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TIME-LOCAL DISSIPATIVE FORMULATION AND
STABLE NUMERICAL SCHEMES FOR A
CLASS OF INTEGRODIFFERENTIAL WAVE EQUATIONS

C. CASENAVET AND E. MONTSENYT

Abstract. We consider integrodifferential equations of the abstract form H(9;)® = G(V)® + f
where H(9;) is a diagonal convolution operator and G(V) is a linear anti self-adjoint differential
operator. On the basis of an original approach devoted to integral causal operators, we propose and
study a time-local augmented formulation under the form of a Cauchy problem 9; ¥ = AV + Bf such
that ® = C¥. We show that under suitable hypothesis on the symbol H(p), this new formulation is
dissipative in the sense of a natural energy functional. We then establish the stability of numerical
schemes built from this time-local formulation, thanks to the dissipation of appropriate discrete
energies. Finally, the efficiency of these schemes is highlighted by concrete numerical results relating
to a model recently proposed for 1D acoustic waves in porous media.

Key words. integrodifferential equation, partial differential equation, convolution operator,
diffusive representation, numerical scheme, Cauchy problem, energy functional, stability condition.

AMS subject classifications.

1. Introduction. In many physical problems where accurate dynamic models
are required, the contribution of some underlying and more or less ill-known dis-
tributed phenomena cannot be neglected. Although the precise local description of
such phenomena often appears excessively complex or even, in many cases, out of
scope, their macroscopic dynamic consequences can fortunately most of time be taken
into account by means of suitable time-operators of convolution nature which in fact
summarize the collective contribution of lots of hidden parameters to the global dy-
namic behavior of quantities under interest. In that sense, such integrodifferential
models therefore conciliate accuracy and simplicity, up to the loss of the so-called
time-locality property: in opposite to standard Cauchy problems for which the future
is conditioned by the present only, all the past evolution is involved here, via the
time-convolution. Last years, various problems relating to integrodifferential models
have been studied in many fields. As few examples, we can cite [2, 7, 13, 16] in
physics, [6, 10, 12] in mathematical analysis or numerical simulation, [1, 11] in control
problems, [3, 9] in electrical engineering, [18] in biology, etc.

In the particular context of partial integrodifferential equations, the crucial prob-
lem of numerical simulation is in general quite difficult. This is due for one part
to the numerical complexity of quadratures of convolution integrals, which generate
highly expensive time discretizations, particularly when long memory components
are present. Beyond this first heavy shortcoming, the stability of numerical schemes
is in general very difficult to get, namely because standard techniques devoted to
(ordinary) partial differential equations such as energy dissipation cannot be used
for integrodifferential equations. So, the construction of stable numerical schemes
remains an important challenge and it can be expected that some specific methods
devoted to analysis and approximation of convolution operators should be of great
help from this point of view. This is the topic of the present paper.

We consider in the sequel partial integrodifferential equations of the abstract form:

(1.1) H(0,)® = G(V)®+ f on (t,z) € R} x RZ,
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2 C. CASENAVE AND E. MONTSENY

where H(8;) is an invertible! diagonal convolution operator, and G(V) is an anti self-
ajoint linear differential operator. Many propagation phenomena can be modelled
following (1.1). As significant examples, we can mention for example electromagnetic
waves in dissipative media [13], wave propagation in viscoacoustic media [6], etc. In
order to illustrate our results, we will consider in particular a model of 1D acoustic
waves in porous wall proposed in [5]: (Hy(0;)u, Ho(9;)P)T = (=0,.P,—0,u)T + f,
where u and P stand for the velocity and the pressure of the gas and the symbols H;
take the form: Hi(p) = kp+a+/1+0bp, Ha(p) = k'p+ #LTP.

On the basis of an original approach devoted to integral causal operators presented
in [14, 15] and successfully applied to various integrodifferential problems, namely in
[1, 2, 3, 9], we propose and study a new formulation both equivalent to (1.1) and
time-local, written as a Cauchy problem:

(1.2) OV = AV + Bf on (t,z,8) e R xR} x Re,  ¥(0,.,.) =0,

in such a way that the solution of (1.1) is expressed ® = C¥U. We show in particular
that under natural hypothesis on the symbol H(p), the formulation (1.2) is dissipa-
tive in the sense of an energy functional derived, in some way, from the one of the
standard equation 9;® = G(V)®. Following a convenient method introduced in [14],
straightforward dissipative approximate versions of (1.2) are deduced by simple dis-
cretization of the auxiliary variable £&. We then study numerical schemes based on
classical discretizations relating to the variables ¢, x and we establish their stability in
the sense of adapted energy functionals inherited from the continuous model.

