimage of
such a set under the open map Identity(S%){H2~3"N\e x pAc is also open and dense. Thus
the set of regular (X;); is a finite intersection of dense open subsets of (5% )3". O

10.2 Proof of Theorem 10.1

Lemma 10.4 Assume that fg satisfies the following assumptions (xx)

e the critical points of the restriction of fg to the framed link ¢ of Definition 7.1 are non-
degenerate, they are minima and mazima x mapped to Z by fp respectively that have
neighborhoods [a,b] X [x —e,x + €] x [—1,1] that may be naturally identified with neigh-
borhoods of the mazima or the minima of U by maps (a,y,t) = (a,g(y),t) so that
fE<&7y7t) = fE<&7g<y)7t>7

e the restriction of fg to [b—e,b] x {(v,t)} is constant, for any (v,t) € ¢ x [—1,1]

e the map from |a,b] x ¢ x [—1,1] that is the product of fr and the projections pjap to [a,b]
and pi_11) to [—1,1] is a local diffeomorphism except for the neighborhoods of the extrema
normalized above.

Then when (X;); is regular, the intersection of the p(I', 7)™ (sz(Ejo,2; Xi, €:)+U Ejs;xs1+711(X5))
over any non empty subset I of {1,2,...,2n} is transverse in

an(E) N ﬂ?zlp(T, i)_l (UE[QQ[ U CQ(E) \ CQ(E[QQ[)) .

PrOOF: Consider an intersection point m in such a partial intersection. For i € I, p(I',7)(m)

could be in UEjyy or in 771(X;). In both cases, (s;(E[o,g];Xi,ei) +UE;;,xs1 + 7T_1(Xi)> is
locally the preimage of a point under a map ; valued in S?, except in the cases listed below. In
order to show transversality, we prove that at the intersection, the tangent map to the product
of the constraint maps is onto. Note that when p(I',7)(m) is in UE|,, g1, this constrains the
position of the projection to E and yields a constraint valued in the horizontal R? that is
naturally independent from the other ones (moving horizontally a point only changes the value
of this constraint map). We won’t consider this part of the boundary anymore. Let us now list
the bad cases using notation from Definition 7.3.
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o When p(I',7)(m) is in UE|(qp)\{p—e:})xex[-1,1], then sz(E9; Xi,€;) can be a combination
of preimages m; jl (X;) of such ; ;, and all preimages involved in these combinations must
be transverse to each other.

o When p(I',7)(m) in UE|(—c,3xex[-1,1], then it must be in {b — &;} x {c} x Co(X5).

Note that the only impact of the points that are in Ejg 1 g on the constraint associated with
their edges that have another end in Ej, 4 factors through fE In particular, the influence of the
points of [a, b] x ¢x [—1, 1] factors through (fz, Plab]s P[-1,1])- Then according to our assumptions,
and because of the invariance of T under vertical global translations, it will be enough to pretend
that our link ¢ lifts as U. Therefore the regularities of our maps ¢(T', L, B; P, Ay, Ay, (), Ar) show
transversality when no chain Cy(X) is involved. Let us now study the impact of these chains.
With respect to the parallelization 7, the boundary of the chain Cy(X) C [—1,1] x S1(X) reads

{(u,pfa(u) (X)) , U € [-?/@]} + {(u, Pa(u) (X)) RS [—y,l‘]} - 2[_y7 {L‘] X {X}

for any arbitrary z and y in [1 —¢, 1]. Then C5(X) can be chosen as the union of two embedded
triangles 77 and T in [—1, 1] x S*(X) with respective boundaries { (u, p_qw) (X)), u € [y, 2]} +
{2} x S'(X) — [—y, 2] x {X} and { (1, pauy (X)) ,u € [—y, 2]} — {o} x SHX) = [—y,1] x {X}
(Note that when X € %, S*(X) is not reduced to a point). In the interior of the triangles, the
constraint reads as the product of pj, 4 o p(I', e) that must go to (b—¢;) and p, oTop(I', e) that
must be the height of the horizontal circle S*(X). Therefore, since py, ) o p(T, €) is independent
from the constraints that factor through fE and from the constraints of the other P;-edges,
transversality holds there. On the edges {(u, po—j)a@) (X)), u € [—y,z]}, the constraint map
py oo p(T,e) is replaced by p;(T',e), and on the edges {z} x S'(X) the constraint that
pr-1,11 0 p(T', ) goes to x must be added to the constraint map p, o 7o p(I',e). On the vertices,
a constraint that pj_; 1) o p(I', e) goes to x or —y must be added to the constraint map py (T, e).
Thus when z and y are regular values of finitely many well-chosen functions on compact spaces,
transversality holds. O

