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A HOLDER-LOGARITHMIC STABILITY ESTIMATE FOR
AN INVERSE PROBLEM IN TWO DIMENSIONS

MATTEO SANTACESARIA

ABSTRACT. The problem of the recovery of a real-valued potential in
the two-dimensional Schréodinger equation at positive energy from the
Dirichlet-to-Neumann map is considered. It is know that this problem is
severely ill-posed and the reconstruction of the potential is only logarith-
mic stable in general. In this paper a new stability estimate is proved,
which is explicitly dependent on the regularity of the potentials and on
the energy. Its main feature is an efficient increasing stability phenom-
enon at sufficiently high energies: in some sense, the stability rapidly
changes from logarithmic type to Holder type. The paper develops also
several estimates for a non-local Riemann-Hilbert problem which could

be of independent interest.

1. INTRODUCTION

This paper is the last of a series of four papers focusing on stability esti-
mates for the Gel’fand-Calderén problem on the plane. In the first paper,
[24], a first global stability estimate is proved. The second and the third
paper, [26, 27|, deal with stability estimates in the zero-energy and negative-
energy case, respectively, which explicitly depend on the energy and on the
regularity of potentials. The present work covers the last and maybe more
interesting case when the energy is supposed to be positive.

The Gel’fand-Calder6n problem concerns the Schrodinger equation at

fixed energy E,
(1.1) (—A4+v)Yy=Ey onD, EEeR,

where D is a open bounded domain in R? and v € L*°(D) (we will refer to

v as a potential). Under the assumption that

(1.2) 0 is not a Dirichlet eigenvalue for the operator — A+ v — E in D,
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we can define the Dirichlet-to-Neumann operator ®(E) : HY/2(0D) — H~Y/2(dD),

corresponing to the potential v, as follows:

_ Ou

(13) vE) =5l

where f € HY2(OD), v is the outer normal of D, and u is the H'(D)-

solution of the Dirichlet problem
(1.4) (—A+4v)u=Euon D, ulgp=f.

This construction gives rise to the so-called Gel’fand-Calderén problem.

Problem 1. Given ®(FE) for a fixed F € R, find v on D.

This problem can be considered as the Gel’fand inverse boundary value
problem for the two-dimensional Schrodinger equation at fixed energy (see
[8], [17]). At zero energy this problem can also be seen as a generalization of
the Calderon problem of the electrical impedance tomography (see [5], [17]).

Note that this problem is not overdetermined, in the sense that we consider
the reconstruction of a function v of two variables from inverse problem data

dependent on two variables.

In this paper we study interior stability estimates, i.e. we want to prove
that given two Dirichlet-to-Neumann operators ®(E) and ®5(F), corre-

sponding to potentials v; and vy on D, we have that

[v1 = v2ll Lo (D) < w (|@1(E) — P2(E)||x)

where the function w(t) — 0 as fast as possible as t — 0 at any fixed F and
|| - |« is some operator norm. The explicit dependence of w on E is analysed
as well.

There is a wide literature on the Gel’fand-Calder6n inverse problem. In the
case of complex-valued potentials the global injectivity of the map v — ®
was firstly proved in [17] for D C R? with d > 3 and in [4] for d = 2
with v € LP: in particular, these results were obtained by the use of global
reconstructions developed in the same papers. A global logarithmic stability
estimate for Problem 1 for d > 3 was first found by Alessandrini in [1]. In the
two-dimensional case the first global stability estimate was given in [24]. In
[13] logarithmic stability was proved in dimension d > 2 without condition
(1.2), using more general boundary data (impedance boundary map). For
Lipschitz stability estimates in the case of potentials in a finite-dimensional
function space see [3| and references therein.

In [26] and in [27] we considered Problem 1 at zero and negative energy,
respectively, and answered the following question: how the stability estimates

vary with respect to the smoothness of the potentials and the energy.
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This paper completes the preceding works by considering the positive
energy case.

We will assume for simplicity that

(L5) D is an open bounded domain in R?, oD € C?,
1.5
v e W™L(R?) for some m >2, ©=wv, suppvC D,

where

(1.6)  W™Y(R?) ={v : dve LYR?), |[J|<m}, meNuU{0},

oM ly(z)

J e (NU{0})?, J| = Ji + Jo, () = ——.

(Nu{o}) || = J1+J (z) el ol
Let

_ J
[V]lm,1 = mgfnﬂa UHLl(R2)-

|J]<

We will need the following regularity condition:
(17) ‘E’ > Fy,

where £y = Eq(||v||m,1,D). This condition implies, in particular, that the
Faddeev eigenfunctions are well-defined on the entire fixed-energy surface in

the spectral parameter (see Section 2 and Remark 2.1).

Theorem 1.1. Let the conditions (1.2), (1.5), (1.7) hold for the potentials
v1,v2, where D is fized, and let ®1(E) , ®o(E) be the corresponding Dirichlet-
to-Neumann operators at fived positive energy E > 0. Let ||vj|lm1 < N,
j = 1,2, for some N > 0. Then there exists a constant C; = Cy(D, N, m)
such that for any 0 < 7 <1, we have

—(m—2)
(1.8) [jve — 'UlHLoo(D) <y <E5T + <\/E + (1 —7)log(3 + 5_1)) > )
for every § < 0., where § = || @2(E)—P1(E)|+ = [|[P2(E£)—~P1(E)| 1~ 0D)— 1> (0D)-
This results yields the following corollary.

Corollary 1.2. Under the same assumptions, there exists a constant Cy =
Cy(E,D,N,m) such that

(1.9) [v2 = w1l oo (py < Collog(8+471)™%  a=m-2,
for 6 < dg.

The novelty of estimate (1.9), with respect to [24], is that, as m — 400,
we have a — +o0o. Moreover, under the assumption of Theorem 1.1, ac-
cording to instability estimates of Mandache [16] and Isaev [10], our result

is almost sharp. To be more precise, it was proved that stability estimate
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(1.9) cannot hold for o > 2m for C™ real-valued potentials and o > m for
C™ complex-valued potentials. Note that stability estimates and instabil-
ity counterexamples are proved in different function spaces. In particular,
by Sobolev embedding, we have only that W™1+¢(D) c C™~2(D) for any
€ > 0. From this and the fact that the same stability holds in the linearized
case (Born approximation, see [23|), we believe that our result is in fact
sharp. Unfortunately we could not find yet an explicit counterexample in
the W™! class. Our estimates are still valid for complex-valued potentials,
if E is sufficiently large with respect to [[v[|o(py: in this case we can’t use
the formulas at the beginning of Section 4 for the solution of the Riemann-
Hilbert problem and thus it is necessary to follow a more general approach,
like in [18, §6].

Estimate (1.9) also extends the result obtained in [26] for the same problem
at zero energy and in [27] at negative energy. In dimension d > 3 a global

stability estimate similar to (1.9) was proved in [22], at zero energy.

As regards (1.8), its main feature is the explicit dependence on the energy
E. This estimate consist of two parts, the first logarithmic and the second
Holder; when FE increases, the logarithmic part decreases and the Holder
part becomes dominant. This estimate is sharp not only with respect to the
dependence on the smoothness of the potentials, but also with respect to the
energy, as shown in [11]. It extends the result of [27], where a similar energy-
dependent stability estimate was obtained at negative energy. Yet in that
case the Holder part grows exponentially with the energy, while in the present
work it grows linearly. For this reason estimate (1.8), namely when 7 =
1, is totally coherent with the Lipschitz stable approximate reconstruction
algorithms developed in [19] and [25].