The paper is organized as follows. The section 2 deals with the time-local for-
mulation of (1.1). It begins with a short presentation of the so-called diffusive repre-
sentation of causal integral operators introduced in [14]; then, the formulation (1.2)
is deduced and its dissipativity is established. In section 3, implicit and explicit nu-
merical schemes for (1.2) are stated and studied from the point of view of stability.
Finally, the efficiency of these schemes is highlighted in section 4 by means of some
numerical simulations.

2. Time-local formulation of integrodifferential equations.

2.1. Time local realization of causal convolution operators. In this sec-
tion, we present a particular case of a methodology called diffusive representation,
introduced and developed in [14] in a general framework.

We consider a causal convolution operator denoted by K (), that is, for any
continuous function w : R™ — R,

(2.1) (K(&t)w)(t):/o k(t — s)w(s)ds = (k * w)(2);

the function K = Lk (the Laplace transform of k) is called the symbol of operator
K ().

Let w'(s) = 1jg4(s) w(s) and let w;(s) = w'(t — s) the so-called history of w.
From causality of K(9;), we deduce:

(K(0)(w—w")) (t) = 0 for all ¢;

1We implicitly refer to an underlying algebra of causal convolution operators. For example, for
a Cauchy problem on R} with null initial condition, the inverse of H(d;) = 8; is 9;  : v — ]Ot vds.
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then, we have for any continuous function w:

(2.2) (K(@w)(t)= £ (K Lw)] ()= [£" (K Luw')] ().
We then define:
(2.3) W (t, p) i= e (Lw') (p) = (Lw;) (—p);

by computing 9;Lw;, Laplace inversion and use of (2.2), it can be shown:
LEMMA 2.1. 1. The function V., is solution of the differential equation:

(2.4) 0V(t,p) =pY(t,p)+w, t>0, ¥(0,p)=0, peC
2. There exists by € R such that:

1 b+ioco
(25 W2 b (K@) ()= 5= [ K@) V() do

Proof. 1. From (2.3), we have W, (¢,p) := e fot e P w(s)ds, and so:

¢
0y, (t,p) = peft / e P w(s)ds + et e Pt aw(t).
0

2. From (2.2), there exists by € R such that for any b > by:

1 oo 1 [bico
K(0, t)= — PLK Luw* dp = — K(p) Uy (t,p)dp.
(K@ ()= 5= [ oK) (Co) == [ K@) Valepdr
0
We denote €2 the holomorphic domain of K. Let v a simple arc closed at infinity
and included in C~ = R~ 4+ iR. We denote Q;“ the exterior domain defined by ~y, and

Q7 the complementary of ﬁ (see figure 2.1). By use of standard techniques (Cauchy
theorem, Jordan lemma), it can be shown:

LEMMA 2.2. For v C Q such that K is holomorphic in Qj, if K(p) — 0 when

p — 00 in nyr, then, for any closed simple arc v in Qj such that v C Qg (see
figure 2.1):

(2.6) %@WW%—1[MM%@mw

T 2im

We now suppose that v, ¥ are defined by functions of Wb (R; C), also denoted

1
7, 7. From classical techniques, it has been shown in [14] tha%?
THEOREM 2.3. Under hypothesis of lemma 2.2, if in addition the possible singu-
larities of K on ~y are simple poles or branching points in the neighborhood of which
|K o] is locally integrable, then:

~ !

1. with o= - K o& and ¥(t,.) = W, (t,.) 0 ¥:

2imw

(2.7) <K@mww:/ﬂ@¢w@%

R

o~ . 1,00 A, ~ ; .
2. if 4n — v in W, then 5= K o4, — v in the sense of measures;

3. Y(t,.) = Uy (t,.)oy is the unique solution of the Cauchy problem on (t,£) € R* T xR:
(2.8) 9 (t,€) = v(§) »(t. &) +w(t), ¥(0,§) =0
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AR

Fic. 2.1. Ezxample of v and 7 arcs

(2.9) (K (8r)w) (t) = (v, 9(t, ) -

For convenience, we will indifferently denote in the sequel (v,) or [ d€ the
duality product between a continuous function ¢ and a measure v (in particular, for
Dirac measures: ¢(a) = [ 6,1 d§).

REMARK 1. In the limit case v(§) = —[¢], we have QT = @. The above results
remain valid and we deduce from symmetry of the problem that there exists a measure
w such that

/vadf:/omwde

— 00

This particular case will be useful in practice when K is holomorphic in C N R™.

DEFINITION 2.4. [14] The measure v defined in theorem (2.3) is called the
~v-symbol of operator K (0y).

In many cases, the arc v can be constrained to satisfy a suitable additional con-
dition which makes equation (2.8) of diffusive type [14]. The main advantage of the
input-output formulation (2.8,2.9) lies in its time-local nature which allows to use
classical methods devoted to Cauchy problems. In particular, stable and efficient
schemes for the numerical resolution of (1.1) can be straightforwardly built from dis-
cretizations of problem (2.8) following standard techniques. This is the topic of the
following sections.

