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INDIFFERENCE PRICING OF THE EXPONENTIAL
LEVY MODELS

A. Ellanskayd(]

ABSTRACT. We consider the geometric Levy processes and we
study the utility indifference pricing approach for the European
type option. Describing the investor’s risk preferences by the so-
called HARA-utilities we define the formulas for their value func-
tions on the initially enlarged filtration and the equations for the
indifference prices.

KEY WORDS AND PHRASES: utility maximisation, utility indiffer-
ence price, f-divergence minimal martingale measure, exponential Levy
model
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1. INTRODUCTION

The geometric Levy models have been widely used since the 1990’s to repre-
sent the asset prices. In comparison with the classical geometric Brownian
motion modelling, which became the basis for the Black-Scholes option pric-
ing theory, the use of the geometric Levy processes in asset price modelling
has undisputed advantages. In the classical modelling, the log-returns pro-
duced by the geometric Brownian motion processes are normally distributed
random variables which are far from the realistic for most time series of
the financial data. The class of the geometric Levy models is also flexible
enough to allow the process with either finite or infinite variation and finite
or infinite activity on the market and, in particular, contains the classical
Black-Scholes model (in the case of the a.s. continuous trajectories) and a
number of the popular jump models [13].

It is well known that the exponential Levy models are in general incomplete
and the problem of the option pricing reduces to the problem of the choice of
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2 INDIFFERENCE PRICING OF THE EXPONENTIAL LEVY MODELS

suitable equivalent martingale measure. However, the unified algorithm for
choosing such a suitable measure has not been emerged. From the other side,
the assumption that one can always trade the asset is often rather restrictive
because of low liquidity or legal restrictions. In some situations one can at
best trade the asset correlated with some non-traded asset and at the same
time to have an option on this non-traded asset. In these situations the
traditional contingent claim valuation approaches are not applicable to the
non-hedgeable contingent claims in the sense that one cannot construct the
investment strategies that minimise the risk for the non-traded asset.

Nowadays, the utility indifference pricing becomes the main tool for the
valuation of the claims in incomplete markets. Under the buyer’s (seller’s)
indifference price of the claim one understands a price which an investor is
willing to pay (to get) now to receive (to deliver) a claim at terminal time
and to be indifferent to the situation of the non-having the claim, in the sense
that his expected utility will not change under the optimal trading strategy
in the both situations. The utility indifference pricing approach allows to
hedge a risk from trading contingent claims and can be applied to the non-
traded assets as well as to the traded asset. First, Hodges and Neurberges
[22] asked at what price the investor is indifferent about a given claim under
the transaction costs which bring the incompleteness on the market. Later
this approach were extended in a number of papers, see for instance [3],
[4], [6], [10], [34]. However, the explicit formulas of the indifference prices
were derived only for Black-Scholes models ([32], [31]) and diffusion models
([20]), where the incompleteness on the market comes from the non-traded
asset, for the stochastic volatility models ([19]), and in the situation of the
complete market modelled by the by general semimartingales ([I]).

In this note we study the buyer’s (seller’s) indifference pricing of the Eu-
ropean type option in the situation when one trades the asset on the finite
time interval and at the same time has the European type option on the
independent non-traded asset under the assumption that investor possesses
some strong insider information about the non-traded asset. We consider the
market model on the initially enlarged reference filtration which supports a
traded asset and independent non-traded asset, both assets prices driven by
the geometric Levy processes. The phenomenon of the enlarged filtration
leads to the change of the set of self-financing and admissible strategies. In
general, the reference filtration of the traded asset prices can be enlarged in
the initial and progressive ways (see [24]).

More precisely, let T' be a a fixed time horizon and we assume that trading
is carried out on the time interval [0,7]. Let Levy process L be a process
which generates the reference filtration and Levy process L be an auxiliary
process independent from L . We consider the market with the risk-less bond
which is identically equal to 1, one traded risky-asset S and one non-traded
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risky-asset S defined as

Sy = g(L)t, Sy = g(i)t, t e [O,T]

where £ is a Doleans-Dade exponential. According to [23], the processes S
and S are semimartingales. To ensure that the price processes S > 0 and
S > 0 we assume that the jumps AL > —1 and AL > —1. We consider the
situation when investor is buying or selling the European-type option at time
T. Let us denote by £ the random variable which takes values on (R, B(R))
and by p its law. We will interpret the random variable £ as a spot price
of the non-traded underlying asset S7 and the function G = g(¢), where
g is a positive Borel function as a payoff of European type option. Then,
considering that investor knows from the beginning the spot price at time
T as a random variable, the new information flow is described, therefore, by
the initially enlarged filtration.

Let = be an initial endowment and U be a utility function describing the
investor’s risk preferences. By V(z,g) we denote the value function for
the utility maximisation problem on the initially enlarged filtration. Then
V(z,g) is defined as

Vie.g) = sk (v (4 (€S, + 5©)).

pell

where II is a set of self-financing and admissible strategies on the initially
enlarged filtration. Under the buyer’s and seller’s indifference prices we
understand the quantities pr and p% which are the solution to the following
equations

(1) V(2,0) = V(z —pF,9)
and
(2) V(z,0) =V(z+p7p,—9)

respectively (for the details see [6], [32]). We remark that a following relation
holds between pr and p7.:

pr(9) = —pi(—9).

As we can see from and the indifference prices are the solutions to
the equations consisting of two maximised utility function on the enlarged
filtration. In our analysis we consider that the risk preferences of the investor
are described by hyperbolic absolute risk (HARA) utilitiy functions.
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There are two possible methods to evaluate the value function V(z,¢g) and
to solve the utility maximisation problem. The primal approach is based on
the dynamic programming approach which leads to HJB equations for the
value functions. However, in the most cases of the incomplete markets the
associated HJB equations become the non-linear PDEs (see [20], [32]). We
prefer to use the another approach which consists in the converting of the
primal approach into the dual one which involves the minimisation problem
over all equivalent martingale measures. This problem becomes a problem
of finding the so-called f-divergence minimal equivalent measures if such a
measure exists (see for instance [9],[7],[8],[10],[20],[30]).

The note is organised in a following way. Section 2 is devoted to the dual
methods to solve the utility maximisation problem on the reference filtration
and on the initially enlarged filtration. In Section 3 we discuss about the
f-divergences minimal martingale measures on the both filtrations. In the
cases of the exponential, logarithmic and power utilities we provide the
explicit formulas for the Girsanov parameters of the changing of probability
measure to the f-divergence minimal equivalent martingale measures. In
Section 4 we present the main result for the utility maximisation problem
on the initially enlarged filtration and the equations for the buyer’s and
seller’s utility indifference prices for the exponential Levy models as well
as their properties as risk measures. Section 5 is devoted to the calculus
of the buyer’s indifference prices in the setting of the defaultable geometric
brownian motion model.

2. METHODS TO UTILITY MAXIMISATION PROBLEM

In this section we introduce some known and new results concerning the
maximising expected utility theory. We start by describing in detail our
model. Let T be a fixed time horizon. Let L be a Levy process starting
from 0 with generating triplets (b, 02, v), where b is a drift parameters, o
is a diffusion parameter and v is a Levy measures, i.e. the measure on R
satisfies the following two assumptions

3) v({0}) =0

and

(4) Jpmin {z%, 1} v(dz) < oo

We remind that according to the Levy-Ito decomposition theorem a Levy
process L with the generating triplet (b, 02, 1) can be represented in the
following form: for Vt € [0, T

(5) Ly = oWy + bt + / / N (dsdzx) + / / N(dsdz),
\:v|>1 |x\<1
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where W is a Winer process, N(ds,dz) is a Poisson random measure and

N (ds,dx) is a compensated Poisson random measure with a compensator
v(dz)ds.

We consider a canonical probability space (2, Fr, P) endowed with filtration
F = (Ft)tcpr) generated by process L = (Lt)o<i<r- We suppose that
financial market consists of the risk-less bond which is identically equal to
1, one traded risky-asset S = £(L) and one non-traded risky-asset S = £(L),
with Sy = 1 and Sy = 1, where £(-) is a stochastic exponential,

E(L)¢ = exp {Lt 1 <L > } H exp{—ALs}(1+ ALjs).

2
0<s<t

According to Theorem 4.61 in [23], the process S is a semimartingale. To
ensure that the price process S > 0 we assume that the jumps AL > —1.
By Lemma A.8 in [I7], the assumption that AL > —1 is in fact equivalent to
the existence of a Levy process L such that S; = £(L); = exp(L;). Lemma
A.8 in [17] also gives the following formulae to determine the Levy triplet
(b',02,0) of L:

o= b—;aM/R(h(m(Hx))—h(x))y(dx),

v(G) = /ng(ln(l + z))v(dz), for VG € B(R),

where h is a bounded truncation function. In fact, if we apply Ito’s formula
to the function In Sy = L/T we will see, that for an existence of the charac-
teristics (b, 0'2,1") of L it is sufficient to define the truncation function in
a specific way, for example:

h(z) = 21, <1 ().

1
2
We remark that the non-traded risky assets S also satisfies all the above
properties.

By means of the relation between L and L', it was shown in [21] that a
Levy process is a local martingale if and only if its stochastic exponential
is a local martingale. For this reason we prefer to model the asset’s price
dynamic by the stochastic exponential Levy processes.

