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Abstract

We propose an adaptive observers-based synchronization approach for a class of chaotic Lur’e systems with slope-restricted
nonlinearities and uncertain parameters, under transmission time-delays. The delay is assumed to be bounded and time varying and
the uncertain parameters are assumed to be piece-wise constant. Based on the Lyapunov-Krasovskii approach, we show that for
sufficiently short time-delays, master-slave synchronization is achieved and therefore, the uncertain parameters may be recovered.
Then, the proposed approach is extended to the case of long constant time-delays by proposing a synchronization scheme based
on cascade observers. Theoretical results are illustrated via two numerical examples.

Index Terms— Synchronization, Adaptive control, delays, chaos, nonlinear dynamical systems, observers, state estimation.

I. INTRODUCTION

Master-slave synchronization of chaotic systems is an active area of research with increasing attention from different research
communities. This problem has been successfully solved in ideal conditions and many synchronization approaches for different
classes of chaotic systems have been developed. However, in real applications, the “communication channel” linking the
master to the slave systems is often subject to different kinds of communication constraints such as data packet dropouts,
limited channel capacity, channel noise, transmission delays, efc.In particular, time delays occur frequently in master-slave
synchronization configurations and may degrade the synchronization performance. Therefore, specific attention has been paid
to the problem of synchronization of chaotic systems with transmission delays and, particularly, in the case where the master
system belongs to the special family of chaotic Lur’e systems such as Chua’s circuits [1] which possess interesting characteristics
such as sector and slope-restriction properties.

To solve this problem, a common approach in the literature is to use error state or/and output feedback control —see [1], [2],
[3], [4], [5]. In [1], a delay-dependent synchronization criterion was given based on a Lyapunov-Krasovskii functional. This
result has motivated many studies on synchronization of chaotic Lur’e systems using feedback controllers. In [2], both delay
dependent and delay independent criteria for synchronization are given. In [3], the proposed feedback controller includes both
the current error state feedback and the delayed static error output feedback; and based on a more general Lur’e-Postnikov
Lyapunov functional, a new delay dependent criteria are presented in the form of linear matrix inequalities (LMIs). This
problem was extended in [4] to the case of continuous uniformly bounded time varying delays and differentiable uniformly
bounded time varying delays with bounded derivatives. A less conservative delay dependent synchronization criterion was
obtained in [5] using a new Lyapunov-Krasovskii functional which employs redundant state of differential equations shifted
in time by a fraction of the time delay. More recently, the authors of [6] investigate the synchronization of a network of
coupled systems and the stability analysis in [6] is based on passivity to achieve synchronization in a network of nonlinear
systems subject to constant delays. It is also to be pointed out that the synchronization problem of Lur’e systems based on the
Lyapunov-Krasovskii theory was investigated in the classical case where the delays appear in the states contrary to the more
sophisticated case of this paper where the delays act in the transmitted signals (or outputs) — see for instance, the article [7]
where the authors highlight that Lyapunov-Krasovskii theory still a powerful tool for the stability analysis of synchronization
in coupled time-delay systems.

In the pioneering work [8], it was shown that from a control viewpoint, the master-slave synchronization problem may be
considered as a paradigm of observer design where the slave system is an observer of the master system. Observer design for
nonlinear systems with delayed outputs has been particularly investigated in the recent literature of control and systems theory.

For instance, based on the design of state observers from a drift-observability property, the authors of [9] present a solution
for the case of delayed outputs by proposing a chain of observation algorithms which ensure global exponential convergence
of the estimation error. A similar design method was adopted in [10] however, the proposed nonlinear observer relies on a
state-dependent gain which is computed from the solution of a first-order singular partial differential equation. In [11] the
authors propose two cascaded observers to reconstruct the system states of a linear time invariant plant, from measurements
with time-delay which is defined by a known piecewise function of time. In [12] the authors propose a nonlinear observer
for a class of drift observable nonlinear systems with a bounded time varying observation delay; asymptotic and exponential
convergence of the estimation error is established relying on Lyapunov-Razumikhiin theory.

The problem of estimating simultaneously the state and the unknown parameters using adaptive observers has been extensively
investigated in the literature for linear and nonlinear systems. For instance, in [13] the author introduces a unifying adaptive



observer form for nonlinear systems under an additional “passivity-like”” condition on the observation error. In [14] the authors
study a class of many-input-many-output linear time-varying systems. The approach therein was combined in [15], with high-
gain observers to construct a new adaptive observer for a single-output uniformly observable systems. More recently, in [16]
the authors address the problem of the adaptive observer design for a class of nonlinear time-varying systems with parametric
uncertainties in the context of synchronization of chaotic systems, by exploiting the persistency-of-excitation property of chaotic
systems.

The observer-based synchronization approach that we propose in this paper is tailored for a class of Lur’e systems with
slope restricted nonlinearities, uncertain parameters (the regressor functions are also assumed to be slope-restricted) and delayed
outputs. Our synchronization method is based on adaptive observer theory. The uncertain parameters are assumed to be piece-
wise constant. The transmission delay is assumed to be known and to be defined by a bounded time function. To the best of our
knowledge, adaptive observer-based synchronization in such complete scenario is not solved yet. Indeed, the synchronization
problem was only solved in the case of the existence of either uncertain parameters [16] or transmission time delays [4], [6]
but not simultaneously. Based on Lyapunov-Krasovskii’s approach, we show that for sufficiently small values of the upper-
bound on time-delay, the reconstruction of both, states and uncertain parameters, is ensured under a condition of persistency
of excitation and after solving a convex optimization problem.

Assuming a small upper-bound on the time-delay is a classical technical limitation encountered in the literature, however
in many control systems applications time-delays may take large values. To overcome this restriction, we extend the proposed
synchronization approach to the case of long constant time delays by introducing a cascade observers-based synchronization
scheme. For illustration, theoretical results are evaluated solving a problem of master-slave synchronization of uncertain Duffing
systems subject to transmission time-delays.

The paper is organized as follows. In the following section, we motivate and formulate the problem. In section II, we
introduce some notations and recall some definitions and results on the stability of time-delay systems. In Section III, we
motivate and formulate the problem. In Section IV, we present the observer-based synchronization approach in the case of
short transmission time-delays accompanied with illustrative numerical example, we present the stability analysis and prove
both the master-slave synchronization and the parametric convergence. In Section V, we investigate the case of long constant
time-delays and present a cascade observers-based synchronization scheme followed by illustrative numerical simulations.
Finally, some concluding remarks are given in Section VI.