Estimate (1.8) is the first stability result in two dimensions for the Gel’fand-
Calder6on problem at positive energy with an explicit dependence on the
smoothness of potential and on the energy. In dimension d > 3, global
energy-dependent stability estimates changing from logarithmic type to Lip-
schitz type at high energies were given in [15] and greatly improved in [14]. In
turn, the paper [15] was preceeded by [21]. See also [12] for similar estimates

for another inverse boundary value problem.

The proof of Theorem 1.1 follows the scheme of [27] and it is based on
0 techniques. The map ®(F) — v(z) is considered as the composition of
O(E) = (r(\), p(A\, X)) and (r(X), p(A, X)) — v(x), where r(A) and p(\, \)
are complex valued functions, closely related to the so-called generalised
scattering amplitude (see Section 2 for details).

The stability of ®(E) — (r(X\), p(A, X)) — previously known only for £ < 0

—relies on some identities of [20] (based in particular on [1]), and estimates on
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r(A) for A near 0 and co. The reconstrution of r(A) from ®(E) is logarithmic
stable with respect to ® (at fixed E), while the reconstruction of p(A, \') is
Lipschitz stable. These results are proved in section 3.

The stability of (r(A), p(A, X)) — v(z) is of Holder type and it is proved in
section 4. This is the most challenging part of the paper because we need to
establish several new estimates for the non-local Riemann-Hilbert problem
solved by r(A\) and p(\, \') (see Section 2 for details). We make great use of
the theory of generalised analytic functions of Ahlfors-Vekua and the main
reference is [28]. In particular, we establish pointwise and LP estimates for
solutions of non-homogeneous O-equations with pole singularities.

In Section 5 we show how the composition of the two above-mentioned

maps gives the result of Theorem 1.1.

2. PRELIMINARIES

We recall the definition of the Faddeev eigenfunctions ¥ (x, k) of equation
(1.1), for z = (1‘1,1‘2) € R2, k= (kl,kg) € YXgp C (C2, Y = {/{? eC?. k2=
k? + k2 = E} for E # 0 (see [6], [18]). We first extend v =0 on R? \ D and

define 9 (z, k) as the solution of the following integral equation:

(21) bak) =™+ | Gle—y k@),
ye
(2.2) Gz, k) = gz, k)e®,
1\2 it

2.3 k) =—{— ————d¢,
where € R% k € ¥ \ R%. It is convenient to write (2.1) in the following
form
(2.4) plr, k) =1+ / 9(z =y, k)v(y)p(y, k)dy,

yeR2

where p(z, k)e*® = ah(x, k).
For Imk = 0 formulas (2.1)-(2.4) make no sense; however, the following

limits make sense
(25) Tzz)"/(x’k) = T,Z)(CC,]C—F’LO’Y), G’Y(x’k) = G(CE,]{:—{—ZO’)/),

We define &g C Y \ R? the set of exceptional points of integral equation
(2.4): k € g\ (€g UR?) if and only if equation (2.4) is uniquely solvable
in L>(R?).

Remark 2.1. From [19, Proposition 1.1] we have that there exists Ey =
Eo(||v|lm,1, D) such that for |E| > Eg(||v||m,1, D) there are no exceptional
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points for equation (2.4), i.e. Eg = 0: thus the Faddeev eigenfunctions exist
(unique) for all k € X \ R2.

Following [9], [18], we make the change of variables

. k1 + iko
2 =1 + T2, A= ;
1 2 JE
1\ vVE 1 ivVE
k= (A1) Y%, k=5 -a) R
A2 A 2
and write v, p as functions of these new variables. For [A\| =1 and E > 0

formulas (2.3) and (2.4) make no sense but the following limits do:

(2'7) 1/&(27 )‘) - 1/}(27 )‘(1 + O))a ,U':I:(Z7 )‘) - 1/}(27 )‘(1 + O))7
(2'8) g:l:(z7 )‘) - 9(27 )‘(1 + O))

For k € X5\ (££UR?) we can define, for the corresponding ), the following

generalised scattering amplitude,

29 B = [ e [5@ (1 T (sgn E))\—i\)

x ((sgn E)zA + AZ) } v(2)p(z, \)dRez dlmz,

and the functions h,

(2.10) hi(\M N, E) = <%>2/Cexp [—%@(A’z+z/A’)

X v(2)+(z, \)dRez dlmz,

for |A| = |N| = 1. It is useful to introduce the following auxiliary functions
hi, ho,
(2.11) hi(MN) =0 [—% (AX, - %)} hy(\ )
I cE et
(2.12) ha(A\,N) =6 [—% <)\X/ - %)} h_(\ X))
R
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and p, solution of the following integral equations,

[1/xN N
2.1 ! ‘ ne |- (= - =
(2.13) PN 4 i /u 8|5 (5 - %))
X hl ()\”, )\,)|d)\”| = —Wihl()\, )\/),
r 1 )\I )\/I
2.13b ! ' N0 |—= = — =
( 3 ) p(A’A)_F?TZ/I)\Hlp()\’)\ ) i 2 <)\// )\/>:|

X hg()\”, )\/)|d)\”| = —Wihg()\, )\I),

for [A\| = |\'| = 1. Here and in the following we drop the dependence of some
functions on F for simplicity’s sake.

The functions just defined play an important role in the following Riemann-
Hilbert problem solved by p. When v is real-valued and E > 0 we have (see
[18] for more details):

(2.14) () = 1z NaG ),

for A not an exceptional point (i.e. k(\) € g\ (g UR?)) and |\ # 1,

where
(2.15) r(z,\) = r(\) exp [ - %\/E (1 + (sgn E)A_15\> (zX + A2) ] ,
(2.16) r(\) = %sgn()\j\ —1)b(\, E),

where b is defined in (2.9);

217) (e N) = pe (2 N) + /Wp“’ X, 2 (NN

for |A| = 1, where

(2.18) p(M N 2) = p(A\, N exp

Z\éﬁ ((A’ - Nz + <% — %) z)] :

where p(\, \') is defined in (2.13). In addition we have

(2.19) lim p(z,\) =1,
[A| =00
(2.20) w(z, ) =1+ p_1 (A +o(N),  for |A| = oo,

(2.21) v(z) = 21@%M_1(Z).
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We recall that if v € W™1(R?) with suppv C D, then ||9]|qm < +oc for
some 0 < a < 1, where

(2.22) 0(p) = (271)2/ Py (x)d, peC?
R2
(2.23) [ullam = 1L+ )™ ?u(p) o,
(2.24) lwlla = sup  (Jw(p)|+ ] hw(p + &) —w(p)]),
p,EER?,|E|<1

for test functions u, w.
The following lemma is a variation of a result in [19] and it is proved in

27].

Lemma 2.1. Let the conditions (1.5), (1.7) hold for a potentials v and let
E € R\ {0}. Then there exists an R = R(m, ||0]|a,m) > 1, such that

R —m/2
225) BB < 2l (14 B (A +sen(E)/Ap?)
1/2
for || > ‘EQ‘—II%/Q and |\ < |E2|R

Let us mention that Lemma 2.2 of [26] and Lemma 2.1 of [27] should be
corrected using the norm || - ||q,m instead of || - |-
Another useful lemma is [19, Lemma 2.1|, which we restate in an adapted

form.

