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Abstract - Fuzzy nominal scaleswereintroduced in order
to propose a formalism to the representation of empirical
quantities by fuzzy subsets of words. This paper presents the
results of studies on distances associated to this formalism
and proposes a new distance operator.
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1. INTRODUCTION

The introduction of the fuzzy subset theory in the
measurement field takes its origin in 1971 in the Zadeh's
paper [1] that exposes a mechanism of description of a
quantity by a fuzzy subset of symbols. Since this paper, the
definition of the description process was mainly based on
good practices. Most of description processes had useful
properties but it was sometime difficult to justify them.
Recently, the link between the quantities and their fuzzy
representation was formalized in a scale approach named the
fuzzy nominal scale [2][3].

This approach gives the set of relations and operators that
can be used to define eguations on symbols such that these
equations have ameaning on the set of quantity values. When
a fuzzy description is a fuzzy nominal scale, a fuzzy
equivalence relation on quantity values is linked to a fuzzy
equivalencerelation on their representation. Thislast relation
also named similarity relation is used to define a distance
between the fuzzy subset of symbols that represent the
quantity values. Thisdistance had been used to perform signal
processing [4], but is useless to compare symbolsthat are not
related by the similarity relation.

The purpose of this paper isto propose adistance on fuzzy
representations linked to a metric on the set of quantity
values. With this new distance, a fuzzy nomina scale is
enhanced and the set of authorized operators has now this
distance as member.

2. THEFUZZY SYMBOLISMS

The link between a physical state and its linguistic
representation is characterized by a symbolism defined by the
triplet <E,SR> where E is the set of physical states, Sis the
lexical set used to represent measurement results and R is a
relation on ExS Two mappings can be extracted from this
relation: The description mapping denoted D associates a
subset of S to any item of E, and the meaning mapping
denoted M associates asubset of E to any item of S Thesetwo

mappings are linked with the following equation.
Oe0E OsO0S edM(s) = sOD(e) D

The R relation can be a fuzzy relation. Then, the
trand ation of aphysical state into itslinguistic representation
is called a fuzzy linguistic description mapping or smply a
fuzzy description mapping. It transforms an object e of the set
of physical states E into a fuzzy subset of linguistic terms
called the fuzzy description of x. The dual mapping, called the
fuzzy meaning mapping, associates afuzzy subset of E to each
term s of the lexical Set S This fuzzy subset is the fuzzy
meaning of s. In the paper the fuzzy subsets of linguistic terms
also named lexical fuzzy subsets are denoted LFS. This two
mappings are also linked:

O(e, s) DEx Sy M(s)(e) = UD(e)(S) 2

In[5] itisdefined that <E,SR>isa@symbolism if the set
of the meanings of the elements of Sis a ¢-partition of E and
if each meaning is normalized. This paper restricts its
investigation to id-symbolisms based on id-partition i.e. on
Ruspini partition. The set of al possible LFS obtained by a
fuzzy description based on id-symbolism is denoted F;4(S).
Any LFS respects then the condition:

DADF4(S), S A© =1 ©)
sOS

A fuzzy equivalence relation on the physical states can be
associated to any id-symbolism.

O(x,y) DE°M ~(x,y) = Z min(ky s (X): Ky ¥) (4)
sOS

From thisfuzzy equivalence relation and from the rel ation
R, the following relation can be simply defined.

OAB) DR (9 (A B) = S min(ux(®) kg(®) (5)
sOS

The symbolism <E,SR> is then considered as a fuzzy
nominal scale.

3. CHOICE OF A DISTANCE OPERATOR

The relation used in the id-symbolism can define a
distance between LFSs[4].

d_(A/B) = 1-pu_(AB) (6)



This distance is discriminant for LFSs that are at |east
partially equivalent but is equal to 1 when 2 LFS have empty
intersection. This result is consistent with the absence of
distance on the lexical set. This mean that the definition of a
metric on the set F;4(S) needs the definition of ametric on the
set S. Let dgbe adistance defined on S

3.1. Required properties

The fuzzy subset theory proposes a large set of distance
operators and the best way to select a distance operator is to
list the properties that must be verified.

e The first property is the singleton coincidence: If two
LFSs are singleton {s;} and {s;} then the distance
between them is equal to the distance between symbols s;
and s,. This property supposes that the distance dgon S
exists.

e The continuity property is verified when the distance isa
continuous mapping from SxSto the set of positive num-
bers.

e The precision property ssimply imposes that the distance
between two LFSs must be a positive real humber, and
not afuzzy subset of positive real numbers.

e The consistency property is usually verified by distances
on crisp subsets: If A,B,C,E are four subsets of a metric
space, d is the distance on this space, and d is a distance
that generalize d on subsets, it verifies:

d(u, v) <inf d(x,
B (u.v) x”D1C,yIZIE (xy)

= dy(A, B) <dy(C,E)

d
umzyvaB (V)
inf  d(x
xDC,yDE( y)

dg(A, B) < dg(C, E)
Fig. 1. Consistency property
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The extension of a distance defined on afinite space to a
distance defined on the set of the fuzzy subsets of this space
was widely studied but, as shown below, no existing distance
can be applied to Fi4(9).