2.2. Application to a class of partial integrodifferential equations. We
consider the problem:

(2.10) H(0,)®=G®+ f, on R xQ, QCR”,

where ® = (®1,...,®,/)7 is the unknown, H(d;) is an invertible causal convolution
operator of the form:

H:(0)

(2.11) H(9,) =
H(0r)



NUMERICAL SCHEMES FOR INTEGRODIFFERENTIAL WAVE EQUATIONS )

and G = G(V) is a differential operator supposed to be anti self-adjoint, that is:
(2.12) Gi; = —Gji,
where g;j is defined by:

Yu,v € D(Q).

(G vl U)L2(Q) = (u]g5;v) L2(9)

As usual, suitable boundary conditions associated to G, not expressed here, can com-
plete the model (2.10). The ~;-symbols v; of operators H;(9;)~! are supposed to be
positive measures. Note that this property appears as physically realistic in the sense
of an energy balance, as it will be highlighted later.

By expressing equation (2.10) under the form ® = H(9;)~! (G® + f), we formally
deduce from results of section 2.1, under suitable hypothesis on H;" 1(dy), the following
diffusive time-local formulation of (2.10):

(2.13) (2, 6) = ()t 2,6) + G (v, 9(t,2,.)) + f(t,x), $(0,.) =0,
(2.14) B(t,z) = (v, ¥(t,z,.)),

whete 1 = (Y1, $a0)T 7 1= diag(y1, o var), ¥ 1= diog(v1, ., var) and {v,) =
(<V17¢1> PREED) <VM7/¢M>)T-

Let us now consider the functional
1 9 1 T — .
v By =3 3 [[niP dgds =5 [[ oG agan:

thanks to the positivity of v;, the functional Ey, is positive. We have:
PROPOSITION 2.5. For any v solution of (2.13), and at any t such that f(t,-) = 0,
the functional Ey verifies:

dEy(t)
dt

<0.

Proof.

1 (// (0T v dedz + //wTuwdgdx>

= [ vrvrenBagao+ ([0 GodTas+ [ o Tt ds )

= [[ wroret) Baedo
QZ[ i i 03] Wi 1)) gy + (95930 1606, 00)) gy |

Because G is anti self-adjoint, we then have:

dEw //wTVRe de_z / / viRe(y;) [l dé <
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Therefore, the time-local problem (2.13) is dissipative in the sense of the positive
functional Ey. At this stage, standard methods of semigroup theory can be investi-
gated to study the well-posedness of this Cauchy problem in the associated energy
Hilbert space?® [19], from which will follow the well-posedness of problem (2.10) as a
simple consequence.

In practice, the numerical resolution of problems such as (2.10) presents major
difficulties due to the non-local nature of H(9;)~*. So, we focus here on the construc-
tion and analysis of numerical schemes for (2.13), from which approximate solutions
of (2.10) will be directly deduced. We mainly study the stability property, which
holds most of the technical difficulties.

3. Numerical schemes for (2.13). First note that in any case, it follows from
(2.14) that, in the sense of suitable topologies not specified here, approximations of
® solution of (2.10) will be straightforwardly obtained from discrete approximations
¥ of 1 solution of (2.13) under the generic form:

Oty x1) = D(tn, wx) = Y o (tn, 2x, &)
!

So, we build and study some numerical schemes for (2.10). A general technique
for ¢-discretization presented in [14] is first introduced, followed by the statement
of fundamental properties of generic x-discretizations, inherited from the properties
of operator G. Then, we consider different ways of time discretization which define
different classes of implicit and explicit schemes.

3.1. ¢-discretization [14]. Consider K a Hilbert space such that (¢, x,.) € K

and Kz a sequence of subspaces of K of dimension L, such that UKy = K. Given
a mesh {&};=1.1, consistent approximations ¢y € K, of ¢ are then defined by:

L

Dr(€) = w(&)M(©),

=1

where A; are finite element functions belonging to Ky, in such a way that:

-, =0

K L—oo

We then deduce the finitedimensional approximate state formulation of (2.13):

(31) atw(tum7£l) = 7(§l)w(tax7€l) + QZCJw(t,x,@), [=1: _L7
J

where:
Cy = diag(ci1, ..., ainr), i == /Vi(f) Ay(§)dE.

Note that, in practice, only a few tens of & are necessary to correctly approximate each
operator H;(9;)~!. More details on the ¢-discretization of diffusive state realizations
of convolution operators can be found in [14].