Lemma 2.2. Let the conditions (1.5), (1.7) hold for a potentials v. Let
w(x, k) be the associated Faddeev functions. Then, for any 0 < o < 1, we
have

(2.26) \M(x7k)_1,+‘0u(w7k)'+‘3u(m,k)

< |Rek|™? 0|,
) |2 < e k|, ) ol

for k € C2\ R?,

(2.27) |M7($,k)_1|+‘8m(x,k)‘+‘aﬂ,y(x,k)

83:1 8:62

\ < k17 c(m, )|l oms

for k € R?, v € S*. In both cases we suppose also that k*> > R, where R is
defined in Lemma 2.1.

Throughout all the paper ¢(a, f,...) is a positive constant depending on
parameters «, 3, ...

We also restate [2, Lemma 2.6].

Lemma 2.3 ([2]). Let 1 € L' (C)NL%(C), 1< s1 <2< sy <00 and ¢ €
L*(C), 1 < s < 2. Assume u is a function in L°(C), with 1/5 =1/s —1/2,

which satisfies

(2.28) — = q(N)a(N\) + g2(N), AeC.
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Then there exists ¢ = c(s, $1,82) > 0 such that

(2.29) [ull s < cllgallzs exple(llarlize + llgillzs2))-

We will make also use of the well-known Hdlder’s inequality, which we
recall in a special case: for f € LP(C), g € L4(C) such that 1 < p,q < oo,
1<r<oo,1/p+1/q=1/r, we have

(2.30) 1f9llrc) < I fllze)llgllLacc)-

3. FrROM ®(FE) TO r(A) AND p(A\,\)

We begin recalling a lemma from [27], which we restate in the case E > 0.

Lemma 3.1. Let the conditions (1.5), (1.7) hold and take 0 < a1 < min (1, |E2|;/2),

as > max <1, |E2|—?/2>, for E >0 and R as defined in Lemma 2.1. Then for
p > 1 we have

BY A poscary < OB laml BT 2al I,
(32 AP poagmay < s m)[0llaml Bl 2y,
where j = 1,0,—1 and r was defined in (2.16).

Note that, in contrast to the case £ < 0, this Lemma holds even when
a1 = ao = 1, thanks to the sign in Lemma 2.1.

The following Lemma extends [27, Lemma 3.2] to the positive energy case.

Lemma 3.2. Let D C {x € R? : |z| <1}, E > 0, v1,v2 be two potentials
satisfying (1.2), (1.5), (1.7), ®1(F), Po(E) the corresponding Dirichlet-to-
Neumann operator and by, ba the corresponding generalised scattering ampli-
tude. Let ||[vj||m1 < N, j =1,2. Then we have

(3.3)
b2(X) — by(N)] < (D, N.m) exp [zm 'w - |—§|H [®2(E) — @y ().

for X0, where || - ||« = || - | L (9D)— 1 (9D)-
Proof. We have the following identity:
(3.4)

2
) =1 = (55 ) [ o1 TN @alE) = 01 (B)alo k)

where v;(z, k) are the Faddeev functions associated to the potential v;, i =
1,2. This identity is a particular case of the one in |20, Theorem 1|: we refer
to that paper for a proof.
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From this identity we obtain:
(3.5)
[b2(A) = b1 ()] < ﬁ”qﬁl("k)||L°°(8D)||(I)2(E) — ©1(E)[l«[[¥2 (s F)ll Lo (o) -

Now using Lemma 2.2 and the change of variables in Section 2, we get
WE z 4
13 (s k)l zoe ) < lle™ FF (-, k()| o o)
VB 15
e PV 5 k()| o o)

YE -
e 2 WA= (i (-, B (N) = 1l oo o) + 11 o< (o))

e(D, N, m)e T UN=11/AIL

IN A

IN

for j = 1,2. This, combined with (3.5), gives (3.3). O

The following proposition shows that the map ®(E) — p(\, \) is Lipschitz
stable.

Proposition 3.3. Let D C {x € R? : |z| <}, E > 0, v1,v2 be two poten-
tials satisfying (1.2), (1.5), (1.7), ®1(E), ®o(E) the corresponding Dirichlet-
to-Neumann operator and p1,p2 the corresponding functions as defined in
(2.13). Let ||vjllma1 < N, j =1,2. Then we have

(3.6) o2 = p1ll2(rxr) < (D, N,m)||[®2(E) — ©1(E)|,
for E > Ey = E5(N,m), where T ={\ € C : |\ =1}.

Proof. We begin proving

(3.7) 1f2 = fillL2@rxry < (D, N,m)|[@2(E) — @1(E)+,

where f; is the scattering amplitude related to potential v;, j = 1,2, defined

as

)= () Lo

Here we used the change of variables in Section 2, and cp;r(x, k)= Vi k| (x, k),
where 1 (z, k) was defined in (2.5). The following identity holds:

_WE (V24 2)

2 ) | vi(2)e) (z, \)dRez dimz.

fQ()‘7 )‘/) - fl()‘v )‘,)

2
_ (%) /aD o1 (@, —k(\))(D2(E) — @1(E))p; (x,k(N))dz,
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for |A\| = |\'| = 1. This is proved in [20, Theorem 1]. We then obtain

(38) |f2()" >‘I) _f1(>‘a)‘/)|

1

= 2 o1 (3 k)l @0y [ @2(E) — @1(E) |4 ]l03 (- B)l Los (o)

where [A\| = || =1 and so k € R?, k? = E. From Lemma 2.2 we get
1} (s B) oo o0y = ltksin (-5 B) | Lo opy < (D, N,m),

for j = 1,2, since k € R%, k* = E. This, combined with (3.8), gives (3.7).

It is now useful to recall the following integral equations which relate f;
with A7 (see [7, 18]):

J / : J " ey A
(39 RLQOX) - [ O | (5 -5
IV|=1 i
x f;(N,N)dN'| = f;(AN) j=1,2.
Subtracting this equation for j = 2 and j = 1 we obtain

(3.10) (I+P)(h2—nL)=(T+QL) (fo— f1),

where

(3.11) (PLlu)(\N) = —m’/u()\,)\”)é? [i% (%ﬂ -~ %)} Fi X [N,

N'eT
; ; 1/ A
(3.12) (QLu)(\ ) = mi / B (A, \")0 [i—, (7 _ T)] w(h, N[N,
N'ET (3
for u € LP(T?), p > 1. In [19, §2] it is proved that
(3.13) OS] < 2[5 ]lam (1 + BN = NP 7™/2,
(3.14) B (O M) < 2165 lam (1 + EIX = X272,

for A, N € T and FE > Ey = E1(N, D, m). From these inequalities (and also
inequalities (2.45) of [19]) we find that

; c1(N,m

(3.15) Pl < S0l
; co(N,m

(3.16) Qulzarry < 20 o

Choose E}] > E; such that max <615V717/T), ciéﬁ’;ﬁ) <1 Then P{ is invert-
1 1

ible on L?(T x T) and from (3.10) we obtain

(3.17) 1% — hillr2rery < es(N, D,m)| fa = fill 2 erxr)s
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for E > Ej. It is straightforward to see that

(3.18) Ihg—hsll2@xr) < 15 =il 2 @wry + 102 ALl 2rwry, B=1,2,

where hé are the auxiliary functions defined in (2.11) and (2.12) related to
the potential v;, j = 1,2.

In order to finish the proof, it is sufficient to remark that the functions hjé
satisfy inequality (3.14), as well as p;. For this, we will need the following

lemma, which will be proved later.

Lemma 3.4. The function p, defined in (2.13) for a potential v such that
|V|lm,1 < N, satisfies the inequality

(3.19) AN < e(N)(1+ BN = NJP)~™72,
for \N €T and E > Ey = E{(N,D,m).

