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Abstract— We present a controller for switched-reluctance
motors without velocity measurements and provide, to the best
of our knowledge, the first result establishing global exponential
stability. Our controller is composed of an “internal” tracking
control loop for the stator dynamics and an “external” control
loop based on the so-called PI2D controller. The latter consists
in a linear proportional derivative controller in which the mea-
surement of velocities is replaced by approximate derivatives.
Furthermore, a double integrator is added to compensate for
the load uncertainty. We illustrate our theoretical findings with
numerical simulations.

I. INTRODUCTION

In spite of the bulk of literature on control of electrical

machines, a number of problems remain open. This is in

part due to the specificities of each motor, which hardly

allow for a universal controller. Among open complex control

challenges in the field of electrical machines the necessity of

eliminating the use of sensors for the mechanical variables

(position and/or speed) is of special interest. This problem,

well-known as sensorless control, is beyond the theoretical

interest entailed by its difficulty –the requirement of not

using mechanical sensors has its roots both in practical

limitations and economic reasons. On one hand, mechanical

sensors exhibit undesirable behaviors in several scenarios

such as high-noise sensitivity and reduced reliability. On

the other, economic factors cannot be overestimated –the

operation and implementation of this type of measurement

devices may drastically increase the cost of a given setup.

Switched-reluctance drives are typically highly reliable

and produce high torque at low speeds however, they are

highly nonlinear electromechanical machines since the gen-

erated torque is a nonlinear function of stator currents and

rotor positions. The control design relies on the ability to

separate the machine model into its electric and mechanical

components. Torque generation is achieved by following the

“torque-sharing” approach of [1] with the aim of reducing

the ripple in the mechanical variables that appears due to the

electric commutation.

The scenario is considerably different for electric ma-

chines which admit the Blondel-Park transformation, widely

used in control design for induction motors, permanent-

magnet synchronous motors, etc. For instance, in [2] the
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authors propose a controller for induction motors without

speed measurements. The controller is based on indirect

field orientation and relies on a high-gain speed estima-

tor. Local asymptotic stability is established even in the

case of unknown load. In [3] the authors present a speed

sensorless controller for induction motors which guarantees

global asymptotic stability. This is extended to the case of

full sensorless control (no position measurements) in [4]

however, the result holds by restricting initial conditions to

a specified domain of attraction.

In contrast to this, the fact that the model of switched-

reluctance motors does not admit such handy change of

coordinates, imposes a considerable challenge to theoretical

validation. Articles containing a rigorous stability analysis,

especially in a sensorless context, are rare. The main result

in [5] establishes global asymptotic stability for a passivity-

based controller in the case of unknown load however, it

uses both mechanical variables, angular velocity and position

measurements. On the other hand, a proportional-derivative-

based controller is proposed in [1] but relying on the knowl-

edge of the torque load. Relatively efficient but “solely”

experimentally-validated approaches have been proposed

in [6], [7], [8], [9], [10], to mention only a few. Indeed,

these controllers constitute ad-hoc engineered solutions to

the sensorless problem and none of these articles includes a

study of stability.

In this paper, we exploit the physical characteristics of the

nonlinear model and propose a relatively simple controller

which consists in two control loops. An “internal” loop

which steers the stator currents to a desired “reference”

that may be regarded as a virtual control input, closing an

external loop with the mechanical dynamics. The external

control input has the structure of a proportional integral

derivative controller. Specifically, we use the so-called PI2D

controller originally proposed in [11] for robot manipulators.

The control law consists in a term proportional to the

angular position error, a derivative term which is proportional

to an approximate derivative of the angular positions and

two integrators. One integral term of the angular position

errors and one integral correction term which depends on

the approximate differentiation of the angular velocities.

We show via Lyapunov’s direct method, global exponential

stability of the origin of the closed-loop.

The rest of the paper is organized as follows. In the next

section we present the motor model and explain the sharing-

functions implementation approach. In Section III we present

our main result. Simulations that illustrate our theoretical

findings are provided in Section IV.