2Up to an algebraic quotient in the possible case where supp v # R, the functional Ey then
defining a seminorm on D(R?).
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In addition, for consistency with positivity of measures v;, we will suppose:
c; 2 0;

this property, which will play a central role, is satisfied namely if A; > 0. The energy
functional associated to (3.1) is then:

BE0 =53 [esluitta )P do =53 [ulta. ) OO @ do
il l

and verifies, in the same way as previously:

dEL
(32) ;t(t) = Z/¢(t7$,§l)TRe(7(§l))011/1(15733,&)(117
l

=Y [ auRe(@) (e, z, 0 do < 0
1i

3.2. z-discretization. In formulation (3.1), G;; is a differential operator; it is
approximate on a mesh {xj}r=1.x C R™ by:

K

(3.3) (Gij®) (xq) ~ Zg?fq)(xk), Vg=1: K
k=1

where the coefficients giq]ZC define the approximation under consideration (for example
finite differences [17], finite elements or even more general Galerkin methods up to
suitable technical adaptations [4]). By denoting @ := (®(z1),..., ®(zx))T, (3.3) can
be written in a more condensed way,:

((Gi5®) (1), -, (Gi;®) (k)" ~ Gi; @,

where we denote G;; the matrix with terms ggf. In the sequel, for simplicity ® will
be denoted .

Because the operator G is anti self-adjoint, it is natural to consider approxi-
mations which preserve this property. So the block matrix G with block elements
Gij € Mg k(R) must be antisymmetric, that is:

(3.4) Gy = —Gji.

In the sequel, we will denote Sg,, the quantity:

— gk gk
Sa,; = max (m}ixx g 9i; ,m;ax E 9ij
q k

) |

The Euclidian scalar product in C¥ and the associated norm will be denoted:

K
(X]Y) =3 X, Tr, and [|X] =
k=1

K
>l
k=1
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3.3. Stability analysis for an implicit scheme. We propose the following
class of time-implicit schemes, based on a Cranck Nicholson time discretization:
(3.5)

ot (&) —yp (&) O &)+ (&) RHE) +HUR(E)
At —71(&) 2 +Z szcj D)

+ it

k,j

where

Wl(fl) = (wi(nAtaxlagl)7 "~7wi(nAt7xK7£l))T

and fI' = (fi(nAt,x1), ..., fi(nAt,zk))T. In a more condensed way, (3.5) can be
written:

V) 0D _ g, ) 6) o¥a, V) HUE)

(3.6) -

fn

where ¥" (&) = (¢?(£l) 77wnM(§l) ) = lnT)"'v M )T7 Iy :diag(%(gl)ll()a

Q; =diag(cjx Ix) and G is the antisymmetric block matrix defined above.

Let us now consider the quantity:
B =3 (v(@) | Q@) = e lvi (@)
1 il

Note that, thanks to the positivity of coefficients ¢;;, E™ is an energy candidate for
(3.6). We have:

THEOREM 3.1. The implicit scheme (3.6) is stable.

Proof.

En+l _ En _
ZEZ: (Quw™M(&) +v™(&))| " (&) — ™ (&) + %:211111(@1%0"“(&)’ V(&)
ZZ SE(Qu™ M (&) + ™ (&) T T (&) + ™ (&) + Z 2 Im(Quv™ (&) v (&))

% S QU™ &) + v (&) GQ (v TH(E) + w”(@»)

¥}

Because G is antisymmetric, we have:
ZZ (Qu™ (&) +9™(&)| GQ; (W™ (&) + ¥ (&)))) = 0,
J

En+1 . En —
= Ez: SE(Qu™ &)+ ™ (&) Tu(W" T (&) + v™(&)) + El: 2 Im(Quu™ (&) v (&)

=4t Z; Yi(&)ew [0 &) + 1/1?(51)|2 + Zz: 2 Im(Quu™ (&) | v (&) -

As E"tl — E™ is real, we have:

Ertl _pr =4t Zch Re(y:(&)) |03+ (&) + P @) <o.
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3.4. Stability analysis for explicit schemes. In this section, we propose a
class of two-steps explicit schemes of the form:

(3.7) YINE) = a PN &) + bu Zszijkwk (&) + by fo

where a;; € C, |aj;| < 1 and bj, € RY are depending both on time approximation and
~i(&) choices, and G is the antisymmetric block matrix associated to operator G.
Let us now study the stability of (3.7). We consider the functional:

=D e E)N5 + Re (¥ (&) (&) -

0

LEMmMA 3.2. If

(3.8) Re(ay;) — b ijksgzk >0 Vil
k.j

then there exists K > 0 such that

E" > KY ¢ @)l
il

Proof. We have:

=Sl Els+ > Re(a) [0 M€ o+ - bubj Re (Gar v (67)] 42 1(&)) -
il il

0.k,

Moreover, by using the following relation:

(39) VaeR, Yu,veCX, aRe(ulv) = %(HUHQ +[v))* = [lu— sign(a)v]?),

we get:

Re (G Y7 (§5)] ¥~ 1 fl Z ‘glkl W}k i q) +Slgn(glk)¢ (51@13)’2

p,q

SG?k

Sa,
oM E@l” = =5 Il

so, as Sa,, = Sa,;:

b e
E" > 1—¢Zbgk5cm 2P+ | Re(aw) ijksc@k ler="@)|)?

i, k.j 1, k.j

b2 bt ey ) +simn(a @)

,5,k,0,p,q

0
REMARK 2. Note that condition (5.8) necessamly implies Re(ay;) > 0 ; the
hypothesis |ai;| < 1 is motivated by the term ay ¥ (&) of (3.7).
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REMARK 3. Conditions of Lemma 3.2 are necessary conditions that link At (in
ai; and by,) and the space discretization step (in Sg,, ).
Let us now consider the quantity:

gn — E" +En—1

which, under the conditions of lemma 3.2, defines an energy candidate for (3.7). Then,

we have the following theorem for stability of the class of explicit schemes (3.7):
THEOREM 3.3. Under the conditions of lemma 3.2 and if, for any k, j,

(3.10)

b
i+ ;k > IGir? bu(

il

|aui|* +af; —@ran —1‘ b1 bp (| — 55|+ ali_aqp|)> <1

p,q

and

bk
(3.11) Re(a;i)(|aji” = 1) + > Zbli

/L7

2 2 N
lajx|”™ + ajy — anajr — 1‘ <0

then the scheme (3.7) is stable.
Proof. After computations and reorganization, we have:

gn+1 —&n = En-‘,—l _ En—l

= Z i) W?_l(fl)HQJr Z biibji Re (a 0?1 (&)| Gar ¥7 (&5))
il

i,l,k,j

+ 3 bubjr Re (Gin ¥ (&) [ (& +Z|ah| Re (v1'(&) |[v7%(&))

ik
+ Z biibjk Re (anf (&) |Girby ™ Z biibjr Re (G ¥ (&5)| 97(€)
i1k, 3,0k, j

=3 (e @I + Re (v7(@) lw?”(a))) .
4,0

As Gip = —GT., we have:
gt —gn Zzl:(\au — 1) [l H +Z laii)® — 1) Re (¥2(&) |7 2(&))
+ %: blibjlc(;zli — aj) Re ((ar; — @) YM(&)| Gantop M (&)))
4Lk,
*Z i = 1) [l0p= (&) H +ZI |ais|* — 1) Re(as) ||~ H2
Z biibji Re ((|ali|2 +a? — ajpa — 1) w?_2(§l)‘ Gik 1/);?_1(53'))
ik,
+ lkz b7bjkbep Re ((ai — @r) Giptl ~ (&) Gartop 1 (&))) -
B,0,k,J,p,q

By using (3.9) and the following relation:

1 — 2
Re (ule) = 5 (18111015 + 1911l - | /B + Vo] ).
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and after reorganization, we obtain:

Entl _gn Z(mh _ Hwn 1 H

il
+ > Re(an) (ol = 1)+ % 5y b [l + 0, = @ = 1)) 0720

il

_% Z blgz'bjkbqp

i,0,k,5,p,q

-3 Z biibjk

.0k, j

_ 2
Vi = GrGip ¥y~ (E) + Va — GrGanty 1 (€)) H

2

\/lalilg-f—a?i—aTkali —1yp &)+ \/|azi|2+(112i —ara—1 G~ 1)

2
t3 Zbll jk <‘|al2| +alz Ajkay;— 1‘+th qp(‘alZ aij"alz aqpl)Hsz@/J (fj)H

i,l,k,j

By using the property |Gy ™ (&)]] < |Gl [~

, we then get:
et —£n <3 | (agsl® = 1)+ 24 3 G| bu UW + a2 — aray 1|
k,j il

+b1i Y bap (Jars — @] + Jay; — aqpl)D e nll”

p.q

) . _ 2
+ Re(ay;)(|aui|” — %ijk’|ali|2+a52i*ajkali*1‘ [P 2(&)|]
i,l k.j

2

\/lalz\ +af —ajra — 1]~ fz)-l—\/|a1i|2+a12i—a7kali—1Giklbg_l@j)

1
3 blz ik
i,l,k,j

-3 Z bbby H\/ali —@rGip (&) + au — aT‘sz‘kU)Z_l(fj)Hz

4,0,k,5,p,q

So, if for any k, j,

p,q

|ajk|2+ ZHszH bi; <‘% +af; —@jran — 1‘+blzZ bap (e — @] + Jasi— aqp|)>
bii
and for any i,1, Re(ay)(|au|” — 1)+?l ijk ‘|ali| + a2, — ajpai — 1’ <0,
k.j

then €71 < £", from which we deduce E"*' < E"~!. Consequently, we have
E™ < max(E°, E'); from lemma 3.2, the scheme is stable. O