We assume that at time 7', investor is buying or selling the European-type
option with payoff function G and the underlying non-traded asset’s price
is driven by the geometric Levy process S. Let us denote by ¢ the random
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variable which takes values on (R, B(R)) and by p its law. We will interpret
the random variable £ as a spot price Sp. Then, the payoff function of
European type option G = ¢(§), where g is a positive Borel function.

We assume that investor possesses the strong insider information about the
spot price of the non-traded asset, i.e. knows £ as a random variable from
the beginning of the trading. Then, on the product space (2 xR, Fr @ B(R))
we define a probability P as it follows: for all A € F and B € B(R)

(6) P(Ax B) = [ PA)duw)
B
such that P(A x R) = P(A) and P(2 x B) = u(B).
Now we define the initially enlarged filtration G = (G¢)scj0,17 by

(7) Gi={()(Fs®0(9).

s>t

The set of admissible and self-financing strategies, being the set of pre-
dictable functions, depend highly on the probability space and the filtration
which we consider. We denote by II(F) the set of self-financing and admis-
sible strategies ¢ on the reference filtration, i.e. F-predictable, S-integrable
on [0, 7] investment strategies with the wealth bounded from below P-a.s..
By P (F) we denote F-predictable processes, then the set II(FF) is of the
form

I(F)={peP(F) |IeeRy:(¢p-85)>—cVte[0,T] P— ae.},

where (¢-S5), = fOT psdSs is a stochastic integral. (For definition of a
stochastic integral see [23].)

Next, we denote by IT = II(G) the set of investment strategies ¢(£) on the
initially enlarged filtration such that ¢(&) is G-predictable and S-integrable
on [0,7] with the wealth P-a.s. bounded from below. In next lemma we
recall the known result about the G-predictable processes.

Lemma 1. (c¢f. [5] ) A random process ¢(§) is G-predictable if and only
if the application (t,w,&) — ¢(§) is a P (F) @ B(R)-measurable random
variable.

Hence, the set of the self-financing and admissible strategies on the initially
enlarged filtration is of the form

I(G) = {p(&) € P (F)@BR) | Tc € Ry : (p(£)-9)s > —cVt € [0,T) P— a.e.}.



INDIFFERENCE PRICING OF THE EXPONENTIAL LEVY MODELS 7

In order to find the indifference prices of the claim in the considered model
we solve two utility maximisation problems in and . We start from
the solution to the classical utility maximisation problem.

2.1. Classical utility maximisation problem. Again (Q, Fp,F P) is a
filtered probability space. By E we denote the mathematical expectation
with respect to probability measure P and by Ep, E,, the mathematical ex-
pectations with respect to probability measure P and to measure p respec-
tively. Under the classical utility maximisation problem we imply through-
out of the note the optimisation problem of the form

V(z,0)= sup Ep [U <w+/0Tgosts>].

pell(F)

Similarly as in [9], [18] we consider a utility function U : R — R U {—o0},
which is assumed to be strictly increasing, strictly concave, continuously
differentiable in dom(U) = {z € R|U(z) > —oo} and to satisfy the Inada
conditions

U'(c0) = lim U (z) =0,

T—00

U'(Z) = lim U’ (z) = 400,

zlz
for z = inf{x € R|U(x) > —o0}.

We require that the utility function is the increasing function of the wealth
because the growth of wealth the investor’s usefulness also grows. The con-
cavity of the function stands for the risk-aversion of the investor.

In the next proposition we present the auxiliary result concerning the solu-
tion to the utility maximisation problem on the reference and on the initially
enlarged filtration.

Proposition 1. Let II(F) and II(G) be the sets of the self-financing and ad-
missible strategies on the reference filtration and initially enlarged filtration
respectively. Then,

(8)
T T
sup Ep [U <x+/ gpsd58>] = sup E [U (:U+/ gos(ﬁ)dss)} )
ell(F) 0 »(§EIG) 0

Proof:

Let us set
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II*(F) = {¢(u) € Su (P (F) ® B(R)) |Jc € Ry : (9(£)-S)s > —cVt € [0,T] P— ae..},

where S, (P (F) ® B(R)) is a section of P (F) ® B(R) in w.

Then, if p(u) € II*(F) then ¢(u) € II(F). From the independence of L and
¢ and the fact that U (ZL‘ + fot gos(ﬁ)Ss) is a B(R)- measurable function of
(¢ - St) for all x € Ry, it follows that

E [U <:c + /Ot cps(f)d53> ‘g = u] = Ep [U (m - /Ot sos(-,u)ss)] .

Then, one gets:

E [U <m+/0t mo&)] - /]RE [U (x+/OT sos(u>ss>} e
im0 (o [ osos:) v
L o)

= (p?ﬁl?ﬂ?) Ep [U (1‘ + /OT QDsts>] ;

IN

A

and, hence

T T
sup Ep [U <$+/ g05d55>] > sup E [U <a: +/ gos(ﬁ)d&)} )
p€lI(F) 0 P(£)€Il(G) 0

The inequality in the opposite sense follows from the fact that each ¢ € II(FF)
can be extended on II(G) as ¢(t,w, &) = ¢(t,w), for Vt € [0,T], Vw € © and
V¢ € R. Finally, we have ({g]).

O

In the next discussions concerning the classical utility maximisation the-
ory we will use the notation V(z,0) for the classical utility maximisation
problem instead of V' (z,0) since we have proved that V(z,0) = V(z,0).
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2.2. Dual approach to utility maximisation problem. The dual ap-
proach to the classical utility maximisation problem consists in the convert-
ing of the primal problem into the dual one which involves the minimisation
problem over all equivalent martingale measures on the reference filtration.

More precisely, dual optimisation problem is derived in the following way.
(For details see [18], [20]). Let M(F) be the set of locally equivalent to P
martingale measures. Let us denote by I the inverse function of U ‘e

A -1
r=(v)
and let f be the convex conjugate function of the utility function U, namely

(9) f(y) :ili%{U(‘”) —yx} =U(I(y)) —yl(y).

The convex function f is a Frenchel-Legendre transform of U and from
equation @ the relation I(y) = —f (y) follows. The duality here can be
explained by the fact that U is also a Frenchel-Legendre transform of f such
that

U(z) = sup {f) + 2y} = fI(x)) + 2l ().

In this paper we consider the HARA utilities. They are the utilities U such
that its convex conjugate f verifies:

1

J'(@) = aa?,

with ¢ > 0 and v € R. As known, such functions f can be represented in
the form

f(z) = Afy(x) + Bz + C,
with A > 0, B,C € R and the function f, = f,(x) given by

cvx7+2, if vy #£—1,-2,

fy(x) = xlogz, ify=-1,
—logx, ify=-2.

The functions from up to down correspond to the power, exponential and
logarithmic utilities respectively. We recall the following correspondences
between utility functions U and f-divergence functions:

if U(z) = logz, then f(z) = —In(z) — 1,

P -1 »
itU(z) = w—, p < 1, then f(z:):—p mpfl,
p
. _ z 1 1
ifU(x) = 1—e 7, v>0, then f(x) =1——+ —xzlnz — —zln~.
T Y
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Definition 1. The f-divergence minimal equivalent martingale measure on
[0,T] is equivalent to Pr probability measure Q% on Fr which satisfies the
following equality:

o1 ()] = ot {22 [ (350)]}

Definition 2. We say that an f-divergence minimal martingale measure
Q* on Fr is invariant under scaling if for all ¢ € Ry

dQ\] aQr
oo ()| = ot P ()

Let us denote by X7 the wealth at time T', i.e. X7 =2+ fOT psdSs, where x
is the initial capital and ¢ € II(IF). For any equivalent probability measure
Q € M(F) we introduce the following maximisation problem

Vo(e) = sup { Ep(U(Xr): X1 € LNQ), Bo(Xr) < 5, Ep(U(Xr)") < oo .

Next we recall the well-known result of Goll and Ruschendorf which gives
us the dual representation of V(x,0).

Proposition 2. (¢f. [I8], Lemma 4.1) Let Q be a probability measure dom-

inated by P and Eq (—f/ (A%)) < oo for VYA € Ry. Then

() V(o) = ntao { B (£ (NRE)) + Ao

(73) There is a unique solution for X to the equation Eq (—f’ ()\ZgT)) =z,
denoted as A\g(x) € Ry, and Vg(z) = Ep [U (_f/ ()‘Q(m)%»]'

Therefore, the similar result holds for the f-divergence minimal martingale
measure QQ* and

. . dQ|r
(10) Vo (x) = )I\I;%Qeljr\l/lf(lﬁ‘) {Ep <f ()\dP\T>> + )\x}.

2.3. Dual approach with initially enlarged filtration. Let (xR, Fr®
B(R), G, P) be a filtered probability space, where G and P are defined in ()
and respectively. We remind that the utility maximisation problem on
the initially enlarged filtration is of the form:
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A1) Vi) = am)E<U<m+%f¢A®ﬂ%+g@0>-

pell(G

The set of the admissible and the self-financing portfolios depends highly on
the filtration which we considered. In the framework of our model, the set
of such portfolios on the initially enlarged filtration is represented by the set
I(G).

In the terms of the dual approach, the set of the equivalent martingale mea-
sures will be changed when we replace the filtration of the price process by
the initially enlarged filtration. Let M(G) be a set of P-equivalent martin-
gale measures on the initially enlarged filtration G defined as

M(G) = {Q: Q¥ P and S is (Q,G)-martingale}.

