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Abstract

This paper deals with the asymptotic behavior of the first Bloch eigenvalue in a hetero-
geneous medium with a high contrast €Y -periodic conductivity. When the conductivity
is bounded in L' and the constant of the Poincaré-Wirtinger weighted by the conductiv-
ity is very small with respect to £~2, the first Bloch eigenvalue converges as ¢ — 0 to a
limit which preserves the second-order expansion with respect to the Bloch parameter. In
dimension two the expansion of the limit can be improved until the fourth-order under
the same hypotheses. On the contrary, in dimension three a fibers reinforced medium
combined with a L'-unbounded conductivity leads us to a discontinuity of the limit first
Bloch eigenvalue as the Bloch parameter tends to zero but remains not orthogonal to the
direction of the fibers. Therefore, the high contrast conductivity of the microstructure
induces an anomalous effect, since for a given low-contrast conductivity the first Bloch
eigenvalue is known to be analytic with respect to the Bloch parameter around zero.

Keywords: periodic structure, homogenization, high contrast, Bloch waves, Burnett coeffi-
cients

Mathematics Subject Classification: 35B27, 35A15, 35P15

1 Introduction

The oscillating operators of type
V- (a(z/6)V ), asd—0, (1.1)

for coercive and bounded Y-periodic matrix-valued functions a(y) in R? which model the
conduction in highly heterogeneous media, have been widely studied since the seminal work [2]
based on an asymptotic expansion of (1.1). In the end of the nineties an alternative approach
was proposed in [11] using the Bloch wave decomposition. More precisely, this method consists
in considering the discrete spectrum ()\m(n), gbm(n)), m > 1, of the translated complex operator
(see [12] for the justification)

A(n) === (V+in) - [a(y) (V +in)], for agiven n € R (1.2)

It was proved in [11] that the first Bloch pair ()q(ﬁ),(bl(n)) actually contains the essential
informations on the asymptotic analysis of the operator (1.1), and are analytic with respect to
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the Bloch parameter 1 in a neighborhood of 0. Moreover, by virtue of [11, 12] it turns out that
the first Bloch eigenvalue satisfies the following expansion in terms of the so-called Burnett
coefficients:

A(n)=qn-n+Dnen): (nen)+o(n*), (1.3)

where ¢ is the homogenized positive definite conductivity associated with the oscillating se-
quence a(x/d), and D is the fourth-order dispersion tensor which has the remarkable property
to be non-positive for any conductivity matrix a (see [13]).

The expansion (1.3) has been investigated more deeply in one dimension [16] and in low
contrast regime [15]. It is then natural to study the behavior of (1.3) in high contrast regime.
This is also motivated by the fact that the homogenization of operators (1.1) with high contrast
coefficients may induce nonlocal effects in dimension three as shown in [17, 1, 10, 9], while
the two-dimensional case of [5, 6, 7] is radically different. We are interested in knowing the
consequences of these effects in Bloch waves analysis.

The aim of the paper is then to study the asymptotic behavior of the first Bloch eigenvalue
in the presence of high contrast conductivity coefficients. In particular we want to specify the
validity of expansion (1.3) in high contrast regime. To this end we consider an €Y -periodic
matrix conductivity a® which is equi-coercive but not equi-bounded with respect to €, namely
||a®|| L~ — oo as € — 0. The classical picture is an £Y-periodic two-phase microstructure, one
of the phase has a conductivity which blows up as ¢ tends to 0. More precisely, we will study
the limit behavior of the first Bloch eigenvalue Aj(n) associated with a°, and its expansion

N =an-n+D(nan): (nen)+ol(nl*. (1.4)

In Section 2, we prove that in any dimension (see Theorem 2.2), if the conductivity a° is
bounded in L' and the constant of the Poincaré-Wirtinger inequality weighted by a° is an o(e72)
(see [3] for an example), then the first Bloch eigenvalue Aj(n) associated with a® converges to
some limit A\j(n) which satisfies

A1(n) =q¢"n-n, for small enough |7|, (1.5)

where ¢* is the limit of the homogenized matrix ¢° in (1.4). Moreover, in dimension two and
under the same assumptions we show that the tensor D® tends to 0, which thus implies that
the fourth-order expansion (1.4) of Aj(n) converges to the fourth-order expansion of its limit.
We can also refine the two-dimensional case by relaxing the L!-boundedness of a® by the sole
convergence of ¢° (see Theorem 2.3).

