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LARGE TIME BEHAVIOR FOR SOME NONLINEAR DEGENERATE
PARABOLIC EQUATIONS

OLIVIER LEY AND VINH DUC NGUYEN

ABSTRACT. We study the asymptotic behavior of Lipschitz continuous solutions of non-
linear degenerate parabolic equations in the periodic setting. Our results apply to a large
class of Hamilton-Jacobi-Bellman equations. Defining ¥ as the set where the diffusion van-
ishes, i.e., where the equation is totally degenerate, we obtain the convergence when the
equation is uniformly parabolic outside 3 and, on X, the Hamiltonian is either strictly con-
vex or satisfies an assumption similar of the one introduced by Barles-Souganidis (2000)
for first-order Hamilton-Jacobi equations. This latter assumption allows to deal with
equations with nonconvex Hamiltonians. We can also release the uniform parabolic re-
quirement outside Y. As a consequence, we prove the convergence of some everywhere
degenerate second-order equations.

1. INTRODUCTION
The large time behavior of the solution of

Ou + sup{—trace(Ay(x)D*u) + Hy(x, Du)} =0, (x,t) € TV x (0, +00),
(1.1) It peo

u(z,0) = up(x), re TV,

in the periodic setting (T is the flat torus) was extensively studied (see the references
below) in two frameworks: for first-order Hamilton-Jacobi (HJ in short) equations, i.e.,
when Ay = 0, and for uniformly parabolic equations. It appears that there is a gap in the
type of results and in their proofs which are different.

In this work, we investigate the situation in between. We obtain a new proof for the large
time behavior of fully nonlinear degenerate second order equations which includes most
of the two previous type of results and allows to deal with some everywhere degenerate
second order equations. According to our knowldege, the only result in this direction is
the one of Cagnetti et al. [6] where a particular case of degenerate viscous HJ equation is
treated with a completely different approach.
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The precise assumptions and the statements of our results are listed in the next section
but let us describe the main ideas. We suppose that there exists a, possibly empty, subset

Y= {reT": Ay(x) =0 for all § € O}
where the Hamiltonian Hy(z, p) satisfies some first-order type assumptions and the equation
is uniformly parabolic outside ¥, i.e., for all § > 0, there exists vs > 0 such that
Ag(z) = og(x)og(2)" > v51 for x € X := {dist(-, %) > §}.
Actually, we are able to replace this assumption with a weaker condition of ellipticity like
for all § > 0, there exists ¢s € C?(T") such that
(1.2) sup{ —trace(Ag(z) D)} — C|Dis| > 0 in B¢ := {dist(-,T) > 8}
0cO
(see (2.16) for the more general assumption). It can be interpreted as follows. When
considering the exit time stochastic control problem associated with the equation in (1.2),
it means that the controlled process leaves ¥§ almost surely in finite time.
Assuming that there exists a solution (c,v) € R x WH(TV) of the ergodic problem
associated with (1.1), namely
sup{ —trace(Ay(z)D*v) + Hy(x, Dv)} =¢, x €TV
9c0
and that {u(-,¢)+ct,t > 0} enjoys suitable compactness properties in W1>°(T¥), we obtain
that

(1.3) u(z,t) + ct — us(z) in C(TY) as t — 400
in the two following frameworks.

The first case is when the Hy’s are strictly convex in X, uniformly with respect to 6
(see (2.10) and Theorems 2.1 and 2.5). A typical example, which includes the mechanical
Hamiltonian |p|? + £(x), is

(1.4) Hy(x,p) = ag(x)|p[""* + (bo(), p) + Lo(2),
l<a<ag<a, 0<a<a(r)<C,
and ag, by, {9 are bounded Lipschitz continuous uniformly with respect to 6. Another ex-

ample is the case of uniformly convex Hamiltonians for which (Hp),,(z,p) > 2al.
The second case is, roughly speaking, when the Hy’s satisfy

(15) 5I€1é{H9(xuup) - MH@(SL’,]))} > (1 - /L)C for > 17 (.T,p) € TN X RN7

with a strict inequality for z € ¥ and p # 0 (see Assumption (2.11) and Theorems 2.2
and 2.5). This is also a convexity-like assumption close to the one introduced in Barles-
Souganidis [3] for first-order HJ equations. This assumption may appear to be restrictive
in the sense that, in general, we do not know the exact value of the ergodic constant ¢
which appears in (1.5). The main motivations to deal with such a case are, at first, it holds
for some nonconvex cases (see Example 3.4) which are a recurrent difficulty in HJ theory.
Secondly, it allows to deal with Namah-Roquejoffre Hamiltonians [14] (see Section 3.4)
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H(x,p) = F(z,p) — f(z), where F is convex (but may be not strictly convex), F(x,p) >
F(z,0) = 0. When the minimum of f is achieved on X, we can calculate explicitely the
ergodic constant, check that (1.5) holds and obtain the convergence (1.3).

Detailled examples of applications are given in Section 3 but let us give now a typical
control-independent example. Consider
du 2 _ T 12
5" a(x)*trace(oa’ D*u) + H(x, Du) = 0,
where a € W1°°(TV), ¢ € My is a constant matrix and H is convex on TV and strictly
convex on .

e When & is invertible then the convergence (1.3) holds by Theorem 2.1 without
further assumptions on a.

e When a vanishes on 9|0, 1]V, then the convergence (1.3) holds by Theorem 2.5 and
Proposition 2.7, for any matrix ¢ (degenerate or not).

Let us recall the existing results and compare with ours. The asymptotic behavior
of (1.1) was extensively studied for totally degenerate equations, i.e., first-order HJ equa-
tions for which ¥ = T, see Namah-Roquejoffre [14], Fathi [10], Davini-Siconolfi [9], Barles-
Souganidis [3], Barles-Ishii-Mitake [1] (and the references therein for convergence results in
bounded sets with various boundary conditions or in RY). An assumption similar to (1.5)
was introduced in [3] to encompass all the previous works on first-order HJ equations and
to extend them to some nonconvex Hamiltonians. The arguments of [3] were recently re-
visited and simplified in Barles-Ishii-Mitake [1]. Due to the above works, it is therefore
natural to assume the strict convexity of Hy or (1.5) on X, which is the area where the
equation is totally degenerate, and we recover most of the previous results when taking
¥ =TV,

As far as second order parabolic equations are concerned, there are less results in the pe-
riodic setting. Barles-Souganidis [4] obtained the asymptotic behavior (1.3) in two contexts
for

2_1: — Au+ H(z,Du) =0 (x,t) € TV x (0, +00).

The first one is when the Hamiltonian H is sublinear, i.e., typically when |H(z,p)| <
C(1+ |p|). The second one is for superlinear Hamiltonians, i.e., typically when H(x,p) is
given by (1.4) (see (3.1) for a precise assumption). Some extensions are given when —Au is
replaced by —trace(A(x, Du)D?u) but the convergence result holds for uniformly parabolic
equations. The reason is that the proof of convergence is based on the strong maximum
principle and, up to our knowledge, it is the case for all results for second order equations
except in the recent work of Cagnetti et al. [6]. In this paper, the authors obtained the
convergence (1.3) for (1.1) with assumptions very close to ours in the particular case of
control-independent uniformly convex Hamiltonians (see Remark 3.9 for details). Their
approach is completely different and relies strongly on the linearity with respect to D?u of
the equation. We refer the reader to Tabet Tchamba [16] and Fujita-Ishii-Loreti [11] and
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the references therein for related results of convergence for uniformly parabolic equations
in different settings (bounded sets, in RY).