Then the restrictions of the measures Q on the o-algebra Gr can be given
by

dQ|QT _ ZT(f),

12 =
( ) dP‘QT

where the process Z(§) = (Zi(£))icio,r) is a uniformly integrable (P,G)-
martingale and the random variable Z7(§) has to be positive random vari-
able with

E(Zr(€)] = 1.

Since Zp(§) is not necessary equal to 1, we introduce a process Z &) =
(Zt(€)> such that for t > 0, Z;(€) = Z1(8) 4nd
t€[0,T]

Zo(&)

e
50O = 5 7006

The process Z(u) is a positive (P, F)-martingale (cf. [5], Proposition 2.1)
and, moreover, is a density process of the equivalent martingale measures

Q" such that dng = Zr(u). For u € supp(p) we define the set of the
T

equivalent to P martingale measures Q" such that

MUG) ={Q": Q" %P Sis (Q",F)-martingale and Q € M(G)}.

Let us denote by K the set of the measures Q € M(G) such that the corre-
sponding f- divergence function is P-integrable, i.e.
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c-(aemo: o) () <)

Next, let us put

K={QeK: EZ(¢)=1}.

In the next proposition we give the dual representation of the value function
V(x, g) on the initially enlarged filtration.

Proposition 3. If the f-minimal equivalent martingale measure Q* exists
and belongs to K # (), then the utility optimisation problem on initially
enlarged filtration can be written in a following dual form: for A > 0

(13)  V(z,g) = inf inf {E [f (AZ%'?) +)\Z0(§)(x+g(f))] }

A>0Qek

Proof:

Let (&) € TI(G). Then, from the independence of L and ¢ and the fact that
U (3: - fg ©0s(£)Ss + g(f)) is a B(R?)- measurable function of (- St, g) for
all x € Ry, it follows that

Blv (o [ t 05, +9(6) ) | = o] = B U (w4 t ), o(w) .

The strategies ¢(w,u) € II*(F) and u € supp(p). Let us define the wealth
process (X¢(u))sejo,m as

Xy(u) = + glu) + /0 pa(u)dS.,

where ¢(u) € II*(FF). Hence, the conditional utility maximisation problem
is of the form

Vi(z,9) = ;H(IJ)EP [U (X7 (u))]-

Since the terminal wealth is generated from the initial wealth x + g(&) using
a self-financing strategy, the self -financing condition becomes

E [Zr(&)Xr|¢ = u] <E [Zr(&)(z +9(€))|¢ = u]
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or using that Zr(u) = Zo(u)Z7(u) we can write the self-financing condition
in a following form:

(14) Ep | Zo(w) Zr(u) Xr(w)| < Zo(w) (2 + g(w).

For the equivalent probability measures Q" € MY(G) we introduce the
following maximisation problem

V() = sup { Ep(U(X1) : X1 € L(@")

Equ [Zo(u)(Xr(u))] < Zo(u) (x + g(u)), Ep(U(Xr)") < OO}'

Let us set A(u) = AZg(u) and A(u) > 0. Then, using (i) from Proposition 2
we get that

Vi (z) = _inf {EP (f (X(u) ‘ﬁf)) + X(u)x}.

A(u)>0

In particular, for @** these formulas are true and from (ii) of Proposition
2, it follows that there is a unique solution for A*(u) to the equation

g5 (-1 (P )) <o+ gt

denoted as Ag«u(z) € Ry, and that

Vieu(z) = Ep [U <— i <X*(U)Q*,u(x)d§;rT|T>>} .

Then, we can conclude that
(15)

sup Ep [U (Xr(u))] = inf inf {EP [f(j\(u)ZT(u))} 3w (@ + g(u))}.
Xr(u) A>0 Zp(u)

Then, if the measure Z7(u) is the minimal divergence martingale measure,
according to Theorem 3.1 in [I8], we know that

T

— AW Zi(w) = + / (s u)dS, + g(u)

for some process ¢*(u) € II*(F) such that ¢*(u) - Sr is martingale under

Qu*-
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Then, according to (i7) of Theorem 5.1 in [18], we can conclude that

s B (e "o u)is, ratw))] = v (o4 C ot wyds, + ow)]

and ¢*(&) is an admissible optimal portfolio strategy.

Then, one gets that

(16)
B [(v+ [ ettns,+ o) = B [f30 00 Z1 )]+ 3 )0,

where the corresponding minimal divergence measure is uniquely defined by
the value of \*(u).

Now, we prove that V(z,g) = [p V*(x,g)du(u). Taking into account the
mdependence of L and £ we get:

B|v(o+ | u()d5(6) +9©)| = [Ee|o(o+ [ "l wds, +a00)) | dutw
< /R(p(u;ul%(m Ep [U <:E + /OT ps(u)dSs + g(u))] dp(u).

For each € > 0 there exists ¢©)(u) € II*(F) such that

T T
sup Ep [U <:L' —I—/ ps(u)dSs +g(u)>] < Ep [U (:z: +/ ') (1)dS, —|—g(u)>]—l—e.
QeI (F) 0 0
Integration with respect to p gives:
T
/ sup Ep [U (az —|—/ ws(u)dSs + g(u))} du(u)
R QETTH (F) 0

/R Ep [U <x + /0 " o (u)ds, + g(u))] dp(u) + ¢

ey L 9 (€).dSu() + 9)|+¢
< Vi(zg) +e

IN

Combining the both inequalities we get :

Vieg) = [ Be|(o+ [ witas. + o) ] dutw
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and from we obtain the following equality:

Viw.g) = [ (Be [f(@Zi)] + X ()(o -+ gla)) dutw).
where the corresponding minimal divergence measure is uniquely defined by
the value of \*(u).

Using the independence of ¢ and L and the fact that A\*(u) = A\*Z5(u),
Zx(u) = Zg(u)Zi(u), and that Z7(€) is the density process of the equiv-
alent martingale measure defined on the enlarged filtration, we obtain the
following relation:

/R(EP [f(X*(u)Z%(u))} + ;*(u)(a:+g(u)) dyu(u)

= [ B X Zi )] + X Z3() o+ g(a) di()

= 2&2){/R<EP [f(X"ZT(U))}+A*ZS(U)($+9(U)))du(U)}

= inf inf {E [f (AZ%'?) +>\Zo(§)(x+g(§))] }

A>0 Qe]&

Then, the equation holds.

3. f—DIVERGENCE MINIMAL EQUIVALENT MARTINGALE MEASURES FOR
GEOMETRIC LEVY MODELS

Proposition 2 and Proposition 3 establish that the dual problem becomes a
problem of finding the so-called f-divergence minimal equivalent measures
if such a measure exists. A general characterisation of f-divergence minimal
martingale measure was given first in [I8]. Then, for the semimartingale
models the necessary and sufficient conditions of the existence and unique-
ness the minimal equivalent measures were formulated first in [I5] and the
f-divergence minimal equivalent measures for the geometric Levy processes
models were studied in the number of papers and books, see for instance [7],
18], [9], [16], [25], [30].

In this section we provide the explicit form of the Girsanov’s parameters of
the changing of measure P to the f-divergence minimal equivalent martin-
gale measures on the reference filtration IF. Then we determine the density
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process of the f-divergence minimal martingale measure on the initially en-
larged filtration and we find its expression through the density process of
the f-minimal martingale measure on the reference filtration.

3.1. f-divergence minimal equivalent martingale measures on F
and corresponding information processes. The equivalent martingale
measure € M(F) can be given by its density process Z = (Zs)¢[o,7] Which
is a uniformly integrable (F, P)-martingale. In turn, Z can be written in the
form of Z = £(M), where M is a local martingale and £(-) is a Doleans-
Dade exponential. Let h be a truncation function. From Girsanov’s theorem
we know that there exists two predictable functions 5 and Y verifying the
following conditions Vs € [0,T], P — a.s.

/Ot Bids < oo and /Ot/Rh(m)(Ys(x) — 1)v(dz)ds < oo,

such that

(17) Mt:/Ot aﬁdeS—l—/Ot/R(Ys(x)—1)N(ds,da:).

We will refer to the pair (3,Y) as the Girsanov’s parameters of the changing
of measure from P to the equivalent martingale measure Q.

For the price process S to be a (Q, F)-martingale it is necessary and sufficient
to have a new drift equal zero under the measure Q). Since S = &(L) it
follows that process S is a martingale if and only if L is a martingale. Then
it is enough that the new drift with respect to the measure ) of process L
will be equal zero. From the Girsanov’s theorem we know that the knew
drift of Levy process L with the Levy triplet (b, 02, ) with respect to the
measure () is of the form

BE :bt+Atﬁsa2ds+AtAh(x)(n(x) — 1)dv(x).

It was shown in [I1], [12] , [23], [30] that when P is a law of the Levy
process L the Girsanov’s parameters of minimal martingale measure are
independent on (w,t). Then, if there exists the minimal martingale measure
Q*, its Girsanov’s parameters are 8 € R and a positive measurable function
Y such that for all t € [0,7] and all w € Q, i (w) = 8 and YV (w,x) = Y (x).
Then the condition for the process S to be a (Q,F)-martingale is of the
form:

(18) b+ Bo? + /R(Y(a:) — 1)h(x)v(dz) =0, P-as..