In Section 3, we show that the previous convergences do not hold generally in dimension
three when a° is not bounded in L'. We give a counter-example (see Theorem 3.1) which is
based on the fibers reinforced structure introduced first in [17] to derive nonlocal effects in high
contrast homogenization. This is the main result of the paper. We show the existence of a
jump at n = 0 in the limit A\j(n) of the first Bloch eigenvalue. Indeed, when the radius of the
fibers has a critical size and 7 is not orthogonal to their direction, the first Bloch eigenvector

Y5 is shown to converge weakly in H] (R3; C) to some function v} solution of

— Ay + Y] = A(n)Y] in R (1.6)

where

v = lim Ay () # A1(0) = 0. (1.7)

Therefore, contrary to the analyticity of n +— Aj(n) which holds for fixed ¢, the limit A} of the
first Bloch eigenvalue is not even continuous at 7 = 0! On the other hand, the zero-order term
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in limit (1.6) is linked to the limit zero-order term obtained in [1, 9] under the same regime,
for the conduction equation with the conductivity a® but with a Dirichlet boundary condition.
Here, the periodicity condition satisfied by the function y — e~*"¥¢$(y) (in connection with
the translated operator (1.2)) is quite different and more delicate to handle. Using an estimate
of the Poincaré-Wirtinger inequality weighted by a® and the condition that 7 is not orthogonal
to the direction of the fibers, we can get the limit in the Radon measures sense of the eigenvector
Y7 rescaled in the fibers.

1.1 Notations

e ¢ denotes a small positive number such that ¢!

is an integer.
e (e1,...,e4) denotes the canonical basis of R?.

e - denotes the canonical scalar product in R

e : denotes the canonical scalar product in R%*9,

e Y denotes the cube (0,27)? in R%.

L (R%). Similarly,
Lé’ (Y), for p > 1, denotes the space of the Y-periodic functions which belong to L. (R),

e H/(Y') denotes the space of the Y-periodic functions which belong to H;,

loc

and C'jf (Y), for k € N, denotes the space of the C*-regular Y-periodic functions in R
e For any n € R, H}](Y; C) denotes the space of the functions ¢ such that
(z e ™ y(x)) € H{(Y;C). (1.8)

Similarly, Li’z(Y; C), for p > 1, denotes the set denotes the set associated with the space
Lé’(Y; C), and CS(Y; C), for k € N, the set associated with the space Cé“(Y; C).

e For any open set Q of RY, BV (Q2) denotes the space of the functions in L?(Q) the gradient
of which is a Radon measure on 2.

2 The case of L'-bounded coefficients

Let € > 0 be such that e7! is an integer. Let A° be a Y-periodic measurable real matrix-valued
function satisfying

(A" (y) = A°(y) and ol < A°(y) < B.I; ae yeRY (2.1)

where « is a fixed positive number and f. is a sequence in (0, c0) which tends to co as e — 0.
Let a® be the rescaled matrix-valued function defined by

a‘(x) .= A° <§> for z € R%. (2.2)

Define the effective conductivity ¢¢ by

N = ][ A A+ VXS)dy for A € R%, (2.3)
Y



where X5 is the unique solution in Hj(Y")/R of the equation
div (A°\ + A°VXS) =0 in R% (2.4)

For a fixed ¢ > 0, the constant matrix ¢¢ is the homogenized matrix associated with the
oscillating sequence A°(§) as 0 — 0, according to the classical homogenization periodic formula
(see, e.g., [2]).

Consider for n € RY, the first Bloch eigenvalue \;(n) associated with the conductivity a® by

Af(n) := min {/yafw; -Vipdz : ¢ e Hy(Y;C) and /y [Y|? do = 1} : (2.5)
A minimizer ¢ of (2.5) solves the variational problem
/Yafwﬁ VY de = Ai(n)/ywﬂd:c, Vi € H(Y;C), (2.6)
with
¢° € H)(Y;C) and /Y || do = 1. (2.7)

An alternative definition for ¢ is given by the following result:

Proposition 2.1. The variational problem (2.6) is equivalent to the equation in the distribu-
tional sense

—div (a°VY©) = XS(n) ¥ in R (2.8)

Proof. Let ¢° € H)(Y) be a solution of (2.6) and let ¢ be a function in C°(R?). Writing
e = ' with ¢ € Hﬁl(Y; C), and putting the function ¢ € C°(Y; C) defined by

Ze 2T (o 4 21k) —e””Ze Het2mk)n (¢ 4 2k),

kezd keZd

as test function in (2.6), we have by the Y-periodicity of a® (recall that ¢ is an integer),
/ a*VF - Vb dw
Y