PrOOF OF THEOREM 10.1: According to Lemmas 2.4 and 7.4, there is no homological ob-
struction to the existence of C; = C'(X}, s;, 7). The existence of the chains C; of C'Q(E[OQ]) with
the prescribed boundaries in general 3n-position is proved as in [Lesll, Section 2.5] once we
have transversality on the prescribed faces, as we have, thanks to Lemma 10.4. Now, it suffices
to find forms €2; Poincaré dual to our given G;(7) = 0(K)(t) F;(7), such that the supports of the
€2; are small enough neighborhoods of the G;(7) so that Ir({F;(7)}:) = Ir((€%);) for any I' in
SY, and the ; satisfy the hypotheses of Theorem 9.1. Again, we let the supports of the w; be
small enough disks around the points X; associated with the {F;(7)};, and the only additional
thing to see there is that our €2; can be assumed to have the form prescribed by Theorem 9.1
(and Definition 7.5) around

U(Ni(k) =[b—e; — ¥ b—¢g; +eF] x ex] — 1,1]) =, N;(k) x S

The chain mCl meets Z x Ny(k) x S% in {0} x Ny(k) x S*(Xy).
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Let p,: S — [—1, 1] be the height map, and let N(X) be a thin neighborhood p; ! (]p,(X1)—
£k, po(X2) + 24D of S1(X) = iy ({pu(X0)}).

By transversality, we may assume that p(I', 1) projects ﬂjilp(T,j)_l(pC(Gj(f'))) outside
{b—e1} xcx]—1,1[xS'(X;) C OC(E). Then when k is big enough, for any T', p(T', 1) projects
N, 2T, 5) " (pe(G;(7))) outside a neighborhood of Ny (k) x Ni(X;) in Cy(E). Assume that
wy is supported in Ni(X;) and that € has the prescribed form on dC5(E)\ ({0} x Ny (k) x S?).

Sublemma 10.5 There exists an explicit closed form of (Ny(k) x S?) supported on Ny(k) x
Ni(X1) that extends Q0 to a form that satisfies the hypotheses of Theorem 9.1.

PROOF OF SUBLEMMA 10.5: Let g5:] — 1/50,1/50[— R be a function with compact support

in Jp, (X1) — ef*1, p(X1) + e§ T [n] = 1/50,1/50] such that ' g. =
coordinate around the vertical axis (the argument in the horizontal C) and let ws = (gsop,)dd A
dp,. Assume that w; = (gs 0 py)(ge © 0)dO A dp, for a function gy on [0,27]/(0 ~ 27) =R/(z ~

x + 27) such that fOZW god0 = 27. Set

%, let 6 be the angular

Gg(e):/o (g0 — 1)d6.

Set 151 = (gs © py)Godp,. Then wy = ws + dny 1. Define a smooth function y: [a,b] — [0, 1]
that maps [a,b —e; — ¥ + "] to 1 and [b — &, + & — ™ b] to 0. Assume that the map o
of Definition 7.1 is constant around 0. For (¢,7,u; X) € [a,b] x ¢ x [~1, 1] x S%, define

Go (0(X)+x(t)a(u))+Go (B(X) —x(t)o(u)) fu<o0
Go(t,y,u; X) = 2 _ _ -
XY Go(OX)tx(®)(a(u)—2m))+ G (O(X) —x(W)(a(w)=2m)) ¢, ~ ()
2 —

and 11 s = Go7(7)*((gs © pv)dpy). Then 1y ; and 1, 4 satisfy the conditions of Definition 7.5,
and the restriction of the form w(wy, k,£1,715) constructed as in this definition to Ny(k) x S?
is supported in Ny (k) x Ni(Xi). O