II. PRELIMINARIES

Notation. |-| denotes the absolute value for scalars, the Euclidean norm for vectors and the induced norm for matrices. C =
C([—r,0],R™) denotes the set of continuous functions in the interval [—7,0]. For ¢ € C, [¢|, := max_,<o<o [¢(0)]. I
represents the identity matrix. The smallest and largest eigenvalues of P are denoted by p,, and p,; respectively.

Stability of Time-delay systems.

Consider the retarded functional differential equation

i(t) = f(t,ze), w4=0€C; m€C (1)
where € R, f: R x C — R™ is continuous, f(¢,0) = 0 for all ¢ € R and
i (¥) = x(t + ), —r <9 <0.

Definition 1: (Asymptotic Stability) For a time-delay system described by (1), the trivial solution z(¢t) = 0 is said to be
stable if for any given 7 € R and € > 0, there exists 6 > 0 such that |z,|, < ¢ implies |z, |, < e for all £ > 7. It is said to be
asymptotically stable if it is stable, and for any given 7 € R and ¢ > 0, there exists, in addition, §, > 0 such that |zT|C < 0,
implies lim;_,~ x(t) = 0. It is globally asymptotically stable if it is asymptotically stable and J,, can be made arbitrarily large.

Definition 2: (Exponential Stability)

The trivial solution of System (1) is exponentially stable if there exist o > 0 and v > 0 such that for any solution z(-, o, ¢),
pecC:
|l2(t,t0, @)| < ¢l exp(—alt — o)), Vt > to.

Theorem 1: (Lyapunov-Krasovskii Theorem)

Suppose f : R x C — R™ in (1) maps Rx (bounded sets in C) into bounded sets in R™, and that u, v, w : RT — R* be
continuous nondecreasing functions. In addition, u(s) and v(s) are positive for s > 0 and u(0) = v(0) = 0. If there exists a
continuously differentiable functional V' : R x C — R such that

u(lz(®)]) <V (E ) < o(lze.)

and

V(t,ae) < —w(|a(?)]),
then the null solution of System (1) is stable. If w(s) > 0 for s > 0, then it is asymptotically stable. If, in addition,
lims ;0 u(s) = 400, then it is globally asymptotically stable.
For Definition 1 and Theorem 1, see [17] and for Definition 2, see [18].



III. CONTEXT AND PROBLEM STATEMENT

We consider a master-slave synchronization scheme for systems with time-varying transmission delay h(t). The master
system is a (chaotic) Lur’e system given by
q
& = Av+Ff(Hz,u)+BY U (Rpz,u)m (2a)
k=1
y = Cux(t—h(t)) (2b)
where f is continuous and satisfies a “sector condition” —see below. The state is denoted by = € R™, the outputs by y €
R? and u € R! denotes an exciting time-varying input signal. A € R"*", B € R"*s, ' € R"*™ | C € RP*", H =
[Hl Hy --- Hm]—r c R™*" and Ry = [Rkl Rksf € R%*™ are constant matrices; where H; is the ith row of H;
for i € {1...m} and Ry, is the ith row of Ry; for i € {1,...,s}. The function f : R™ x R' — R™ is defined by
f(Hz,u) = [fi(Hiz,u) - fm(me,u)]T and for each k € {1...q} the function U* : R® x R — R® is defined by
UH(Ryz,u) = [ W (R, u) - \If’g(Rksx,u)]T. The vector m := [my --- mgy]" denotes the uncertain parameters vector,
where each my, : R. — R is a piece-wise-constant function hence, there exists (i, > 0 such that

sup [mg(t)] < pm
t>0

and 7(t) = 0 a.e. The transmission delay h(t) is assumed to be known and it satisfies 0 < h(t) < hpy,.
The objective is to design a slave dynamical system

.z': = P(t,y,zz(t—h(t)),m)
m = Y(ty,zz(t— h(t)))

which synchronizes with the master system (2) and reconstructs the uncertain parameters m(t) despite the transmission delay
h(t) that is,
lim [2(t) = 2(6)] =0, lim |m(t) — ri(t)] = 0.
—00

t—o0
Remark 1: In the literature of master-slave synchronization with transmission delays it is commonly assumed that the
transmission time-delay is known, see e.g., [2], [4], [5]. The same hypothesis is often employed as well in the literature of
observer design for systems with delayed outputs, see e.g., [12].
We also make the following hypotheses on the system’s dynamics.
Assumption 1: There exists b > 0 such that for all u € R, all &,&; € R™ such that & # &, and all i € {1...m},

0< fil§1,u) — fi(€2,u)
a8
Assumption 2: For each k € {1...q} there exists by > 0 such that for all u € R!, all (1, (> € R® such that ¢; # ¢, and all
ie{l...s},

<b. 3

UE (G u) — UF (G, u)

0< < by.
G —C
Furthermore, there exists i, > 0 such that for any bounded u, any ( € R® and k € {1...¢}
(U (¢ u)] < gy

In the context of Lur’e chaotic systems, there is little loss of generality in the previous Assumptions 1 and 2 since the
solutions of chaotic systems are uniformly bounded they remain in a compact, say X. Then, if f; is continuously differentiable
which is the case of Lur’e systems, one may apply the mean value theorem to see that f; may be replaced by f; : X x Rl — R™
where f;(€,u) := F;(&,u)€ + f;(0) and, for each u,

Lofi
o 0¢

is bounded for all £ € X'. Note that the solutions of the system with ﬂ in place of f; are the same in either case. A similar
argument applies to W,

Remark 2: If the boundedness assumption on W* does not hold but the solutions () of the master system (2) lay in a
compact set X, one can use a smooth saturation function o : R® — X, such that o(z) = z for all x € X and o(x) = sgn(z)
for all z ¢ X, to construct a new function W*(z,u) = U*(o(x),u) which maps any = € R® into a bounded set. Then, the
solutions of (2) with the unbounded ¥ coincide with the solutions of the same equations with the bounded function VL

It may be argued that it is generally conservative to assume boundedness of solutions, even though it is common practice
in the literature of observer design. However, boundedness of solutions is characteristic of chaotic oscillators which are the
subject of study in this paper, notably nominal chaotic Lur’e systems with dynamics given by