— Z / (Ve +ine®) - [V(e ™M oz + 27k)) —in ("2 o(2 + 27k)) ] da

kezd
= Z/ a* (Vy© +ine®) - [V(e™p) —in (77 p)] du
kezd 2rk+Y

:/ a*Vy*© - Vydz,
R4

and

/ P hdr = Z / € H@H2mh) (1 + 27k) da

kezd
:Z/ ©° ”"(pd:c— U pdr.
kezd o2rk+Y R

Hence, we get that
/ a*Vy© -Vodr = Xi(n) | ¢ eds, for any ¢ € C(RY),
R4 R
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which yields equation (2.8).
Conversely, assume that ¢° is a solution of (2.8). Consider ¢ € C°(Y;C), and for any
integer n > 1, a function 6,, € C>®°(R?) such that

0, =1 in [-27mn,27n]?, 0, =0 in R\ [-27(n + 1),27(n + 1)]%, |V6,] <1 in R%

Putting ¢ := 0, 7 as test function in (2.8), we have as n — oo and by the Y-periodicity of
a*V© - Vi,

1 € € " — 1 € R vavA
(2n)d /Rd a"Vy© - V(b ) do = (2n)4 Z 1} /27rk+Y VYT Vo drton(l)

= / a*VF - Vip dz + 0, (1),
Y

and by the Y-periodicity of ¢,

1 — 1 —
V0T dr = | v e
(2n)? Jpa (2n)d ke{—n,Z;n—l}d 2rk+Y
= [ Y Ydr+0,(1)
Y
Therefore, it follows that ¢° is solution of the variational problem (2.6). O

Note that for a fixed € > 0, the oscillating sequence a*(§) = A°(Z) has the same homoge-
nized limit as A°(%) when § tends to 0, namely the constant matrix ¢° defined by (2.3). Hence,
the asymptotic expansion in 7 of the first Bloch eigenvalue derived in [13] reads as

X =q¢n-n+D(nan): (nan)+0(n°, (2.9)

where D® is a non-positive fourth-order tensor defined in formula (2.31) below.
When a° is not too high, we have the following asymptotic behavior for Aj(n):

Theorem 2.2. Assume that the sequence a® of (2.2) is bounded in L*(Y').

o [fd =2, then there exists a subsequence of €, still denoted by €, such that the sequence
¢° converges to some ¢* in R?*2. Moreover, we have for any n € R2,

lim A{(n) = min {/ VY -Vipdr : 1€ H,lz(Y; C) and / [Y|? dz = 1} : (2.10)
Y Y

e—0

and for small enough |n|,
lim A () = ¢*n - 1. (2.11)

e—0

o Ifd > 2, under the extra assumption that that for any A € R?,

1
Cs = max{/(AE)v)\) Vidy : Ve HX(Y), /Afvv-vvczy: 1} < =, (212)
Y Y

g2’
and (2.10), (2.11) still hold. Moreover, if d =2 we have

lim (D*(n®@n): (n®n)) =0, VneR™ (2.13)



Using a more sophisticated approach we can relax in dimension two the L*(Y")-boundedness
1>

of a®:
Theorem 2.3. Assume that d = 2 and that the sequence ¢° converges to ¢* in R**2. Then, the
limits (2.10) and (2.11) still hold.

Remark 2.4. The constant Cf of (2.12) is the best constant of the Poincaré-Wirtinger inequal-
ity weighted by A°. The condition €2 C§{ — 0 was first used in [3] to prevent the appearance
of nonlocal effects in the homogenization of the conductivity equation with a®*. Under this
assumption the first Bloch eigenvalue and its second-order expansion converge as € tends to 0
in any dimension d > 2. The case d = 2 is quite particular since it is proved in [7] that nonlocal
effects cannot appear. This explains a posteriori that the first Bloch eigenvalue has a good
limit behavior under the L'(Y)-boundedness of a® (Theorem 2.2), or the sole boundedness of
¢° (Theorem 2.3). Note that the second condition is more general than the first one due to the
estimate (2.14) below.

Proof of Theorem 2.2.

The case d = 2: The proof is divided in two parts. In the first part we determine the limit of the
eigenvalue problem (2.6). The second part provides the limit of the minimization problem (2.5).
The matrix ¢° of (2.3) is also given by the minimization problem for any A € R%:

AN = min{][ AN+VV)- A+ VV)dy : Ve Hﬁl(Y)} < ][ AN Ady  (2.14)
Y Y

which is bounded. Therefore, up to a subsequence ¢° converges to some ¢* in R
To obtain the limit behavior of (2.6) we need to consider the rescaled test functions w3,
j = 1,2, associated with the cell problem (2.4) and defined by

wi(z) ==z +e X, (g) for z € R%. (2.15)

Since by the eY-periodicity of Vw$, j = 1,2, and by (2.14)
]{/(ZSij -Vuw; =qj; <c, (2.16)

loc 100(R2)' By the
Corollary 2.3 of [7] (which is specific to dimension two), the sequence w® := (w§, w§) converges
uniformly to the identity function locally in R?. Moreover, since e~ ! is an integer and the
functions X ., are Y -periodic, we have for any € R? and k € Z?,

the sequence w5 is bounded in H, ! (R?) and thus converges weakly to z; in H.