Now we see that thanks to Lemma 3.4, equations (2.13) have the same
structure of equations (3.9), and the kernels satisfy the same inequalities for
E > Ey(Ey, E}). Thus we obtain directly

(3.20) Ip2 = pillr2ersr) < ea(N, D,m)|[hG — hjllr2rery, B = 1,2,
for £ > Es.

Now inequalities (3.20), (3.18), (3.17) together with (3.7) give (3.6), which
finishes the proof. (|
Proof of Lemma 3.4. We write the integral equation defining p, (2.13a), as
follows:

(3.21) (I +Hy)p\N) = —mihi(\, ),
where
/X N
(3.22)  Hip(\,\) = m'/ p(A, N0 [—, <—// - —/>] ha (N, X)|dN).
‘)\u|:1 2 A A

We want to prove that this equation has a unique solution in the space of
complex-valued functions g(\, \') defined on T2, such that

(3.23) lgO X)| < (1 + E|X = N|)?)~™/2,

for some constant ¢. Let us call this function space S and define ||g||s = inf ¢
such that (3.23) is verified.

We have that |H1g|ls < ¢cE~'/2||g||s. Indeed, since h; satisfies inequality
(3.14), the following estimate holds

|d\"|
3.24)  |Hyg(\, N gcgs/ '
( ) | 1 ( )| H || T ((1 —|—E‘)\ _ )\,,‘2)(1 +E‘)\” _ )\/‘2))1%/2
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We split the circle T, at fixed A, \ in two sets: the first contains the points
A\’ that are closer to A than to X, i.e. |\ — A < |\ — X| and the second
is the complement. For \” in the first set we have that [A” — X'| > 1|\ — )|
while for A” in the second [X” — A| > |\ — A|. Thus we obtain

d)\l/’
3.25 Hig(\ )| < e lgls / "] ,
( ) [H1g( )| < 2+ B\ — )\/|2)m/2 v (1+EN — )\’2)m/2
where ) is some point in 7. Using inequality (4.28) we obtain the estimate
for Hy. Then for sufficiently large E, equation (3.21) has a unique solution
in S by iteration. This finishes the proof of Lemma 3.4. (]

In the following proposition we prove that the map ®(E) — r(\) is loga-
rithmic stable.

Proposition 3.5. Let E be such that E > E3 = max((2R)?, Ey), where R
is defined in Lemma 2.1 and Ey in Remark 2.1, let vy, vy be two potentials
satisfying (1.2), (1.5), (1.7), ®1(E), Po(E) the corresponding Dirichlet-to-
Neumann operator and 1,72 as defined in (2.16). Let |vg|m1 < N, k=1,2.
Then for every p > 1 there exists a constant § = 0(D, N, m,p) such that for
any 0 < Kk < m, where | = diam(D), and for E > E3 we have

(3.26) H(w + W) s — 71

—(m=2)

<0 [E—l (EW + klog(3 + 5—1))
LP(C)

5(3 + 571)4n(l+1)
E1/2p ] ’

where § = ||Po(E) — ©1(F)||«-

Proof. We choose 0 < a1 <1 < as to be determined and split down the left
hand side of (3.26) as follows:

[(+ ) 2=

< I+ 1Is + I3,
L?(C)

|A] + >|?“2—7’1| ;
Al (A <ar)

I, = <|)\|+ )\>|T2 1| )
’ ’ Lp(a1<|>\‘<a2)

A+ 757 ) e =l

From (3.1) and (3.2) we have

I =

Iy =

LP(|A|>a2)

(3.27) I < c(N,p,m)E_m/za;nf%LQ/p
(3.28) I < (N, p,m)E"/ 20y "2
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Lemma 3.2 yields that I can be estimated from above by

(3.29) (D, N, p)Ef/Qp <e4(z+1)\/E(%—1) N 64(l+1)x/§(a21)> .

Here we used the fact that
(3.30)
IWVE|IN=1/|A
(i + |)\|> VIR < 2VEIN=1/IN|
Al RY

< CAVE(1/A-1) ) +e4l\/§(|>\\—1)

X[A|< X[A>1

where x 4 is the characteristic function of a set A C C.
Now we define, in (3.27)-(3.29),
1 rklog(3 4+ 671)
331 ao = — = 1 _|_ _—,
(331 >~ VE
for 0 <k < 4(111). Note that as > 1 and a; < 1. Then we obtain, for every
p=1,

(332) I <c(N,p,m)EN(VE + klog(3+671)) ", j=1.3,
To estimate Iy we remark that

262(1—}—1)/@ log(3+6~1)

(3.33) ACOVE(L 1) | a0e)VE( 1)
_ 2(3 +5—1)4(l+1)/@.

Putting (3.32)-(3.33) together we find

T

—(m—2
< 69 [El <E1/2 + klog(3 + 5*1)) 2
Lr(C)

5(3 + 5—1)4(l+1)n
E1/2p ] ’

which is estimate (3.26). O

Remark 3.1. In the following sections we will often implicitly use the basic
fact that

1
Ira = rilloe) < H <|A| ; —) ra—ml]
|)‘| Lp((C)

4. ESTIMATES FOR THE NON-LOCAL RIEMANN-HILBERT PROBLEM

We begin with an explicit formula relating a potential v, satisfying the
assumption of Theorem 1.1, with its associated functions r(\) and p(A, \).
This procedure allows us to explicitly solve the non-local Riemann-Hilbert
problem presented in Section 2 (see (2.14)—(2.18)).
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The starting point is formula (2.21):

(4.1) o(z) = 2V i (2),

(12 poa(z) = Jim A(u(z.2) ~ 1)

We follow the scheme of [18, Theorem 6.1] in order to make p explicit. In
the following equations we omit the variable z in the functions u, e, K,Q, X

for simplicity’s sake. We have

(13 H0) = e+ 5 [ O OKOU - 00, 0RO,
1 [ 1626 g atin
(4.4) e(\) = 1_77/«: T dReC dIm,
(45) Ql(AaC) = Xl()" C) —|-’LX2()\,C),
(46) Q?()‘a C) =Xy ()" C) - Z'X2()‘a C)a
L [ r(n,2)X1(n,6) _ 1
(4.7) Xl()\,C)—F;/Cn_—)\dRendImn— 2T’
L [ r(n,2)Xs(n,¢) 1
(4.8) Xo(N, Q) + — /C n_—)\dRendImn BETES))
(4.9) K(A) = )

o " Q (N (140),0)K(¢)d¢

+ QN QK (C)dC] x|

Let, for p > 1,v > 0, LY(C) be the function space

(110)  {f:CClf(z) € IP(2] < 1] ”f( )eLp<|z|s1>},

with the corresponding norm || f{| .z ¢y = I flzezj<ty 1217 F (/12D e 121<1)-
From Lemma 2.1 we have that r; € LL(C) for all v < m. Then, from re-
sults of [28], equations (4.4), (4.7) and (4.8) are uniquely solved in L{(C),
p/(p—1) < ¢<2, and e()) is continuous on C.

