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Abstract: In this paper, we deal with linear infinite dimensional systems in
Hilbert spaces. In the beginning, systems are continuous. In the second part, we
use a sampling to transform our first system in a discrete-time system. For these
systems, exact controllability implies that the extended controllability gramian
is uniformly positive definite. This operator allows us to define a feedback
control law which stabilizes exponentially the closed-loop system. In the first
case, we want to push eigenvalues in the negative part of the complex plane and
to have an arbitrary decay rate. In the discrete-time system, we want to push
eigenvalues of the closed loop system in the unit ball that is to say to minimize
the norm of the closed loop operator. Results of continuous-time system are
applied to a system described by a wave equation.
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1 Introduction

Consider the continuous-time system described by the equation:

{y'c(t) = Ax(t) + Bu(t)

s = Ca(t M

with initial condition:
2(0) = zo (2)

where z(t) and u(t) take value respectively in Hilbert spaces X and U. A is a
linear bounded operator and is the infinitesimal generator of a Co-group S(t),
t € R, of linear continuous operator on X. B is a linear bounded operator.
This system is a general representation of several physical systems described by
partial differential equation or differential equation with delays. Several papers
and books were devoted to the study of control problems for this type of systems
(see [3] and references given there). The problem of exact controllability is now
well known and studied. This property implies exponential stabilizability with
arbitrary decay rate. This result was in fact given in [7], where a feedback
control law was given. Komornik in [4] uses a feedback control law which is
look like ours, with an unbounded control operator B. It is well known that the
property of exact controllability for infinite dimensional systems depends on the
time of control T'. The feedback law given by Slemrod or by Komornik depends
also on this time which may be calculated but it is, in general, a complicated
problem. Our purpose is to avoid this difficulty and to give a simpler way to
design the feedback law.

Often, if digital computation is involved, we need to work with discrete-time
versions which arise if the inputs and outputs are sampled at one fixed rate.

Consider the discrete-time system described by the equation

Tpr1 = Agxp + Bauy
yp, = Cuay,

(3)

with initial condition zg. This discrete-time system can be deduce from the
continuous-time system (1) and we will see relations in theorem 3.1. Several
papers and books are devoted to the study of this type of system (see for ex-
ample [1] or [2]). Properties of exact controllability and complete stabilizability
are well known and studied. From now, a lot of results are writing with a fixed
state feedback. In this paper, we describe a state feedback law which can sta-
bilize completely the system (3) and fix arbitrarily the dimension of the ball
containing eigenvalues.

The first section is devoted to continuous-time system. The subsection 2.1

of this paper is devoted to exact controllability of the system (1). After the



definition, we consider a necessary and sufficient condition for exact controlla-
bility of the system which was also given in [6] as another different criterion of
controllability using the operator N ().
After, we determine a linear operator F' from the inverse of the operator N(\)
such that the control system with feedback control law wu(t) = Fx(t) stabilizes
the system. Unlike Slemrod in [7], we can impose the decay rate of the system.
Finally, we apply result for a simple system modeled by the wave equation. We
show that the system is exactly controllable and we calculate a feedback law.
Afterwards, we verify the stability of the closed-loop system. We also verify
that our operator allow simpler results than those with Slemrod’s operator.
The second section is devoted to discrete-time system. After some definition
about exact controllability, we define an extended gramian of controllability K.
The end of this section is about complete stabilizability. We define an operator
F generated from the inverse of the operator K. We verify the stability of the
closed loop system with the feedback law uy = Fzy.

2 Continuous-time systems
The mild solution of system (1), (2) is given by:
x(t,xo,u) = S(t)xo + /OtS(t — 7)Bu(7)dT.
Let wo(—A) be the scalar defined by:
wo(—4) = Tim (5 |S(0)]).

This constant is called the growth bound of the semi-group. Therefore, we can
defined the decay rate of the semi-group. For all w > wg(—A), there exists a
positive constant M, such that for all t > 0, ||S(t)| < M,e“". If wy(—A) = —o0
then w € R may be chosen arbitrarily.