II. THE MOTOR MODEL

After experimental evidence, it is well accepted that the

three stator phases of a switched-reluctance motor may

be assumed to be magnetically decoupled i.e., the mutual

inductance among stator phases is negligible. Then, a general

three-phase dynamic model is given by

ψ̇j(θ, i) +Rij = uj , j = 1, 2, 3; (1a)

Jω̇ = Te(θ, i)− TL(θ, ω) (1b)

where: for each phase j, uj is the voltage applied to the stator

terminals, ij is the stator current, ψj is the flux linkage; R is

the stator winding resistance, ω is the angular velocity, θ is

the angular rotor position hence, ω = θ̇; TL is the load torque

(assumed unknown), J is the total rotor inertia and Te is

the mechanical torque of electrical origin, which depends on

both the angular rotor position and on all the stator currents

i = [i1, i2, i3]
⊤.

Assuming that the machine operates at low current levels,

it is common practice to express the inductance of each

phase as a strictly positive Fourier series truncated at the

first harmonic i.e.,

Lj(θ) = l0 − l1 cos
(

Nrθ − (j − 1)
2π

3

)

where l0 > l1 > 0 and, for further development, we remark

that there exist constants lm, lM and kM such that for all

θ ∈ [−π, π] and j ∈ {1, 2, 3},

0 < lm ≤ |Lj(θ)| ≤ lM , |Kj(θ)| ≤ kM . (2)

The dynamic model of the motor becomes

uj = Lj(θ)
dij

dt
+Kj(θ)ωij +Rij (3a)

Jω̇ = Te(θ, i)− TL(θ, ω) (3b)

where

Kj(θ) =
∂Lj

∂θ
= Nrl1 sin

(

Nrθ − (j − 1)
2π

3

)

corresponds to the phase-inductance variation relative to

the rotor angular position. Correspondingly, the mechanical

torque for each phase is given by

Tj =
1

2
Kj(θ)i

2
j

and, considering that the stator windings are decoupled, the

mechanical torque of electrical origin corresponds to the sum

of torques produced by each of the three phases,

Te(θ, i) =

3∑

j=1

Tj(θ, ij).

The model (3) is adopted in both the electrical-machines and

the control research communities –cf. [12]; a more detailed

description is available in [5].

The control goal is to design a dynamic controller for

(3) with output u = [u1 u2 u3]
⊤ depending on the stator

currents and rotor angular positions, such that ω(t) tracks any

bounded smooth desired trajectory ω∗. Hence, the purpose

is to avoid the use of speed sensors in the control scheme.

A. Torque delivery

Generally speaking, the control design starts with a given

desired reference ω∗. Then, a desired control input Td is

designed for the mechanical equation (3b) to steer ω → ω∗.

The control Td must be implemented “through” the mechan-

ical torque Te that is, we define the reference mechanical

torque T ∗
e which satisfies

T ∗

e (θ, i
∗) =

1

2

(

K1(θ)x
∗

1

2 +K2(θ)x
∗

2

2 +K3(θ)x
∗

3

2
)

(4)

where x∗j is a current reference trajectory for each phase,

which must be defined as a solution to

T ∗
e

J
= Td (5)

for any given Td. Hence, provided that Te = T ∗
e the desired

control torque Td acts upon the mechanical equation to drive

ω → ω∗. By ensuring an accurate current tracking that is,

i→ i∗ it is guaranteed that Te → T ∗
e and consequently, that

ω → ω∗.

In order to solve (4) for x∗j , we exploit the physics of the

switched reluctance motor. In view of the fact that the torque

sign is only determined by the variation of the inductance

and using ideas reported in [13] and [1] we introduce the

following current-switching policy. Define the sets

Θ+

j = {θ ∈ [−π, π] : Kj(θ) ≥ 0}

Θ−

j = {θ ∈ [−π, π] : Kj(θ) < 0}

where the superscripts + and − stand for required positive

and negative torque respectively. Accordingly, let us intro-

duce

m+

j (θ) > 0,

3∑

j=1

m+

j (θ) = 1 ∀θ ∈ Θ+,

m−

j (θ) > 0,

3∑

j=1

m−

j (θ) = 1 ∀θ ∈ Θ−

and given Td, define

mj(θ) =

{
m+

j (θ) if Td ≥ 0,

m−

j (θ) if Td < 0.