The main step in the proof of our results is the following. We prove that that each u in
the w-limit set of u + ¢t in C(TY x [0, +00)) is nonincreasing in ¢ thus @(z,t) — us(z) as
t — +oo. The convergence (1.3) then follows easily. To prove this main step, it is enough
to show that
(1.6) sup Pylu|(z,t), with P,[a](x,t) = sup{a(z,t) — a(x,s) —n(s —1t)},

z€TN s>t
is a nonpositive constant m,, for every n > 0. We argue by contradiction assuming m,, > 0.
Since, by the stability result, @ is still solution of (1.1), we obtain that P,[u] is a subsolution
of a linearized equation of the form

8@2] +9n€1(g{ — tr(og(z)og(z)" D?U)} — C|DU| <0 (z,t) € TV x (0,+00).
In the set X¢, we use the ellipticity-like condition (1.2) and strong maximum principle
arguments to show that the maximum in (1.6) is achieved at x € X. In the set ¥ where
Ay = 0, we have formally a first-order equation. We then apply the first-order type
assumptions, Hy strictly convex or satisfying (1.5), to prove that m, cannot be positive.
The main difficulty at this step is to control the second order terms in (1.1) near X, see
the proof of Lemma 4.6 for details.

The paper is organized as follows. In Section 2, we start by introducing some steady
assumptions for (1.1) which are in force in all the paper. We state Theorem 2.1 (strictly
convex Hamiltonians) and Theorem 2.2 (nonconvex cases) when (1.1) is uniformly parabolic
outside X since it is a more simpler and natural case. Then we extend these results to
a more degenerate framework, see Theorem 2.5. Some concrete examples are gathered in
Section 3. We also introduce superlinear Hamiltonians for which all the steady assumptions
of Section 2.1 are satisfied. The rest of the paper is devoted to the proofs. The strategy
of proof is the same for the three convergence results. It is why the core of the paper is
Section 4 where Theorem 2.1 is proved. It relies on several lemmas. Section 5 and the
last Section 6 are devoted, respectively, to the proofs of Theorem 2.2 and Theorem 2.5 and
their applications.

Acknowledgement. We would like to thank Guy Barles for bringing to our knowledge the
paper [1] which allowed us to simplify our proofs. This work was partially supported by the
ANR (Agence Nationale de la Recherche) through HJnet project ANR-12-BS01-0008-01
and WKBHJ project ANR-12-BS01-0020.

2. STATEMENT OF THE RESULTS

2.1. Setting of the problem and first assumptions. We consider

Ou + sup{—trace(Ay(x) D*u) + Hy(x, Du)} = 0, (x,t) € TV x (0, +o0),
(21) 875 0cO

(SL’,O) = UO<.T), €T € TN,
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and, for A > 0, the associate approximate stationary equation
(2.2) My + sup{—trace(Ay(x)D?vy) + Hy(z, Dvy)} =0, =€ TV,
C)

The following assumptions will be in force in all the paper. The set © is a metric space.
Let C' > 0 be a fixed constant (independent of ).

(2.3) For all § € ©, Ag = oy, , 09 € W(TN; My) with |o|, | Daog| < C;

for all @ € ©, Hy € W,b°(TN x RN), |Hy(z,0)| < C,
(2.4) for all R>0, there exists Cr > 0 independent of € such that
| Ho(x,p) — Ho(y, )| < Crllx —yl+|p—ql), x,y € T [pl,|q| < R.

These assumptions are natural when dealing with Hamilton-Jacobi equations. Notice
that (2.4) is automatically satisfied when there is no control. Moreover, we assume

There exists viscosity solutions u € C(TY x [0, +00)) and vy € C(TV)
(2.5) of (2.1) and (2.2) respectively with
|U(.I‘,t> - U(y,t)|, |’U)\(37) - UA(@/)‘ < C|.T - y‘a T,y € TNut > 07 A > 0.

Besides the existence of a continuous viscosity solution of the equation, we assume gradient
bounds independent of ¢t and A. This is a crucial point and the first step when trying to
prove asymptotic results. Let us give some important consequences of (2.5). At first,
we have a comparison principle for (2.1) and (2.2). By the comparison principle (for
instance for (2.1)), we mean that, if u; and uy are respectively USC subsolution and LSC
supersolution of (2.1) and either u; or uy satisfies the Lipschitz continuity of (2.5) then
up — ug < suppa{(u; — u2)*(+,0)}. In particular, we have uniqueness of the solutions
of (2.1)-(2.2) in the class of functions satisfying the Lipschitz continuity of (2.5). The
second consequence is that we can solve the ergodic problem associated with (2.1). More
precisely, there exists a unique ¢ € R and v € WH(TV) solutions of

(2.6) sup{ —trace(Ay(x)D*v) + Hy(x,Dv)} =¢c, x & T".
0€6

A byproduct is |u(z, t)+ct| < C. The proofs of these results are classical (see for instance [4,
13]) so we skip them. In Section 3, we introduce superlinear Hamiltonians for which the
above assumptions are satisfied. Since the above basic assumptions will be used in all our
results, for shortness, we introduce a steady assumption collecting them

(2.7) Assumptions (2.3), (2.4), (2.5) hold.
We recall that
(2.8) Y ={x €TV : Ay(x) = og(z)o] (x) = 0 for all § € O},

and, for the two first convergence results which follow, we assume a nondegeneracy as-
sumption for gy holds outside >:

(2.9) for all 6 > 0, there exists 5 > 0 such that for all 6 € ©
' Ap(x) = op(x)og(x)T > vsI for x € B := {dist(-, X) > §}.

This assumption is replaced by a weaker one in Section 2.4.
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2.2. A convergence result for strictly convex Hamiltonians. The main assumption
in this section is

{ForalleZ,O<)\<landp,qeRNsuchthatp#q,

This condition is a strict convexity assumption on the Hy’s on ¥ uniformly with respect
to 6.

Theorem 2.1. Suppose (2.7), (2.9), (2.10) hold and that Hy(z,-) is convex for every
x € TVN. Then u(z,t) + ct — us(x) in C(TN) when t — +oo, where u is the solution
of (2.1) and us is a solution of (2.6).

Section 4 is devoted to the proof.

2.3. A convergence result for non necessarily convex Hamiltonians. We will as-
sume the following for the Hamiltonians Hy’s. Recall that ¢ denotes the ergodic constant
in (2.6). There exists po > 1 such that

( (i) Hy(x, pp) — pHo(x,p) > (1 — p)c for all (z,p) € TV x RV, 1 < pu < po,

(ii) There exists a, possibly empty, compact set K of ¥ such that

(2.11) (a) Hy(z,p) > cfor all (z,p) € K x RY,

(b) forallz € ¥, p e RN, 1 < < g, if d(z, K) # 0, p # 0, then
inf{Hy(z, pp) — pHo(z,p)} > (1 = p)c.

\

Theorem 2.2. Suppose that (2.7), (2.9) and (2.11) hold. Then u(z,t) + ct — uso(x) in
C(TN) when t — +o00, where u is the solution of (2.1) and us is a solution of (2.6).

The proof of this theorem is done in Section 5.

We make some comments about the assumptions. Conditions (2.11)(i) and (2.11)(ii)(b)
are some kind of convexity requirements but it may apply to some nonconvex Hamiltonians
(see Section 3). Taking, p =0 in (2.11)(i), we obtain

(2.12) Hy(x,0) < ¢, reTV 0e0,

which implies that v = 0 is a subsolution of (2.6).

Assumption (2.11) may be seen restrictive. Indeed, in general one does not know the
exact value of the ergodic constant ¢ so it is difficult to check that (2.11) holds. We
have three motivations to state such a result. At first, there are some interesting cases
for which we can calculate the exact value of ¢ and (2.11) holds (see Proposition 2.3).
It allows to treat some Namah-Roquejoffre type Hamiltonians, see Section 3.4. Secondly,
this assumption encompasses nonconvex Hamiltonians (see Section 3) and such nonconvex
cases are hard to deal with. Finally, it is worth pointing out that, when there exist C?
subsolutions of (2.6), then Theorem 2.1 appears as an immediate corollary of Theorem 2.2
(see Remark 2.4).
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Proposition 2.3. Assume (2.7) and
(2.13) Hy(x,p) > Hy(x,0) for (z,p) € L xRY, 6 cO.
If, in addition, either

(2.14) sup Hy(z,0) = sup Hy(z,0)
zeTN 0O z€eX,0€0

holds or (2.9) and
(2.15)  Hy(x, pp) — pHo(z,p) > (1 — p)Hy(x,0) for (z,p) e TN xRN, 0 €0, u>1,
hold, then ¢ = sup Hy(x,0).

r€X,0€0
This proposition, the proof of which is given in Section 5, is used to apply Theorem 2.2
for Hamiltonians of Namah-Roquejoffre type in Section 3. We see that the value of the
ergodic constant is affected by the second-order terms in the sense that it is not the same as
for (2.1) with oy = 0. Assumption (2.14) requires that the supremum of Hy(-,0) is actually
achieved where the diffusion vanishes. Assumption (2.15) holds automatically when Hy is
convex.