Let N()A) be the bounded operator defined by:

N\ = /0 Ooe"\tS(—t)BB*S*(—t)xdt.

This operator is defined for all positive scalar A such that A > 2wy(—A) (cf [6])
and is called the extended controllability gramian. This operator is a generali-
zation of the operator Ny () defined in [7] by:

Np(A) = /0 NS\ BB" S (—t)rdt,

with 7" < oo. This operator was used to design a stabilizing feedback in [7].
In the sequel, (.,.) and ||.|| denote respectively the inner product and the

norm in the adequate space.



2.1 Exact controllability

Definition 2.1 [5] A system is said to be exactly controllable if there exists a

positive time T such that for all xg,x1 € X and for some control u, we have:
z(T) = z(T, xo,u) = x1.

A necessary and sufficient condition for exact controllability is given by:

T
/O 1B*S* (r)al|dr > o7 x| (4)

for some 67 > 0 and for all z € X. The condition (4) is verified if and only if
the operator Kt defined by:

T
KTJJ:/ S(7)BB*S*(1)xzdr.
0

is uniformly positive definite that is to say that there exists some d7 > 0 such
that:
(Kraz,2) > orz|?, Vo € X.

The operator K7 is the controllability gramian.
The precedent criterion of controllability depends on the time 7' which is
not defined a priori. In the next proposition, we have a necessary and sufficient

condition where the time 71" does not appear.

Proposition 2.2 [6] The system (1), (2) is exactly controllable if and only if

the operator N () is a uniformly positive definite operator, that is:
(N(\)z,z) > §|z||* Vo € X,6 > 0. (5)

Let us note that this result may be formulated for a semi-group which is not a
group (see [5]).

If the relation (5) holds true then the operator N(\) admits a bounded inverse
N\~

2.2 Complete stabilizability

For the beginning, we precise the definition of complete stabilizability.

Definition 2.3 [5] The system (1), (2) is said to be completely stabilizable if

for allw € R, there exist a linear bounded operator F' : X — U and a constant

M > 0 such that the semi-group generated by A+ BF, say Sr(t), verifies:



|SF(t)] < Me*t, t>0.

Exact controllability implies complete stabilizability. The converse does not
always hold true. In particular conditions, complete stabilizability implies exact
controllability. In our case, as A generates a group, it is true because of the

next theorem.

Theorem 2.4 [8] If system (1), (2) is completely stabilizable and the opera-
tor generates a group of operators S(t),t € R, then system (1), (2) is exactly

controllable in some time T > 0.

We now recall a property of the operator N(A).

Proposition 2.5 [6] The operator N(X) maps the domain of definition D(A*)
of the operator A* into the domain of definition D(A) of the operator A. More-
over, if x € D(A*), then the following relation holds:

AN(A)z + N(A)A*z + A\N(\)z = BB*z (6)

After this recall of the operator N (\), we can use it to define a feedback control

law which can stabilize our system.

Theorem 2.6 Let the system (1), (2) be exactly controllable. Let the operator
F be defined by:
F=-B*N"'()).

Then the closed-loop system with uw = Fx is exponentially stable. Moreover by

mean of the choice of X\, the decay rate may be arbitrarily chosen:
Yw € R, 3N, ISk (1) < Met. (7)
ProOF: The closed loop system with © = Fx can be written:

{j:(t) — (A= BB*N7'(\)x(t)
z(0) = =z

With equation (6), we have:

AN(X) + N(A)A* + AN()\) = BB* in D(A¥)
AN(X) — BB* = —N(A\)A* — AN()) in D(A¥)
A—BB*N-1()\) = —NA\)A*N~Y(\) = N(M)AN—L(A) in D(A)
A—BB*N-1(\) = N(A)[—4 — MIJ*N~1()) in D(A)

Let A=A — BB*N~'()\) and A = [-A — M]*. Then there exists an operator
P = N()) such that:
A=PAP™.



Operators A and A could be said to be “similar”. Let A, = pA(pl —A)~! and
A, = pA(ul — A)~'. Then, we have:

,}I_EEOHAI‘QJ — Az|| =0,Vz € D(A)

and
M11_>1£>10||A“x — Azl = 0,Vz € D(A).