Then, the reference currents for j ∈ {1, 2, 3} are given by

x∗j =







[
2Jmj(θ)Td
Kj(θ)

]1/2

if Nrθ 6= (j − 1)
2π

3

0 otherwise.

(6)

The definition of mj ensures that x∗j exists for any θ and Td
–cf. [5]. That is, depending on the current phase of the motor,

the function mj(θ) ensures that the respective signs of the

numerator and of the denominator in the previous expression

are equal for at least one j ∈ {1, 2, 3} and the denominator

sin
(

Nrθ − (j − 1)
2π

3

)

6= 0 and by construction, we have

Td = m1(θ)Td +m2(θ)Td +m3(θ)Td.

Roughly speaking, the virtual control Td is induced into the

mechanical dynamics through a different reference, depend-

ing on the current phase.



III. MAIN RESULT

We establish global exponential stability of the closed-

loop system under the action of a controller of Proportional-

Integral-Derivative type. It is reminiscent of the Proportional-

Derivative plus load compensation presented in [13] where

the sharing-functions approach was proposed. However, we

assume that the load torque is unknown and that velocity

is not measured, so we use the so-called PI2D controller

originally proposed in [11]. Our main result extends previous

work using both mechanical velocity and position measure-

ments as in [5] as well as [1]. In contrast with available

sensorless ad hoc controllers proposed without theoretical

foundation, we establish global exponential stability hence

robustness with respect to external disturbances, neglected

dynamics, etc.

For convenience, we use the variable x to denote the stator

currents and re-write the dynamic model in a compact form.

That is, let x = i ∈ R
3 hence (3a) becomes

L(θ)ẋ+K(θ)ωx+Rx = u (7)

where L(θ) = diag{Lj(θ)} and K(θ) = diag{Kj(θ)}.

Define also, the tracking errors ex = x − x∗, ew = ω − ω∗

and eθ = θ − θ∗ where1

θ∗(t) =

∫ t

0

ω∗(s)ds, θ∗(0) = θ∗0 ∈ [−π, π].

Then, the mechanical equation (3b) may be equivalently

written as

ėw = Td −
TL
J

+
Te
J

−
T ∗
e

J
− ω̇∗. (8)

Since Te and T ∗
e are quadratic functions, uniformly bounded

in θ, and taking account (2), we have

|Te − T ∗

e | ≤
kM

2

[

|ex|
2
+ 2 |x∗| |ex|

]

. (9)

Consider the controller given by

u = L(θ)ẋ∗ +K(θ)ω∗x+Rx∗ − kpxex (10a)

Td = −kpeθ − kdϑ+ ν + ω̇∗ (10b)

ν̇ = −ki(eθ − ϑ) (10c)

q̇c = −a(qc + beθ) (10d)

ϑ = qc + beθ (10e)

where kp, ki, kd, a, b > 0 and kpx is a positive strictly

increasing function of the measured states, to be defined.

Equations (10b)-(10e) correspond to the so-called PI2D con-

troller originally introduced in [11] for robot manipulators.

We note that the column vector ẋ∗ = [ẋ∗1 ẋ
∗
2 ẋ

∗
3]

⊤ depends

on the unmeasurable error eω , that is, the reference derivative

is given by

ẋ∗j =

{

αj(·)[ρj(·) + δj(·)eω] if θ 6= (j − 1)
2π

3
0 otherwise

(11)

1Since the variable to be controlled is ω, the initial value of θ∗(t) is
innocuous.

where

αj(·) =
1

2

(
2JmjTd
Kj

)−
1

2

, (12a)

ρj(·) =
J

Kj

(
βj(·) +m′

jω
∗Td

)
, (12b)

βj(·) = mj

(

kidϑ− kieθ + ω̈∗ −
TdK

′

jω
∗

Kj

)

,(12c)

δj(·) =
J

Kj

(

m′

jTd −mj

(

kpd +
TdK

′

j

Kj

))

, (12d)

kid = ki + akd, kpd = kp + bkd, m′

j =
∂mj

∂θ
and

K ′

j =
∂Kj

∂θ
; note that mj ,Kj are both dependent on θ.