Then we can write

(@1)  jieas) = / r(. G dReq dlmg

o = K [ (A, 2)Q2(X, () dReA dIm)\} d¢

[ r(A, z Ql()\ ¢)dReA dIm)\] dc,
 2mi Ic|= 1
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where 1 was defined in (4.2). Indeed, by Lebesgue’s dominated conver-

gence (using Lemma 2.1), we can calculate the following limits:

lim Ae(A\) —1) = 1 /(C (¢, 2)e(¢)dReC dIm(,

A—00 ™

11 S
lim AX1(A, () =—5 + = / r(n, 2)X1(n, ¢)dRen dlmn,
A—00 2 T JC

1 1
)\lim AXo(M () =—=+— / r(n, 2) X2(n, ¢)dRen dlmn.
—00 C

2 7
Then, in connection with (4.1), we need to take the derivative of (4.11) with
respect to 9/0z = 0,. We find:

azlu’*le_{_B_FCa

where

(4.12) A= % /Cr(g, 2) [—%@ (% + c) e(¢) + aze(c)} dRe( dIm,

(413) B= i/<1{azK(<) |:—1+%/CT‘()\, z)Qg(A,C)dReAdImA]

- 2mi

+@/@ [r()\,z)<—z@<§+5\>m

T 2

~—

+ 0050\, g))} dRe\ dIm)\}dC,

@14) C=-—-—1 Kll{azf((c) H/Cm, z)Ql(A,C)dRe)\dIm)\]

211

+@/C [r(A,z)<—%@<§+A>m

™

~—

+ 00 (N, g)ﬂ dRe\ dlmx}dg‘.

Now let v1,v2 be two potential satisfying the assumptions of Theorem 1.1.
Let p 1,7, pj, €5, K;, ], Q. X{, X, A;, B;,C; the above-defined functions
corresponding to v;, for j = 1,2. Then

(4.15) v9(2) — v1(2) = 2iVE(Ay — Ay + By — By + Cy — Cy).

In order to estimate Ay — Ay, By — By and Cy — C7 we will need the following

two propositions.

Proposition 4.1. Let v;, j = 1,2, be two potential satisfying the assump-
tions of Theorem 1.1. Then we have, for every a > 1, E > E3(N,m) and
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1<s<2<s <+oo,

lr2 — TIHLS’S'(C)

(116) Ky — Kallz2ry < e, m) [sz =l +

VE
1 5 a
+ I5 Ta + m”m - TlHLs,s’(C\Da) ’
where || - || oo = || - lzs + || - |, T is the unit circle and
(4.17) D,={)eC|1l/a < |A <a},
(4.18) 0re = sup |ra(A, 2) —r1(A, 2)|.
AED,

Proposition 4.2. Let v;, j = 1,2, be two potential satisfying the assump-
tions of Theorem 1.1. Then we have, for every a > 1, E > E4(N,m) and
for some 1 < s <2< s < +oo,

(4.19) HVKQ — VK1HL2(T) < C(N, m)

+ ‘)\‘) T9 — 7“1)
H (W Lss' (C)

+E—1<5 +— H(M\er)( —r)

E1/2HP2 - Pl”L?(T?)

LSvS'((C\Da)> ]

where V is taken with respect to z, || - || oo = || - ||Ls + || - | s, Da is defined
n (4.17) and
(4.20) Srl = sup <|>\| + |)\|> |(ro — 1) (N)].
Proof of Proposition 4.1. We rewrite integral equation (4.9) for K; as fol-
lows:
(421) (T-0)K0) = [ pn N 2)es (V)|
V=1

where

1 .
4z e =g [ g0 [ el 0,050

mi Jivi=t =

+ QN Q) f()d ] CllaxT], 5 =1,2,
for f € L?(T). Subtracting equation (4.21) for j = 2 and j = 1 gives
(4.23) (I —O2)(K2 — K1)(A) = (02 — ©1) K1 (A)

[ o O 2)eaX) + N 22 — ) ()N,
IN|=1
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We will now use some results of [18] and [28, Ch. III|. Let LY(C) the set
defined in (4.10). From Lemma 2.1 we have that r; € L}(C) for all v < m.
In particular [|7;|zzc) < ¢(N, p)E~™/2 form > 2, p > 1. Then we following

estimates holds

. _ 1 —m/ 1

(4.24) (N Q) = < ¢(N,m,p)E 24|C N
. —m/ 1

(4.25) 40,0 < e(N,m, p) B e

since |7 e (c) < ¢(N,m,p)E~™/?2, j = 1,2. These estimates are proved in
[28, Ch. III, §8|. We also recall the following classical inequality:

(4.26) |Cxull oy < e@)ullogry, 1< p<+os,
! u(¢)
4.2 == [ M5 e
(1.27) ) = 5 | =Sk
Then we have, for p > 4,
105 2y < ero,p)sup llo; A+ llgacry (14 11/1- =N 2y ) 1 L2y
AeT

c(ro, )
< -7
e

where we used the fact that p; satisfies inequality (3.14) and
(4.28) /(1 + EA = N2 "™2|dN| < cE7V2,
T

Then for E > E,(rg,m) we can solve equation (4.23) by iteration in L?(T)
and find

(429) K — Kullpany < e(N,m) (u<@z 0Kl

ez — erllpoo(r
+1lp2 = p1llL2(r2) + T()>a

where we used the L (T')-boundedness of es (which follows from considera-
tions at the beginning of this section). We have that
(430)  fle2 = erlloeqry < e(N,m) (lra = r1llzeey + lIrs = 11l oy ) -

for 1 < s <2 < s’ < +o0. Indeed, this follows from the integral equation
1 _ _

62()\) _ 61()\) _ __/ (TQ Tl)(C,Z)GQ(C) + 702((7 Z)(ez el)(C) dRe( dImc,
T Je ¢—A ¢—A

which is a consequence of (4.4), from Hoélder’s inequality, Lemma 2.1, es-
timate (5.5) and the L°°-boundedness of e;(\) (see the beginning of this

section and Section 5 for more details).
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The first term of the right hand side of (4.29), (©2—01) K1, can be written

as
1 o
(0y — 0K, = 5 (p2 - pl)/ Q2K d¢ + Q3K dC|dN |

+ 5= ,01 / (Q2 — QY Kd¢ + (9% — QYKL dC|dN|,

where we dropped the dependence on every variable for simplicity’s sake.
We obtain

(131) (©2 — 00Kl za(ry < elNom)E~(|lpa — i 2o

+E? Sup (13 = QDA )z (ry + 1925 = 25) (A )l z2 () )
where we used the fact that
(4.32) 1 K] oo () < (N, m)E~/?2,

which follows from the first equality in (4.9), equation (2.17), inequality
(3.14) for p;, Lemma 2.2 and estimate (4.28).
We now need to estimate the difference of Qi The X,i satisfy

(4.33) A5 (X2 — X1) (N Q) =rm\ ) (X — XN, Q)
+ (re — 1) (N 2) X2(A, €),

for kK = 1,2. Note that the last equation holds over all the complex plane,
since X7 — X} has no singularity. Moreover (X? — X})(-,¢) € LP(C), for
every p > 2, thanks to properties of the integral operator in (4.7), (4.8), sum-
marized in Section 5 (see (5.2) for instance). Then we may define, following
28],

B X2 1 "C
@3 =g (( s 5) o).
(4.35) o (N = - /«: 77f_—77))\dRendImn.