. . (v +2rk e .
w;(z + 2mk) = x; + 2mk; + e XC, (?) = x; +2mk; + e X, <g> = wj(x) + 27k;,

or equivalently,
w®(z + 27k) = w(z) + 27k, V(z,k) € R* x Z. (2.17)

This implies that for any x € C}(Y’;C), the function x(w®) belongs to H}(Y’;C) (see (1.8)).
On the other hand, the eigenvalue \(n) (2.5) is bounded due to the L'(Y)-boundedness of

a®, and thus converges up to a subsequence to some number Aj(n) > 0. Hence, the sequence

1° is bounded in H%(Y; C), and thus converges weakly up to a subsequence to some function



¢* in H)(Y;C). Then, putting x(w®) as test function in (2.6), using the uniform convergence
of w® and the convergence of 1° to ¢*, we get that

/ a“V© - Vws; 0;x(we) do = / a*Vy© - Vw; 0;x dx + o(1) = X{(n)/ Y*xdx + o(1). (2.18)
Y Y Y

Next, let us apply the div-curl approach of [5, 6]. To this end, since by (2.4) and (2.15) the
current a®Vw$ is divergence free, we may consider a stream function w$ associated with a®Vw;
such that 3
a*Vus = VI = <_ 82w§> a.e. in R?. (2.19)
J J O w5

By the Cauchy-Schwarz inequality combined with (2.16) and the L'(Y)-boundedness of a°,
the function w; is bounded in BVio(R?). Moreover, due to the periodicity the sequence Vws;
induces no concentrated mass in the space .# (R?)? of the Radon measures on R?. Therefore,

by the Lions concentration-compactness lemma [18] w§ converges strongly in L7, .(R?) to some

function @’ in BVi,(R?). By the eY-periodicity of a*Vw$ and the definition (2.3) of ¢°, we
also have in the weak-* sense of the Radon measures

e—0

a*Vw; — V4, = lim <][ A (e; + VX;) dy) =q*e; weakly in . (R?)? . (2.20)
Y

On the other hand, integrating by parts using that a®Vw$ is divergence free and ¢ 9;x is Y-
periodic, then applying the strong convergence of w5 in L(Y) and (2.20), it follows that (with
the summation over repeated indices)

/Y a*Vw§ - V£ o;x de = — /Y a*Vws - V(9;X) ©° da = /Y w5 VY - V(9;X) d
= [ 6,97 V@ datol) =~ [ g VO dn + ol
= [ Ve vxde+ o),
This combined with (2.18) and a density argument yields the limit variational problem
/Yq*Vz/J* -Vxdz = \j(n) /Yw*yd:c, Vx € H,%(Y; C), (2.21)
where by Rellich’s theorem and (2.7) the limit ¢* of ¢° satisfies
"€ Hy(Y;C) and /Y|1/1*|2dx = 1. (2.22)
It remains to prove that
A1(n) = min {/Yq*vw Vidr : € H,lz(Y; C) and /Y|@Z)|2dx = 1} . (2.23)

To this end consider a covering of Y by n > 1 two by two disjoint cubes @)} of same size, and
n smooth functions 6}, for 1 < k < n, such that

Op € Cy(Q;[0,1]) and E 07 — 1 strongly in L*(Y). (2.24)
n—o0
k=1
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For x € C’,l](Y; C) with a unit L?(Y")-norm, consider the approximation x¢ of x defined by
TR x o
Xo(x) = v (X(x) + 66””'"29,?(:10) Xen <g>> ,  where ¢ = ][ e "MV x(z)dr, (2.25)
k=1 Qr

and v > 0 is chosen in such a way that x¢ has a unit L*(Y)-norm. Since ¢! is an integer,

the function x§, belongs to H)(Y;C) and can thus be used as a test function in problem (2.5).
Then, by (2.24) we have

3 < [ 0V VR ds
Y
€ € iz - n € x iz - n € x
< (Vn)Q/Ya (Vx+e 77];1 O VXen <g)> : (Vx+e ngl Ok VXe <g>>dx+0(1)
£ € n L xT- - n n 5 Z n iz - n n 5 E
:(un)2/ya (R +e n}k; o (€7 + VX) (g)) . (R +e nk§1:9k (& +VXg) <€>>daz