In section 4, where a concrete application is presented, we will consider two par-
ticular explicit scheme of the form (3.7), based on two time discretizations (the first
one is rather classical, and the second can be expected to be more precise):

e in the first scheme, the time derivative is approximate by centered finite differ-
ences; we then get:

GE) = (L4+ 2887 (€)) ¥ (&) + 288 3 G S e v (€5) + 22 £
k

J
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which, after change of variable ¥/7*!(&) = 47 +1(§1)\/%, is rewritten under the
form (3.7) with:

(312) ap; = 1+ 2At’7i(§l) and bjk; = \/2At0jk.

e the second scheme is based on another time discretization described in ap-
pendix A, and can be considered in the case where ~;(§) is real (;(§) = —¢ for
example). It is written:

(3.13)

evi(€)2at g

w;hLl(fl) — e'Y'i(fl)QAt ,(blnfl(é-l) + W Zle chk ’(/J;;(fj) + fln ;
1 k) J

after change of variable {/;?H (&) =¢rTHE) %ﬁfﬂl
e t —

# , (3.13) is rewritten under
the form (3.7) with:

e (€)28: _ q

3.14 ap; = eV E28 and by = 1 ik
. ‘ TG

The stability of those particular schemes is obtained as corollary of the general sta-
bility theorem 3.3:

COROLLARY 3.4. Under conditions of lemma 3.2, and if At is small enough, the
two schemes (3.7,3.12) and (3.7,3.14) are stable.

Proof. For the first scheme, we have:

ap; =14+ 2At%(§l) and bji, = /2Atcj,

so that, by supposing At small enough, conditions (3.10) and (3.11) are respectively
equivalent to:

14 4At Re(vk(§;)) <1 and 4At Re(yx(&5)) <0,

which are both verified thanks to the property Rey C R™.
For the second scheme, we have:

k(€528 _ 1

C_ vi&)2A: o .
ay =€ and b =t/ Cik
! \/ ! 'Vk(gj)

so if At is small enough:

ay; ~ 14+ 2A¢7;(&) and bj, ~ /2Atcjg,

and the same analysis as for the first scheme can be made. O
4. Application to a porous wall model.

4.1. Problem under consideration. In the context of aircraft motors noise
reduction in aerospace industry, specific porous wall was proposed in [5] for absorption
of a wide part of the energy of incident acoustic waves. The following frequency model
of such a material has been established from analysis of harmonic propagating waves:
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P=0 . pett (w) = p (1 4 a Y1)
Q= 0 with
u

Xet (iw) = x (1 = B o)

where 4 and P designate the Fourier transforms of the velocity and the pressure

in the porous medium, e denotes the thickness of the porous wall®, peg (iw) and

Xeft (lw) are respectively the so-called effective density of Pride et al. [16] and the
1 8p / 8u

effective compressibility of Lafarge [8] and p = po aeo, X = By 0= 5oa%0 @ = Sopm
b =

2a, b = 2;,, 0< g = 7771 < 1. The physical parameters py, Py, pt, v, Qoo, A,
A’ are respectively the density and pressure at rest, the dynamic viscosity, the spe-
cific heat ratio, the tortuosity, the high frequency characteristic length of the viscous
incompressible problem and the high frequency characteristic length of the thermal
problem. Note that all these parameters are positive by nature.

The aim of this section is to perform temporal simulations of these equations,
based on the schemes previously studied. In the time domain, (4.1) can be written
(by replacing p = iw by 0):

(4.2) Hléat> Hz(()at) ] ( P ) - { —%x o } < P >

with:

H(p) = ep(p+a/TH0p) and Hap) = epx (1 = e

The analytic continuations of functions H; (p)~! and H(p)~! are clearly decreasing at
infinity and holomorphic in C \R™. So, from theorem 2.3, the time-local formulation
(2.13) of (4.2) with ~;(§) = — |¢] is valid. It takes the form:

ot & O Jewnga] G O ]( i)
u = (v,Y1(t,,.))
P = {vo,a(t,x,.)).

After computations, the y-symbol v; associated to operator H;(d;)~' are expressed
(6 denotes de Dirac measure):

a VvbE—1

(4.3)

vi(§) = TepE2 4 45 _ g2 lesoa +K10(6 —E&1),
2
! beE—-1 1
(€)= £ e et () R d(E - 6),
2

with

f1=@>0, &2 = o 1+116 ;)f)z 1)>0
_ 2__
by = Y=L 5 0 and ky — p(ViF160 -5 1)

epV1T ex(1-8)\/1+16(1—4)2 > 0.

3In the model, the unit of length for = is e, so = €]0, 1[.
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For the &-discretization, we consider the classical interpolation functions:

E—&— 11 41— &
& — &y s &1 — &

and coefficients ¢;; are computed by simple quadrature of [ 1;(&)A;(€)d¢.