We have that ||wl|ec) < ¢ (||r1||Ls + H’I“lule(C)), for any fixed 1 < s <

2 < s’ < +o00. Thus we have the followmg representation formula

(4.36) X -Xxl= ew’“(?il <e_w’C (ro — rl)X_l%) ,
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which yields
(4.37)

_ X2
(X7 = XN < e(N /'T2 el - l" O R ey dim

|(ro —r1)(n, 2)] !(7“2—7“1)(?7,2)!>
N dRen dI
<d ””A(rn—Mm—m i NIC — e ) AR b,

for A, € T, where we used estimates (4.24) and (4.25). Now take a > 1 and
define

(4.38) D,={)eC|1l/a < |A <a},
(4.39) 0rg = sup |ra(A, z) —ri(A, 2)|.
AED,

We then estimate the last integral in (4.37) on D, and on C\ D,, like in [18,
Theorem 6.1], and we obtain, using Holder’s inequality,

(4.40)

(X2~ XD Q) < e, (&m%u (il + -

s - ﬁhwmmo,

for \,( €T, 1<s<2<s <400, since 27 = max(ﬁ,
get
(4.41)

yy%u»—%mwmmdem(mw
c

1_11/a ). We then

plir2 = rlHLSvS'(C\Da)> '

First this yields

(4.42) 1(©2 — OV K| 2(7) < e(N,m)E~? [sz = pillrzcre)
+ B2 (57« + HrQ TlHLS’S'(C\Da)> ],
and finally
HTQ - Tl” s,s! C
1K~ Kallagry < e(¥,m) Iz = prlgre + 2
1 a
+ 5\t g7l —nllerciny ) |
which ends the proof of Proposition 4.1. O

Proof of Proposition 4.2. We derive integral equation (4.9) for K; with re-
spect to 0, and J; and we obtain two coupled integral equations for 0.K;
and 0;K;. Thus we define

(4.43) Kr =0.K;+0:K;, j=1,2,
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which satisfy

(4.44) (I-©F)KF(N) :/ PFAN,2) [ej(x)

V=1
2mi i1
i ! 0y L +,9/\/ .
/INl PN + /4191 TN (1+0),OK;(¢)d¢

+ O, QRO X, j=1,2,

where
1 .
i) oW =g [ x| [ eja 0. om0
£ Q)N omdé} ax],
(4.46) p}t = 0.p; £ O0zpj, e}t = 0.e; + Oze;
(4.47) 07 = 0,0 + 9.1,

for j = 1,2, k = 1,2. Integral equations (4.44) are obtained by adding and
subtracting the two above-mentioned coupled integral equations for 9, K;
and 0z K (which are obtained from (4.9)).

We then subtract (4.44) for j =1 from j = 2 and we get

(I - ©3)(Ky - Ki') = (0 — O1) K}

1 -
- / (P5 — pY) [eQ + o Q2 Kod( + Q%szg] |dN|
V=1 T Ji¢l=1

1
+/ pilea—et o [ (90D + Ql(K - K1) dC
V=1 211 ¢|=1

+ (93 — Q)R + QY(Ks — K1) dC[[dN|

1 L
+/ (p2 — p1) {eét +o O Kyd¢ + QQi’szdC} |dX'|
i 70 =
[N]|=1 I¢|=1
1
+ / p1 [ef —ef +— <(Q?’2 — QPN Ky + Q7 (K - K1)> d¢
V=1 2mi Ji¢l=1

+ (5% - 05 Ke + 95 (K — ) ) dC [N,

where we dropped the dependence on every variable for simplicity’s sake.
The operator @f satisfies the same estimates of operator ©;. Then, for
E > E4(N,m) the last equation is solvable by iteration in L?(7) and we
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have

1Ky = Ki |l r2(r) < C(N)<”(9§t — OF) KT |l 127
+ 10§ = pE 2 + 5up IoE O iy [flez = exlliery
AeT
1

+ | Ky — K + —= QF — Q) (A, -

K2 — K1l 27 \/E(ilelg||( 1= Q1) )2y
+sup (25 — Q5 A, l2ny)]

AeT

+ o2 = pallzacre) | ez iz +

/| OF2Kod¢ + 052 KodC
C —

L*(T)

+sup [[p1 (A, )l 21 (1) [||62jE - 6fEHLoo(T)
AeT

1

2mi

[, (0 - aihi o - k) dc

)

where we used the L*-boundedness of e; (see the beginning of this section)
and estimates (4.24), (4.25) as in the proof of Proposition 4.1.
Since the kernels of ©; and @;—L differ only by a sign, estimate (4.42) yields

+ (057 - P Ky + 057 (Kp - K1) dC

(4.48) 1(0F — OF)K{ || 2(r) < c(N,m)E~'/? [sz = pille(r2)

a

L B2 (Ma +— [ro — TlHLS’S/((C\Da)) }’

where we used the fact that

(4.49) 1K | ooy < e(N,m)E~2.

Indeed this follows from the first equality in (4.9), equation (2.17) (derived
with respect to 0, and 05), inequality (3.14) for p;, Lemma 2.2 and estimate

(4.50) / VE = N|(1+ EA = N]2)™2[dN| < B2,
T
This inequality, as well as (3.14), also implies
(451) sup [loE (0, loa gy < (N, m) B2,
AET
We also have

(4.52) oz — o3 lr2r2) < eVElp2 = pillr2cre),
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which follows from the definition of p(A, X', z) in (2.18), and

(4.53) sup [lp1 (A, )1 (r) < (N, m)E~Y/2,
AT

In order to estimate the difference of e;—L we proceed as follows. From (4.4)

we have that ejE satisfies the following integral equation

+ — ~+
+ . _l 5 (C’Z)e](C) Tj(c’z)ej (C) o m
(454)  ef()) = W/@( e >dR<dI c

which gives

(4.55) (e —eF)(\) = _% ((7“3[ - )¢ z)ez(CC) +;(C, 2)(E2 — €1)(C)
4 (ro —7r1)(¢, 2)&3 (Cz+;1( )(ézi— (¢ >dRe§dIm(

Using several times Holder’s inequality as well as estimates (5.5), (5.6) (see
Section 5), Lemma 3.1, definition (2.15) and the L boundedness of e;, e;t,

we obtain
450l = ety < Vo) (2 = il

VB (5 ) e

Ls,s’ ((C) > ’

for1<s<2<s <oo.
We now pass to the estimates of the Q,f’]. Define

(4.57) X5 =0.X] +0:X],  j=1,2 k=12

From definitions (4.7), (4.8) we have that X ,;t 7 satisfy the following non-

homogeneous 0 equations
(4.58) X! =+ X0 +rEX],

where X J has no singularities while X; J has a pole at A = (. More

precisely
459)  lmA =X\ =1,  lm\A-QXS7(\ )=~
A—=C A—=(C

We will now estimate the X ,;t J using an argument of Vekua [28, Ch. III,
§7-8]. Consider the following inverse of dy:

™

dRen dlmn,
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defined for f € LL(C). It satisfies the following inequalities

(4.61) 1051 FOS O < e fllzz o)
(4.62) 031 FOL O < e fllgey A — ¢,
which are proved in |28, Ch. III, §4]. Let
Y Ed
£ =971 (. M
(463 WEINC) = (im( i O) (0,0,

We first consider X, 7. Since it has no singularity, we can argue as in the

proof of Proposition 4.1, and find the representation formula

4.64) X, I(AQ) = ew,:vf()\,()ail <e—w;ﬂ(.,c) <r;(-,z)Xg(-,§))> (A 0),
which yields
(4.65) X, 7 (A Q)| < e(N,m)E~(m=1/72,
for A\ € C, ¢ € T. Indeed this follows from (4.61), the boundedness of
751l Lz (c) and the fact that
@66 Il < BN+ NP2y

< (N m)E- /2

)

for p > 1. We also used Holder inequality and the estimates

. 1 1
. 1 1
(4.68) ‘X%(A,C)—m' SC(N,P)W,

which follow from (4.24) and (4.25).
For X lj 7 the two representation formulas hold:

(4.69)
A Wi NOH=1 (e=wl7 6O (1 (0 2) (¢ = VX () A,
e < 7 (e (;3_(;)@ 4.0)) 0.0
(4.70)
e ewd? (0 gt <e—w2’ (+) (rj(-,z)z’(( _ .)Xg(.’o)) O\, g)‘

i(C=A)
These formulas (non-linear integral equations) are some sort of generalisa-
tions of the non-linear integral equation (7.3) in [28, Ch. III] and may be
generalised to solutions of non-homogeneous 0 equations with arbitrary pre-

scribed (analytic) singularities.
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To prove (4.69) we proceed as follows. We define X’(X, ¢) = (C—=A\)X; (A, ¢),

which is continuous and satisfies

¢ —

= e SR Q)+ 77 O 2~ NXTO Q)

(4.71) KhX'(\ Q)

Then we have
@72)  B5(e T OOXI (N, Q) = e T OO (A, 2) (¢~ NXT (A Q).