+0(1),

where R":=Vy —e"") 07 & € CO(R?). (2.26)
k=1
Passing to the limit as e — 0 in the previous inequality, and using (2.24), the L'(Y)-boundedness
combined with the Y-periodicity of A®, A*VX§, A*VXS - VX5, and the convergence

o (g +xg) (2) (g +vxg) (2) = (2 (g +vxg) - (g +vxg) ()
(2.27)
— lim (f AT (G +VXE) - (& +VXG) dy) =q* - & weakly in (V) ¥,
Y

e—0

it follows that

Mi(n) < /Yq* <e”'"20;;g,g> . (eix-nZQ,ggg) +c/y (|R"* + |R") dz. (2.28)
k=1 k=1

Therefore, since the sequence R™ of (2.26) converges strongly to 0 in L*(Y’; C)?, passing to the
limit as n — oo in (2.28) we get that for any x € C;(Y; C) with a unit L*(Y)-norm,

X{(n)g/q*VX-Vydx. (2.29)
Y

Using a density argument the inequality (2.29) combined with the limit problem (2.21) implies
the desired formula (2.23). Moreover, due to the uniqueness of (2.23) in term of ¢* the limit
(2.10) holds for any n € R? and for the whole sequence & such that ¢° converges to ¢*. Finally,
decomposing formula (2.23) in Fourier’s series and using Parseval’s identity we obtain that
equality (2.11) holds for any n € R? with small enough norm.

The case d > 2 under assumption (2.12): First, note that the proof of the inequality (2.29)
in the previous case actually holds for any dimension. Therefore, it is enough to obtain the
limit eigenvalue problem (2.21) to conclude to the minimization formula (2.23). To this end,



applying the homogenization Theorem 2.1 of [3] to the linear equation (2.8), we get the limit
equation

/ YV Vede=Xi(n) | ¢ ods, Ve e CRE®R), (2.30)
R2 R2

which is equivalent to (2.23) by Proposition 2.1.
It thus remains to prove (2.13) when d = 2, which is also a consequence of (2.12). By [13]
we have

D*(n®n): (n@n) = - ]i vV <X§,n - % (xi,n)Q) 2% (X‘Z,n - % (Xiﬁ) dr,  (231)
where, taking into account (2.4) and (2.15),
X’in(:p) =X, (g) = (Wi — x1) + o (W5 — 25)  for x € R?, (2.32)
and x5, is the unique function in Hﬁ1 (Y) with zero Y-average, solution of
—div (a°Vx5,) = a*n-n—q¢n-n+an-Vx;, +div(xi,an) inR" (2.33)

Consider the partition of Y by the small cubes 2rek + Y, for k € {0,...,e7 1 —1}2, and define
from x5,, j = 1,2, the associated average function

56;#7 = Z (][ X;n dl’) 127r€k+5Y7 (234)
2nek+eY

ke{0,...e~1-1}2

where 15 denotes the characteristic function of the set E. Then, e-rescaling estimate (2.12) we
get that

g g & 2 € 15 g g
/ a’n-m (Xj,n — Xj,n) dr < & Cn/ a“Vx5, - Vx5, dr. (2.35)
Y Y
Also note that xf, = 0, and since x5, has zero Y-average, we have
/ (1) 2 (g) de =0, VZelIXY). (2.36)
Y
Putting x5, as test function in equation (2.33), then using equality (2.36) and the Cauchy-

Schwarz inequality combined with the L!'(Y)-boundedness of a® and estimates (2.35), (2.16),
we obtain that

/chVX;n Vx5, dx

= / aen "N (Xg,n - X;,n) dx + / a€77 ' inn (X;,n - X;,n) dr — / aen ' ng,n (Xin - jéi,n) dx
Y Y Y

1+ (/ a*Vxi, VXi, d;z:) ]
Y

|

1
3
<c (52 CZ/ a*Vx5, - Vo, d;z:)
Y
1

3
<ce’C (/ a*V X5, VX5, dx) :
Y

This together with assumption (2.12) yields

lim </ a*Vxa, - VX5, dx) =0. (2.37)
Y

e—0
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On the other hand, by (2.32) and the Corollary 2.3 of [7] (see the previous step) the sequence
Xi, converges uniformly to 0 in Y. At this level the dimension two is crucial. This combined
with the Cauchy-Schwarz inequality and the L!(Y')-boundedness of a*V x5, - VX5, implies that

lim (/ a*Vxi, - Vx5, (4 n)'“da:) =0 foryj ke{l,2}. (2.38)
=0 \ Jy ’ ’ ’

Therefore, passing to the limit in (2.31) thanks to (2.37) and (2.38) we get the desired conver-
gence (2.13), which concludes the proof of Theorem 2.2. O

To prove Theorem 2.3 we need the following result the main ingredients of which are an
estimate due to Manfredi [19] and a uniform convergence result of [8]:

Lemma 2.5. Let Q be a domain of R?, and let 0° be a sequence of symmetric matriz-valued
functions in R*? such that o I, < 0%(x) < B. I, a.e. x € K, for a constant a > 0 independent
of € and a constant B. > «a. Let f¢ be a strongly convergent sequence in W=LP(Q) for some
p > 2. Consider a bounded sequence u® in H'(Q) solution of the equation — div (0°Vu®) = f¢
in . Then, up to a subsequence u® converges uniformly in any compact set of §2.