0 -0,
-0, O
tered finite differences to approximate the derivative operator d,, so the matrix of
z-discretization G is given by:

Ai(§) = @)+ 7——Neae6)

4.2. Numerical schemes. In this example, G = . We use cen-

1

0 G .
G=|: 12:|W1thG12:G21:2A1:

G21 0

Note that this matrix is antisymmetric, so that the schemes studied in section 3 can
be used. Then, we consider:

e the implicit scheme:

(4.4)
n+1 n n+1 n n+1 n
+ i)+ ;
(gl) ¢1 (fl) =—& 1 (51)2 ¢1 (&) +G1a Zj Cio 2 (€J)2 wz (‘fj) + f{L
"“(5) Vs (&) 5T &) +vE (&) &) YT ()
lAt 2 ! :—fl 2 12 2 ! +G21chj1 1 j2 L ! +f£L7
e the two particular explicit schemes of the form:
(4.5) { &) = an 97N E) + b Gor 20, b2 5 (&) + b ST
' BFE) = a1 05N €) + bip Guz X byn U () + bia
respectively obtained with:
—&2A 67§j2At -1
ali:172Atfl,bjk:\/2Athk and a; = € ¢ t,bjk: CjkT
J

4.3. Physical interpretation of stability conditions. Obviously, to be able
to correctly simulate wave propagation phenomena, explicit schemes necessarily have
a numerical influence velocity at least equal to the maximal velocity of wave fronts
in the medium under consideration. When this is not the case, a consistent explicit
scheme cannot be convergent and is therefore unstable. So, it can be expected that
the stability conditions of section 3.4 applied to (4.5) can be in some way interpreted
in terms of high frequency wave velocity. More precisely: is the sufficient stability
condition for (4.5) “optimal” in the sense that it is close to the necessary condition
mentioned above? This is studied in the present section.

Let us compute the expression of the high frequency wave velocity of model (4.2),
denoted by c¢. We have:

(4.6)

u = —Hl(at)_lﬁxP
P= —Hg(@t)_lamu,
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so we get u = Hy(0;) "' Ha(0,) ! 02u. Moreover [14]:

v [ L 1 [ w(E) -
Hi(w)1_/iw+€d§_E 1+.ﬁd§,1_1,2.

1w

So, when w — +oc0:
1
Hi(iw) ™'~ = [y .
(iw) " /V (§) dg

The equation u = Hy(0;) "' Ho(9;) ™! 8%u therefore behaves at high frequency as equa-

tion 92u = 2 92u, with
c= ¢ [mi©rde [ v ae

Similarly, we denote by ¢y the high frequency wave velocity of the continuous
model obtained after &-discretization of (4.2), in which H;(iw) is replaced by its ap-

proximation I:Ti(iw) [14]:

~ 1
(4.7) Hw) ' =Y 2 = =N 9 =12

: - = P
; w+§&  iw 1+

We have, when |w| — +o0:
H;(iw)™! ~ iZc
% w £ Jis
j

which leads to a high frequency behavior of the form d?u = ¢ 92u with

Cq = E Cj1 E Cj2.
J J

Thanks to the expression of ¢;;, we then have, if fI[ ! is sufficiently close to H P L.

(4.8) cq ™ c.

Moreover, Sg,, = SG,, = A%C, so the stability conditions of section 3.4 applied to

(4.5) are:
At small enough and

. by;
(4.9) V(i k) € {(1,2),(2,1)}, Vi=1:L, a;— AL zj:bjk > 0.

For the first explicit scheme, (4.9) is expressed:

Ax \/Cli
4.1 —_— = B — .
(410 B¢ 7T M T 2V
where % is the numerical influence velocity of the scheme. For the second explicit

scheme, the order one approximation leads to the same condition. Then, we have the
following result:
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PROPOSITION 4.1. vg > cq4.
Proof. Without loss of generality, we can consider that:

_ At
v = s s 2V = My g 2V
So we have:
2= Zj i Zj cja < max, /e Zj«/cjl mlax,/clz Zj‘ /Ci2

< (mﬁxl_@&) (= ﬁ)
0

As expected, we deduce from (4.10) and proposition 4.1 that the numerical influ-
ence velocity of the scheme necessarily satisfies:

_ >
N

The sufficient stability condition (4.10) is of course not necessary. However, in nu-
merical results of paragraph 4.4, the gap between this condition and the instability of
the scheme is small: then, this condition is quasi optimal in this case.