#(t) = Ax(t) + Ff(Ha(t), u(t)). @)

Fi(&u) = (s&,u)ds



Such systems cover in particular, autonomous systems where chaos is induced via an external signal, as in the case of the
Duffing oscillator

i’l = ZCQ (Sa)
By = —agxy + 023 + bocos(wat) (5b)

which has the form (4). The nonlinear term fo(x) = 623 is continuously differentiable and the trajectories of System (5) are
globally bounded in chaotic regime hence, fy may be replaced by fo(t, x) = Ox1(t)?z1 which satisfies the slope restriction (3)
uniformly in ¢ with b depending on the (uniform) bound on |z (¢)|. It is clear that the solutions of (5) are the same as those
of the system with 0x3 replaced by 6z (t)%x1. In this case, the input signal is u(t) = cos(wzt). Other examples of chaotic
systems of Lur’e type covered by the model (2) include the generalized n-scroll Chua system, the coupled Chua circuits, the
van der Pol oscillator, etc.

IV. OBSERVER-BASED SYNCHRONIZATION UNDER TRANSMISSION TIME-DELAYS
A. Design of the slave system

The problem of observer design for nonlinear systems with slope restricted nonlinearities in the case of non delayed outputs
was investigated in the last decade and particularly by Arcak and Kokotovi¢ [19], for systems with slope-restricted nonlinearities.
Their method was extended in [20] where the authors present a unified [, adaptive observer for a class of systems with
both Lipschitz and monotone nonlinearities. On the other hand, the problem of joint state and unknown parameters estimation
using adaptive observers in the case of non delayed outputs was investigated in the literature —see [13], [14], [15]. The recent
reference [16] investigates this problem in the context of synchronization of chaotic systems with parametric uncertainties, but
without delay propagation.

Motivated by nonlinear observer design for systems with slope restricted nonlinearities and adaptive-observers design, the
slave system that we propose for System (2) ensures both the objectives of master-slave synchronization and parametric
convergence (despite the presence of transmission time-delays). It has the following structure:

q
¢ = Az+ Ff(Hzu)+ B> UH(Rpz,u)ig + K(y — Ca(t — h(t)))
k=1
my = pYe R (Ryz,u)" M(y — Cz(t — h(t)))
T, = —aYp+Y¥Rpz,u) BTBY*(Ryz,u) Tp(0)>0, k=1...¢q (62)

where z and my denote respectively the estimated states and the estimated the uncertain parameters vectors; p and « are
positive constants; K and M are two design matrices to be determined later.

We define the synchronization error e := x — z and the adaptation error m := (1, ...,mM,), Where my, 1= my, — 1y, for
k=1...q. Since my(t) = 0 for almost all ¢, the error dynamics is described by the following equations

¢ = Ae— KCe(t—h(t))+ Fn(He,x,u) + B Z(ﬁk(Rke, x, u)my, + UF(Ryz, u)iny,)
k=1
mi = —pY ' UF(Ryz,u)TMCe(t — h(t)), ae. (7a)

where n(He,z,u) = [n(Hie,x,u) - - nm(Hme,z,u”T where n;(H;e, x,u) = fi(Hyz,u) — fi(H;yx — H;e, ). Similarly,
" (Rre,z,u) = [7f(Rie, x,u) - - ﬁf(Rse,z,u)}T where 7¥ (Ryie, z,u) = V¥ (Ryz,u) — U*(Ry;x — Ryie,u). The error
system (7) is a set of functional differential equations with initial states

e(@) = ¢s(d), ®)
ﬁl(ﬂ) - d’a(ﬂ)a VZ9E[*hmvo]' ()

where ¢4(-) and ¢4(-) are continuous functions defined on the interval [—h,,, 0].

To establish master-slave synchronization, the gain matrix K is designed so that A — K'C' is Hurwitz and the design matrix
M should be selected to cancel some residual terms generated by the nonlinear regressor ¥* —cf. Section IV-C. To that end,
we introduce the following hypothesis

Assumption 3: There exist a symmetric positive definite matrix P, diagonal positive matrices D, Dy, . .., D,; regular matrices
M and K of appropriate dimensions and a positive constant € such that

—Q+¢el PF+bH'D A
S=| FTP+bDH —2D 0 <0 (10)
AT 0 —2D
BTP = MC (11)



where Q = —[(A— KC)"P+ P(A— KC)], A= (PB+0b.R| Dy,--- ,PB +byR, D,) and

Dy 0 ... 0
_ 0 Dy ... 0
D=

o0 e

0 ... ... D,

Similar forms to the matrix inequality (10) may be found in the literature of master-slave synchronization of Lur’e systems
under transmission delays, and particularly in feedback-control based synchronization methods exploiting the sector and slope-
restricted nonlinearities of Lur’e systems — see for instance [1], [2], [3], [4]. On the other hand, it is to be noticed that a
necessary condition for the linear matrix Equation (11) to be solved is the relative degree one assumption i.e., Rank(C'B) =
Rank(B), which is often used for the design of unknown input observers (UIO) [21] and sliding mode observers (SMO) [22]
in the case of nonlinear systems with unknown inputs and also in the literature of adaptive observers for systems with unknown
parameters —see [23].

In order to find the matrices P, D, D1,...,D,, M and K in Assumption 3, one may consider the following convex
optimization problem: to minimize ¢ subject to

P >0 D >0 ¢ >0,

= PF+bH'™D A
F'P+bDH —9D 0 <0 <l B'P—MC | <0,
AT 0 —2D PB—C"MT ol

where 2= PA+ AT P+WC, +CTWT +¢l. The solution to this problem yields the minimum ¢ = 0, ¢, P, D, Dy, ... ,Dq,
M and W such that K = — P~ satisfies (10). The problem may be solved via convex optimization algorithms such as the
LMI solver feasp, which is well developed in Matlab LMI Toolbox. Another alternative is to use the Matlab-based package
cvx for convex optimization that in particular handles SPDs and LMIs in a convenient way.