Remark 2.4. We sketch the proof of the fact that, if there exists a C* subsolution of (2.6),
then Theorem 2.1 is a corollary of Theorem 2.2. Assuming that wu is the solution of
(2.1) under the assumptions of Theorem 2.1 and v is a C? subsolution of (2.6), we set
w = u + ct —v. Then w is the bounded solution of

%—t: — trace(A(z)D*w) + H(x, Dv + Dw) — H(x, Dv) — g(x) = 0,

where g(x) := trace(A(z)D*v) — H(x, Dv) + ¢ > 0 is continuous since v is C2. Introducing
the new Hamiltonian G(x,p) = H(x,p+ Dv) — H(x, Dv) — g(x), it is not difficult to check
that the strict convexity assumption (2.10) for H implies that G satisfies (2.11) with ¢ = 0
and K = ) (for p bounded which is enough since u and v are Lipschitz continuous in
x). We then apply Theorem 2.2 to the new equation to obtain the large time behavior of
u. Actually, it is possible to generalize such a proof when there exists a C1! subsolution
of (2.6) but the proof is much more involved. We mention this slight extension because it
is known (Bernard [5]) that there exists C™' subsolutions of (2.6) for first order HJ (i.e.,
when ¥ = T¥) under general assumptions.

2.4. A more general result of convergence. We now generalize the two previous results
when (2.9) is replaced by a weaker assumption. The proof of the results of this section are
given in Section 6.

Before stating our main assumption, let us introduce some notations. We denote by  :
RY — TV the canonical projection and we add a superscript ~ to the coset representatives
of the objects defined on TV. For instance, ¥ is a 1-periodic subset of RN such that
7(2) = % and (&) = oy(n(&)) for any 7 € RV,
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We assume, for some C' > 0,

For all § > 0, there exists Vs €~C'2(RN ) and an open set Q5 CC RY such that
[O, 1]N CQs, Ys <0in Qs, s > 0in Qg,

eing{—trace(/ig(a:«)p%(1«))} — C|Dvs(%)| > 0 for z € £§ N Qy,

e ~ ~

where Y5 = {7 € RV : dist(7, %) < 6}.

(2.16)

Theorem 2.5. We assume that either the assumptions of Theorem 2.2 or the assumptions
of Theorem 2.1 hold, where (2.9) is replaced by (2.16) in both cases. Then u(x,t) + ct
converges uniformly to a solution v(x) of (2.6) when t — +o00.

The difference with the previous theorems is that we do not assume the uniform ellipticity
assumption (2.9). We consider the weaker assumption (2.16) instead (see Proposition 2.6).
This latter assumption allows to deal with some fully nonlinear everywhere degenerate
equations. It is written in a tedious way since, in some cases, we need to construct a
supersolution which is not 1-periodic (and therefore it is not a function on TV).

Proposition 2.6. If ¥ # 0 and (2.9) holds, then (2.16) holds.

It follows that Theorems 2.1 and 2.2 are corollary of Theorem 2.5 when X # (). We can
apply the theorem to obtain the convergence for some everywhere degenerate equations.
Let us give an application.

Proposition 2.7. Assume (2.3), (2.4),

(2.17) (z,0) € TV x © = ay(x) is continuous, © is compact,
(2.18) U fz=(@, an) e iz =0} C %
1<i<N
and
(2.19) U ker(op(z)) nS¥ ' # SV i={z e RV : |2 =1},
x€XC 0€cO

Then Assumption (2.16) holds.

The assumption (2.18) means that the boundary of the cube [0, 1]V is contained in ¥;
more generally, we need the connected components of X to be bounded in RY. In X°,
ker(oy(x)) is at most an hyperplane. The assumption (2.19) means that the union of these
hyperplanes does not fulfill the whole space. Some concrete examples of applications are
given in Section 3.
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3. APPLICATIONS AND EXAMPLES

3.1. Superlinear Hamiltonians. We first introduce an assumption on the Hy’s, called
superlinear in [4], under which the steady assumptions of Section 2.1 hold.
There exists L; > 1 such that if |p| > Ly, then
(3.1) Ly [(Hp)yp —Ho—|209(0y )l [p| — |Ho(:,0)]xc]
—|(Hpg)z| — N|(09)2|%|p|} = 0, for ace. (z,p) € TN xRV 0 € ©.

Theorem 3.1. Assume (2.3), (2.4) and (3.1). Then (2.5) holds, we have a comparison
principle for (2.1) and (2.2). In particular, the ergodic problem (2.6) has a solution (¢,v) €
R x Whoo(TV).

The main ingredients in the proof of this result are gradient bounds for the solu-
tions of (2.1) and (2.2) uniform in ¢ and A respectively. We refer the reader to Barles-
Souganidis [4] and [13].

We give some examples of Hamiltonians satisfying both the assumption of Theorem 3.1
and (2.10).

Example 3.2. (strictly convex Hamilton-Jacobi-Bellman equations) We suppose that (2.3)
holds and

Hy(x,p) = ag(x)|p]"** + (bo(x),p) + Lo (),
Il<a<ay<@ 0<a<a(x)<C,
|ag()], |bo ()|, [o ()], lag(x) —ao(y)], [bo(x) —ba(y)], |€o(x) —Lo(y)| < C, x,y € TV.

Example 3.3. (uniformly convex Hamilton-Jacobi-Bellman equations) We suppose that (2.3)-
(2.4) hold and

(Ho)pp(w,p) > h >0, [(Hy)s| < C(1+[pf).

We now give an example such that the assumptions of Theorem 3.1 still holds but the
Hamiltonian is not convex anymore and satisfies (2.11).

Example 3.4. (nonconvex equations) We adapt an example from [3]. We consider (2.1)
without control with

p
where f € W1o°(TV) is nonnegative, F' € Who°(TN x RY) is strictly positive and ¢ (x, p) =
lp + h(x)|* — |h(2)|?, with h € WL(TV;RY). Notice that H € WH(TY x RY) is not
convex in general. We suppose that A = oo’ satisfies (2.3) and

(3-3) {z €TV : f(z) = |h(z)] = |o(x)] = 0} # 0.

Arguing as in the proof of Proposition 2.3, we can show that ¢ = 0 (we cannot applying
Proposition 2.3 directly since (2.13) does not hold).
We now prove that H satisfies (2.11) with K = (). For every p > 1, we have

H(z, pp) — pH (x,p) = (1 — p)[p[*F(x, U%) + (1 —1)f(x) >0,
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so (2.11)(i) holds. If p # 0, the above inequality is strict and therefore (2.11)(ii)(b) holds.
3.2. Second-order equations satisfying (2.9) or (2.16).

Example 3.5. Without control, we choose o € W5H(T¥; M,,) with for each z € TV,
either o(z) = 0 or o(x) is invertible. Then (2.3) and (2.9) hold. A particular case is
o(z) = a(x)d where a € WH(TV) and 6 € M,, is a constant invertible matrix.

Example 3.6. With control, we can deal with some cases of fully nonlinear equations.
For instance, consider oy(x) = a(x)ds, where a € W1°(T¥) as in Example 3.5 and there
exists v > 0 such that, for all § € ©, 55 € M,, and 5495, > vI. Then (2.3) and (2.9) hold.

It is worth noticing that, in the two examples above, we may have the two following
particular cases: a > 0 on TV and the equation is uniformly parabolic, or a = 0 on TV
and the equation is a first-order HJ equation.