REMARK 4. The numerical velocity vq of (4.5) could also be compared to the one
of a (theoretical) scheme in which the variable & remains continuous, by consider-
ing the continuous equivalent of the quantity vqg = max(; )y max; ﬁ% Zj NETRL
(4.10). Namely, by supposing by simplicity that v; are positive and continuous func-
tions* with bounded support, that A¢ = &1 — & is constant and with A} = Lig, 60005

there exists v}, € [;(&), vi(§41)] such that: ¢;; = f&“ (&) d¢ = v]; AE; so,

Var e = i S\ Joe e = o [ Vi@ e

and therefore, with At such that 1 —2At& > 0 for any £ € supp vy Usupp vs:
v s e =g | VRO <= s 0 [ v

Then, similarly to proposition 4.1, it can be easily shown thatv > c. Note however that
besides the boundness of supp v; which is a quite unrealistic hypothesis, this estimation
can be in some cases excessively pessimist.

4.4. Numerical results. We give in this section some numerical results ob-
tained with the explicit schemes. The values of parameters are [5]:

A=A =0110"3m, po = 1.2kgm 3, Py = 10° Pa
p=1810"kgm ‘st vy =14, a0 =13, e=510"2m.

The frequency responses of the approximations of H;(9;)~! obtained with (4.7) are
given in figure 4.1. Only 15 (resp. 20) & are used to approximate Hi(d;)™! (resp.
H5(9;)™') on a range of 6 decades with a good accuracy.

4Dirac and LllOC components could be similarly treated up to suitable technical adaptations.



NUMERICAL SCHEMES FOR INTEGRODIFFERENTIAL WAVE EQUATIONS 17
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FiG. 4.1. Ezact (—) and approzimate (- - -) frequency responses of operators Hy(d:)™1 (at
left) and H2(0¢)~1 (at right)

For illustration, the evolution of P obtained from simulation with explicit schemes
is shown in figure 4.2 (the two curves are superposed); the z-domain of (4.2) is Q =
10, 1[ and boundary conditions are:

P(t,0) = (1 —cos(2nft)) 1[07%1@), u(t,1) =0,

with f = 5kHz.We can clearly observe the dissipation and dispersion due to operator
H(0;).

In figure 4.3 we can see at a particular time, the functions v; which are involved in
the synthesis of u.
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t=0.127 ms t=0.205 ms t=0.282 ms

0 1 2 3 4 5 0 1 2 3 4 5 0 1 2 3 4 5
t=0.36 ms t=0.437 ms t=0.515 ms

2 2 2
15 15 15
1 1 1
0,5 0,5

o e

0 1 2 3 4 5 0 1 2 3 4 5 0 1 2 3 4 5

F1G. 4.2. Evolution of]?’ = > bio¥2(&) (N.B: the unit of length for the x-azis is 1072m)

Fi1c. 4.3. Functions ¥1(t,.,&) I =1: L at time t = 1.3 ms
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4.5. Comparison between experimental and theoretical stability con-
ditions. In the case of explicit schemes, the (sufficient) stability conditions are:
condition 1. At small enough,

condition 2. a;; — 2%1 > i brg > 0.

We propose to compare from numerical simulations the stability condition 2 with
the experimental one. In the same conditions as previously, for different values of ﬁ—;,
we test the experimental stability of the schemes and verify if condition 2 is satisfied
or not. The results are presented in table 4.1 (resp. in table 4.2) for the first (resp. the
second) scheme. In the two cases, the results confirm that condition 2 is a sufficient
stability condition. Because the interval of % values for which condition 2 is not
verified whereas the scheme remains stable is small, this condition is in fact “almost
necessary” .

Finally, to make the link with section 4.3, we can remark that the experimental
stability bounds are intimately linked to propagation velocities. Indeed, the values of
velocities defined in section 4.3 are (in length unit e per second):

¢ =15992, ¢q = 5038 and vgy = 6856,

which correspond to the physical values ¢ = 299.6 m.s™', ¢; = 251.9 m.s™! and
vg = 342.8 m.s~!. We can remark that, as expected, the schemes become unstable
when % < W ~ ¢4, that is when the numerical propagation velocity is less
than the model’s one.

TABLE 4.1
First explicit scheme

value of At/Ax condition 2 | Stability
< 1471077 verified yes
from 1.4810~% to 1.9710~% | not verified yes
> 1.9810°¢ not verified no

value of At/Ax condition 2 | Stability
<147107% verified yes
from 1.4810~% to 1.9810~% | not verified yes
>1.9910"1 not verified no

TABLE 4.2

Second explicit scheme

Appendix A. A particular time discretization.
For a linear differential system in CM :

Oy = Ap + Bw, ¢(0) =0,

the solution ¢ is given by:

¢
cp(t):/ A=) Ba(s) ds.
0

For w constant in [t — At, t + At], we have:

+ t+At
eAtTA=3) Bay(s) ds+ / AFAT) dsBu(t) = F(t—At)+Gu(t),
t—At

P(t+AL) = /

0
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with F' = €224 and G = A1 (e22*4 — ) B. So we get the following numerical scheme:

<)0t<|»At — F(ptht 4 th.

Note that this scheme is especially useful in the case where A is diagonal.
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