Convergence of the estimation errors relies upon the so-called persistency of excitation property, on the nonlinear regressor
Tk je.,

Assumption 4: We assume that the input signal u is such that for any trajectory z(t) of System (6), Vk = 1...¢, there exist
i, Tk > 0, such that Vi > 0

4Ty,
’ U*(Ryz(s),u(s)) " BT BU*(Ryz(s), u(s))ds > . (12)

In words, it is required that the itnput signal u(t) is sufficiently “rich”. Persistency of excitation is commonly used in several
forms accordingly to the considered class of systems —see for instance [14], [13], [16]. It is used to ensure the positivity of
the solution T (t) of Equation (6a) — ¢f. Lemma 1 in Section IV-C. In turn, the positivity of Y (¢) ensures the parametric
convergence as it will be shown in section IV-C. The condition is usually verified numerically, indeed, establishing conditions
on the inputs u such that the persistency of excitation (12) is satisfied is still an open problem. A similar assumption is used in
[24] for the design of adaptive observers for a class of uniformly observable nonlinear systems with nonlinear parameterizations.

The following statement provides conditions for master-slave synchronization and parametric convergence. The detailed
proof is given in Section IV-C.

Theorem 2: Consider the master system (2) and the slave system (6) under Assumptions 1-4. Then, there exist h,,, K, «
and p such that the null solution (e, m) = (0,0) of the error system (7) is globally asymptotically stable for all h(t) € (0, hyy].

B. Example 1: Master-slave synchronization of Duffing oscillators subject to parametric uncertainties and time-varying trans-
mission delays

We illustrate the performance of our synchronization approach through a master-slave synchronization case-study. The master
system is a chaotic Duffing system subject to parametric uncertainties. The output y is corrupted by a known and time-varying
transmission delay h(t) < h,, = 0.04s. Then, the dynamics of the master system is given by

:.Cl == T2,
iy = —0.4x9— 1.1z — O3 + cos(1.8t)
y(t) = z1(t — h(t)) + z2(t — h(t)). (13)

which is of the form (2) with f(Hz,u) = u, u(t) = cos(1.8t), k=1, Ry = [ 1 0 ], VY (Ryz,u) = 2}

x[i;],A[O(LL _;1},3[_01},1?[_01},0[1 1],H=[1 0],

We assume that the uncertain parameter to be estimated is the unknown parameter © = 1. The initial state of the system (13)
is set to z(s) = [0,0] ", Vs € [~0.04,0]. Under these conditions, the attractor of the master system (13) is depicted in Figure
1. Figure 2 illustrates the evolution of the time delay.
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Fig. 1. The attractor of Duffing system in the (z1,x2) plane Fig. 2. Evolution of the time delay function h(t)

We remark that the nonlinear functions f and Ul are continuously differentiable therefore, as it is discussed in Section II,
we may exploit the boundedness of the solutions of the master system to show that f and W' satisfy Assumptions 1 and 2.
More precisely, we can apply saturation functions to obtain a globally bounded counter-part function of W', To that end, we
consider the compact set 2 = {x € R? : |2;| < w;, 1 < i < 2} with w1 = we = 0.6. We deduce from Figure 1, that
contains strictly the attractor of the system (13). Then let o(-) be a saturation function defined as follows:

w1 if £1 > wq
0'(261) - Bt if —W1 S T S w1
—wy if gy < —wq.
In this case, for each = € Q, U'(x) = U!(o(z1)) = o(x1)?, hence for the design of the observer, we can use o(z1)? which
is globally bounded, instead of z3.

The slave system is given by (6). We solve the optimization problem described in Section I'V using the Matlab-based package
cvx to obtain:

12.1437 1.5679
1.5679 1.5679 |’

0.0596

D = D, = 2.6464, P = 3.4896

€=15.9542. K = { ], M = —1.5679, p =10, o = 0.5.
The state = of System (13) is initialized at zo = [0,0]", Vs € [—0.04,0]. The observer is started with initial conditions

2(s) =[1,2]T, Vs € [-0.04,0], 7h = 0.6, T = 0.2.
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Fig. 3. Numerical approximation of R(t) := ftt+30(z1 (s))%ds Fig. 4. Synchronization errors ey = x1 — &1 and ea = x2 — &2
for 77 = 30s, pu1 := min _ R(t)} = 0.1435 for the in the presence of a time-varying transmission delay of upper-bound
13 t€[0,300—T1]
verification of the persistency of excitation condition. hm = 0.04s

It is to be noticed that the persistency of excitation condition 4 on W!(z(t),u(t)) = 21(t)> may be verified numerically.
First, we fix arbitrarily T}, = T = 30s, then we compute the integral term R(t) := tt+30(z1(s))6ds, for ¢ € [0,300 — T ]
with a step of 0.1s, by using the Matlab function t rapz which allows to compute an approximation of the integral via the
trapezoidal method. Hence, an approximation of the integral term R(t) is obtained as illustrated in Figure 3 from which we
deduce an estimate of the persistency of excitation bound 1 := minyeg 300—7,]{R(t)} = 0.1435.

The simulation results are as follows. Figure 4 illustrates the synchronization between the master and the slave systems and
figure 5 illustrates the parametric convergence based on the proposed observer.

We have also performed additional tests to verify the behavior of the proposed synchronization scheme in the presence
of noise in the communication channel. That is, we assume that the output signal y(¢) is affected by an additive zero mean
Gaussian noise w(t) of variance equal to one. In order to quantify the rate between the amplitude of the output signal and
the channel noise, we measure the Signal to Noise Ratio SNR(y,w) = 20 log % expressed in dB. Figure 6 illustrates the
effect of the channel noise on the synchronization errors in the case of two different values of SNR equal to 20dB and 6dB,
respectively.
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C. Proof of Theorem 2

The demonstration of Theorem 2 relies on Lyapunov-Krasovskii’s method. First, we apply the Leibniz-Newton formula to
the synchronization error e(t) to obtain

e(t) —e(t — h(t)) = /0 e(t + 9)do. (14)

—h(t)
Hence, The dynamics of e(¢) can be rewritten as

0
€= (A*KO)€+F77(H€,Z',U)+KC/

q q
e(t +9)d9 + BO i (Ree,w, wymp + Y UF(Rpz,u)ing). (15
—h(t) 1

k=1

Let w(t) = (e(t),m(t))" and

w (V) = w(t +99), —hp <09 <0.
and consider the Lyapunov-Krasovskii functional
Vit,wr) = Vi(e(t)) + Valwr) + Va(t, m(t)) (16)
Vile) = e'Pe,
) = [ @ me ot