Proof. On the one hand, let D be a disk of € such that D C Q, and let u3, be the solution in
H} (D) of the equation —div (¢°Vu$,) = f€ in D. Since u$, = 0 converges uniformly on 9D and
f¢ converges strongly in W~1?(Q), by virtue of the Theorem 2.7 of [8], up to a subsequence u%,
converges weakly in H'(D) and uniformly in D.

On the other hand, the function v® := u® —u$, is bounded in H'(D) and solves the equation
div (6°Vv®) = 0 in D. By the De Giorgi-Stampacchia regularity theorem for second-order
elliptic equations, v° is Holder continuous in D and satisfies the maximum principle in any disk
of D. Hence, the function v° is continuous and weakly monotone in D in the sense of [19].
Therefore, the estimate (2.5) of [19] implies that for any xo € D, there exists a constant r > 0
such that

C |]Vv5|]Lz(D)z < C HV'UEHLQ(D)Q

Va,y € D(xo,7), [v°(z)—v(y)| < T < T
’ } [ln(4r/|x—y|)}5 (In2)2

, (2.39)

where D(xg,r) is the disk centered on xq of radius r, and C' > 0 is a constant depending only
on dimension two. The sequence v — v°(x¢) is bounded in D(zg, ), independently of € by the
right-hand term of (2.39). This combined with the boundedness of v® in L?(D) implies that
v® is bounded uniformly in D(xg,r). Moreover, estimate (2.39) shows that the sequence v°
is equi-continuous in D(zg, 7). Then, by virtue of Ascoli’s theorem together with a diagonal
extraction procedure, up to a subsequence v® converges uniformly in any compact set of D. So
does the sequence u® = uj, + v°. Again using a diagonal procedure from a countable covering
of €2 by disks D, there exists a subsequence of ¢, still denoted by e, such that u® converges
uniformly in any compact set of €. O

Proof of Theorem 2.3. We have only to show that the limit ¢* of the eigenvector
satisfying (2.6) and (2.7) is solution of (2.21). Indeed, the proof of inequality (2.29) follows
from the convergence of ¢° thanks to limit (2.27). as shown in the proof of Theorem 2.2.

First of all, for x € C} with a unit L*(Y')-norm, x(w®) converges uniformly tends to x in
Y due to the uniform convergence of w* (see the proof of Theorem 2.2 or apply Lemma 2.5).
Then, using successively the minimum formula (2.5) with the test function ¢ := x(w?), the

10



Cauchy-Schwarz inequality, the €Y -periodicity of a*Vw$ - Vw§ and the boundedness of ¢°, we
have (with the summation over repeated indices)

1 _
€ < € e, €9 € €
Alln) < —||X(w6)||%2(y) /Ya Vw; - Vuwy, O0jx(w®) Opx (we) dz

< c/ a*Vw; - Vw; dr < ctr (¢°) <ec.
Y

Hence, up to a subsequence Aj(n) converges to some Aj(n) in R. This combined with (2.6) and
(2.7) implies that the eigenvector ¢ converges weakly to some 1* in H (R?). Moreover, R(¢°),
(1)) are solutions of equation (2.8) with respective right-hand sides A5 (n) R(¥°), A5(n) S(°)
which are bounded in H._(R?) thus in W_*(R?) for any p > 2. Therefore, thanks to Lemma 2.5
and up to extract a new subsequence, ¥° converges uniformly to 1* in any compact set of R2.

On the other hand, for p € C°(R?), putting p(w®) as test function in equation (2.8), using
that a®Vws is divergence free (due to (2.4) and (2.15)), and integrating by parts, we have (with

the summation over repeated indices)

/ a*Vy© - Vu§ 0jp(w®) de = —/ a*Vws - Vwy, O5p(w®) o d
Y ® (2.40)

=30 [ v etw) de

Then, passing to the limit in (2.40) using the uniform convergences of w®,1° combined with
the convergences

a*Vw; - Vw — lim (]{/ A® (ej + VX;) - (er + VX;J) = ¢, weakly in ./ (R?) %,

e—0
we get that
- [ v da=xin) [ v ods (2.41)
R2 R2
Finally, integrating by parts the left-hand side of (2.41) we obtain the limit equation (2.30),
which is equivalent to the limit eigenvalue problem (2.21) by virtue of Proposition 2.1. ([l