We set
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K= {(ﬂ,Y) . (T8) is fulfilled, Ep ‘f (Z}B’Y))‘ < oo},

and we reformulate Definition 1 of the f-divergences minimal martingale
measures in the terms of the density processes.

Definition 3. The f-divergence minimal equivalent martingale measure for
the geometric Levy models is the equivalent probability measure Q* € M(F)
which satisfies the following two conditions:

o dQ* * *
(i) ST = Zp(8,Y7);

(i) Ep [f (Zr (B%,Y7))] = (&l)fe;aEP [f (Zr (8,Y))].

We introduce three important quantities related with Pr and Q7 namely
the entropy of P with respect to Q7,

I(Pr|Qr) = —Ep[InZ7],

the entropy of Q)7 with respect to Pr,

(Q7|Pr) = Ep[Z7In Z7],

and Hellinger type integral

p <1

* * p
) = Bpl(Z)], a= T,

Proposition 4. Let fy(xz) = —Inz. We suppose that there exists the solu-
tion (B*,Y™) € K to the equation with

(19) Y*(x) such that Y*(z) >0 v — a.s.

_ 1
11— B*h(x)

Then, there exists f-divergence minimal equivalent martingale measure Q*
and the corresponding information process is of the form:

(20)

Y\ 1 * _\2 % 1 _
I(Pr|Q7) —T{2 (6%0) +/1R <ln(1 B*h(zx)) + 1= 3 h() 1> V(dm)}.
The integral in the right-hand side is well-defined.

Proof: We start from the proof of the following equality:
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(21) Epl—InZr] = T{;(ﬁJ)Q — /R(lnY(ac) -Y(z)+1) U(d:ﬁ)}.

The density process Z is a positive local martingale. For ¢ > 0 we put
7e = Inf{0 <t < T|Z; < €} with inf{(} = +00. We can write for Vt € [0, T7:

{re<ty= | {Zs c (o,e]}

s€Q4, s<t

and since Z is adapted process, the right-hand side above is F; measurable.
Hence, 7, is a stopping time. Next, we show that 7. — co as ¢ — 0.

Let us take the sequence (€,)nen. Since {7, < T} is Fr-measurable, we
can write

Q(te, <T)=Ep|Z,, 1 {TWST}] < e, P(r., <T).

Therefore,
Q (Q\]{Ten < T}) < Jbigo enP(1e, <T)=0.
n

Using the fact that the measure @ is locally absolutely continuous with
respect to measure P we can define the P-null set as

N={weQ:we ﬂ{TenfT}}.

neN

Then, the complement of A is of the form

Ne={weQ:we | J{r, >T}}.
neN
Then, for Vw € N there exists €y such that 7, = oco. Then, for Ve, < €, it
follows that 7, > 7,, that proves that a sequence of stopping times (7, ) is

increasing to infinity as n — oo. Hence, (7¢) is a localising sequence. Then,
by Ito formula we have:

TNTe 1 1 TNTe 1
22) InZ =InZ —dZs — = ——d < Z°
@) Wy = [0 goin [ <,

+ 0y <ans—ans_—Z1 AZS),

0<s<TATe 5=
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where AZ;, = Z; — Zs_ and < Z° >, is a predictable variation of the

continuous martingale part of Z. We remark that ( OT/\TE Zl ZS> 0]
5= telo,T

a (P,F)-martingale started from zero, since it is a stochastic integral with
respect to (P,F)-martingale Z (see [23] Chapter 1.4d) and since Zs_ > € > 0
on the stochastic interval [0, A 7] .

18

Let us introduce F(x,s) = <ln (1 + ZSL_) —1- TEC_)’ then by Theorem 1.8
in [23] we get

TNATe TNATe
Ep/ /F(:I:,s)uz(ds,dx) :Ep/ /F(m,s)yz(ds,dx),
0 R 0 R

where pz and vz are measure of jumps and its compensator of Z.

Finally, taking the expectation in and using the fact that Zy = 1, we
have:

1 TNTe 1
23) Ep|—InZ =Fp|= ——d < Z°
@) Eplmzind=Ee|y [ pa< 2

_ /OTATC/R (m (1 n Z”:_) - Z”:_) I/Z(ds,dm)} .

Since Z = £(M), where M is defined in , then dZ; = Z;_dM;, and
in particular dZf = ZdMf and AZ; = Z;_AM;. In addition, implies
that for V¢ € [0,T], M{ = [ BodW, and AM; = (Y(AL;) — 1). Hence,
< Z¢ >=(Z;_)*(Bo)%dt and AZy = Z,_ (Y(AL;) —1). Then,

(24)
Ep|—InZrar | = Ep [T N 7] <§(ﬁ0)2 - /R(ln Y(z)-Y(x)+1) V(dﬂ:)) .

Since 1(B80)% — [ (nY (z) — Y (2) + 1) v(dz) > 0 and T A 7. < T, using the
Lebesgue dominated convergence theorem, we can pass to the limit on the
right hand side of (23).

It remains to prove

limEpln Zpp,, = Epln Zp.
e—0

We can write

(28pIn Zrpr, = EpInZy + Ep [In Z; 1¢, oy | — Ep [In Zplg o] -
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We show that two last terms in tend to zero as € — 0. Let, Zy = Z%

for all ¢t € [0,7] and the process Zis a @Q-martingale. Then, by maximal
inequalities for positive martingales

~ 1 ~
Q(re<T)<Q (supZt > ) <EqQZr-e=ce.
0<t<T €

Finally,

(26) P(Te < T) = EQ <ZT1{supZt21}> — 0,
0<t<T

as € — 0 since EQZT = 1. Since In Z7 is P-integrable, using we obtain
that

lim Ep [In Zr1¢ <1y] = 0.
Since Z, < e for e <1 we get

Ep [InZ; 1] <0,
and from concavity Inz, >0

Ep [ln ZT€1{76<T}] > Ep [ln ZT1{76<T}] :

Hence,

lim Ep [In Z: 17, <1y] = 0,

as € = 0. Thus,

limEpln Zpp,, = Epln Zp.
e—0

We remark that from it is clear that the process In 7 is integrable if and
only if [, (InY (z) — Y (x)) v(dx) exists. Thus, we have proved the equality

21).
From Definition 3, we have that

I(Pr|Q7) = " i?)fezaEP [=InZr (8,Y)].



INDIFFERENCE PRICING OF THE EXPONENTIAL LEVY MODELS 21

Next, we prove that the Girsanov’s parameters (8*,Y*) € K, defined by
is the minimal point of convex function

G(B,Y) = %(,@@2 - /(mY(:g) ~Y(2) + Du(da).

R

Since we minimise the function G(3,Y) over all (3,Y) € K, then such (3,Y)
should satisfy the martingale condition:

(27) b+ Bo? + /R(Y(a:) — 1)h(z)v(dz) =0,

as well as the optimal parameters (5*,Y™):

(28) b+ Bro? + /(Y*(x) —1)h(z)v(dz) = 0.

R

We assume that

1 *
(29) 1-—- V@) = [*h(zx).
We want to prove that
(30) G(B,Y) > G(B",Y").

We remark, that GG is a convex function with respect to 5 and Y. Then,

G(B,Y) -G, YY)

> 3o -+ [ (1 gag ) 0@ - V@)

- *ﬁw—ﬂw+/ﬂ%uxn@—Y%mwwm
R
= 0,

where we use the convexity of G for the inequality, the assumption for
the first equality and the last equality follows from and . Thus,
we have proved ([B0). The uniqueness of (8*,Y*) follows from the strong
convexity of function G(3,Y’) when o2 > 0, and in the case 02 = 0, directly
from martingale conditions and .

O
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Proposition 5. Let f,(x) = zInz. We suppose that there exists the solu-
tion (B*,Y™) € K to the equation with

(31) Y*(z) = 7M@),

Then there exists f-divergence minimal equivalent martingale measure Q*
and the corresponding information process is of the form:

1 "
@) 1Qen) =1{5 (3 + [ [ - 1)+ 1] s |
R
The integral in the right hand side is well defined.
Proof:

We continue in the framework of Proposition 4 to prove the equality .
We start from the proof of an equality

(33) Ep[ZrInZy] = T{;(ﬁa)zds—i—/R (Y(z)InY (z) — Y(x)+ 1) l/(dx)}.

The density process Z is a positive local martingale. For ¢ > 0 we put
Te =inf{0 <t < T|Z, < eor Z; > %} with inf{(0} = +oco. The sequence
of stopping times (7¢) is increasing to infinity as e — 0. Hence, (7¢) is a
localising sequence. Then, by Ito formula we have:

TNTe 1 T NTe 1
ZT/\T€ In ZT/\T€ =Zpln Zo—l—/ (hl Zs_ + 1) dZs+/ ——d < Z° >,
0 2Jo  (Zs-)?

TATe
+/ / (Zs—+2)In(Zs—+2)—Zs—InZs— — (InZs_ + 1)x) pz(ds, dz).
0 R

We remark that ( OTATE (InZs— +1) dZs> o0 is a (P, F)-martingale started
te

)

from zero, since it is stochastic integral with respect to (P, F)-martingale Z
(see [23] Chapter 1.4d) and since Zs— > € or Z,- < % on the stochastic
interval [0, T A 7] .