Va(t,m)

q
—1 ~ 2
Zp Tkmka
k=1

where Y (t) is defined by Equation (6a) and satisfies the following.
Lemma 1: Let v, := . I{nin ) {uke_o‘T’“ }. If BU* satisfies Assumption 4 then
€{l...q

Tie(t) > v, VE> max (Tk;. 17
k( )_ _kE{l...q}{ k} ( )
The proof of Lemma 1 is omitted due to space constraints; it follows by integrating 0 to ¢ 4 T,
LT (1) = e (Ta(t) + aTh(t))
then, multiplying on both sides by e~ “(**+7k) and straightforward computations which lead to Yi(t) > v, for all ¢t >
max{Ty,k =1...q}, where v,,, = min{ure *Tv k=1...q} > 0.
Next, we introduce the following symbols to avoid a cumbersome notation,
0 .
i) := f—h(t) et+Ndy 5 Ba = |A|;
By = |B| ;o Be = |KC.

Then, the total derivative of 1/ along the trajectories of (7) yields
q
Vi=e [(A—KC)"P+P(A—KC)le+2e' PFn(He,z,u)+2¢' PB Z 7*(Rye, z,u)my
k=1

+2€TPKC/W) t+q9)dq9+2eTPBZ\Ifk Rz, w)imy,. (18a)
k=1



In view of Assumption 1, we have
ni(H;e,z,u)
n< —7
- H;e

and multiplying on both sides of the latter by 7);(H;e, z,u)H;e, we obtain for i = 1...m, Vt > 0, Ve, z, u,
ni(Hie,x,u)[n;(He,x,u) —bH;e] <0

<b

which means that n(He, z, u) belongs to the sector [0,b]. Next, let D = diag(dy,da, ..., dy) with d; > 0, Vi = 1...m; after
some manipulations one obtains

—n"(He,z,u)Dn(He,z,u) + bn(He,z,u)DHe > 0. (19)
Proceeding with the same reasoning for W*(Rjx,u), we obtain
=" (Rie, o, u) Dyif"* (Rye, v, u) + 65" (Rie, o, u) Dy Rye > 0. (20)

for all k € {1...q} and Dy = diag[dy; - - - dis] with dj; > 0, for all i € {1...s}. Then, we add the left hand side terms of
Inequalities (19) and (20) to the right hand side of Inequality (18a) to obtain

Vi < e'(A—KO)"P+ P(A—KC)le+2bn(He,z,u)DHe + 2eTPKC/ é(t + 9)dv
q —
22 7T (Rye, z, u)my Dyii* (Rge, z, u)
k

-1
q

+Z k7] Rke x u)mkaRke+2eTPBZ\Ifk Ryz,u)my +2€TPF’I7(H€ x,u)
—1 k=1

q
—2n"(He,z,u)Dn(He,z,u) + 2¢' PB Z 7" (Rye, z,u)my.
k=1
Let us define
¢ :=[e,n(He,z,u), 7" (Rie, x,u)my, ... .11 (Rye, u)mq]T

then,
Vi < (T8¢ +2¢"PKC [° ney E(E+9)d0 — & le|* +2eTCTMT S0 WF(Ryz, u)ing,

where the matrix S < 0 is defined in Assumptlon 3 and where we have also used (11). Applying Young’s inequality ‘QCTCZ‘
velet2dld to the term 2e(t) T PECé(t+9) with ¢ = e(t) ' PKC, d = é(t+9) and v = 2, and integrating from ¢ = —h(t)
to ¥ = 0 we obtain

0 1 0
ze(t)TPKC/ é(t+0)d0 < 2he(t) CTKTPTPKCe(t) + 5/ et +9)|* dv
—h(t) —h(t)
0

1
< 2hB2p2 e()] + 5/ le(t 4+ 9)|* dv
—hm

hence,
. € 1 [ E
Vi < —(— 4 2h B3OV + 3 / l6(t +9)[* do +2e"CTMTY " WF(Riz, w)iing.
bPm —hm k=1

Next, the time derivative of V3 along the trajectories of (7) yields

q
Vs =p~ 1> (g Tariug + iy Yring + 1y, o).

k=1
and after (6a) and (7a), one obtains
q q
Vs = —2e(t—h(t))"CTM" Y U (Ryz,u)ing — aVs+p~ ' Y UH(Rpz,u) " BT BUF (Ryz,u)img.
k=1 k=1

Now, we apply Young’s inequality and Equation (11) to obtain

q
21"TCTMTZ\I/]C Riz,u)ig < q|T° + (e Bopar) QZ o>
k=1 k=1



from which together with Equation (14), we get

q
Vs < o (07" + 030 (Boig)” — a)Vs =2 CTMT Y " WH(Ryz, u)ing + [T
k=1

where we have also used positivity of YTj(t).

The time derivative of V5 is given by

0
Vy = hm|e|27/ le(t + 9)|* dv. @21

m

From (15) and using the sector condition on 7(-) and 77" (-), one obtains

q
B |67 < Bon(Ba + Be+b+ > bitin)* 0 Vi + hanv (1180)* Vs + b B2 [T
k=1

so, using Jensen’s inequality it follows that
2

0
/ é(t+9)dv| =|r>. (22)

0
hm/ le(t +0)|° dv >
—h(t)

—hm

Using Inequalities (21), (21)—(22) and re-arranging terms, we see that the total time derivative of V' (¢, w;) along the trajectories
of (7) satisfies

. 1
VoS (oo b GV (g = g+ B I o (Con ot oo ()7 = Vs
M m

where

q
Co = pp'((Ba+Bet+b+ D brpm)® +282D3),

k=1
Coo = Um "(Bopy)?(p™" + p)-
Therefore, if h,, satisfies the following system of in-equations
honClo — —— <0 (23a)
2pm
Con + v (10)* = 5 <0 (23b)
1 2
- - < 2
T +hmfBz <0, (23c)
it holds that . . o
V(t,we) < ——Vi(e(t)) — =Va(t,m(t))  ae. (24)
2pM 2

Solving for h,, the system of in-equations (23a)—(23c), we deduce that (24) holds for

R < min{m,, mp, 7.}

_ —g+\/77 1282 Coa
where 7, = C 1(2sz ), Te = % and 7, = Uy (1 Bp) 2 (% — Cima)-
Therefore, applying Lyapunov-Krasovskii Stability Theorem 1 we conclude that the null solution (e,m) = (0,0) (i.,e w =0
) of the error system (7) is globally asymptotically stable. |

The following statement follows as a direct corollary.
Corollary 1: The origin of the error synchronization system under the conditions of Theorem 2 is exponentially stable.
Proof: Let 0 be a positive constant which depends on . = |KC| and «. Proceeding as in the proof of Theorem 2 and
using the fact that .
Vs < hm/ et + )| dv,
—hm

we obtain

. 1 0
V4OV < (0 b hnCVi+ (g + ) [T~ (5 Ohm)/ et + 9)[2 o
PmMm _

m

+(0 + Co 4 hinv (g Bp)? — Q)Va ace.