We can deduce that the operators flu and /Nlu are “similar” and that the same
holds true for their generated semi-groups.
If we take the limit when p — oo, then:

lim e = lim [N()\)eA”tN_l()\)]

HU—00 pU—+00

At = N\)eAMN-1(N)

Now, if we take the norm, we obtain:

le| [N NI

N[N )]

INO-fle=AADHL N )]
)|

INOV[le e~ LN (V)]

But from [3], there exist two scalars M and « such that:

(VANVANVAN

le= A"t < Meet.

The operator N () is bounded and positive definite. Therefore, there exist two

positive scalars ¢; and ¢y such that:
INOVI <er,  [INO)T < e

Then, we have:

HeAtH creaMete™ M

<
< clche(a*)‘)t, V.

Now, we can see that the semi-group which is generated by A = A—BB*N~1()\)
is exponentially stable for all A > «a. Therefore, the closed-loop system with the
feedback control u = Fx is exponentially stabilizable with F' = —B*N~1()\).
We can write the relation (7) with w = o — X and M, = cjco M. [ |

The theorem 2.6 is the converse of the theorem 2.4 edited by Zabczyk. In
fact, he says that a completely stabilizable system whose operator A generates
a group is exactly controllable. For us, with the assumption that A genera-

tes a group, an exactly controllable system is completely stabilizable with the
feedback law u = —B*N~1()\).



2.3 Example
Let us consider the system described by the wave equation:
gtg (t,7) = a%(t r) + ult,r)
z(t,0) = z(t,1) =0
In first, we transform the system to obtain a new one in the form (1). Af-
ter, we verify that the semi-group is a group which is an important condition.
Therefore, we can show the controllability, calculate the feedback and verify the

stability of the closed loop system. At last, we compare results with operators
N(A) and Np(A).

Let x = Zj , then the wave equation may be rewritten as
Z
0 1 0
T = 52 T+ U
GW 0 I
Therefore, we have:
0 1 0
A= 62 5 B = ( )
CLW 0 I
or(r) = ( zl’kEr; > ke Z*} be the eigenvectors of the operator A and
2,k

let {\g, k € Z*} be the corresponding eigenvalues.
For all k € Z*, we have A¢i(r) = Apdx(r), which gives

¢2,1§(7") = Me@1,k(7)
o LOLL0) %17,‘1;(7“) = N2, (r)

and then
¢2k ) = A1k (r)

(r
A Y G

2
8—2 and eigenvalues {o,,,n € N*}

We search eigenvectors {¢,,(r),n € N*} of ag

associated.
Because of initial conditions of the systems, eigenvectors {¢,(r),n € N*} could
be written (see [3]):

Y (r) = asin(wr) + B cos(wr)

As ¢, (0) = ¢, (1) =0, then w = nm and =0 and

(1) = asin(nnr)

(18215?2(74) —an?m2n (1)




Therefore we have:
op = —an’m?,n € N*

Yn(r) = asin(nnr),n € N*

Hence, we obtain for the operator A:

X, = jkmy/a, k € Z*
¢1.x(r) = asin(knr), k € Z*
Po1(1) = Apasin(knr), k € Z*

that we can also write:

Mo = jkmy/a, k € Z*
() = o < sin(km“)) > ez

A sin(k7r

The eigenvalues of the operator A are simple and the closure of {\;, k € Z*} is
totally disconnected. The eigenvectors { ¢y, k € Z*} form a Riesz basis. Hence,
A is a Riesz operator.