Let us introduce the function
F(z,s)=((Zs—+2)In(Zs- +2) —Zs-InZs_ — (InZs_ + 1)x).
Then, by Theorem 2.1.8 in [23] we get

(34)  Ep /0 o /R Fla, $)pz(ds, dz) = Ep /0 o /R Flx, s)vz(ds, dz),
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where pz and vz are measure of jumps of process Z and its compensator .

Finally, taking the expectation of Zra. In Zra, and using the fact that
Zy = 1, we have:

1 1

T ATe
Ep [ZT/\TG In ZT/\Te] =FEp |:2/0 @d < Z° >

TATe
+/ / (Zs—+x)In(Zs— +2) — Zs—InZs_ — (InZs_ + 1)x) vz(ds, dx)
0 R

Since Z = (M), where M is defined in (L7)), then < Z¢ >,= Z;,_(B0)3dt
and AZt = Zt_ (Y(ALt) — ].) . Then,

1 T NATe
(35) EP [ZT/\Te In ZT/\TG] = EP |:2/ ZS_ (BO')QdS

0
TATe
+/0 /RZS_ (YV(z)InY (z) - Y (2) + 1) v(dz)

Since 7 - o0 as € > 0 and zlnzx —x + 1 > 0 for all x > 0, by Lebesgue’s
monotone convergence theorem we can pass to the limit on the right-hand

side of .

It remains to prove

lin%Ep (Zrar. 0 Zppr | = Ep [ZpIn Z7) .
€E—>

We can write
Ep|Zrar, M Zrpr) = Ep|ZrInZy) + Ep [Z;,InZ; ¢, cpy]
(36) - Ep [ZT In ZT1{7'6<T}] .

We show that two last terms in (36| tend to zero as € — 0.

Since ZrpIn Zp is P-integrable and lin%P (e <T) =0, we get that
e—
mEp [Zrln Zrl <1y = 0.
Using the inequality zlnz > % for all x € Ry, we have for 0 <e < %

1
_g . P(’]’E < T) < FEp [ZTE anT€1{7'6<T}:| <0.

Hence,
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imEp [Z;, In Z: 1 cry] =0

e—0

and the equality holds.

From Definition 3 we have that

Next, we prove that the Girsanov’s parameters (8*,Y*) € K, defined by
is the minimal point of convex function

GIB.Y) = %(50—)2 —i—/(Y(x) Y (z) — Y (z) + 1)w(dz).

R

Since we minimise the function G(3,Y) over all (3,Y) € K, then such (3,Y)
should satisfy the martingale conditions and .

We assume that

(37) Y*(z) = 7M@),

We remark, that G is a convex function with respect to 5 and Y. Then,

G(B,Y) - G(p",YY)

v

*02(8— ) + / (InY*(@)(Y (z) = Y*(2))) v(da)

R
= B'o*(B—-5") +/R(ﬁ*h($)(Y(w) —Y*(x))) v(dr)
where we use the convexity of G for the inequality, the assumption for
the first equality and the last equality follows from and . Thus, we
have proved that G(5,Y) > G(5*,Y*). The uniqueness of (8*,Y™) follows

from the strong convexity of function G(3,Y) when o2 > 0, and in the case
0% = 0, directly from martingale conditions and .

|

Proposition 6. Let f(z) = —%xq, q € (—00,0) U (0,1). We suppose that
there exists the solution (B8*,Y*) € K to the equation with

(38) 1
Y*(x)= 1+ (¢ —1)8*h(z))sT such that 1+ (¢ —1)B*h(x) > 0 v—a.s.
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Then, there exists f-divergence minimal equivalent martingale measure Q*
and the corresponding Hellinger type process is of the form.:

q

@) 1 =1+ 7{ Lata -1 (0P + [ (g 15ona)

+q(1+ (g = 1)) — 1) y(dx)}.
The integral in the right-hand side is well-defined.

Proof: We continue in the framework of Proposition 4 to prove the equality
and we start from the proof of an equality

(40) Bpzt = 1+T{§q<q—1><ﬂo>2+ / (Y(2) — q(Y(x) = 1) = 1) u(daz)}.

R

The density process Z is a positive local martingale. For ¢ > 0 we put
Te = inf{0 < ¢t < T|Z; < e} with inf{()} = +00. The sequence of stopping
times (7) is increasing to infinity as e — 0. Hence, (7) is a localising
sequence. Then, by Ito formula we have:

g B TATe o1 1 TATe -2 .
(41) Zi,. =1+q Z{dz, + 5q(q —1) (Zs—)T7d < Z° >
0 0

[ L ()

We remark that ( OTATe (Z,_ )1t dZs) o is a (P,F)-martingale started
te

from zero. Let us introduce the function
F(z,s)=((Zs— +x)n(Zs— +x)—Zs-InZs_ — (InZs_ + 1)x).
Then, by the projection theorem ( Theorem 2.1.8 in [23]) we get

)

TNATe TNATe
Be [ [ Fsnztdsdn) = Er [ [ Pl sslds,do)
0 R 0 R

where pz and vz are measure of jumps of process Z and its compensator .

Finally, taking the expectation in we have:

TNATe
EpZ%  =1+F 1 —1 ATZ 129 < 7°¢
PATAT, + £p 2Q(q ) (s—) < >
0

)q 1) | vatas,an].

T
S—

of Ll (02
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Using the relation between Z = £(M), where M is defined in (17) and the
Levy process L, we get

1 T NTe
(42) BpZby, =1+ Bp|gaa-1) [ 22 (50
0

TATe
s [07 ] 28 e = oy @) - 1) = 1), da)

We remark that 7. — 0o as € — 0. Since for g € (0,1), ¢(¢—1) < 0 and 27—
gr—1 < 0and for g € (—00,0), g(¢—1) > 0 and 27 —gx—1 > 0, we conclude
that the right hand side of the above expression contains the integral of some
negative function. Then, by Lebesgue’s monotone convergence theorem we
can pass to the limit on the right-hand side of . It remains to show that
the left-hand side of converges to EZY..

We can write
43)  EpZi,, = EpZi+ Ep [Z 1 cry] = Bp [Z1 1<y ] -

We show that two last terms in tend to zero as € — 0.
Since Z1. is P-integrable and hH(l)P (1e <T) =0, we get that
€E—

mEp [271(.<ry] = 0.

For the second term we distinguish two cases:

q € (—0,0) and g € (0,1).

For ¢ € (0,1) we have:

Ep[Zi1frcry] <€ P(re<T)—0

as € — 0. In the case ¢ € (—00,0) we have:

Ep [del{T€<T}] < EQ [ZAq%:ql{Te<T}} )

where Z, = Zl . From maximal inequalities for the martingales we have:
Te

1—q
supZ,| < e(q)Eq [ZA%*q} = c(q)Ep [27] < o0,
0<t<T

Eq

where ¢(q) is a constant. In addition, lir%Q (Te <T) =0, then
€E—>
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limEq |21 1.1y =0.

e—0

And we have proved, that

limEpZf,, = EpZf.

Next, we prove that the Girsanov’s parameters (8*,Y*) € K, defined by
is the minimal point of convex function

G(5.Y) = qala=1)(F0+ [ (V1(a)=a(¥ (z) 1)~ v(da), g € (=5¢.0)

and the minimal point of the convex function —G(3,Y") if ¢ € (0,1). In this
proof we consider the case when ¢ € (—00,0) and we minimise the convex

function G(B,Y) over all (8,Y) € K. Then such (3,Y) should satisfy the
martingale conditions and .

We assume that

(44) Y* 7l (z) — 1= (¢ - 1)B"h(z).

Since G is a convex function with respect to 8 and Y, then,

G(B7Y) - G(5*7Y*)
> glq— 1)F7o%(6 - B) + / (¢ (V7 (z) - 1)) (¥ (2) — Y™ (2))v(da)

R
= g 1B (B — B + / aq — DB h(x) (Y (z) — Y* (2))v(dx)

R
= 0,

where we use the convexity of G for the inequality, the assumption for
the first equality and the last equality follows from and . Thus,
we have proved that G(8,Y) > G(B*,Y*). The uniqueness of (5*,Y™)
follows from the strong convexity of the functions G(3,Y), ¢ € (—o0,0) and
~G(B,Y), ¢ € (0,1) when o2 > 0, and in the case 0? = 0, directly from
martingale conditions and .
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3.2. f-divergence minimal martingale measures on initially enlarged
filtration. In this section we consider the standard f-divergences and we
prove that the density process Z*(§) of the f-minimal equivalent martin-
gale measure on the initially enlarged filtration coincides with the density
process Z* of the f-minimal equivalent martingale measure on the refer-
ence filtration F up to the random factor which is o(§)-measurable random
variable Zp(§). The next auxiliary lemma establishes that the minimal mar-
tingale measure for the conditional dual problem to the utility maximisation
problem on the enlarged filtration, coincides with Q*.

Lemma 2. Let Z* be the f-divergence minimal equivalent martingale mea-
sure for the geometric Levy process S = E(L) defined in Definition 3. Then

(45) inf B [f(2(6))] = nf B [£(Zo(©)Z).

QEM(G)

Proof: Since the process SZr(u) is (P,F)-martingale, then the measure

Q" given by the density process Z(u) belongs to the set M(FF). Then the
following inequality holds:

(46) Ep|f (Zr(w)] = Bplf (25)].

Using the fact that we consider the f-divergences which are invariant under
scaling and we get that

Ep [ (Zow)Zr(w)] = Ep[f (Zo(w)Z7)].