Therefore, only the terms α(·) =diag{αj(·)} and ρ(·) =
[ρ1(·) , ρ2(·) , ρ3(·)]

⊤ are used in the control law, that is,

u = L(θ)α(·)ρ(·) +K(θ)ω∗x+Rx∗ − kpxex. (13)

∫

ROTOR

ki

Tl/J

Te

kp

Td

−

−

kd

ϑ

+

+

z

u
STATOR

CONTROL

bs

s+ a

+
θ

eθ

θ∗
−

+

−

ω

θ

x∗

x

Eq. (13)

Fig. 1. The closed-loop system consists in two nested loops; an inner loop
composed of the rotor dynamics and the PI2D controller and an outer loop
which is closed via the actual controls (input voltages u) as well as position
and currents measurements.

Proposition 1 Define ∆ = αδ, with δ = [δ1 δ2 δ3]
⊤, then

the origin of the closed-loop system composed by the motor

equations (3) and the controller (6), (13), (10b) and (10c),

is globally exponentially stable if

kd >
3b

b− 1

[
kM

lm
+ 1

]

, kd <
3a

2

λ

λ+ 1
(14)

b ≥ 2a+ 1, k′p > kd (15)

kpx := k′px+O(|x|
2
)+O(|∆|

2
)+O(|ex|

2
)+O(|x∗|

2
). (16)

An explicit expression for kpx is given in the proof of

Proposition 1, which is based on Lyapunov’s direct method

and a small-gain argument. We start by writing the closed-

loop system. Let ε > ki and define

z = ν −
TL
J

−
ki

ε
eθ. (17)

Then, define k′p := kp − ki/ε > 0. Using (10b) and (17) in

(8) and differentiating on both sides of (10e) and (17) we



obtain

ėθ = ew (18a)

ėw = −kdϑ− k′peθ + z +
1

J

(

Te − T ∗

e

)

(18b)

ϑ̇ = −aϑ+ bew (18c)

ż = −ki(eθ − ϑ)−
ki

ε
ew. (18d)

Furthermore, substituting (13) in (7) we obtain

ėx = L−1[−(R+ kpx)ex − (Kx(t) + L∆)eω]. (19)

The rest of the proof relies on the following two state-

ments which roughly speaking, allow to apply a small-gain

argument.

Claim 1 The rotor dynamics (18) with state ζ1 =
[eθ eω ϑ z]

⊤, is input-to-state stable with input ex.

Claim 2 If kpx is chosen as in Proposition 1 the stator

dynamics (19) is input-to-state stable with input ew.

Proof of Claim 1. We start by re-writing (18) as






ėθ
ėω
ϑ̇
ż






=







0 1 0 0
−k′p 0 −kd 1
0 b −a 0

−ki −ki/ε ki 0







︸ ︷︷ ︸

A







eθ
eω
ϑ
z







︸ ︷︷ ︸

ζ1

+







0
1/J
0
0







︸ ︷︷ ︸

B

(

Te−T
∗

e

)

Let ε1 = ε and ε2 be two “small” positive numbers and

consider the Lyapunov function V1(ζ1) =
1

2
ζ⊤1 Pζ1 with

P =







k′p ε1 0 0
ε1 1 −ε1 −ε2
0 −ε1 kd/b 0
0 −ε2 0 ε1/ki






.

This matrix is strictly diagonal-dominant if

k′p > ε1 1 > 2ε1 + ε2
kd

b
> ε1

ε1

ki
> ε2

which hold for sufficiently small ki, ε1 and ε2. Since P is

also symmetric, it is positive definite. Also, we have PA =








−ε1k
′
p k′p −ε1kd ε1

−k′p + ε2ki ε1(1− b) +
ε2ki

ε1
−kd + ε1a− ε2ki 1

ε1k
′
p kd kd

(

ε1 −
a

b

)