Thus we have two closed 2-forms on {0} x Ny(k) x Ni(X;) C OC5(E) that coincide near
the boundary: the former € Poincaré dual to our given G(7) and the explicit extension
of Sublemma 10.5. Since H?(N;(k) x Ni(X1),0(N1(k) x Np(X1))) = 0, their difference has
a primitive n that vanishes on the boundary that can be used to interpolate them in a col-
lar neighborhood [—1,0] x {0} x Ny(k) x Ny(X;) in Co(E) as Qi + d(xn). Thus our
may be modified in a neighborhood of {0} x Ny(k) x Ny(X;) in Cy(E) that does not meet
o’ (p(F, 1) (ﬂj#p(I’,j)*l(pC(Gj(%))))> so that it satisfies the hypotheses of Theorem 9.1

without changing the Ir((€2;);). Applying the same process for each ¢ for pairwise disjoint
[b—e; — 2eM b — ; + 2¢M] yields the result.

0
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10.3 Other expressions of a(A, 7, 71)

Let A be a Q-handlebody.
When 3n 4-cycles H; of ([0,1] x UA, ([0, 1] x UA)) are given, we can define their connected
A, -intersection

<p<F71)_1(EI071KI¥2)_1([£97"'7p<F73nJ_1(fﬂMJ>mJJXSmKTA)
237(3n)!(2n)!

Ircz,[O,l]XSQ,L(TA)({Hi}) = Z

T'esS,

as soon as they are in general 3n-position. Similarly, when a 4—chain Hy and (3n — 1) 3—cycles
S; of (UA,UAjpa), i €{1,2,...,3n} \ {k} are given, their connected A,-intersection is

(p(T, )7 (Siieqr,2,...3np oy P, k) T (H)) So (74)

I s cray(His {Sihimn) = Y 231 (3n)!(2n)!

resn

I e A,

as soon as they are in general 3n-position (i.e. as soon as this intersection is transverse for all
r).

Recall that s
(T, 71) -

4
according to Theorems 9.1 and 8.5. The following proposition gives a definition of pi(7, 71 )&,
based on intersections.

20K, T) — Z(K, T) = &, (B, 7,71) =

Proposition 10.6 Let A be a Q-handlebody equipped with two pseudo-parallelizations T and
71 that coincide near the boundary of A. Let X € S*. Pick 3n distinct &; in ]0,¢[, and let
(X1,...,X3,) be a reqular 3n-tuple of (S%)*". There exist 3n 4-chains F;, = F(7,71, X;,&;) in
general 3n-position in [0, 1] x UA with boundary

o7, 71, Xi,e1) = — ({0} x s:(A; Xy, 65)) — ([0, 1] x s:(0A4; Xy, ) + ({1} x 87 (A; X, €5))
and

[g({ﬂ}iE{l,Q ..... 3”})[071}XUA =——2q,.

PRrROOF: Lemma 7.4 guarantees that there is no homological obstruction to the existence of
F;. The 4-chain F; can be assumed to be transverse to the boundary. Then this proposition is
dual to Proposition 8.2 and its proof is similar to the proof of Theorem 10.1. U

We now give a last expression for p; (7, 71)&, similar to the expression in Proposition 8.3.

Proposition 10.7 Under the assumptions of Proposition 10.6, there exist a reqular (X;); of

o

(SH)™ and 3n 4-chains H; = H(7,71, Xi,€;) with compact support in U(A), such that
OH; = s (A; Xi,¢;) — s:(A; X;, &)
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and, for any k,
p(T, k)~ (Hy),
the p(T, 7) (7 (A; Xj,65)) for 1 <j <k, and
the p(T, 7) ' (s:(A4; Xj,¢5)) fork <j <3n

are in general 3n-position. Then

JO 3n
p1(7—7 7—1) ~ c
1 = D I gy (His {57, (A5 X5, 65) biar {57 (A; X5,65) o).
k=1
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11 Additivity of Z under connected sum

Let K~ and K be two null-homologous knots in two Q-spheres R~ and R™. Remove an open
3-ball met by the knot along a diameter from (R~, K~) and from (R, K*). Glue the obtained
pairs along their spherical boundaries so that the end points of the cut knots match, and the
cut knots together form a knot K~ #K* whose orientation agrees with the orientations of K~
and Kt. The knot K~ #K* is a null-homologous knot in the Q-sphere R™#R™. It is called the
connected sum of K~ and K.