Integrating with respect to p we get that

inf B[/ (Z0(6)2r(9)] = B[/ (Zo(€)Z)].

QeEM(G)

From the other side, if a measure Q € M(IF) then the price process S is
a (Q,F)-martingale, then by immersion property (see [24]) S is a (Q,G)-
martingale, where Q(A x B) = Q(A) for A € F and B € o(§). Then
Q € M(G). And we can conclude that

. — < . 3 .
ot B |7 (20020())] < ipfEIf (Zo()27)
Hence, the relation has been proved.

Od

It follows from the definition of the density process of Q € M(G) that

Z(&) = Zo(§)Z(&), where the random variable Zy() is such that E,Zy(§) =
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1. By the Definition 1, Proposition 4 and Lemma 2 we should minimise the
function

F(\ Zo, Zr) 2/

| Er [ f (/\ZO(U)ZT(U)) M\ Zo(u)(z + g(u))} dy(w).

In next proposition we find the solution to the minimisation problem F' in
the cases of the special f-divergences.

Proposition 7. Let Z7 be a density process of the minimal f-divergence
equivalent martingale measure Q* € M(F). We assume that f is a strictly
convex function and for all A > 0 and t € [0,T] we have that function
Z;“f/()\Z;‘) 1s integrable P — a.s. Then, if the f-minimal equivalent measure
Q* eists, it is unique and it has the following structure:

dQ*|g
4 L =7 zx
(47) e = 207,
where Zy(&) is a G-measurable random variable, such that
(48) E,Zo(§) =1

Let us denote by \(u) := A\Zo(u). Then for any random initial capital x +
g(&) € (z,00) there exists unique \*(u) > 0 such that for any u € supp(p)
defined uniquely from the equation

(49) Bp |-Zif (N w2i)| = o+ g(w).

Moreover, for any u € supp(p), Z;(u) verify:

(50) Ziw =
n
In particular, if f (x) = % (Inz —In~), for v > 0 then
oy exp(=vg(u))
oy 7009 = B, fexp (—g @]

’ 1
and for f (x) = —xr-1, for p <1 we get

)
o ) = B v g

Proof:
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We want to minimise function F'(\, Zy(u)) subject to (48]). We consider the
unconstrained optimisation problem such that to minimise function

(53) 0= [ Br[r (325) + M+ o(w)] dutw)

over all measurable functions X : Ry - Ry

Let us assume that the minimiser A\* of function F()) satisfies to the follow-
ing equation:

(54) Ep [—Z} f (x(u)z;)} — 2+ g(w), p—as.

Since Ep [f/ (:\(u)Z})} < oo for all A(u) > 0, one can conclude that func-

tion Ep [— f (X(u)Z})] is a continuous, monotonically decreasing function

of A(u) with values in (z,00). This guaranties the existence of \*.

We set
FO) = [ Bof <5\(U)Z:*F) £ A+ 9(w)] du(w),

FO) = [ B [1 (3 @25) + 3 (@ + o(w)] dutw.

We have to prove for VA > 0 that

(55) F()\) > F(\).

We remark that we consider the standard f-divergences, which are strictly
convex with respect to A, then F' is a convex function. So, we obtain

F(A) = F(X)
> [ (Be[f (W @2) 23] + o+ gw) (w) = X () dutw)
R
= 0,
where we use the convexity of F(S\) for the inequality and the assumption

that = + g(u) = Ep {—Z}f/ (X*(U)Z}ﬂ for the equality. Since is
proved, M* defined from is a minimiser of . Moreover, under the
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condition (14]) on the initial capital x, the standard f-divergence functions
are strongly convex. Therefore, the uniqueness of A* follows from the strong
convexity of F(\).

Now, \*Zg(u) = \*(u) and since E, Z5(&) = 1, the equality follows.

In particular, in the case of f'(z) = % (Inz —In~) we get

(56) N (u) = yexp (—y(x + g(u)) — Ep [Z71n Z7T]),

and then (51). And for f(z) = —xﬁ, p<1

< x u))P~t
(57) X(u) = LTI
(£p [2:]7)

and then follows.

4. SOLUTION TO UTILITY MAXIMISATION PROBLEM AND INDIFFERENCE
PRICES FORMULAS

We consider the filtered probability space (2 x R, Fr @ B(R4.), G, P), where
Gt = Nyst (Fs ®@ 0 (§)). (For more accurate description of the enlarged prob-
ability space see Section 2.) Let x be an initial endowment, G = g(&) be a
payoff function of the European type option, g is a positive Borel function
and II(G) be the set of the admissible and self-financing portfolios.

Proposition 8. Let V(z,g) is defined by and let the conditions of
Proposition 7 are satisfied.

(i) Then,

(59) Viw.g) = [ Be [U(-F (" (Z0)] dutw),

and for any initial capital x + g(u) € (T, 00), A*(u) is unique solution of the

equation (49)).

(ii) In particular, in the case of exponential utility U(x) =1 — e 7", we get
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(59) V(z,9) =1—exp { — 7z — T{; (80)?
+ /R |7 (3 (@) = 1) +1] v(dm)}} x /]R exp{—yg(u)}dp(u),

where (5% is solution to the equation with Y*(x) = ™),

For logarithmic utility U(x) = Inz,

(60) Vo) = [ e+ g(u)dut + {3 (507

+/R <ln(1 — B*h(x)) + 1_51h($) B 1) V(dgg)}’

where 5* is solution to the equation with Y*(z) = #h(x)

And for power utility U(x) = %p, p € (—00,0)U(0,1),

61 Viog) = [y (1+7{Jata -1 670?

b [ (@ 18R + g - 08 1) van}) ),

where q = p%lcmd B* is a solution to the equation (18|) with Y*(x) =
1

(14 (¢—1)B*h(x))a=1 such that 1+ (¢ — 1)B*h(z) > 0 v—a.s.

Proof:

According to Proposition 3 the utility optimisation problem on initially en-
larged filtration can be written in a following dual form:

(62)  V(x,g) = inf inf {E [f (AdQ|T) +)\Z0(§)(x+g(f))] }

A>0 Qe dP|r

From Proposition 7 we know that

B [f <AZ%|’;>] _E[f 0%)73)],
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where AZo(€) = A(€). Since we consider the standard f-divergences which
are invariant under scaling, we obtain the value function V(x,g) on the
initially enlarged filtration in the following dual form:

(63) Vz.g) =E[f (A(©)2F) + X (O +9(9)] -

where \* (u) is uniquely defined from . Then, the equality follows
from (i7) of Proposition 2 .

Then, using (i), in the case of exponential utility U(z) = 1 — e™7* with
f(x) = %(lnm —In~), v > 0, we get

(64)  V(z,9) =1 exp{—Ep(Z}In Z5] — vz} /R exp{—7g(u) }du(u).

Using Proposition 5 and that Ep [Z}.In Z}] = I(Q%|Pr) we obtain the for-
mulae for the value function V in the case of exponential utility.

For logarithmic utility U(z) = Inz with f'(z) = —1

x’

(65) Viw.g) = [ In(e -+ gla))dutu) - Bpn Z.

Then, from Proposition 4 and using that —EplnZ} = I(Pr|Q7}) we get

And for power utility U(z) = %p with f, (x) = —Il‘p%l, p<l,

(66) Vi) =+ [ @+ o) (BIZHFT) " duta).

From Proposition 6 and Ep [Z:’F]ﬁ = H;q*) we get (61)).
We remind that a buyer’s indifference price pl} is the solution to

(67) Vir(z,0) = Vr(z — ph. g).

and a seller’s indifference price p% is defined from

(68) Vr(z,0) = Vr(z + pT, —9).
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Next, we apply the results of Proposition 8 to calculate the indifference
prices in the cases of the logarithmic, exponential and power utilities. Then,
we show that the corresponding seller’s indifference prices p5.(g) satisfy the
properties of the convex risk measures, such that convexity, monotonicity
and translation invariance property with respect to the claims.

Proposition 9. Let V(x,g) is defined by and let the conditions of
Proposition 7 are satisfied. If Ing(&), In(x — g(§)) are integrable functions
and g(u) € (0,x), (u—a.s.), then the buyer’s and seller’s indifference prices
for logarithmic utility function U(x) = lnz, x > 0 are defined respectively
from

(69) /Rm [1 b g(x“)} dp(u) = 0

X

and

(70) /R In [1 L0 g(“)] dp(u) = 0.

x x

Moreover, then there exists the unique solutions plr},psT € [0, x] of the equa-

tions (69) and (70).

Moreover, p5.(g) is concave, increasing functional and p3(g) is conver, de-
creasing functional, which both satisfy the translation invariance property:

VmeR
P (g +m) = p(g) — m.

Proof:

To solve the indifference pricing problems and for the logarithmic
utility we use Proposition 7. The values of the left hand sides of and
coincide and can be obtained by taking g = 0 in . To calculate the
right hand side of we substitute x by x — pé’« The value function on
the right hand side of corresponds to the situation of the selling the
option and, hence, g is replaced by —g and z is substituted by x + p7 in

(65). Therefore, from and we have

[ [ (= = 9+ 9(0) + T (PrIQ2) ~ W =T (PrIQD)] ditu) = 0

and hence we obtain . Formula is obtained from the relation
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Let us denote by F(y) the function on [0, z| of the form:

F@piémb—i+%?}@wyyem@y

Function In [1 — % + @] is a well-defined decreasing function of y on [0, z]
if g(u) € (0,z) and

<-4, 90 oy
x

=
SRS

S—
8l

9()

and

m“”gmb y+MW}§mP+AW}

T T x xT

Then, if In g(u), u € R is integrable function with respect to u, then function
F(y) is a well-defined on [0, z] and by Lebesque theorem F'(y) is continuous
function on [0,z]. Since F(z) < 0 and 0 < F(0) < oo, then a solution to
equation F(y) = 0 exists by the mean-value theorem.