Let {¢x,k € Z*} be the eigenvectors of A* such that (¢, ;) = dx;. Hence,
{Yr,k € Z*; ¢y, 1 € Z*} form a biorthogonal basis.
The Co-group S4(t) generated by A can be written:

Sa(t) = Dty

kez*

= D VI P en

kezZ*

As the operator B is defined by:

therefore the operator B* is defined by:

B =(0 1),

The operator N(\) is defined for all A such that:

A > 2uwo(—A) = 2 lim ISCEON
t—00 t
In the other hand
1
IS(=6)* = W(S(—t)x,S(_t)x>
1 — _\*
= ||$||2<Ze Akt<Ze Alt<x=¢l>¢l7¢k>¢k,x>
kez lez



= ||;||2<Ze()\k+)\z)t<x)¢k>¢k7x>

keZx

= ol )

keZ*
[Edls
]2
=1

Therefore we have: 2wy(—A) = 0. Then, N () is definite for all strictly positive

A. This operator may be precisely computed:

“+o0o
NNz = / e MSA(—t)BB*S%(—t)xdt
0

“+o0o
— [N S BB S e ), )
0+OO kez* lez*
:/ e AN e NN D e N (@, 4y ) (BB gy, ) dedlt
0+OO kez* lez*
= [ S e o e
0+OO kezZ*
— [
0 kezZ*
oM oo
= [_A} > (@, )
0 kez~
= <$a¢k>¢k

~
S~—
=
I
R =
N
m
5

Then, we have:
1
(N, ) = ]l

Therefore, there exists a positive constant § such that: (N(\)x,z) = 6|z
The system is exactly controllable from proposition 2.2.

As N(\) = 1, then we have N(A)~! = A. Therefore, the closed-loop state F
can be written: F' = —AB*. The closed-loop system is given by & = Az, with

(%)
N ag—; -2/

From now on, we can calculate the eigenvalues {5\k:> k € Z*} of the closed-loop
system. The eigenvectors {¢, k € Z*} are the same as those of operator A.
For all k € Z*, the relation Agy(r) = A\pop(r) gives:

Goi(r) = Ndrp(r)

) .
0%¢1 k() —Ap2k(r) = Apgor(r)

Or?



which implies

Pk (1) = N1 (1)
%1 1 (r)

GT - Aj\kﬁbl,kz(r) - j\iﬁblk(r) =0

Because of boundary conditions, the eigenvectors {¢y ,(r), k € Z*} can be writ-

ten:
é1,1(r) = asin(kmr)

We obtain for all k& € Z*:

—ak2ﬂ'2¢)1’k<7’) — )\j\kﬁﬁl,k(r) - 5‘%¢1,k(7“) =0
5\2 + )\j\k + ak*n? = 0.

Finally,

~

Ao = —A+ikma, keZ*

and

or(r) =« ( sin(krr) > , kez*.

A sin(kar)

As k # 0, the eigenvalues of the closed-loop system have their real part strictly
negative. The closed-loop system is stable.

If we take the operator Nr(\) instead of N()), we obtain:

- 1—e A

N A

and then we would have a more complicated feedback. The eigenvalues of the

Nt ()

closed-loop system are also complex. Moreover, we have use the time T which
is unknown. The operator N () is really simpler than the other.
3 Discret-time systems

Relations between the system (1) and the system (3) are defined in the next

theorem:

Theorem 3.1 [1] The exact discrete linear system of the system (1) sampled
with a BOZ of frequency 1/T is defined by the representation (3) with

xp = xz(kT)
Ad = €AT

= ()

10



The solution of system (3) is given by:

k—1
Ty = Agl‘o + ZAZiliinui (8)
i=0
where xg designed the initial state.
Let Ay the operator defined by:

Ay =AM, A>0.
We chose A so that || A" < 1 that is to say

HAgle_ATH <1
HA;lHe_’\T <1
IAZY < e

In||A?
A > nHTd |

3.1 Exact controllability

Definition 3.2 A system is said to be exactly controllable if for all x € X, for
all initial condition xo € X there exists a scalar k such that for some control

u, i =1,...,k, ) verify equation (8) and xp = x.

From the next definition, we can deduce that the system is exactly controllable
if and only if

oo

UIm( Bs AaBs ... AkB; ) =X. (9)

i=0
We can show, with the open mapping theorem, that the relation (9) is equivalent
to

Jk such that Im( By AqBy ... AkB;)=X.