It is then possible to apply 05 since we have estimates (4.66)-(4.68), which
guarantees that the right hand side is in L5(C), for ¢ € T. The proof of
(4.70) is completely analogous.

From (4.69), (4.70), as well as (4.66)-(4.68) and (4.62) we find

(4.73) XA QN < e(N,m)EZm DRI — A2,
forAeC,CeT,j=1,2, k=1,2, p> 2. To summarize, we have obtained:

(4.74) Q57 (A Q)] < e(N,m) B~ D2,
(4.75) Q57 (A Q) < e(N,m) B~ D/2|¢ — |72,

forAeC,(eT,j=1,2 k=12, p>2.
We can now estimate the difference Q:’Q — Q,f’l using similar arguments.

: 2 1 . .
The functions X ,jc “—-X ,jc " are continuous and satisfy

(4.76) (X - XN = 2 (X7 - X0
F(rEF —rEXE+rE(XE - XD £ (2 —r) X2,

for A\, € C, j =1,2, k=1,2. Using the ail defined in (4.35) and arguing
as above we find

477 (X = XD O] < e V) (1) + T (A ) + J3(A,€)),

where

(4.78) TN Q) = /' —— ;','XQ(”’ N 4R dimy,
am  ano- [0 >||ﬁck X0 ity
(4.80)  J5(\C) = / (2 = 71) 737 )u\“}(iQ(n’C”dRendImn.
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For J; and J3 we argue as in the proof of Proposition 4.1. We find, for a > 1,
p>2,

(4.81) J1(A, Q) < (N )(57“ [log [¢ — All

T |A|) (rs = 1) |
< RY L% (C\Da)

for A\,¢ € T, where ér), = supp, <ﬁ + \)\\) |(re —r)(N)], 1 <s<2< s <
+o00. Using (4.73) for p > 4 and (4.65), we obtain for both "+" cases

(4.82)  J3(\,¢) < ¢(N,m)E~(m=1/2 <5r +—lra - ﬁHLS,S/(C\Da)>,

for \,( eT.
In order to estimate Jy we start with Holder’s inequality for ¢ > 2, 1/p +

1/g=1:

i) It =Xl
| )\| k k/\" La(C)

< C(N,TmQ)E =D2)(XE = X0 Ollzaoys

(4.83) Ja(A, Q) <

since we can find 7,7’ with 1 <’ < 2 <r < +oo such that 1/r+1/r" =1/p
(note that p < 2) and thus

ri(, z)

|- =Al

< Il =Nl

17 G2 o o>y 11/ = Al 2 > )
< o(N,m)E~(m=1/2,

for A € T and some fixed R > 1. Now, since (X7 — X})(+,¢) is a continuous
L4 solution, ¢ > 2, of the non-homogeneous J-equation (4.33) we have, from

Lemma 2.3,

12 = XD Ollzae) < eMllr = m) (X2 Ol o

where 1/¢' = 1/q + 1/2. From the fact that ¢’ < 2 and X} satisfies (4.67),
(4.68), using Holder’s inequality as above we obtain

(4.84) 1(XE = X0 Ollzaey < ez = rill e s
for some 1 < s < 2 < 8’ < 400, therefore

(4.85) To(A, Q) < e(N;m) B~ D2 ry — | o,
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for \,¢ € T. Putting together (4.81), (4.85) and (4.82) we find

(4.86) (" =Y 2

< ¢(N,m) (m + H (% + w) (ry — 1)

LS’S,(C\Da)

+ E_(m—l)/2||r2 — TlHLS’S/(C)) ,

for A € T, since ry — 1 < <|—§\‘ + \)\\) (rg —71).

We can finally put everything together and find

IK5 — Ki|l 2y < ¢(N,m)

EY2)p2 = p1llp2(rey
1
+ H (7 + ’)\’) (7“2 — 7“1)
A Lo (©)

1
+E_1 (5T&—|—ﬁ”<m+|)\|> (7“2—’[“1) )],
Lss"(C\Dyg)

which finishes the proof of Proposition 4.2. U

5. PROOF OF THEOREM 1.1

We start from formula (4.15) and estimate the differences Ay — Ay, Bo— B
and Cy — C] separately. We have

to= =t [ [ (140) (- rm e -70)

+ (12 — 1r1)0ze2 + 11(0z€2 — 8Z61):| dRe( dIm(.

Using several times Holder’s inequality (2.30), we find

(1) |- A < %[@(H (3+¢) e —r)

|G+

+ lIr2 = rill Lo (o) l10z€2(2, )| 1 (C)

lea(z, Lo ()
LH(C)

|mu»—@wwm@>

L7 (C)

HMMWM@®%)—@M%WM©}

for 1 <p<2 psuchthat 1/p=1/p—1/2and 1/p+1/p' =1/p+1/p' = 1.
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In order to estimate ||ea(z,-) — ea(z,-)||r5 and [|0zea(z, ) — Oze1(z, )| s
we just remark that from the definition (4.4) e;j(z, \) satisfies

0 _ .
ﬁej(z,)\) =7i(z,Nej(z,A), j=1,2,

for all A € C, with limy_,o €j(z,A) = 1. The operator 8§1 defined in (4.35),
which intervene in the integral equation defining e;(\), satisfies the estimate

(5.2) 03 O < c@)If g NP7 for A >1, p>2,

which is proved in [28, Ch. III, (4.16)| (see (4.10) for the definition of L5(C)).
As already stated at the beginning of Section 4, since rj(A\) € L5(C), equation
(4.4) is uniquely solved in LI(C) (p/(p — 1) < ¢ < 2) and in addition e(\)
is continuous (see [28]). Then e(\) is L>°(C) and since r;(\) is bounded in
LE(C) for every p > 1, we obtain

(5.3) le(A\) = 1] < e(N,p) AP~ A > 1

for every p > 2, which yields |le(-) — 1|[za(c) < ¢(IV, q), for every ¢ > 2 (since

e is continuous on C). The same kind of argument yields
(5-4)  10ze(-)llLaicy < e(N,q),  [10z€()l[Lacy < (N, q), for any ¢ > 2.

Thus it is possible to use the same ideas as in [27, Lemma 4.1] to estimate

e; as follows:

(5.5) sup lea(z,-) —e1(z, ML) < (D, N,p,m)|lr2 — il ze (o)
zE

(5.6)  sup|[Vea(z,-) — Vei(z, ")l 1s(c) < (D, N,p,m) [H?”2 — 11l e (c)

zeC
1
VE H(w+—) ro—nll| el ) |
B o

with p and p defined above and V is taken with respect to z. The proof
of (5.5) is exactly the same as that of the first estimate of [27, Lemma 4.1]

while for (5.6) the only differences are in some signs, due to (2.15), and do

not affect the result.