Next, the uniqueness of solution of F(y) = 0 follows from the fact that
F(y) is a strictly decreasing function. In fact, let us denote by f(y,u),
(y,u) € [0,z] x R the integrable with respect to p function of the form:

ﬂ%”:mb‘i+%?]

The function f(y, ) is continuous in y and u on [0, ] x R and its derivative
~ 1
fy(yu) = ————F——
! z—y+g(u)
is also continuous on [0, z] x R.

Moreover, if g(u) € (0,z), then x —y + g(u) > 0 and f,(y,u) < 0 for all
(y,u) € [0,z] x R. Additionally, for z > 0:

1
fy(y,u) < ~5 < 0.

Then,
%mwzéﬁmwww

and for z > 0:
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0 1

—F(y) < —— <0.

a9 () = —o

Hence, F(y) is a strictly decreasing function of y on [0, z]. In the case of the
sellers indifference price, we denote

F(y):/Rln [1—%1—955)] dp(u), y€[0,x].

Since In [1 + 4 %u)] is a well-defined increasing function on [0, z], the

condition
/ In(x — g(u)) du(u) < oo
R

implies that function F(y) is a well-defined continuous function on |0, z].
Since F'(0) < 0 and F(z) > 0, a solution to equation F(y) = 0 exists by the
mean-value theorem. The uniqueness of solution follows from the fact that
F(y) is a strictly increasing function.

For seller’s utility indifference price the translation invariance property is

evident since function F,(g,p}) =1+ % - @ has a property

Fu(.g—'_mvp% - m) = Fu(gap%)7 Vm € R.

The convexity of p5.(g) can be deduced from the following. Let us consider

that g(1), g(® are B(R, )-measurable functions and p(T1 ),pg,? ) are the corre-

sponding sellers’s indifference prices. Then,

(1) (2)
[ <1 Loy (-l | agi(u) — (1~ a)gz<u>> e
R

R R
< a/Rln (1 + p% - gli)> du(u)—i—(l—a)/Rln (1 + p% - 929(5)> dp(u),

and it follows that

Pr(agr + (1 —a)ge) < app(g1) + (1 — a)ph(g2),

and p7.(g) is a convex functional. Finally, let g;(u) < g2(u), u € R. Then
we have for the seller’s prices p%.(g1) and p7.(g2) that

/Rln (1 L prlgy) 91(“)> dpu(u) > /Rln <1 n psT:(Ugl) - 92(“)> dp(u).

T T T
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Since the left hand side of the inequality is equal to 0, and the function

F(y) = /Rln (1 + % - 923(3“)) dps(w)

is increasing function, we conclude that p%.(g1) > p5(92),

The concavity, monotonicity and translation invariance property of the buyer’s
indifference price pi} can be proved using the same arguments as for p..

|

Proposition 10. Let V(x,g) is defined by and let the conditions of
Proposition 7 are satisfied. If [ (x — g(u))’ dp < oo, [p(g(u))Pdp < oo for
p <0 and g(u) € (0,z), (u—a.s.), then the buyer’s and seller’s indifference
prices for the power utility U(x) = %, p € (—00,0) U (0,1) are respectively
defined from

(71) /A(hfﬂ?)p—l} dp(u) = 0

and

(72) A[(1+?—ggsw>p—1] dpu) = 0.

The equations and have the unique solutions.

Moreover, p5.(g) is concave, increasing functional and p3(g) is conver, de-
creasing functional, which both satisfy the translation invariance property:

VmelR
P (g +m) = P (g) — m.

Proof:

To solve the indifference pricing problems @ and when the investor’s
preferences are described by power utility we use Proposition 8. The values
of the left hand sides of and coincide and can be obtained by taking
g=101in . To calculate the right hand side of we substitute x by
T — pr. The value function on the right hand side of corresponds to
the situation of the selling the option and, hence, g is replaced by —g and =

is substituted by x + p7 in . Therefore, from and we have

b p p
x —pr+ g(u) (g%) / T (g%)
———— | H;i /du(u) = H: ' dup(u).
/R( H;q*) ) v dulw) R H;q*) v )
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This equation is equivalent to . Formula can be obtained from the

relation

Pr(g) = —pi(—g).

Let us denote by F(y) the function on [0, z| of the form:

F(y):/RK1_y+9($“)>p_1} du(w), yel04].

X

p
The function (1 - ¥4 %) is a well-defined decreasing for p € (0,1) (
increasing for p < 0 ) function of y on [0, z] if g(u) € (0, x). Hence,

9w v 9 g W)
(ggj”)ps ([1—Z+9(I“)>p§ <1+9(x“))p, p€(0,1),

(@)pz<[l—i+g(ﬁ>pz<1+g;m>p, p<0.

We can verify that under the condition [, (g(u))” du(u) < oo, for p < 0,
the function F'(y) is a well-defined continuous function on [0,z] for p €
(—00,0) U (0,1).

Since F'(0) > 0, 0 < F(0) < oo for p € (0,1) and F(0) < 0,0 < F(x) < o0
for p < 0, then, by the mean-value theorem there exists a solution on [0, z]

for.

Next, we prove the uniqueness of solution of the equation F'(y) = 0. The
uniqueness follows from the fact that F(y) is a strictly decreasing function
if p € (0,1) and is a strictly increasing if p < 0 .

We denote by f(y,u), (y,u) € [0,2] x R the integrable with respect to p
function of the form:

Fly,u) = <1y+g(“)>p1.

x T

The function f(y,u) is continuous in y and u on [0, z] x R and its derivative

fy(y,u) = _g (1 _Y g(u))p—l

xT xT

is also continuous on [0, z] x R.
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In fact, if g(u) € (0,2), then 1 — ¥ + 98 5 0 and for p € (0,1), f,(y,u) < 0

(
and for p < 0, f,(y,u) > 0 for all (y,u) € [0,2] x R. Moreover, for all
pe(0,1), 2z >0, (y,u) € [0,z] x R:

fy(y,u) < —§2p*1 <0,
and for all p < 0, z > 0, (y,u) € [0,2] x R:

fy(y,u) > —22}’*1 > 0.
Then,

;;F@/) = /Rfy(y,U)du(u)
and for p € (0,1):

d p

—F(y) < =E9p-1

3y () <=7 <0,
and for p < 0:

0 p

—F(y) > —22r-1 > 0.

3y (y) > . >

Therefore, F'(y) is a strictly decreasing function for p € (0, 1) and is a strictly
increasing function for p < 0 on [0, z].

In the case of the seller’s indifference price, we denote

F(y)z/ﬂg{(lﬁ—y—‘cj(:?)p—l} dp(u), y€[0,2].

x

We see that F'(y) is increasing function for p € (0, 1) and decreasing function
for p < 0 on [0,2] for g(u) € (0,2). If [ (x —g(u))’ du < oo for p < 0,
then the function F(y) is well defined continuous function on [0, z] for p €
(—00,0)U(0,1). Since F(0) < 0,0 < F(z) < oo for p € (0,1) and F(z) <0,
0 < F(0) < oo for p < 0, then, by the same arguments as in the case of
buyer’s price, the equation has a a unique solution on [0, z].

For seller’s utility indifference price the translation invariance property is
justified by the fact that function F,(g,p%) =1+ pf — # has a property

Fu(g+ map’% - m) = Fu(g,p%), Ym € R.

Let us take (Y, g which are B(R. )-measurable functions and let pg ), pg )

be the corresponding sellers’s indifference prices. If p(p — 1) > 0, then
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(1) (2) P
[ ((HapT ~ (- +agu(u)—(l—a)gxu)) _1> e

X X

D\ @ n\?
<a/R<<1+p£—glg(c)> —1) du(u)+(1—a)/ﬂ£<<1+%—92;)> —1) dp(u),

and it follows that

prlagi + (1= a)g) < api(g1) + (1 = a)pi(g2),
and p7.(g) is a convex functional.

Let g1(u) < g2(u), v € R. Then we have for the sellers’s prices p5.(g1) and
pr(g2) that

[ (1292 -0V Y g5 [ (14200 20Y Y gy

Since the left hand side of the inequality is equal to 0 and

Fly) = /R ((1 + % - 923(3“)>p - 1> dp(u)

is increasing function, we conclude that p%.(g1) > p5(g2)-

The concavity and monotonicity of the buyer’s indifference price pcbr can be
proved using the same arguments as for p5. The case of p € (0,1) can be
considered in the similar way.

|

Proposition 11. Let V(x,g) is defined by and let the conditions of
Proposition 7 are satisfied. If V(z,0) < oo and V(z,g) < oo, then the
buyer’s and seller’s indifference prices in the case of the exponential utility
U(x)=1—e"" v >0 are given by

(73) Pr = —,1Y In UR exp { — vg(U)}du}

and

(74) pr = ,lyln [/R exp {79(“)}dﬂ] :
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Moreover, p.(g) is concave, monotone increasing functional and pi(g) is
convex, monotone decreasing functional, which both satisfy the translation
invariance property: ¥ m € R

b, b,
st<g +m) = st<g> —m.
Proof:

In the case of the exponential utility —f (y) = —%(lny —In~), and we have

Vile =) = [ Be[U(= (¥@27))] dutw
- 1—i /R 3 (u)dp(u)
and

X*
Vr(x,0)=1— —,
T(,0) 5

where ;\*(u) is given by and \* can be obtain by putting ¢ = 0 in .