We now give some examples for which (2.18)-(2.19) hold (and so (2.16) holds thanks to
Proposition 2.7).

Example 3.7. A first control-independent case is o(x) = a(x)d where a € WH(TV) is
such that 9[0,1]Y C {a = 0} and 6 € M,, is any nonzero constant degenerate matrix.
With control, we can take og(x) = a(x)ds where a satisfies the same assumptions in the
control-independent case and (74)gco is a finite set of nonzero constant degenerate (in this
case © = {1,2,--- ,k}). In both case, (2.18)-(2.19) holds.

Example 3.8. For simplicity, we consider a control-independent example. Assume that
o = (0ij)1<ij<N € Wl’oo(']I‘N; M) is such that

00,11 c {o11 =0} c ¥ = {0 =0}.
Then, for all z € 3¢, o(z)e; # 0, where e; = (1,0, - --0). Therefore (2.19) holds.

3.3. Application to convergence results. In the following cases, there exist solutions
to (2.1) and (2.6) (i.e., (2.5) holds) and we have a convergence result:

e Applying Theorem 2.1 when the Hy’s are given by Examples 3.2 or 3.3 and the
diffusion matrices are given by Examples 3.5 or 3.6.

e Applying Theorem 2.2 when the Hy's given by Example 3.4 and the diffusion ma-
trices are given by Examples 3.5 or 3.6.

e Applying Theorem 2.5 when the Hy’s are given by Examples 3.2, 3.3 or 3.4 and the
diffusion matrices are given by Examples 3.7 or 3.7.

Remark 3.9. When ¥ = T or ¥ = {), these convergence results were obtained in [10, 14,
3, 9] and [4] respectively. In the particular case of control-independent C? uniformly convex
Hamiltonian (see Example 3.3) with o(z) = a(x)] with a € C?(TV) (see Example 3.5),
the result is proven in [6] by using a nonlinear adjoint method. Notice that, on the one
side, we can deal with fully nonlinear equations and, on the other side, we only require the
Hamiltonians to be uniformly convex on 3.

When the assumption (3.1) does not hold, we need to prove a priori the existence of
Lipschitz solutions to (2.1) and (2.6) before applying a convergence result. For instance,
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if (2.5) holds for (3.4) in Example 3.10 below, then we have the convergence by applying
Theorem 2.1. An other important case is given in Section 3.4.

Example 3.10. Consider

(3.4) 2—1: —a(z)?Au+ (1 — a(2))|Dul® = f(x), (x,t) € TN x (0, +o0),
where a, f € W1°°(T) and a is defined by
1—|z| ifzel0,4],
a(z) = 0 if 2 € [1. 3],
lz] -1 ifz e [3,1].
Then H(z,p) = (1 — a(z))|p|* is striclty convex on ¥ = [+, 3] and (2.10) holds.

We end this section by a counter-example.
Example 3.11. Consider

(3.5) { 9 — trace(A(z) D?u) + H(Du) =0, (z,t) € T2 x (0, +00),

u(z,0) = sin(xy + x2), x = (71, 19) € T?,

where A = a(x)Q( _11 711 ) and H(p) = %|p + (1,1)] — 1. The solution of (3.5) is

u(z,t) = sin(z; + x2 — t) and convergence fails as ¢ — +o0. In this example, A(z) is
degenerate and H is convex but does not satisfy neither (2.10) nor (2.11).

3.4. The Namah-Roquejoffre case. Consider

(3.6) Ou + sup{ —trace(Ay(x) D*u) + Fy(z, Du) — fo(x)} =0, (x,t) € TV x (0, +o0),

ot peo

where Ay = ogol satisfies (2.3),

fo € WE(TN),  Fy e W(TN x RY) is convex in p,

loc

(3.7) Fy(z,p) = Fy(x,0) = 0,

K:={zeX: fy(z)= yejlr{lvigee fo)} #0
and
(3.8) for v € ¥\ K, élg(g fo(z) > yeﬂrifrvl,feee fo(y).

We call such kind of Hamiltonians of Namah-Roquejoffre type, see [14, 3].

When F' is strictly convex in p, then the convergence result for (3.6) can be obtained
with the use of Theorem 2.1. Here, we want to deal with the typical Hamiltonian which
appears in [14], that is, Fy(x,p) = ag(x)|p|, which is not strictly convex and does not
satisfy (3.1). It is why we assume here a priori that (2.5) holds for (3.6).
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From Proposition 2.3, we obtain ¢ = — Igiene fo(z). Therefore, for x € K, we have
rxex,bc

Hy(x,0) = — fo(x) = ¢ and (2.11)(ii)(a) holds. By (3.7), we have, for all z € TV, p > 1,

Hy(x, pp) — pHo(w,p) = Fo(z, up) — ply(w,p) — (1 — p) fo(x)
> —(1—p)min fo=—(1-pu) min fo.

Therefore (2.11)(i) holds. By (3.8), (2.11)(ii)(b) holds.

Therefore, assuming (2.5) for (3.6) and (3.7), (3.8), then we obtain the convergence from
Theorem 2.2 when Ay satisfies (2.9) and from Theorem 2.5 when Ay satisfies the conditions
of Examples 3.7 or 3.8.

4. PROOF OF THEOREM 2.1

At first, we notice that we can assume without loss of generality that ¢ = 0 in (2.6).
Indeed, by a change of function u(z,t) — u(x,t)+ct, the new function satisfies (2.1) where
Hy is replaced with Hy — ¢ and, if Hy satisfies the strict convexity assumption (2.10), then
Hy — c still satisfies (2.10). So, we suppose that ¢ = 0 and the solution u(z,t) of (2.1)
is bounded. We aim at proving that u(z,t) converges uniformly to some function u,(x),
which is a solution of (2.6) with ¢ = 0 by the stability result. In the following, v is a
Lipschitz continuous solution of (2.6) with ¢ = 0.

Following the ideas of [1, 15], for n > 0, > 1 and (z,t) € TV x (0, +00), we introduce

(4.1) Pyulul(w.1) = sup{u(e, ) = v(@) = plu(a.s) = (@) = pm(s = )},
and
(4.2)
Myflt) = swp{ulat) ~v(r) = plu(a,s) ~v(a)) — (s~ 1)} = sup Pyuful(r, ).

Lemma 4.1. The function P,,[u|(z,t) is a subsolution of the Hamilton-Jacobi inequality

ot
where C' is a constant independent of x,t (given in (4.14)).

(4.3) min {U(:p,t), ou + gn(g{ — trace(Ag(z)D?U) } — C|DU|} <0 in TV x (0, 400),
€

Proof of Lemma 4.1. For simplicity, we set U(z,t) := P, [ul(x,t).

Let any ¢y € C?(TYN x (0,00)) such that (zg,to), to > 0, is a strict maximum point
of U~ ¢ in TV x [ty — §,1p + 0] for some small § > 0. If U(xg,to) < 0, then (4.3) is
automatically satisfied. We therefore assume that U(zg,ty) > 0 to continue.

For z,y,2 € TV and 0 < t < s, we consider

(4.4) O(z,y,2,t,8) = u(z,t) —v(z) — pluly, s) —v(z)) — oz, y, 2,1, 8),
with
(4.5)
O(@,y,2,t,5) = (s —t) + a*(|z =y + |z — 21" + |y — 2[*) + |s — so|” + do(x, 1),
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where s is the point where the maximum is achieved in (4.1). The function ® achieves its
maximum over (TN)3 x {(t,s): s >t, t € [ty — d,to + 0|} at (Z,7, 2,1,5) because u,v are
bounded continuous. We obtain some classical estimates when o — oo,

( (I)(jalga 27 Ev §) — U(i’o,to) - gbO(antO)a

a(z—y),a(z—2)aly—2) — 0,

(4.6) (%,1,8) = (xo, to, So) since (zg, to, So) is a strict maximum point
of Uz, t) — ¢o(x,t) — |s — so0|?,

| 5 >t since U(xg,t) > 0.