Equivalently, the gramian of controllability K defined by:
k
K =) A}B4BjA}
i=0
must be positive definite.
As continuous-time systems, the definition of an extended gramian of con-
trollability will allow us to defined a new criterion of controllability. Let Ky

this gramian defined by:

[e.9]
K=Y A'B;B;A}"
=0

11



Theorem 3.3 Suppose Ag nonsingular.
The system (3) is exactly controllable if and only if the operator K is positive
definite.

PRrROOF:
We must show that the two gramian K and K are equivalent. As Ay is

invertible, K is positive definite if and only if

k
> A'ByBAY
i=0
k . .
positive definite. Now, we must show that ZA;ZBdB;A’;\_Z positive definite
i=0
o
iff ZA;inleA’;_i is positive definite. One implication is easy, we only show
i=0
the converse.

[ee]

Suppose that the operator ZA;inB;ATi is positive definite. There exists a
i=0

0 > 0 such that

() A'BaBj A} "x,x) > 8.

1=0
Then
) ABiBy Ay 'w,x) = () AVBaByAY w,x) — () A 'BaBj A} 'x, z)
=0 1=0 i=k
e . .
> S|zl = O AV BaBy Ay tx, x)
i=k

We know that

<ZA;inB;;A§—ix,x> < |ZA;inB§A§_i|.||x|]2
i=k i=k

o0
As the series ZA;inB;Aifi converges, for all € > 0, there exists a number
i=k
M such that for all £ > M, we have:
oo
> AVByBiAY <€
i=k
So, we obtain that

k
(D AV BaBiA "w,x) = (6 — e[|z
1=0

12



As we can choose a K such that § > ¢ > 0, we have

k
<ZA;inB§A§_i:L',:c) > (0 —e)|z)*> >0
=0
k . .
The operator ZA)_\’BdeAf\_Z is positive definite. |
=0

3.2 Complete stabilizability

Proposition 3.4 The extended gramian of controllability Ky is the solution of

the Lyapunov equation
AVIK\AY = K\ — ByB; (10)

PRrROOF:

Ky = BuBi+ A 'ByBiAT + APByBi AT + ...
BB+ A ' [BaBy + A ' ByBi A+ A
= ByBj+ A'K \A!

Theorem 3.5 [2] The system (3) is stable if and only if the eigenvalues of A
are strictly less than one in magnitude (and strictly inside the unit circle in the

complex plane).

Theorem 3.6 The system (3) is supposed to be controllable.
Let F the operator defined by:

F=-B;K;'A,.
The closed loop system can be written
Tn+1 = Axn

with
A= Ay — BdeKglAA
The operator A is stable. Moreover, for all § < 1, it is possible to find a positive

A such that
HAH <d<1.

13



PROOF:
Using the equation (10), we have:

AV KO\A = K\ — ByB;

-1 *—17-—1 * 7m—1
AVTKO\ATIK Y = 1 — BB K,
AVIROVATIR Ay = Ay — BaBiK, Ay
(AT ATH(AVTKY) ™ = Ay — ByBiK, 1A,y

Let Ay = A’;fl and Ay = Ay — BdBZK)TlAA. Then there exists an operator
P = A;lKA such that:
A = PAQPil.

Operators A1 and Ay could be said “similar”.

As we defined: .
In||A7
Ay = AT, N> "”Td I

we have
A < 1As e < 1

As the operator P is positive definite and bounded, there exist two positive
scalars ¢; and ¢z such that: ||P|| < ¢, |P~Y| < e

Then,we have also
I|Ax — BdB;K/\’lA,\H < clcQHAZ’lHe_)‘T

If we want to have
H[l” <d<1,

we must have
crea|| A5 Hle ™ < 6.
Finally, we have:

1 ClcQHAZ_IH

A > fl (f)

4 Conclusion

The result given in this paper is quite general in the case of a bounded control
operator B. Moreover, we have seen on the example that the result is easily
applicable. This method may be also applied for the case of unbounded operator
B.

For discrete-time systems, results are similar. The state feedback law is

easily applicable as in the case of the continuous-time systems.

14
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