From Lemma 2.1 we find

(5.7 H (3+¢)n
¢ 17 (©)
65:9) Ir2ll ey < eV, m, ) B2
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Combining estimates (5.5)-(5.8) with (5.1) we find, for a fixed p €]1, 2],

s — Ay] < (D, N,m) (ﬁH (z+¢) =m0

+ [lr2 — TlHLP(C)) :
1)

Then, using Proposition 3.5 we obtain

—~(m—2)
(5.9  |As— Ay| < (D, N, m) [E—W <E1/2 + wlog(3 + 5—1)>

+ 5(3 —|—61)2H(l+1):|,

for k and ¢ as in the statement. We now pass to Bo — By, which is given by

1

By B = { (0-5(C) — 0K, (C))
2 Jigl=1

™

X [—1—{—1/7“2()\, z)Q%()\,C)dRe)\dIm)\}
C

+0,K1() [l / (ra — 1) (A, 2) 030N, C)dReA dim
T Jc

* % /C’“l(A’ 2) (B Q) - Q50 Q) ) dRe dIm)\}
B [na - 5F (5 43) 00

+ 0:Q3(), C)} dReA dImA\ + K;—ff) / (ro —r1)(\, 2)
C

« _NQE (A + %) Q2N + 0020, g)]
+nova -2 (34 1) (9300 - I 0)

+ 0:02(\, ¢) — 3:Q%(\, C)] dRe) dIm)\}dC.
This yields

1
|Ba — By| < o 10:K2 — 0: K[ 12y

X

1
-1+ —/rg()\,z)Qg()\,-)dRe)\dIm)\
T Jc

L2(T)

+ 10 K1l 2 (7

1 _
T /(C(TQ — 1) (A, 2)25 (X, ()dReA dlm\

™

1
+= /Cm()\, 2) (Qg(A, ) —Ql(A, g)) dRe) dIm\

L2(T)

/Crg()\, 2) [ - “gﬁ G + A) a0

| K2 — Kil[2(1)

s

N
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9:02(X, ) K
+0:03(\, -)] dRe dIm\ g LSTIA)

/C(rg —r1)(\ 2)

L%(T) 2

Z\éF (5\ n %) Q3(\,-) +0:03(), )

rrova)[-2E (3+3) (@00 - @0.)

+ 0:Q3 (N, ) — 8:Q%(N, )] dRe) dImA

X

L2(1)

Using Holder’s inequality, Lemma 3.1, estimates (4.25), (4.49), (4.84), (4.74),
(4.75), (4.32) we find

1By — Bi| < e(N,m) [nazKQ = 0Kl + | (57 + W) (2= )

Ls:s'(C)
N K2 — Killg2(r) | SWPcer 10:93(:,¢) = 0z2% (-, Ol a(c)
\/Em—l \/Em—l ’

for some 1 < s < 2 < s < 400, ¢ > 2. We estimate the last term using
Lemma 2.3. Since (X/,;'E’2 - X,;t’l)(-, (), defined in (4.57), is a continuous L7
solution, ¢ > 2, of the non-homogeneous J-equation (4.76) we have, from
Lemma 2.3,

1552 = X Ol < e (105 = 1) X Ol
I G2 (X = XD GO e e
+re =) (-, 2) X ('7C)HL‘Z'((C))

(8] o)
+VE "TXE = XD Ol
+VE " =) (- Z)HL&S/(‘C))

Ls'(C)

where 1/¢' = 1/¢ 4+ 1/2 and r > 2. Here we used several times Holder’s
inequality, the fact that ¢’ < 2 and that Xg, in’j satisfy (4.67), (4.68) and
(4.73), (4.65). From (4.84) and the fact that ro —r; < (\_}\I + W) (ro — )
we obtain

)

L' (C)

16672 = XE L Ollacey < ¥om)VE | (1 + A1) (2 = )
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which yields
(5.10)

1992 = 99 Ollne < e¥mVE | (57 + W) 2= )

)

Ls,s/ ((c)

for some 1 < s <2< s < +o0, g > 2.
Now, Propositions 4.1 and 4.2 as well as estimate (5.10) gives

|By — Bi| < ¢(N,m) | E'?|p2 — p1ll p2(r2)

y H GRS 1)

+ E! (57“ +— H(W + |)\|> Ty —11)

From Lemma 3.2 and (3.30) we find

Ls,s’((C\Da)> ] .

(5.11) ot < e(D, N,m)e4(l+1)\/ﬁ(“_1)5_

Like in the proof of Proposition 3.5 we define

rklog(3 4+ 671)

5.12 a=1+ ,
12 VE
for k < 1/4(1 +1). Note that
a VE
5.13 — =14 ———<1 E
(5.13) a—1 +/£10g(3+5_1) S1+VE,
for & < 1/H 3 Repeating the proof of Proposition 3.5 we obtain
(5.14)
1
orl + H (— + W) (ro —r1)
IR RNIRY L5/ (C\Da)

—(m=2)
¢(D,N,m) (5(3 + oLyl E3 (E% + klog(3 + 5_1)) ) ,

for § < k < 1/4(1 + 1). Then, using Propositions 3.3 and 3.3 we get

1/;»@ 37

(5.15) |By — Bi| < ¢(D,N,m) (@5(3 + o 1)delD)
—(m—2)

+ B! <E% +mlog(3+6*1)> >,

for § < 1/,1 5, £ <1/4(l+1), E> Ey.
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We need now to estimate Cy — C'1, which can be written as follows:

1 -
Cy—Ch = o - {(3ZK2 — 0:K1)(()

X [E/TQ(A,Z)Q%()\, C)dRe)\dIm)\]
C

™

OO 2 [ (2= )0 TR e o

+ % [c ri(%2) (00 - 210, Q) ) dRe dIm)\}
+ B R)©) /Cm()\, z>[ WE (A +A> 200

+ 0:02(\, g)} dRe) dIm\ + K;(C) /«: (re —r1)(\, 2)

2\/_

E (34 5) P0G + 0 <>]

ZW( A) (B0 -2f Q)

+ 0:02(\, ¢) — 9:Q1 (N, g)] dRe\ dIm)\}dC.

W,Z){

We proceed exactly as for Bs — By and we find

||K2 — K121 N 10:K2 — 0: K[ 12y
VE"! VE" ’

for some 1 < s < 2 < s’ < +00. Here we used again Holder’s inequality as
well as Lemma 3.1, estimates (4.24), (4.49), (4.84), (4.74), (4.75) and (5.10).
Using Propositions 4.1 and 4.2 with a defined in (5.12) and arguing as for
By — B; we obtain, with Propositions 3.3 and 3.5,

(5.16) G — Cy| < ¢(D, N, m) <5(3 4 5yt

—(m—2)
+E7! (E% +/<;10g(3+5*1)> ( )

for § < o7i—, k < 1/4(l+1), E > Ey.
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We can now put estimates (5.9), (5.15) and (5.16) together and from (4.15)
find

(5.17) lv2 = villpee(py < (D, N,m) <E5(3 + o~ 1)del+D)
—(m—2)
+ (B + rlog(3+57)) ( )

for 6 < —A—, k < 1/4(1 + 1), E > E1 = max(Ey, By, B3, E4). Now, for

every 0 < 7 < 1 thereis a 0 < kK < 1/4(l + 1) such that 7 =1 —4x(l + 1).
Then we have

(5.18)

T 1 —1 —(m-2)
|[ve — v1lpee(py < (D, N,m) | E6™ + (E2 +(1—7)log(3+4¢ )) ,
for § < 0, and E > FE;. This finishes the proof of Theorem 1.1. O
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