Thus, taking into account that Ep [Z}InZ}] = I(Q%|Pr) we obtain the
following formula for the indifference price plr} in the case of the exponential
utility:

Lo {= (= s+ o) -10@31Pn) faut) = exo { —va-10@51Pr) .

This equation is equivalent to and the seller’s indifference price we
can obtain using relation

pr(9) = —p5(—9).

Evidently, the translation invariance and monotonicity properties are veri-
fied for the buyer’s and seller’s exponential indifference prices. Let us take
g(u) = agi(u) + (1 — a)ga2(u), o € (0,1), then by Holder inequality with
p= é and g = ﬁ we obtain:

/Rexp {fyg(u)}du(u) < (/R exp {’Ygl(u)}dﬂ(u)>a
X (/R exp {792(U)}dﬂ(U)>laa
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that proves the convexity of p7. defined by . The concavity of pl} defined
by can be proved using the same arguments.

O

Remark 1. From Proposition 9, Proposition 10 and Proposition 11, we
conclude that in the case when the Levy process L and random variable &
are independent, the formulae of the logarithmic, exponential, and power
utility indifference prices are independent on the available strong insider
information about a random variable § on the considered market. (For the
details see Section 2).

5. APPLICATION TO DEFAULTABLE GEOMETRIC BROWNIAN MOTION
MODEL

We fix T" as maturity time of the option. Let (£2, FrP) be a probability space
on which we define two-dimensional Brownian motion W = (Wt(l), W) o<i<r.

We endow (Q, Fr, P) with a filtration F() = (ft(l))ogth generated by
w®.

We consider the model which supports one traded asset SV and defaultable
bond S . The assets S(V) and S are two independent geometric Brownian
motions such that

0.2
s = s exp{ (u(l) - (21)> t+ 0(1)Wt(1)}

o2
Sf@ = S((f) exp { (,u(g) - (22)> t+ U(Q)Wt(2)},

where u(') and o) are the drift and diffusion coefficients respectively and
W) is a Wiener process.

Finally, we define a random variable 7 as a default time, i.e. a first time
when the stock price process S hits a barrier a € (0,1):

T =inf {t € [0,7]: S7 < a}.

Then,the distribution of 7 is

o? H(2)
Ina — — =2t 25 -1
F(t) =@ Gl e i) B S

o)Vt o)Vt
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Then the information available to the insider at time ¢ is represented by
sigma-algebra Gy = (-, (]-'t(l) ® J(T)) . (For more details about the model
and the distribution see [2§])

We suppose that investor who buys the bond will receive a payment b at
time T if and only if default has occurred before time 7', i.e. the payoff
function of the bond is g (H{rgT}) = bll{;<7y. For simplicity of calculations

we assume that S(()') =1, py = 0 and oy = 1, then the distribution of 7

r-a (5 o ().

We assume the initial capital = be equal to 1. Then according to Proposition
8 and Proposition 9, for the existence of solutions in the equations ,
, and , in the case of the logarithmical and power utilities the

monetary value b must not exceed 1.

(75)

Next, using the formula we calculate the distributions of 7 in the dif-
ferent cases of the barrie a and for different maturity time 7.

TABLE 1. Distribution of 7 F.(T)

Case T=1 T=1.5 T=2 T=25 T=3
a=0.1{0.06107412° | 0.16589305 | 0.27615169° | 0.37604460° | 0.46221476°
a=0.21]0.22088765° | 0.37653772° | 0.49579569° | 0.58641865° | 0.65635072°
a=0.31]0.38803513° | 0.53980954° | 0.64120586° | 0.71270390° | 0.76533803°
a=0.410.53446163° | 0.66308077° | 0.74286328° | 0.79690473‘ | 0.83569574°
a = 0.51]0.65623355° | 0.7571794° | 0.81710178° | 0.85673907‘ | 0.88477023°

5.1. Exponential indifference prices. To calculate the exponential buyer’s
indifference price we use the formula from Proposition 11:

pr=—im [/Rexp{ g () Ypu(u) |

where v > 0.

Then, in the situation of the considered defaultable market driven by the
geometric Brownian motion, where the random variable 7 is defined on
([0,77,B(]0,T])), we obtain the following expression for the exponential
indifference price:
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1 T
P = _§ln [ /O exp { =79 (Iy;<ry) }dP, {TST}]

1 T T
= —; In |:/ exp{—’yb}dP{TST} +/ dP{T>T}:|
0 0

= —% In fexp{—b} 7 (T) + 1 — F-(T)].

Then, we can calculate the exponential buyer’s indifference prices. For com-
parison, we take two different premiums b = 0.2 and b = 0.6, which investor
receive in the case if default has occurred before time 7. We use the graph
to demonstrate the result for exponential buyer’s indifference prices plotted
for different initial data.

The exponential utility indifference prices for vy € (0.1, 2).

The corresponding values of the axes T and a are from the grid [5 x 5] of Table 1.The dark
sheets corresponds to the case of b = 0.2 and the light sheets to b = 0.6. The different layers of

the sheets correspond to the different coefficient of risk aversion v > 0.
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On the next graph we observe the section of the previous graph taken with
respect to different values of the hitting barrier a.

pb

0.20 -

015

) 7///

0.

00 L L L T
10 15 20 25 30
The exponential utility indifference prices in the case v = 1.
The lines on the graph from the bottom to the top correspond to the values of a equal to 0.1,

0.2, 0.3, 0.4 and 0.5 respectively.

From these two graphs we can conclude that the exponential buyer’s indif-
ference prices increase with the growth of the value of the hitting barrier a
and with the growth of the terminal time T'.

5.2. Numerical result for the logarithmic and power indifference
prices. To obtain the equation for the logarithmic buyer’s indifference price
we use the equation from Proposition 9:

/Rln[l—z;%—i-g(;)}du(u)zo.

Then, in the situation of the considered defaultable market driven by the
geometric Brownian motion, where the random variable 7 is defined on

([0,77,B([0,T])) and « = 1, using we get:

T
0 = / In [1 ~pr+yg (H{rgT})} AP(r<r)
oT .
= / In [1 —ph+ b} dPrr<T} +/ In [1 _PbT} dPir>1y
0 0
= In [1 — b+ k} Fr(T)+In [1 fpr} (1—F(T)).

Thus, the logarithmic buyer’s indifference price pﬁ} is a solution of the equa-
tion

(76) In [1—pr+b} FA(T) +In [1—pr} (1 - F.(T)) = 0.
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For the power byuer’s indifference price in the case p < 1,p # 0 we use the
equation from Proposition 9 and we get:

/OT [(1 —pr+g (H{TST}))p - 1} dPgr<ry

= /OT [(1 —p+ b)p — 1} dPr<ry + /OT [(1 —pr>p - 1} APt~y

= ((1=sh+n) —1) F(1) - % +((1-wh) —1) - F(D)).

Then the power buyer’s indifference price p% is the solution of the equa-
tion

1
-+

(77) ((1—p9+k)p—1) Fy(T) - 5

((1-pk)" 1) = F(m) =0,
We have only the numerical result for the equations and . The
following numerical result was obtained with using of the command NSolve
in MathematicaWolfram. The logarithmic buyer’s indifference prices and the
power ( p = —1/2 and p = 1/2) buyer’s indifference prices calculated for the
hitting barrier @ = 0.1, the premium b = 0.2 and the different maturity times
T are shown in the Table 2. The corresponding values of the exponential
buyer’s indifference prices are displayed for the comparison.

TABLE 2. Buyer’s indifference prices

Case a=0.1, b=10.2 p?p’mp, v=1 pg:log plgp’l 2 plgp’_l 2
T=1 0.0111326 | 0.0111871 | 0.0107143 | 0.00984339
T=15 0.0305353 | 0.0306383 | 0.0294511 | 0.0272343
T=2 0.0513541 | 0.0514628 | 0.0496708 | 0.0462718
T=25 0.0705999 | 0.0706757 | 0.0684823 | 0.0642565
T=3 0.0875046 0.087533 | 0.0851196 | 0.0804011

We can see from Table 2 that for our example of the defaultable geometric
brownian motion model, the highest buyer’s indifference prices was obtained
in the case when the preferences of the investor was modelled with using of
logarithmic utility. In the case of the exponential utility, we considered the
risk aversion coefficient equal to 1, however the more risk-averse investor
with v < 1 will pay higher indifference price and the risk-loving investor
with v > 1 will pay less. In the case of power utility, from right hand side
of formula we can see that the power indifference price pr increases
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when the power p decreases in the case p € (0,1) and vice versa in the case
p < 0.

However, in our example, the relative difference between the considered
types of the utility indifference prices not grater than 9% (Table 2). The
analysis of the results over other types of utilities gives that the relative
difference between the indifference prices will highly increase with the in-
creasing of the risk averse factor v and with decreasing of p < 0.
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