In the sequel, all the derivatives of ¢ are calculated at (z,y,z,t,5) so we skip this
dependence for simplicity.

The theory of second order viscosity [7] yields, for every o > 1, the existence of symmetric
matrices X, Y, Z such that

_ —b, —Dyb =Y. —o_
(A7) (60, Dot X) € Tu(@, D), (=2, 200 =Xy ey g
1 1 1
D.6 Z ot
(M_l,u_l)eJ v(T),
X 0 0 )
(4.8) —(@+[API<| 0 Y 0 ) <A+ —5A% A= D*(1,9,%,1,5).
0 0 Z a
We have
of —J —J B 00
(4.9) A=20PA+B, A=| —-I 2I —-I |,B:=|0 00 |,
—I —I 2I 0 0 0

where B = D?¢(z,t). It follows from (4.8) and (4.9) that

X 0 0 B2
(4.10) ~C(a®*+|BNI < ( 0 Y 0 ) < Ca 2A+B+C(‘ | I+ AB+ BA).
0o 0 Z

Since @ is solution of (2.1) and v is solution of (2.6), the following viscosity inequalities

hold,

(
—u?7+ (a: t)
+oup {—trace(Ag(2)X) + Hy(Z,p + ¢+ Doo(7,1))} < c,
€O
4.11 vy
(4.11) —1n+ 2(5 — sg) + sup{ —trace(Ay(y)—) + Hy(y, )} > ¢,
oee, I I
5 - 4
sup{—trace(Ag(z + Hy(z, <e,
\ Geg{ ( 0( ),u—l) 9< ,u—l)}
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where
(4.12) =20z — ) +2a*(2—7) and q=20*(z — 2) +2%(y — 2).

In the sequel o(1) = 0 as @ — 400 uniformly with respect to 6.
Using (2.4), (4.6) and the boundedness of |p|, |¢| since u, v are Lipschitz continuous with
respect to x (see (2.5)), it follows

( Doy
;bt (w0, t0) — pm
+sup{—trace(Ag(z)X) + Hy(xo,p + q)} — C|Doo(x0,t0)| < ¢+ o(1),
0cO

4.13 _
(4.13) —pn + zug{trace(Ag(y)Y) + pHp (o, %)} > pc+o(1),
S

sup{—trace(Aq(2)Z) + (1 — 1) Hg(x0, u_—ql)} <(u—1)c+o(1).

\ 0cO

Notice that the above constant C' may be chosen as

(4.14) C= 2ug |(Hp)p|poorixmy,  with R = Stl>1£) | Du(-, t)| poo(rny + [ DU poo(rvy.
€ >

Summing the inequalities leads to

9¢o

(4.15) ey ——(x0,t0) + mf { — trace(Ap(2) X + Ag(9)Y + Ap(2)Z2)

+He($o,p+Q)+(N—1)Ha($oa,u__q) pHa(0, )} = CIDo(0, to)] < (1)

1
From (4.9) and (4.10), using classical computations [12, p.74], we obtain
(4.16)
trace(Ag(z) X +A9( 9)Y + Ay(2)7)
< Ca?trace((00(7) — 00(@))7 (00(7) — 70(5)) + (00(7) — 00()) (00(E) — 070(2))

|BI*

+trace (Ay(z)B) + C— + trace ((2A4¢(z) — Ag(y) — Ay(2))B) .
Since B = D?¢q(x0, 1), |B| < C, o is Lispchitz continuous by (2.3) and z, 9,z — xg, we
obtain
(4.17) —trace(Ap(T)X + Ag(9)Y + Ag(2)Z) > —tr(Ag(z0) D*po(0, 1)) + o(1).
Since Hy is convex and p/p = (p+ q)/p — q/ 1, we have

(4.18) Hy(ro.p-+0) + (1 = 1) Holao, —17) — (. ) = 0

Using these previous estimates for (4.15) and letting o — 400, we obtain

dgo
ot

which is exactly what we need. O

—- (0, t0) ;Ielé{ — tr(Ag(20) D*¢o(0,t0)) } — C|Depo(o, to)| <0,
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We set M,! [u](t) = max{0, M,,[u](t)}.

Lemma 4.2. The function M%[u](t) 15 nonincreasing, so il converges to some constant
My, > 0 as t — +oo.

Proof of Lemma 4.2. At first, it is easy to check that M,,[u] is continuous and, from
Lemma 4.1, by classical computations, M,,,[u] is a viscosity subsolution of

(4.19) min{ M, [u](t), M,,[u]'(t)} <0 on (0,+00).
Let J = {t € [0,+00) : M,,[u](t) > 0}. If J = (), then M [u](t) = 0 for all ¢ and the
conclusion follows. If J # (), then, by continuity, there exists ¢y < ¢; such that [to, ] C J.
By (4.19) M,,[u]'(t) < 0 in the viscosity sense on (o, ;). Therefore, t — M,,[u](t) is
nonincreasing on [to, ¢1]. Necessarily, inf J = 0 and ¢ — M,,[u](t) is nonincreasing on
0,sup J). If supJ = 400, then t — M,,[u](t) > 0 is nonincreasing on [0, +o00) and the
conclusion follows. If supJ < +oo, then M [u](t) = 0 on [sup J, +00) and therefore the
limit is 0. UJ
The strategy of the proof of Theorem 2.1 is to obtain m,; = 0. An immediate consequence
is that ¢ — wu(x,t) is nondecreasing for every x. The conclusion follows easily, see the end

of this section.
So, from now on, we argue by contradiction assuming that

(4.20) My > 0.
The following result makes the link between m,,, and m,;.

Lemma 4.3. For all € > 0, there exists pe > 1 such that, for 1 < p < p., we have

(4.21) P, [u](t) > Pulul(t) —, t > 0.
In particular, there exists i, > 1 such that for 1 < p < u,, we have
(4.22) M, [u](t) > % >0, t>0.

Proof of Lemma 4.3. Let x € TV, t > 0. There exists s, > t such that
Pnl[quvt) = u<x7 t) - :uu<x7 81) - /~”7<51 - t) 2 u(:c,t) - :uu<x7 81) > —C
since u is bounded. We deduce n(s; —t) < C. Therefore
Pyulul(.t) = Pulul(e,8) > (1 — 1)(o(x) — u(w,51) — nss — £)) > —Clu — 1)

To prove (4.22), it is enough to notice that, since m,; > 0 by (4.20), then M, [u](t) is
positive nonincreasing and bigger to m,,;. It is then sufficient to choose € = m,; /2. 0

From now on, we choose 1 < p < p,, where p, is given by Lemma 4.3, in order that
My [ul(t) > 0.

Lemma 4.4. There exists t, — +00 such that u(-,-+t,) converges in WH(TV x [0, +-00))
to a solution @ of (2.1). The function P,,[u](x,t) is a still a subsolution of (4.3) and
M, [a](t) = my,, > 0 is independent of t.
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Proof of Lemma 4.4. By (2.5), {u(-,t),t > 0} is relatively compact in W1>°(TV). Let any
sequence t,, — 400 such that u(-,t,) converges. By the comparison principle for (2.1), we
have, for any n,p > 0,

lu(z,t+t,) —u(z, t +t,)| <|u(-,tn) —ul-tp)|oos re TN t>0.

Therefore (u(-,- + t,)), is a Cauchy sequence in WH(T¥ x [0, +00)). So it converges
to some function @ € Wh*(T x [0, 4+00)), which is still a solution of (2.1) by classical
stability results.

We observe that

Myl ) = sup {ula, 0+ 1) —o(a) — plu(e, s+ 1) — ofa) — (s — 1))
zeTN s>t

Since M, [ul(t +t,) = my,, as n — 400, M,,[u](t) = m,, is independent of ¢.

Finally, since P,,[u](z,t+t,) converges uniformly to P,,[a](x,t) as n — 400, we obtain
that P,,[a] is still a subsolution of (4.3) O

Lemma 4.5. For any 7 > 0,
(4.23)max P,,[u](z,t) = M,,[a](T) = m,, = Py,lu)(x.,7) forx, € ¥ if £ # 0.