−ε1

ε2k
′
p − ε1 −1 ε1 + kdε2 −ε2









therefore,

−
1

2
(A⊤P+PA) =

1

2









ε1k
′
p −ε2ki ε1(kd − k′p) 0

−ε2ki ε1(b− 1)− 2
ε2ki

ε1
ε2ki − ε1a 0

ε1(kd − k′p) ε2ki − ε1a kd

(
a

b
− ε1

)

0

0 0 0 ε2









︸ ︷︷ ︸

Q1

+

1

2








ε1k
′
p 0 0 −ε2k

′
p

0 ε1(b− 1) 0 0

0 0 kd

(
a

b
− ε1

)

−kdε2

−ε2k
′
p 0 −kdε2 ε2








︸ ︷︷ ︸

Q2

(20)

The matrix Q1 in (20) is positive definite if each element

in its main diagonal is positive and the matrix is strictly

diagonal-dominant. The matrix Q2 is also positive definite

for sufficiently small values of ε1 and ε2. Hence, we con-

clude that

−
1

2
(A⊤P + PA) =

1

2
(Q1 +Q2) = Q, Q = Q⊤ > 0.

Computing the total time derivative of V1(ζ1) we obtain

V̇1 = −ζ⊤1 Qζ1 + ζ⊤1 PB(Te − T ∗

e ).

To prove input-to-state stability with input ex let qm be the

smallest eigenvalue of Q and let γ1 ≥ |PB| then,

V̇1 ≤ −qm |ζ1|
2
+ γ1 |ζ1| |Te − T ∗

e | .

Next, we use (9) to obtain

V̇1 ≤ −qm |ζ1|
2
+

γ1kM

2
|ζ1|

[

|ex|
2
+ 2 |x∗| |ex|

]

≤ −qm |ζ1|
2
+

γ1kM

4

[
|ex|

4

µ2

+ µ2 |ζ1|
2

]

+
γ1kM

4

[
4 |x∗|2 |ex|

2

µ1

+ µ1 |ζ1|
2

]

≤ −
[

qm −
γ1kM

4
(µ1 + µ2)

]

|ζ1|
2

+
γ1kM

4

[
|ex|

2

µ2

+
4 |x∗|2

µ1

]

|ex|
2
.

For sufficiently small values of µ1 and µ2 the coefficient of

− |ζ1|
2

is positive. The second term is a function of class

K∞ of |ex|. In particular, we have ζ1 → 0 as ex → 0.

Proof of Claim 2. Consider the function

V2(ex) = |ex|
2
,

whose total time derivative along the trajectories of (19),

yields

V̇2 = −2(R+ kpx)e
⊤

x L
−1ex − 2e⊤x L

−1Kxew − 2ewe
⊤

x ∆ .

Using (2) we see that

lmV̇2 ≤ −
( lm
lM

(R+kpx)−kM |x|
2
−|∆|

2
)

|ex|
2
+(kM+lm)e2w

which is negative definite if ew = 0 and

kpx ≥ −R+
[

k′px + kM |x|
2
+ |∆|

2
]

(lM/lm), (21)

which is coherent with (16). Hence, V2 is an ISS-Lyapunov

function and the system is input-to-state stable.

To finish the proof of Proposition 1, redefine Q by

removing the second term in the diagonal of Q2 in (20).

Note that the conditions for positive definiteness of Q do



not change, only its lower bound, which we now denote by

q′m. Then, provided that we enforce kpx to

kpx := −R+

(

k′px + kM |x|
2
+ |∆|

2
+

γ1kM

4

[
|ex|

2

µ1

+
4 |x∗|2

µ2

])
lM

lm

which is also compatible with (16), we obtain

V̇1 + V̇2 ≤ −k′px |ex|
2
−

[
ε1(b− 1)

2
−

kM

lm
− 1

]

e2w

−
[

q′m −
γ1kM

4
(µ1 + 2µ2)

]

|ζ1|
2

(22)

which is negative semidefinite for small values of µ1, µ2 and

large values of b –see the appendix for details.