Distances on fuzzy subsets can by classified into the
following categories.
e Thedistances that generalise an existing distance.
¢ Thedistances defined from a similarity measure.
e The distances defined with subset operators.
e The distances computed from a symbolic approach.

In our approach, adistance dgis supposed to be defined on
S. Then only the first cathegory isinvestigated.

The generalisation of a distance dg defined on afinite set
S to adistance dr(g) defined on the set of fuzzy subsets of S
is a recurrent subject of study. In [6] Bloch proposes four
types of generalisation.

3.2. The geometrical approach

In thisapproach, fuzzy subsetsin andimentional spaceare
considered as crisp subsetsin a (n+1)dimentional space. This
means that the distance between membership degrees has the
same semanti ¢ than distance on the ndimentional space. Such
hypothesis can not be justified in our problem and this
approach is not kept.

3.3. The fuzzfication approach

In an other approach a distance Dg between crisp subsets
is defined from the distance dg Then the distance Dg is
fuzzyfied. In [7] three fuzzyfications of the Hausdorff
distance are proposed.

1

l —
HE (9(F©) = [He(Fq, Go)da )
0
Ho;m(S)(F’ G) = SU% EOHS(FC(’ Go() (9)
HF|d(S)(F’ G) = HyF10 G190 (10)

Where F, and G, are the alpha-cuts of F and G, and Hgis
the Hausdorff distance:

Hg(A, B) = max(max mindg(a, b), max mindg(a, b)11)
HF|d(S) and HFld(s) do not verify the continuity

1
F1a(S

coincidence, but not the consistency property.

property, but H does. It also verifies the singleton

3.4. The weighting approach

The distance dg can be generalized with a weighting of
membership degrees.

d+(F,G) = z z T(HE(SDs Hg(s0))dg(s, s0)  (12)
s;0Ss,U0S
Where T is a continuous triangular norm.
Such operator does not respect the separation axiom that
imposes:
d(F,.G) =0=-F =G
then it cannot be considered as a distance.
3.5. A new approach

So a new distance that respects the four properties had
been created. This distance is named the transportation
distance d,. Its calculation is equivalent to the solution of a
mass transportation problem [8]. It is similar to the
Wasserstein distance used in probability theory, and can also
be considered as a fuzzy version of the Levenshtein distance
used to compare strings [10].



4. THE TRANSPORTATION DISTANCE

The transportation distance between two L FSsis based on
the cost calculation of a set of transformations needed to
transform the first LSF to the other. First a family of
transformation mappings is defined:

Let Tsi’ 5% be amapping on a set F;4(S) such that:
Ha(s) = He(s) =X
G =Ts s x(F)e ° _ o (13)
P uG(sj) = pF(sj)+x

Sy 83 83 54

Fig. 2. The mapping Tsl’ 5,02 with S={s,,55,%3,54}

We demonstrate that any element of Fy(S can be
transformed into any other element of F;4(S) with the use of a
sequence of such transformation mapping.

Let the following sets:
Sesg = {sUSH (9 > Hg(s}
Se-g = {sUSu () = Ug(sh

Proposition 1: Let S be a finite set. Let F and G be 2
elements of the set Fiy(S). Let Ag = Up(S) - Mg(S). The
following equality is verified:

z Ay = — z A (24)

sUSesq sUSe>r

Then the definition of the sequence of transformation
mapping is equivalent to the well known linear programming
problem named the transportation problem [8]. The problem
is to bring a product from a set of n; sources to a set of n,
destinations. Each sourcei gives a quantity s, of product, and
each destination receives a quantity s of product. The total
given quantity must be equal to the total received quantity:

Ny ny
Z:sﬁ =—Zsj’ (15)
i=1 j=1

A solution is to associate to each displacement from a
sourcei to adestination j aquantity x;; of transported product
and adisplacement unity cost ¢;;. Theaimisto find asolution
that minimises the total cost:

zxijcij (16)
i

Considering the membership degrees as the transported
product, theset S , 5 astheset of sourcesandtheset S _

as the set of destinations, a distance can be computed as the
total cost of the optimal solution for the transportation of
membership degrees.

The transportation distance dy, is defined on Fig(S) from
distance dson the lexical set S The distance dy, is the sum of
the costs of each transformation mapping. And the cost of a
transformation mapping Tsi 5. x isequal to: x [dg(s;, J)

It is now shown that the transportation distance is a
distance, and it verifies the 4 constraints presented before.

Forany F,G,HOF4(S) ,dymustverify:

dtp(F, G)=0- F=G, 17
dtp(Fv G) = dtp(Gl F)v (18)
dtp(F, G)+ dtp(G, H) > dtp(F, H). (29
e The relation F=G is  equivalent to
S.g=Sg=0 that is equivdent to
d, (F G) = 0.

. The symmetry of d, i is deduced from the symmetry of
the transportation problem.

* Findly, d, (F H) is by definition the distance corre-
sponding to the optimal sequence of transformations
TS that changes F into H. Then Adding a constraint
in or’der to include G in the set of transformation steps
will increase the distance.