Z€TN 10
If ¥ =0, then m,; = 0.

The point in this result is that the maximum of P,,[a](7) is achieved at some point
T, € 2.

Proof of Lemma 4.5. Let 7 > 0 and suppose that z, defined by (4.23) lies in TV — ¥. We
write U(z,t) = P,,[a(z,t) for simplicity. Since M,,[a](t) is independent of ¢, we have

T = Y t - *

Uz, T) 16%1]5%(20 Uz, t) = my,

We aim at applying the strong maximum principle of Da Lio [8] for viscosity solutions.
Let § > 0 and X5 = {dist(-,X) > d}. We consider the connected component Cs of z, in
¥§¢ N{U(-,7) > 0}. From Lemmas 4.3 and 4.4, U is a subsolution of

86_[15] +G(z,DU,D*U) <0 in int(Cs) x (1 —7/2,7 4+ 7/2),
where
G(z,p, X) = girel(g{ —tr(Ag(2)X)} — Clpl.
From (2.9),

Gz,p, X +Y) = G(z,p,Y) < —vstrace(Y), X, Y €Sy, Y >0,2€Cs5,pcRY

and G(z, A\p, \X) = A\G(z,p, X) for A > 0. From [8, Th. 2.1], we infer that U is constant
and equal to m,, in J(Cs x {t = 7}). Moreover, since m,,, > 0, necessarily 9Cs C ;.
It follows that there exists x,5 such that U(z.s,7) = m,, and dist(zs5,X) = 6. Letting
9 — 0 and extracting subsequences if necessary, we find y, € 0% such that U(y,,7) =

Pnu[ﬂ](yra T) = M-
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In the case ¥ = ), we obtain that P,,[a](x,t) = m,, in TV X [0,+00). Letting u — 1,
we get Py [a](z,t) = m;y > 0in TV x [0, +00). Let s(¢) be the point where the maximum
is achieved in Py [a](x,t). We have

Bplu)(z, t) + Pplal(z, 5(t)) = 2mp = u(z,t) —uz, s(s(t))) —n(s(s(t)) —t) <mp
which leads to a contradiction with (4.20) and implies m,; = 0. 0J

We now obtain the desired contradiction with (4.20). The following result is is one the
key step in the proof of Theorem 2.1.

Lemma 4.6. If, for some T > 0,

mer%lfsl;(zo Pyuli](z,t) = My, [a](T) = my, = Pyli)(z.,7)  forz, €3,

then m,,, = 0.

Proof of Lemma 4.6. We fix 7 > 0 and we assume that
My, = M, [0)(7) =z, 7) — v(z;) — pla(z,, s;) —v(z,)) — pn(s, — 1), with z, € &,

and we recall that, by contradiction, we assume m,,, > 0. Notice that 7 is a strict maximum
point of ¢ = M,,[a](t) — |t — 7|* in (0, +o0) since M,,[a](t) is constant.

We define @, ¢ as in (4.4)-(4.5) by replacing sy with s, in ¢ and choosing ¢g(x,t) =
(x — x,) + |t — 7]?, where (z) = /€% + |z|2 for some fixed € > 0.

Exactly as in the proof of Lemma 4.3, the function ® achieves its maximum over (T%)3 x
{(t,s):s>1t, tE€lto—0,to+ 0]} at (7,7, 2,t,5) and (4.6) are replaced with

P(z,9,2,1,5) = my, — ¢,

a(z—2),aly—2z) =0,

(4.24) 3
('f‘7 g’ Z? t’ §) % <x7—7 x’7—7 xT’ T’ S’T)

§ >t since M,,[ua](T) = my, > 0.

Formulas (4.7)-(4.10) still hold with B = D? (- —z,)(z) = (T —x,) (I — é:—ﬁ; ® é:—i:))
Noticing that |B| < €', we may refine (4.10)

0 0 2 —I —I
1
(4.25) —C@*+)I<| 0 Y 0 | <Ca?| =1 21 -1 |+0(
0 0 Z

€

1 1
+ o)

] —I 2 a’e? e

In the sequel, o(1) denotes a function which tends to 0 as @ — +oo for fixed € > 0,
uniformly with respect to 6.
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The viscosity inequalities (4.11) and (4.13) hold with %(f,f) =2(t — 1), Dopo(z,t) =

ey = o),
—pn + sup{—trace(As(z)X) + Hy(x-,p+ q)} < o(1),
0cO
(4.26) —pun + sup{trace(Ag(7)Y) + pHo(z,, 2)} > o(1),
0co U

sup{—trace(4y(2)Z) + (1= 1) Hy(ar. M‘—_ﬂ)} < o(1),

with p, ¢ defined in (4.12), and (4.15) reads now
Gig(g{—trace(Ag(a_:)X + Ap(9)Y + Ag(2)Z) + Ho} < o(1).
where we set

Mo = Ho(orap )+ (= D aar,—

p
) — uHp(zr, =).
1 %

From (4.16), we get

(4.27) gné{—trace(Ag(f)X + Ag(9)Y + Ap(2)Z)} > o(1).
S
It then follows
_ i < o(1).
(4.28) (}Ielé Ho < o(1)

From the convexity of Hy, we know that Hy > 0 (see (4.18)) but we need a strict inequality
to reach a contradiction.
Up to extract subsequences, we may assume that
limp=p and lim qg=gq,
a—r 00 a—r 00
(recall that p and ¢ are given by (4.12) and are bounded since 1, v are Lipschitz continuous).
We distinguish two cases depending on the above limit.
First case. We suppose that

Py L 2o

pooop—1
Letting o — +00 in (4.28) and recalling that z, € ¥, we obtain a contradiction thanks to
the strict convexity of Hy. More precisely, we apply (2.10) with A := 1/ and P # @ given
by Pi=p+q, @:=—q/(n—1),
Second case. One necessarily has

= = pn ).

w—1
Notice that, in this case, lim,_,o Hy = 0 and therefore the strict convexity of the H does
not play any role.

(4.29)

= I
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From (4.25), we have | X[, |[Y],|Z| < C(a? + (ae) ™2+ €'). Hence
(4.30) [trace(oq(7)oe(7)" X)| < |og(7)*|X| = |o9(7) — 0o (2,)*|X]

where we used the fact that o(z,) = 0 since z, € ¥.
We estimate the rate of convergence of the term |z — z.|. Since ® achieves its maximum
at (7,79, z,t,5), we have

w(z,t) — v(2) — p(a(y, ) —v(2)) —pun(s — 1) = (T —z-) 2 (2,9, 2,1,5) = My,[u](7) — e
This implies

e+ |z — z,|?
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where we used the fact that M, ,[a|(t) = m,, for all t > 0 and @ is Lipschitz continuous.

So,
|7 — . [* < C(17 — g + |7 - 2°) + Ce(l7 — g| + |7 - 2]).

It is worth noticing that C' depends only on #. Recalling that o?|z — y|, |z — z| are
bounded and plugging the above estimates in (4.30), we get

trace(Ap(Z)X) = o(1) + O(e),

where, for fixed € > 0, o(1) — 0 as @« — +o0 and O(e) — 0 as € — 0. Both error terms are
uniform in #. In the same way, we obtain

trace(Ay(y)Y), trace(Ap(2)Z) = o(1) + Of(e).
Sending « to +oc in (4.26), we have
—#n + sup{Hy(zr, pc)} + O(e) <0
—#m + sup{pty(z-, p)} + O(e) 2 0
sup{ (s — 1) Hy(wr,pe)} + 0(€) <0

(we recall that p. is defined in (4.29)). Up to a subsequence if necessary, we can assume
that p. — po when ¢ — 0. So, we get

—pn + SUP{He(xT,po)} <0,
—pn + sup{ﬂHe(fCT,po)} >0,
sup{(pu — 1)H9(a:T,p0)} < 0.
0cO
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This implies un = 0, which is a contradiction. It ends the proof. 0
End of the proof of Theorem 2.1. We obtained that m,; = 0. From m,; = 0, we infer
a(z,t) — u(z,s) —n(s —t) <0, forall z € TV and s >t > 0.
Letting n tend to 0, we obtain
(z,t) —u(z,s) <O0.