Let h,, satisfy the following system of in-equations:

0+ hyCo — —— <0, (25a)

2pm
0+ Cp + hmv_l(uwﬁb)Q - % <0, (25b)

= 2 < 2
0+q 2h + hmB; <0, (25¢)
1
hp < —, 25d
< o (254)
which holds for

hm S min{ﬁ-av 7_Tb7 7_TC‘7 7_Td} (26)

= U (pyBs) "2(% — Cp — 0) and my = 5. Hence, using again

where 7, = O (2pM ), o = —q- 9+\/(q+9)2+2,62‘
Inequalities (22), (25a), (25b) and (25d), it follows that

. 1
V4oV < —— v v (—— —0—q—h, 8T
+ S i (2h q B2) I

and after Equation (25c), we obtain
V(t,we) < =0V (t,w;) ae.
Multiplying on both sides of the latter by 1/V(¢,w;) and integrating from ¢, to ¢, we obtain
V(t,wr) < V(to,wr,)exp(—0(t — to))

where wy, = (¢s, gba)T is the initial condition of the error system — cf. Equations (8) and (9). From Equations (16) and (17),
it follows that

min{py, p~ o} lw(t)]* < V(E,w).

hence
- V(t() Wt ) 0
t),m(t)" | < 2o (——tft).
|(e(t),m(t) | < \/min{pm,p—lvm} exp 2( 0)
We conclude that the null solution (e, ) = (0,0) of the error system (7) is exponentially stable. [ |

V. CASCADE OBSERVERS-BASED SYNCHRONIZATION IN THE CASE OF LONG AND CONSTANT TRANSMISSION-DELAYS

MASTER VIRTUAL VIRTUAL
SYSTEM SYSTEM 2 SYSTEM N
- — - = r————n
M | ‘/2 | | VN |
: | - === - \ \
(z, mp) | (z2, mpg) | I (N, mEN) :
L [
T T
y1(t) = Cay(t — &) I ya(t) = Cag(t — &) un (@ |
= Ca(t — h) I
= y(t) ‘ SLAVE SYSTEM ‘
| |
Y Y
IN =CzN_|
Ol 02 IN — YN ON
P— et I
(z1,mpy) [ Y2777 (20, o) | Y37 “%2 (2N T N)
9o — y2 2 mp2) [ N> MEN
z1 =z z9 — w3 N o @
M1 = Mp1 My — mp MEN = My
OBSERVER | OBSERVER 2 OBSERVER N

Fig. 7. Cascade observers-based synchronization scheme

Inequality (26), which imposes a limitation on the upper bound of the transmission time-delay, is a classical technical
restriction encountered in the literature of master-slave synchronization with transmission delays and in the literature of state
estimation under delayed outputs. To overcome this restriction, cascade observer design for systems with long time-delays



was adopted in some recent papers —see for instance [10]. Roughly speaking, the idea is to divide the long time-delay into
sufficiently short time-delays which are allowed by each observer of the cascade configuration, hence the state estimation is
established for longer time-delays. In this section, we extend the results obtained in the previous section IV to the particular
case where the transmission delay is constant and takes large values. The synchronization scheme based on cascade observers
that we propose is represented in Figure 7.

A. Design of the slave system with cascaded structure

Consider Lur’e systems (2) with constant time-delay h. Following [10] we consider the delayed states z; =a(t — h+j %)

corresponding to the time instants ¢; =t — h + j%, with j = 1,..., N. Then, the dynamics of the delayed states x; are
¥; = Ax;+Ff(Hzj,uj)+ qu:\llk(kaj,uj)mkj
k=1
no= Cailt— ) = y(t) = Calt =)
yj = Cuzxj_1 =Cuxj;(t— %), j=2...N

where uj = u(t—h+j%&), y; == y(t —h+jL), my; := my,(t — h+jL) are respectively the delayed inputs, delayed outputs
and delayed uncertain parameters at the instants ¢;, for j = 1...N. Note that the dynamics of the delayed state x of the
last virtual system Vi corresponds exactly to the dynamics of the actual state z:(¢) of the master system (2) (z(t) = xn (%))
and that the output y;(¢) of the first virtual system is equal to the output y(¢) of the master system (2) (y1(¢) = y(t)).

In the chain of N estimators, the observer O; estimates the delayed state x; of the virtual system V; in the presence of a
delay % which may be reduced at will by manipulating N. Hence, the N observer ensures the estimation of the actual state
x(t) and reconstructs the uncertain parameters despite the presence of long time-delays. The cascade observer is

. .
. . R h
4 = Az Ff(Hzju) + BY  WH(Ryzguy)ig + K(§; — Cz(t - v
k=1
. _ ) h
iy = Yy W (Rezy, ug)" M(§; — Czy(t — ~) (27a)
ij = 704Tkj + \I/k(Rij, uj)TBTB\I/k(Rij,uj)
Te;(0)>0, ke{l...q}, je{l...N} 27b)
where
ni(t) = yi(t) =y(t) = Ca(t —h) (28a)
Bt) = Czoa(), j=2...N, (28b)

zj(t) and 7y;(t) denote respectively the estimates of the delayed state x; and the estimated uncertain parameters my;, at
the instants t;, for j = 1... N. We define the observation error e;(t) := x;(t) — z;(¢) and the adaptation errors my;(t) :=
My (t) — M (t). Then, since ;i (t) = 0 almost every where, the error system is