Moreover, in view of the positivity of P , for appropriate

(large) values of the control gains a, b, kp, kd, kpx and small

values of ki, ε1 and ε2 there exist positive constants q1, q2,

q3 such that

q1

(

|ex|
2
+ |ζ1|

2
)

≤ V1(ζ1) + V2(ex) ≤ q2

(

|ex|
2
+ |ζ1|

2
)

V̇1(ζ1) + V̇2(ex) ≤ −q3

(

|ex|
2
+ |ζ1|

2
)

.

Global exponential stability of the origin follows.

IV. SIMULATION RESULTS

We have tested our main result in simulations using

SIMULINK
TMof MATLAB

TM. The parameters of the motors are

R = 5, l0 = 0.030H , J = 0.01kg −m2 and Nr = 4 while

the controller gains are kp = 1050, ki = 5e-4, kd = 1000,

a = 1500, b = 3200 and k′px = 50. The boundaries for

Kj(θ), Lj(θ), |PB| and Q were fixed to kM = 0.085,

lm = 0.01, γ1 = 105 and q′m = 1e-5 respectively. Finally,

the constants µ1 = 3e-6, µ2 = 1e-6, ε1 = 0.04 and ε2 = 1e-

5 were defined. Note that P and Q are positive definite for

these values and V̇ = V̇1 + V̇2 is negative definite.

The evaluation scenario consists in imposing a smooth

signal reference constructed using the following function

ω∗(t) =
(
ω∗

f − ω∗

0

2

)(

tanh(t− T ) + 1
)

+ ω∗

0 , (23)

The reference is obtained as the sum of three differ-

ent implementations of the function above where T =
4, 14, 25, ω∗

0 = 0[rad/s] , in the three cases, while ω∗

f =
100,−200, 100[rad/s] and the initial conditions of the motor

are equal to zero. The load torque is TL = 1[Nm] during the

evaluation.

Under the conditions described above, the speed response

of the closed-loop system is shown in Figure 2 where both

the reference and actual speed are superimposed. Note the

remarkable tracking achieved in spite of the sign inversion

for the desired speed. Some chattering is exhibited by the

motor speed, as the depicted in the sub-figure. This behavior

is normal due to the commutation among the phases and

corresponds to the situation when one of the phases requires

larger values than the other, as it may be appreciated in

Figure 3 and Figure 4. In this sense, the advantage of

using the torque sharing approach is verified by the reduced

magnitude of this chattering.

0 5 10 15 20 25 30

−100

−80

−60

−40

−20

0

20

40

60

80

100

Time [sec]

S
p
e
e
d
 [
ra

d
/s

e
c
]

0.5 1 1.5

−6

−4

−2

0

2

4

6

Fig. 2. Rotor angular velocity (red-line) and its reference (blue-line)
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Fig. 3. Motor currents

With the aim to further illustrate the good performance

of the proposed controller, in Figure 3 and Figure 4 are

depicted the currents and the voltages required during the

motor operation. In these figures it is important to note that

the maximum values achieved by these signals (peaks of

6[A] for currents and peaks of 200[V] for voltages) are quite

reasonable from an implementation point of view considering

the load torque imposed to the motor.

Concerning the commutation of the excitations applied to

the three phases, in Figure 5 and Figure 6 both the currents

and the voltages are shown for an expanded period of time. In

these figures, besides the illustration of the correct sequence

application, it can be noticed how this sequence change when

the speed crosses the zero value.

Finally and in order to illustrate the current tracking

properties of the proposed controller, in Figure 7 are shown

both the desired and actual current for one of the motor

phases. Even that perfect tracking is not achieved this be-

havior is acceptable with respect to the speed performance.

A better current response can be achieved by changing the

controller gains (in particular increasing the value of k′px) at

the expense of having larger values for the voltages.

V. CONCLUDING REMARKS

As far as we know, we have presented the first con-

troller guaranteeing global exponential stability for switched-

reluctance motors without velocity measurements. Our main
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Fig. 4. Motor voltages
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Fig. 5. Motor currents commutation
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Fig. 7. Motor current (red-line) and its reference (blue-line)

result is a preliminary step towards the open problem

of theoretically-validated sensorless control for switched-

reluctance motors. Current research is being carried out in

this direction, in particular it focusses on the design of an

angular-position observer to be implemented with a certainty-

equivalence controller.
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