3 Anomalous effect with L'-unbounded coefficients

In this section we assume that d = 3. Let € > 0 be such that ¢! is an integer. Consider the

fiber reinforced structure introduced in [17] and extended in several subsequent works [1, 10, 4]
to derive nonlocal effects in homogenization. Here we will consider this structure with a very
high isotropic conductivity a® which is not bounded in L!'(Y'). More precisely, let w® C Y be
the Y -periodic lattice composed by 72 cylinders of axes

(27Tk15 + me, 2mkoe + e, O) +Res, for (ki ky) €{0,..., et =1}

of length 27, and of radius ¢ r. such that

1
li — | = ) 1
y (27r82|1n7’€\) 7 € (0,00) (3.1)
The conductivity a® is defined by
b. if x € w®
a’(z) := with  lim .72 = oo, (3.2)
1 ifzeY\w e=0

11



so that a® is not bounded in L'(Y).
Then, we have the following result:

Theorem 3.1. Assume that condition (3.1) holds. Then, the first Bloch eigenvalue \j(n)
defined by (2.5) with the conductivity a® of (3.2) satisfies for any n € R3 with n3 ¢ Z,

lin(g)\‘i(n) = ’y+min{/ VP de - € Hy(Y;C) and / || do = 1}, (3.3)
E— Y Y
and for |n| < 3 with g # 0, ,

lim A7 () =+ [n]”. (3.4)

Remark 3.2. For a fixed ¢ > 0, the function n — Aj(n) is analytic in a neighborhood of 0.
However, the limit A} of Aj is not even continuous at n = 0, since by (2.9) and (3.4) we have

N(0)=0 while  lim  A\(p) =~ > 0.
77%07773#0

Contrary to the case of the L'-bounded coefficients the L!(Y')-unboundedness of a° induces a
gap of the first Bloch eigenvalue. Therefore, the very high conductivity of the fiber structure
deeply modifies the wave propagation in any direction 7 such that n; ¢ Z.

Proof of Theorem 3.1. First we will determine the limit of the eigenvalue problem (2.6).
Following [1, 9] consider the function v related to the fibers capacity and defined by

~e . Yre E 3
0°(x) =V (5) for v € R”, (3.5)

where V¢ is the ys-independent Y-periodic function defined in the cell period Y by

0 it €[0,r.]

. Inr—1

Ve(y) == ﬁ if r e (re, R)  where r:=+/(y1 —m)2+ (y2 — )2, (3.6)
1 ifr>R

and R is a fixed number in (r., 7). By a simple adaptation of the Lemma 2 of [9] combined
with (3.1) the sequence ©° satisfies the following properties

=0 inw® and ©° — 1 weakly in H'(Y), (3.7)

and for any bounded sequence v® in H'(Y), with = v* bounded in L'(Y),

|we |

1.
€

Vo - Vo — 7 <v5 — Y] va) — 0 weakly in Z(Y) *. (3.8)

|w?]
The last convergence involves the potential v® in the whole domain and the rescaled potential
‘15;‘ v in the fibers set. In [1, 9, 4] it is proved that under assumption (3.1) the homogenization
of the conduction problem, with a Dirichlet boundary condition on the bottom of a cylinder
parallel to the fibers, yields two different limit potentials inducing;:

e cither a nonlocal term if ° is bounded in L',

e or only a zero-order term if a® is not bounded in L!.

12



Here the situation is more intricate since the Dirichlet boundary condition is replaced by con-
dition (1.8). This needs an alternative approach to obtain the boundedness of the potential 1)°
solution of (2.6) and its rescaled version ‘1;;' (V58

On the one hand, putting e'*" 0 /||’ 0¢|| 1y which is zero in w?, as test function in
the minimization problem (2.5) and using (3.1) we get that Aj(n) is bounded. Hence, the
sequence ¢ is bounded in H% (Y;C), and up to a subsequence converges weakly to some ¢* in
H,(Y;C). On the other hand, the boundedness of ﬂ:f‘ ¢ in L' (Y'; C) is more delicate to derive.