. h _ - -
¢ = AeijC’ej(tfN)Jan(Hej,zj,uj)fKej,l+B2(nk(Rkej,xj,uj)mkjJr\I/k(szj,uj)mkj)
k=1

B _ hy
mig = =pY g U (Rezg,uy)TMC(es(t = 57) = &),
(29a)

whereeg = y1—91 = 0; €51 = Cej_l =y;—0; = C.I}j_l—CZj_l,j =2...N, n(Hej,xj, Uj) = (nl(Hlej, xj,uj), S ,nm(Hmej,
suchthatfori=1...m, m(Hiej, Tj, ’LL]') = fi(HZ$j, u]')ffi(Hi$in€j, Uj) and ﬁk(Rkej, Tj, Uj) = (ﬁlf(Rlej, Tj, ’U,j), Ce ,ﬁf(Rse
such that fori=1...s, ﬁf(Rkiej, Tj,uj) = \I/k(Rkixj,uj) — \I/k(Rsz — Ryiej,u;). Now, in view of the slope restriction

(3) with 51 = Hixj and 52 = Hixj — Hiej, we have

iHi jyLgy Uy
OSEL_%fggﬁgb_ (30)
1&g

Multiplying on both sides of (30) by n;(H;e;, xj, u;)H;ej, we get for i =1...m, ¥Vt > 0, Ve;,Vz;
ni(Hiej, xj, uj)[mi(Hiej, x5, u;) — bHye;] <0

which means that n(H;e;, z;,u;) belongs to the sector [0, b]. Let D = diag(di,ds,...,dy) where Vi = 1...m, d; > 0.
After some manipulations, one can easily obtain the following relation

bn(Hej,x;,uj)DHe; > n' (Hej, x5,u;)Dn(He;, x;,u;) (1)



Proceeding with the same reasoning for W*(Rjz;,u;), we obtain also the relations: for k = 1...qand Dy = diag(dk1,. . ., dys)
where Vi =1...s, di; > 0.

—7" (Riej, x5, u;) D™ (Ryej, x,u;) + 00" (Rye;j, 25, u;) Dy Rye; > 0.

We make now the following persistency of excitation condition:

Assumption 5: We assume that the delayed inputs w; are such that for any trajectory of the delayed state z;(t) of the
cascaded observer (27), Vj = 1..N, Vk = 1..q, there exist uy, T > 0, such that V¢ > 0

t+Th
UH(Ryozj(s), uj(s)) T BT BU*(Ryzj(s), uj(s))ds > p. 32)

Theorem 3: Consider the systtem (2) and the cascade observer (27)—(28). Let Assumptions 1-3 and 5 hold. Then, for any
constant time-delay h, there exists an integer N, the estimated state &y (t) and the parameters 1,y (t) (k = 1...s) of the
Nt observer (27) converge exponentially respectively towards the actual state x(t) and the uncertain parameters my,(t) of
System (2).

Proof: The Leibniz-Newton formula applied to the observation error e;(t) yields

A 0
eﬂﬂ—q@——):/iq@+ﬁMﬂ (33)
Nk
In the sequel, k =1...s and j = 1...N. The dynamics of the observation error e(t) can be rewritten as follows
q q
¢ = (A=KC)ej+ Fn(Hej,xj,u;) + BO_ 1" (Riej, wy,ui)me; + » WH(Rezj, uj)mg)
k=1 k=1
0
+ KC/ B éj(t+19)d19—Kéj_1. (34)
h
- N
Next, consider the following Lyapunov-Krasovskii functional
Vit ej,mug) = Vijles) + Vaj(t) + Va; (E, ;)
Vij(e;) = e/ Pe;
0 h
. 2
V) = [ @0+l oo
N
q
Vaj(t, ) = Z MYy ()i,

where Yy, (t) is governed by Equation (27b). Let us define
Ti(t) = [P5ét+0)d ; B, Al;
By = |B| ; Be = |KCI.
The time derivative of V7, is given by

Vij(e;) = ej T(A-KO) P+P(A—KC)]eerTPFn(Hej,xj,uj)—QeTPKéj 1

+ QeTPKC/ it +9)dd + QeTPB Z UX(Ry 2y, uj )i + 26 PB Z 7" (Rkej, Tj, uj)mp;.

k=1 k=1

2\:-

Using (31) and (32), we obtain
Vlj(ej) < e; [(A KC) P+ P(A — KO)]@j + 2b77(Hej,acj,uj)DHej

+26TPKC/ et + ) dﬂ—QZn (Riej, xj,w;)my; Dpi™ (Rie;, €, u;)
k=1

2\:

q
+ Z bkﬁk(Rkej, xj,uj)my; Dy Rie; + QGIPB Z \Ifk(Rij, Uj) Mgy — Qe;PKéj_l
k=1 k=1

q
—2n" (Hej,xj,u;)Dn(He;, x5, u;) + Qe;—PFn(Hej, xj,uj) + Qe;rPB Z " (Riej, T, 1 )mg.
k=1
Let

Cj = [ejv U(Hejazjauj)vﬁl(Rlejazjvuj)mlja 772(R2€jazj7uj)m2ja'"7ﬁq(Rqej7xjauj)mqj]T



then using (11), one has
Vij(e) < 2] CTM T S0 WF(Ryzy, uj)ing — 2¢] PKEj_1,+C7SC + 2¢] PKC ff% é;(t+0)dY — ¢ |e;|?

where § < 0 is in Assumption 3. Applying Young’s inequality |2¢"d| < ycTc+ %de to the term “2e;(t) " PKCé;(s)” with

¢" =e;(t)TPKC, d =¢;(s) and v = 2, and integrating from s =t — & to s = ¢, we obtain

0 7 0
er(t)TPKC/ Cé(t+0)dY < Q%ej(t)TCTKTPQKCej(t) ;/ et +9)* dv
h h
N - N
0
< 2B le@F + [ e+ o)
- N

In the same manner, by applying the Young’s inequality to the term “Qe;rPK €;—1", one obtains
2] PKé;_1 < &K' P?Kej_1+e] ej < (|K|pu)?|ej-1l* + P, Viy.