+ Calculating the distance between singletons {1} and
{1 j} using the transportation problem is equivalent to
finding the cheaper solution to bring a unity quantity of
product from source i to destination j. The solution is
made of only one transformation mapping Tq ¢ ;. The
cost of this solution is c;; that is equal to tHle tiistance

dg(s;, s; ) then thesmgleton coincidenceis verified.
 The preC|S|0n and the continuity properties are deduced
from the definition of the distance

* Theconsistency property of dy, is demonstrated below:

Let F,G,H, I four elements of F, (S and
(51,55, 83,84) O s* such that:
deg < Ay (20)
where:
G = i?sfgi s,) O supp(H) x supp(1) Ie{%r %)
drg = Siléf s,) 0 supp(F) x supp(G) dS(Sll %) (21)

and supp(A) isthe support of A i.e. the set of lexical terms
ssuchthat p(s) #0.

It must be shown that
dtp(F, G)< dtp(H, 1. (22)



IfHN1#0 ,thendy, = 0 anddeg = 0. Fand G are
the same singleton and— dtp(F, G) = 0. (22) is trividly
verified.

If Hnl =0 , The brought quantity associated to the
calculation of dtp(H, 1) isequal to 1 and dtp(H, )=dy,
because the transportation distance isthen aweighted average
of distances that are greater or equal to dy, . With the same
reasoning, dtp(F, G)<drg. Then;y— (20) induces
dtp(F, G) < dtp(H, 1.

5.RESULTS

In thissection, thetransportation distanceis applied on the
hand posture recognition. More details on the application can
befoundin [9].

medial sensors  pase sensors

— wrist yaw

pamarch wrist pitch

thumb base sensor

thumb medial sensor
thumb tip sensor
Fig. 3. : The 18 sensors of the Cyberglove®.

The hand posture is acquired with the 18 angle sensor of a
CyberGlove® (Fig. 3.). The finger flexion (except for the
thumb) is aquired with two angle sensors : MCP (métacarpal -
phalanx angle) et IP (interphalanx angle). The linguistic
description of a finger uses the set Sq,i0n = { FOlded, Claw,
Round, Square, Sraight} seeFig. 4.

T E

Folded Sguare Round Claw  Sraight
Fig. 4. Wordsused to describethe finger flexion.

Thedataglove givesanumeric regresentati on of thefinger
flexion as a couple (mcp, ip) O O . The definition of the
fuzzy linguistic description is performed through the
definition of the fuzzy meaning of each lexical term. This
meanings are fuzzy subsetsin [0~ as shown in example in
Fig. 5..

Folded

Claw

Fig. 5. Meanings of the items of Sy gion-

Theillustration of this new distance is presented with the
exemple of afinger flexion. Considering 2 numeric values of
finger flexion f; = (0.5,0.5) and f, = (1.2,1.0) their
fuzzy description are shownin fig. 6.

D(f,) , D)

1
OT'S 0.25 0.25
-~ o t ¢
Folded Round Straight
Claw Sguare

Folded Round Straight
Claw Sguare

Fig. 6. Descriptionsof f; and f,.
The distance d is arbitrary chosen as shown in

Table 1. It it repf@%hci% a human knowledge about the
description of afinger flexion.

Table 1: Distance d défined on Sexion:

Sflexi on
d Folded| Claw | Round| Sguare |Sraight
SfI exion
Folded 0 1 2 3 4
Claw 1 0 1 2 3
Round 2 1 0 1 2
Square 3 2 1 0 1
Sraight 4 3 2 1 0

The distances to the two finger flexions f; and f, are
calculated for any other finger posture (fig. 7 and 8). On baoth
figs, five plates corresponding to the distance between each
term and f; or f,. The value on each plate isdirectly connected
to the distance dsﬂexion .



0.5 0.5
Fig. 7. dtp(D(fl), D(g)) with f, = (05,05).
InFig. Fig. 8. thevalues of the plates corresponding to the
terms Square and Round are identical. This means that:

d(D(f,), { Square} ) = d(D(f,), { Round} ) (23)

even if uD(fz)(Round)zuD(fZ)(Square) as shown in Fig.
Fig. 6.. This result is consistent because the transportation
distance takes al the terms into account. In this case f, is a
little bit Sraight: uD(fz)(Straight) =025.
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0.5 0.5 MCP
Fig-8. dy,(D(f),D(g)) with f, = (12,10) .
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6. CONCLUSION

The formalization of the fuzzy subsets based description
process of quantities is a slow process that needs to be
performed in order to be able to manage this specific quantity
representations. With the transportation distance, this paper
gives a new tool for processing lexical fuzzy subsets issued
from a measurement process. With its four properties:
singleton coincidence, continuity, precision and constancy,
the transportation is a good candidate to perform signal
processing on this particular kind of representation issued
from a fuzzy description of measurement. In this paper the
distance betwen lexica term was issued from human

knowledge, but it will be possible to extract it from a metric
on physical states and from the fuzzy nominal scale. Then the
scale will be enhanced in order to bring a metric from the set
of physical statesto the set of lexical fuzzy subsets.
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