To this end, we need the following Poincaré-Wirtinger inequality weighted by the conductivity
A(y) = a(ey):

/Ae V—][de
Y Y

which is an easy extension of the Proposition 2.4 in [3] to the case where A€ is not bounded
in L'(Y'). Rescaling (3.9) and using (3.1) combined with the boundedness of Aj(n) we get that

2

dy < C|lnr| HAEHLI(Y)/ A|VVPdy, YV eH\(Y:C), (3.9)
Y

/ a® ’1/}5 - @55’de <ce?|lnr,| ||A5||L1(y)/ a® | Ve | dx
Y Y (3.10)
<o HAEHLl(Y)/ o [VyeP de < e | g,
Y

where for any x € L* (Y;C), x denotes the piecewise constant function
= Y (f ) e .
ke{0,...,e=1-1}3 2mek+eY

Then, from the Jensen inequality, the estimates f3. [w®| ~ ||a®|[z1(y) and (3.10) we deduce that

< —4e|d e ) @ 5—“€2d)2 . (312
f1o—éta (f -] <o i) 2 oo

Moreover, since }we N (2mek + 5Y)} = &3 |w?| for any k € {0,...,e7! —1}3, we have

o 1
Elde < —/ (][ \1/1€|) dx
]{JE‘ ‘ ; |w€| weN(2mek+eY) 2mek+eY

1 el __ £
D 7 = f Iv7ld <.

871—1}3 |Y| 2mwek+eY

(3.13)

Estimates (3.12) and (3.13) imply that the rescaled potential =% ¢ is bounded in L'(Y;C).

|we ]

Therefore, up to extract a new subsequence there exists a Radon measure 1;* on Y such that

Y° — " weakly in A (Y) %, (3.14)

or equivalently,
G = T~ F = eI )*  weakly in A (Y) x . (3.15)

Now, we have to evaluate the Radon measure ’(Z}* Let x € C’%(Y; C), since 1, is independent
of the variable x3 and the function ¢° is Y-periodic, an integration by parts yields

13



Moreover, using successively the Cauchy-Schwarz inequality, the boundedness of Aj(7) and the
estimate (3.2) satisfied by (., we have

3 3 3
][ O3y X dz| < (][ |V¢€|2d$) (][ |X|2d$) < ﬁ (][ |X|2d$) =o(1).
we we we B we we
(3.17)
Then, passing to the limit in (3.16) thanks to (3.14) and (3.17), we get that
/ D3 dp* = 0. (3.18)
v

Writing x = €' with ¢ € Cf(Y; C), and using (3.15), equality (3.18) reads as

[ o= impraz o (3.19)
v

From now on assume that 73 ¢ Z. Then, for f € C/(Y;C), we may define the function ¢ by

el 73T3

) 3 ) 2m )
(2, z3) 1= €' e "B f(2 ) dt + —— e "B f(2 1) dt. (3.20)
0 et 2mn3 1 0

It is easy to check that ¢ belongs to C'ﬁl(Y; C) and satisfies the equation dsp —in3 @ = f in R3.
Therefore, from (3.19) we deduce that

/ fdg* =0, VfeC/(Y;C), (3.21)

or equivalently by (3.15),
/ydz/?* =0, VxeC,(Y;C). (3.22)
%

We can now determine the limit of the eigenvalue problem (2.6). Let x € C;(Y; C), putting
the function x ©° defined by (3.5) as test function in (2.6) we have

/@€VW~VXCZJ:+/V@E-Vz/ﬁyd:c:)\i(n)/z/ﬁyﬁedx.
Y Y Y

Consider a subsequence of ¢, still denoted by e, such that Aj(n) converges to Aj(n). Then,
passing to the limit in the previous equality thanks to the convergence of ¢° to ¥* in H,%(Y; C),
to (3.7), and to the limit (3.8) combined with equality (3.22), we obtain the limit eigenvalue
problem

[ vurwxdny [wxde=xim) [ evds vxemwicn  (323)
Y Y Y

where ¢* satisfies (2.22).
It remains to prove that the limit of the first Bloch eigenvalue is given by

A;(n):7+min{/y|w|2da; : € H)(V;C) and /Y|w|2dx:1}, (3.24)

Let x be a function in C) (Y; C) with a unit L*(Y")-norm. Using (2.5), (3.7) and the convergence
1 ~ _
Vo< — lirré (—2][ \VVE\Qdy) =~ weakly in .Z(Y)**, due to (3.1) and (3.6),
=0 \ &2 [y
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we have

€ 1 B ~en |2
A1(n) <T/Ya [V (xo°)|" dx

—nxvmﬁn

57 </ |V |? |X|2dx+/( 8)2|VX|2dZL‘+2/ﬁEVQA}a-?R(YVX)d:L‘)
HXU ||L2 (Y) Y
v+ [ IVxPds+ o),
Y

which, by a density argument, implies that
N0 <+ [ IVePdr, v e mviC) with [ oPdr=1.
4 Y

This combined with (3.23) and (2.22) yields the minimization formula (3.24), which shows the
uniqueness of the limit. Therefore, limit (3.3) holds for the whole sequence €. Finally, using
the expansion in Fourier’s series with |n| < 3, formula (3.3) reduces to (3.4). The proof of
Theorem 3.1 is thus complete. O
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