hence,

. e _ 1[0 .
Vij(e;) < —p—MVU+(|K|I?M)2 |éj—1|2+(1+2hﬁfpif)PerVlj+§/ léj(t+9)|* dv

i
N
q
+2€;|—CTMT Z \Ifk(Rij, Uj)ﬁ’bkj.
k=1
The time derivative of V3; is given by

q
ng (t mkj =p -1 Z kakajmkj + Thijkjﬁ’ij + ﬁszka]—ﬁzkj).
k=1
After (27b) and (29a) and (33), one obtains

X }_L q q
Vaj (t, ;) = —2e,(t — N)TCTMT > UM (Rizg,ug)ig +p Y U Rezj,uy) T BT BUF(Rezy, uy)img;
k=1 k=1
q
— éT_lMT Z \Ifk(Rij, Uj)ﬁlkj — aVs;.
k=1

Applying Young’s inequality and Equation (11), we obtain

MQ
Ed

q
2r;CTMT Z UF(Ryzj,u)ineg < q 0517 + (1 Bopar)?
k=1 k

q
_ ~ — 2
2e] M"Y UF(Ryzj, ug)imig < qlug |M))? (& +
k=1

Il
-

MQ
Ed

~
Il
—

So, it follows that

q
Vaj (£, 17k) < vt (L4 (071 + pir) (Bo)® — ) Vs — 2¢ T CTMT Y~ WH (Ryzj, uj )i
k=1
_ 2 2
+ (g |M)? e +q D57 ace,
where we have also used positivity of T;(¢).
Now, the time derivative of V5, is given by

h

2

. ho 0
iy = gl - [ ol
d k

From (34) and using the sector condition on 7)(-) and 7" (-), one easily obtains
ho,2 b b qE 2p-1y, EKQ‘ SN e 2V 2|,
~ &l < 5 (Ba+ B+ + > bepim)’ Py 15+ o UK 181 + vp (ke Bo)"Vag + B2 [T5]7),
k=1
and using Jensen’s inequality, it follows that
2

0
2L o a>| [ o] =,
L —h




Let + be a positive constant which depends on 3. = |KC| and «. Hence, after re-arranging terms and using the fact that

hoo . 2
Vo < = [ le;(t+ )" dv,
N J_&

we deduce that the total time derivative of V; along the trajectories of (29) satisfies for any +,

. € _ h h _ h
VitV S (r= o=t + GOV + (4 Ot o (10B)” — )V + g+ (14 B2) Ty

1 ho . h _
*(5 *'YN)/E|€j(t+19)|2dﬂ+ [(|K|pM)2+N|K|2+‘J(Uw|M|)2 lej—1]”

where CJ), = vy, (1 + (Bopy)?(p~ ' +p3,)) and CL = pt ((Ba + Be + b+ 311 bepm)? 4+ 282p3,). Therefore, if I satisfies
the following system of in-equations

h £
+ —=Cl+p<—, 35a
¥ N P par (35a)
v+ O+ ﬁu—l(u B2 <2 (35b)
m N _m w b — 27
Fgt (4B < (350)
TN <) =on
h 1
— < — d
N — 2y (35d)
and applying again the Jensen’s Inequality, it follows that
: 2 h 2 2\ 1= |2
Vilt,wie) < ((IKpa)” + 5 1K+ qlpy [M])7) [ej-1]” = AV;(t wje)
and solving for h the system of in-equations (35), we deduce that (36) holds for
h < Nmin{x!, 7}, 7. m5} (36)

! =1 € -1
where 7/, = C/ (2pM -y =p.b),

, =g+ +V@+9)?+2(1+ 52
° 2(1+2)

L 7 = U () "2($ — CJy — ) and 7)) = % One observes that for any constant delay A, there exists an integer N such that
the relation (36) is satisfied. For j = 1, we have &;_1 = &y = y; — g1 = 0, since y;1(t) = §1(¢t) = y(t) = Cx(t — h). It follows
that Vi (t,wi;) < —yVi(t,w1;). which implies that &, (¢) and 72, (t) converge exponentially to 1 (t) and my; (t) respectively.
Using the comparison Lemma [25], we deduce from (36), that for j = 2,..., N, if €;_; — 0 exponentially, then e; — 0 and
my; — 0 exponentially. Therefore, based on a mathematical induction, we conclude that Vj = 1,..., N, e; — 0 and m; — 0
exponentially. We recall that e (t) = 2 n(t) — En(t) = x(t) — Zn(t) and Mgy (t) = men (£) — men (t) = mi(t) — Mgy (t) to
conclude that Zy and 1/ converge exponentially to the actual state 2:(¢) and uncertain parameters my(t), where k =1...s.

|

™

B. Synchronization of Duffing oscillators via cascaded observers

Let us reconsider the synchronization of the Duffing equation given by Equation (13) under the assumption that the output
y is corrupted by a known and constant transmission delay of value (h = 0.08s) and the parameter is © = 1 is corrupted
by an unknown piece-wise constant perturbation Ag(t) € [0,0.5] —see Figure 9. We aim at estimating the state of the master
system and the parametric perturbation Ag(t).

In preliminary simulations with one observer, we observe that the estimated state fails to converge to the actual state. Now
we use two cascaded observers given by (27) with N = 2. The state z(t) of (13) is initialized at xo = [0,0] ", Vs € [~0.08, 0].
The two cascaded observers are started with initial conditions z1(s) = 2o(s) = [1,2]7, Vs € [~0.04, 0], 110 = 1720 = 0.6,
T1(0) = T2(0) = 0.2. Figure 8 illustrates the synchronization between the master and the slave and Figure 9 depicts the
parametric convergence based on the proposed cascade observer.
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Fig. 8. The first state X1 and its estimate in the presence of a constant Fig. 9. The parametric convergence in presence of a constant
transmission delay with A = 0.08s using two cascaded observers transmission delay A = 0.08s using two cascaded observers

VI. CONCLUSION

We proposed an observers-based synchronization method for a class of Lur’e systems with slope restricted nonlinearities
and uncertain parameters, such that the transmission channel is subject to a bounded time-varying delay. Both master-slave
synchronization and parametric convergence are ensured for sufficiently small delays and if a condition of persistency of
excitation is satisfied. The design matrices of the observer are obtained via convex optimization. The case of constant time-
delays of large upper-bounds is also investigated and a cascade observers-based synchronization scheme was proposed. For
illustration, theoretical results evaluated through master-slave synchronization of uncertain “Duffing” oscillators subject to
transmission time-delays.
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