This section is devoted to the proof of the following theorem.

Theorem 11.1 Under the above assumptions, with the notation of Theorem 2.7,

HKHKY) = 5(K7) + 5(K).

11.1 Sketch of the proof

Consider the disks D(—1, %) and D(3, §) in Djg4 C C with common radius § and with respec-
tive centers —i and i. Identify the boundary of the exterior £~ of K~ (resp. of the exterior
Et of K) with 0D(—1,3) x S* (resp. dD(3, %) x S*) via an identification that has the same
properties as the identification of OF with dDjp 4 x S in Subsection 2.4, up to a translation
and a dilation of the horizontal plane. Precisely, when 2 € S*, the curve dD(41/4,1/8) x {z}
is a parallel of K* that bounds in E*, and for z € 0D(+1/4,1/8), {z} x S! is a meridian of
K* in R*.
Let D=F = D(—1,%)UD(3,1). Then the exterior E of K K reads

FE = ((D[0,4] \bJr’*) X Sl> Uap-+xst (B~ U E+).

(It is homeomorphic to the union of E~ and E™ glued along an annulus of their boundaries,
where the annulus is both a regular neighborhood of a meridian of K~ in 0E~ and of KT in
OE™.)

The exteriors £~ and E* are equipped with parallelizations 7= and 7 that coincide with
the standard 7, near their boundaries so that 7= and 7" induce a parallelization 7 of E that
coincides with 7, on (Dy 4 \ D™F) x ST

With the definitions of p;(7y,.) in Subsection 5.1 and with Proposition 5.3, it is easy to
see that p1 (7, 7) = p1(7a, 77) + p1(7w, 77). Thus according to Theorem 2.7, in order to prove
Theorem 11.1, it suffices to prove that

Z (K HKY, 1) = 2, (K, 77) + Zo (Kt 77)

for our arbitrary fixed trivializations, for any n € N.
Very roughly, the idea of the proof is the following one. Varying the radius of the disks
D(—1,3) and D(3,1) to let it approch 0 concentrates E~ and E™ near the circles C~ =
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{—1/4} x S* and CT = {1/4} x S'. Thus E may be thought of as the result of an undefined
generalized blow-up of C~ and C% that are respectively replaced by £~ and E*. The S'-
coordinate of a limit point on C~ or C" is the value of fz, and it is the only information
that is seen from the exterior of the circle. Thus a limit configuration may be thought of as a
large scale configuration in D? x S! equipped with C~ and CF with possibly colliding points
on C~ or C*, and configurations in £~ and E* of the points on C~ and C'" whose vertices
fe-values are given by the S'-coordinates on C~ or C* of the large scale configuration. Now,
the form corresponding to the edges that do not connect vertices inside a circle C~ or C* only
depends on the large scale configuration and factors through global S'-translation of this large
scale configuration. Thus unless all the edges connect vertices of the same circle, the form
factors through a configuration space of smaller dimension. Thus the vertices of a contributing
connected graph must all lie either on C~ (i.e. in E7) or on Ct (i.e. in ET), and these
contributions add up to Z,(K §K™*, 1), for a given n.