The uniform convergence of (u(-,t, + ), to @ € Wh(TN x [0, +00)) (see Lemma 4.4)
yields

—on(1) + iz, t) <u(z,t+t,) < o,(1)+a(z,t) in TV x (0,00).
Since @ is nondecreasing in ¢, there exists uy,, € W1h°(TY) such that a(-,t) — ux(+)
uniformly as ¢ tends to infinity. Taking Barles-Perthame half relaxed limits, we obtain
—0,(1) 4 upo(z) < lierinf* u(z,t) < limsup *u(z,t) < 0,(1) + us(z) o€ TV,
— 400

t—+o0

Letting n tend to infinity, we derive

liminf , u(z,t) = imsup * u(z,t) = us(z), =€ TV,
t—+o0 t—+o0
which yields the uniform convergence of u(-,t) to us in TV as t tends to infinity.
By the stability result, us, is a solution of (2.6) with ¢ = 0. It ends the proof of Theo-
rem 2.1. U

5. PROOF OF THEOREM 2.2 AND PROPOSITION 2.3

The proof of Theorem 2.2 follows the same ideas as the one of Theorem 2.1 with minor
adaptations. It is actually easier, since, from (2.12), we choose v = 0 in (4.1)-(4.2) which
allows to simplify several arguments. We only provide the proof of the main changes which
consist, on the one side, in taking into account the set K which appears in (2.11) and, on
the other side, in the proof of Lemma 4.6.

As in the proof of Theorem 2.1, we start with a change of function u — w + ¢t which
allows to deal with bounded functions u, % and ¢ = 0.

Lemma 5.1. For every xy € K, The function t — u(xo,t) is nonincreasing.

Proof of Lemma 5.1. Let xg € K, ty > 0 and we assume by contradiction that there exists
so > 1o such that u(zo, so) > u(xg,ty). Consider, for €, « > 0,

|z — 20)?

(5.1) sup {u(z,t) — u(zo, to) — 5 alt —to)}.

z€TN t>t €

Since u is bounded, this supremum is positive and is achieved at some (Z,¢) with ¢ > ¢, for

. . xT— 2 . . . .
€, > 0 small enough. By classical estimates, % — 0 as € — 0. Since u is a viscosity

subsolution of (2.1), we obtain

21
(5.2) a+ sup{—trace(Ag(:Z“)e—Q) + Hy(z,p)} <0,
0o
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with p = 256;#. On the one side, since u(+,t) is Lipschitz continuous, p is bounded and, up
to extract a subsequence as € — 0, we may assume that p — p. On the other side, since
T — x9 € K C Y and oy satisfies (2.3),

|70(7)]

|.f‘ — SL’Q|2
€2 ’

2
<o

21
|trace(Ag(7)— | <
€ €

From (5.2), sending € — 0, we obtain

a +sup Hy(z,p) <0,
0o

which is a contradiction with (2.11)(ii)(a) (with ¢ = 0).
Therefore, for all sq > ty, we have u(xg, so) < u(xo, o). O

A consequence of Lemma 5.1 is that u(x,t) converges on K and therefore
@(x,t) is independent of ¢, for any x € K,

where 1 is defined in the statement of Lemma 4.4. Assuming, as in the proof of Theorem 2.1,
that m,; > 0 (and therefore m,,, > 0 for p close to 1), we obtain from the very definition
of P,,[a] that

(5.3) dist(z,, K) # 0 for u close enough to 1,

where 2, € TV is the point where the maximum is achieved in M,,[u](7).

Proof of Lemma 4.6 under the assumptions of Theorem 2.2. deptra Let us note that Lemma
4.5 is still true under the assumptions of Theorem 2.2, so we can assume that x, € X.

Since v = 0 in (4.1)-(4.2), we may choose Z = 0 in (4.25), and ¢ = 0 in (4.12). The
viscosity inequalities (4.26) reads

—pn + zgg{—trace(Ae(f)X) + Ho(z-,p)} < o(1),

(5.4) —pn + sup{trace(Ag(5)Y) + ey - §>} > o(1),

sup Hyp(z,,0) < o(1).

)
Notice that the third inequality is nothing than (2.12) (with ¢ = 0 after our change of
function). Subtracting the two first inequalities from (4.27) yield

. p
(5.5) inf {Hp(z,,p) — pHy(x;, =)} < o(1).
0cO I
As in the corresponding proof in Section 4, we distinguish two cases depending on

(up to subsequences if necessary).
First Case. If p # 0. Letting @ — 400 in (5.5) and recalling (5.3), we obtain a contradiction
with (2.11)(ii)(b).
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Second Case. If p = 0. Proceeding similarly as in the second case of the proof of Lemma (4.6),
we obtain

[trace(Ag(y)Y )| = o(1) + Of(e).
Taking into account this estimate, by sending & — oo and then ¢ — 0 in the second
inequality in (5.4) , we get
—pn + sup{uHy(z,,0)} >0,
0cO

which is a contradiction with the third inequality in (5.4). O
Proof of Proposition 2.3. Consider the solution v§ of
M 4 sup  {—trace(Ag(z + e)D*vS) + Ho(z + e, Dv§)} =0, 2TV,
le|<e, 0€©

It follows from [2, Lemma 2.7] that vy, = p. * v§, where p, is a standard mollifier, is a
C subsolution of (2.2). Moreover, from [2, Theorem A.1], we have Avy — vy| < Ce.
Therefore, we have in the classical sense at any x € TV,

Moae() + Zgg{—trace(Ag(:c)D%Ae(J:)) + Hy(x, Duy(2))} < 0.

We can write this inequality at any & € 3 where trace(Aq (%) D?vx (7)) = 0. It follows
—AuA(Z) + Ce > —Avy(2) > sup Hy(Z, Dvye(2)) > sup Hy(z,0),
60 60
using (2.13). Sending A — 0 and then € — 0, we obtain

—AuA(Z) = ¢ > sup Hy(2,0), for any & € X.
0cO

Hence ¢ > sup,cy gee Ho(7,0).

We prove now the opposite inequality under either (2.15) or (2.14).
Under Assumption (2.14). Let vy be the solution of (2.2) and x, € TV such that vy(zy) =
minpvvy. We have Avy(xy) + supyHy(xy,0) > 0. Taking a subsequence A — 0 such that
vy — —c, we get

c< sup Hy(z,0)= sup Hy(z,0)
z€TN 0O €Y ,0cO
by (2.13).
Under Assumption (2.15). We set Hy(x,p) = Hy(z,p) — C where C' > 0 is big enough in
order that Hy(x,0) < 0. It follows that, if vy is a solution of (2.2), then iy = vy + C/\ is
a solution of

(5.6) Aoy 4 sup{—trace(Ag(z)D?0,) + Hy(z, Diy)} =0
0€6

and vy, > 0. For any v > 1, we have

A A
Oy sup{—trace(Ag(z) D*0x ) + Hy(z, D)} = 0,
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equivalently,

AOy/y + zug{—trace(Ag(x)Dz(vf))\/v)) + vﬁg(x, Df),\/y)} =0.
€

Noticing that Hy still satisfies (2.15), we have
(5.7) Al =) mindy, +A(y0)

+ 328{—trace(A9(x)DQ(WM)) + Hy(x, D(vir/y)) — (1 — ) Hy(x,0)} > 0.