In the proof below, we follow the idea above without attempting to define the mentioned
blow-ups

11.2 The proof

Set D[0 = {z € Dy g5 Re(z2) < 0}, D[Jg’g} = {2z € Dy z;Re(z) > 0} and E~t =E-UET,
Change the map 7 of Subsection 2.4 to a homotopic map ry: £ — [%, 4] that is unchanged on
r~1([2,4]) such that 7’_1(]%,4]) = 7’[1(]3,4]), r;'(3) = E~% and ry maps a neighborhood of
the straight segment from —3! to % to 2. Since the values of 7 on [0,2] do not affect the
definition of Z,, m can be deﬁned with ry instead of r without whanging z,. For I C |0, 5], set
Dy =Dy 5N ry (1) and Df = D[+o,g] Ny (1),

According to Theorem 6.5 and its proof, the map p(s;) defined before Lemma 6.1 may be
changed on {0} x UE C 0C5(F) to any homotopic map that maps the complement of the
neighborhood of an S! fiber in {0} x U((D[O%] \ D7) x S1) to the North Pole, and that factors
through the projection to D[o,g} \ D~" around this fiber.

For a one form 7 supported in the interior of {0} x U((Dy s\ D™F) x S), that factors
through the projection to Dy, 3] \ D~* one may similarly add P(Q )dn to the restriction to the

boundary of the form €2; of Lemma 6. 1 for any polynomial P.
Since A(K~$K1) = A(K7)A(K™),

*

and (§(K)Jai)) (@ )(p(si)*(wi,p)) may be changed to

(8(K) Ta—)) @) (s ) (wi,p)) + (8(K) Jae) (@) (p(s)" (wip))
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where p(s;") is supported in Dy, x S' x S?, near a fiber {z} x S' x §* and p(s;") is supported

in D[0 (X5 1 x 52, near another fiber. Furthermore assume that p(s; ) and p(s;") are supported
in 7; (12, 2]).

Now, extend the map 7(7) defined in the beginning of Section 6 with notation of Subsec-
tion 2.4, constructed with ry instead of r as follows. Set

B .11 . T N O . .
E[O } ((D[O%}\D(_Zag))XS)UE ) E[O } ((D[O%}\D(Zag))xs UL )

and for I C [0, ] set B, E[0 }ﬂ'r’ﬁ ([) and Ef = E[JOr }ﬂ'f’ﬁ_l([)-

Define 7(7) and extend it with the same formula on
~ ~ 3
1 ~1 + +
Cu(B)\ (Calr 0. 3D U (B % By U By < By ) ).

On pg! ((E[o ap X E[Jr 3[) (E[z s X By [)>, extend 7(7) by using

U~ () = (1= xre(u) = D)0, Fi(w)) + x(re) — )
Vo ) = (L= X(ry(o) = )0, Fo(0) + X(ry(w) — 2

for (u,v) € (E[o 3 X E[* 3[) (E[z 3 X E[B §[), instead of U(u,v) and V(u,v).
72

The forms that read

* —k

O(E) (6 )m ()" (wi) + (8(K) Jae—)(07) (p(s7)" (@i,p)) + (8(K) Iaw+) (@) (p(s7) " (wip))

[0,3]

Under these assumptlons the configurations that map at least one point in 7, 1(]1,4]) do
not contribute:

Indeed, choose such a point w with maximal r(u) > 1. Fix it as a root of an oriented
subgraph G and add edges like in the proof of Lemma 6.6 so that the form associated with
the added edges of G and the adjacent ones factors through the quotient by global vertical
translations of the positions of the vertex of G and the heights of the adjacent vertices, and use
the same argument, with € €]0, t&-|.

Furthermore assume that the supports of the w; avoid the vertical plane that contains the

on@é'g(E)U(é'g(E)\(Cg( 3])UCQ(E+3]))>extendtng( o3 and Co( B ) asin Lemma 6.1

horizontal real line. Then an edge between E[o 5 o and E[B 5 el contributes to zero.
2
Then contributing configurations of connected graphs map all the vertices to EFS ) or to
Ep,y-
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Furthermore, when EE&H is a standard torus, the above vertical translation argument also
applies to configurations of E[}:,l] (equipped with natural propagator extensions that are in-
variant under vertical translation) that therefore do not contribute. This shows, that in this
case, the contributions of the configurations of E[B’l] add up to Z,(K—,77). Similarly, the

contributions of the configurations of E[Jg 1 add up to Z,(KT,7") so that

EKEKY 7)) = 5. (K, 77) + 5o (K, 7).
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