Subtracting (5.6) and (5.7), we get, for wy, = 0y — y0x/4,
0 > ANvy—1) rgyllivn@,\/y + Awy,

+ggé{—trace(AgD2wM) + Hy(x, Diy) — Hy(x, D(y0rsy)) + (1 — ) Hy(x,0)}
> ANy —1) n%lvn Vp/y + AWy + ggé{—trace(AgDsz) + (1 —7)Hy(z,0)} — C|Dwy,|.
Therefore

(5.8) Awy, + inf {—trace(AgD*wy,)} — C|Dwy,| < (v — 1) ( sup Hy(z,0) — Amin Ox/y | -
0cO 0cO ™

Recalling that Hy(z,0) < 0 and Uy/y = 0, the right-hand side of (5.8) is nonnegative. By
the strong maximum principle, we obtain

(5.9) IaX Wiy = Wxy(x0) Wwith 2y € X.

Writing (5.8) at z, we obtain
AWy, (x9) < (v — 1) ( sup  Hy(z,0) — )\minﬁ)\/v) .
€X,0c0 ™
It follows
2 A A
Aux(xo) — v =ua/y(20) < (v —1) | sup Hy(x,0) — ymin —vy,, | .
Y 2EX,0€0 ™ 7y

Sending A — 0, up to take subsequences, we obtain

c< sup Hy(z,0).
z€X,0€O0

6. PROOF OF THEOREM 2.5 AND PROPOSITIONS 2.6 AND 2.7

Proof of Theorem 2.5. The proof follows exactly the same line as those of Theorems 2.1
and 2.2. The only difference is the proof of Lemma 4.5 which is given below. 0
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Proof of Lemma 4.5 when (2.16) holds. We write U = P,,[a] for simplicity. Since U is
bounded, we can consider the half-relaxed limit

U(x) = limsup Ul(y,t).

y—x,t—+00
From Lemma 4.1 and by the stability result, U is a viscosity subsolution of

(6.1) min{U , (}né{ — tr(Ay(z)D*U)} — C|DU[} <0, zeTV.
€

Notice that one still has maxpyU = My > 0.

Step 1. argmaxU N'Y # O thanks to (2.16). We argue by contradiction assuming that
there exists § > 0 such that argmaxU C ¢, where ¥; = {dist(-,¥) < §}. It follows that
there exists ps > 0 such that

(6.2) My = U(F) = n%%xﬁ = H;:?'XU > mzziXUjL ps, for some & € %Y.
Let U be a l-periodic function of R such that U(n(%)) = U(z) for all # € RY and
Y5 = {dist(-,3) < d}. From (6.2) and by 1-periodicity, we infer

My = U(z) = m%XU —supU > supU + ps, for some € X5 N[0, 1]V.
R »¢ 5
s §

For this § > 0, we consider the C? supersolution ¥ and Qs given by (2.16). Notice that,

up to divide 15 by a constant, we can assume that |@Z~)5| < 1 in Q5. We claim that, for ¢ > 0
small enough,

sup{U — s} = Ul(is) — ebs(&5)  with @5 € £ N Qs and U(E5) > 0.
RN
Indeed, using that \1;5| < 11in Qs and 1/;5 > 0 on Qf, we have
suI?{U — 51;5} > U(:i) — 6’(;5(55)
R
> sup U—¢

> sup(7+p5—6

s
> sup{U — s} + ps — 2 > sup{U — et}
25 26

for & small enough. Since U is 1-periodic, 15 < 0 on Q5 D [0,1] and ¥5 > 0 on QS it
follows

sup{U — e} = n‘gl)ax{U — etps} = Ul(iy) — ebs(&5)  with 75 € Qs NS
RN s
Moreover

U(#5) > U(7) — etbs () + ebs(F5) > 1y — 26

The claim is proved for € small enough.
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Since U(#s) > 0, the differential inequality holds in (6.1) in the viscosity sense at ;.
Using 15 as a test-function for U, we obtain

Gig(g{—trace(fle(f?é)DQW(f?é))} — C|D{s(F5)] <0,

which contradicts (2.16).

Therefore, there exists 5 € X5 such that U(Zi‘(;) = My, Letting 0 — 0 and extracting
subsequences if necessary, we can find & € argmax U N X.
Step 2. Up to replace u by an accumulation point as in Lemma 4.4, we may assume that
P,.la] achieves its maximum at (%,1), & € . From the previous step, we have U(Z) = m,,
for some z € Y. By definition of the half-relaxed limit, there exists ¢, — +o0 and z,, — &
such that U(xy,t,) — m,,. Let t, =t, — 1. Up to extract subsequences as in the proof of
Lemma 4.4, we may assume that @(z, ¢ +,) converges uniformly in W1 (TV x [0, +00)) to
some function 4. Therefore P,,[d](x,t +{,) converges uniformly to P,,[i](z,t). It follows

Pyula)(xn,tn +1) = Uz, tn) — Pyula] (2, 1) = my,.

The functions u, P,,[t] inherit the properties of @, P,,[u] respectively and it is sufficient
to prove the convergence of 4 to obtain the convergence of @ and wu. 0

Proof of Proposition 2.6. Since ¥ # (), by translation, we can assume without loss of gen-
erality that 0 € %, where ¥ € RY is a coset representative of ¥ € TV. Let § > 0 and
Y5 = {dist(-,2) < 5}. From (2.9), we have

inf |59 (z)2* = inf v(z)|z|* =: vs > 0.
=5 =5

We then consider the classical smooth test function which is used to prove the strong
maximum principle, that is

%(x) — ewTE 6—75\96\2
where we fix r5 > \/_ Qs := B(0,rs) and 5 > 0 will be chosen later. We have s < 0 in
B(0,75) D [0,1]Y, ¥s > 0 in B(0,75)¢ and —1 < 15 < e 7"s.
For z € Zg N B(O,T(g), using (2.3), we have
—trace(6g(x)5g(z)T D*s(x)) — C|Dibs(z))

= 2956 1 (255 ()] — trace(Gg(z)d9(z)") — Cla])

> 2’)/56_%|$|2 (2751/5 —C? - CT(;) >0
if 75 big enough. Therefore (2.16) holds. O

Proof of Proposition 2.7. For § > 0 and Y5 = {dist(-, X) < §}, we define
Ks = U ker(op(x)) NSN! € K = U ker(og(x)) NSN L.

zex¢,0€0 zE€XC,0€0
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Using (2.17), we check easily that K; is a compact subset of S¥~1. Since K, # SV~!
by (2.19), there exists & € SV~! and €5 > 0 such that

(6.3) C;NKs =0, withCs:={Ce SV :((,&)>1—es).
For A > 0, let y5 = \é5 € RY. We have, for all z € [0, 1]V,
YT e A (.&) o A VN S 1 e

el T D el PG —al T A+ VN A= VN
for A = As big enough. Therefore { T E [0,1]N} C Cs. Using (6.3), (2.17) and the

lys —a
periodicity of the coset representatives gy, X of gy, 3, it follows that

Vs == _ inf ‘5’9(1’)(%; — SL’)| > 0.
zeX§N[0,1]N,0€0

For z € RV, we define
d(@) = gs(w) = =TI R = 2fysP £ 2N 41,y > 0.

Notice that ¢ is smooth on RY and —1 < ¢ < 0 for all ¥ > 0. We have, for all z €
2§ nlo, 1",
— trace(3(2)30 (1) D*6(x)) — C| D)

— 2916(2)| (trace(@o(2)50(x)T) + 2 trace(5y(x)50 () (& — y5) ® (& — 18)) — Cl — s

> 29|¢(2)[(2yvs — Cr + |ys])) > 0
f~or v = s, big enough. Therefore ¢ is a smooth supersolution of the equation in (2.16) in
3¢ N (0, 1), i i i

We now define 15, Q5 on the following way. We set 3/)5(:10) = ¢(x) for z € Z((SJ/Q F‘|~[O, N
Now, from (2.18), we have {dist(;,@[O, 1) < 6/4} n 250/2 = () so we can extend ;5 in a
smooth way in [0, 1]" such that v¢s(z) = 0 for x € {dist(-,9[0,1]") < 6/4} N [0,1]" and

lihs| < 1in [0,1]N. We then extend t outside [0, 1]V by 0. We set Q5 := {dist(-, 9]0, 1]V) <

d/4}. Tt is straightforward that the function s satisfies (2.16). O
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