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ON THE GROWTH OF HYPERBOLIC GEODESICS IN
RANK 1 MANIFOLDS

ABDELHAMID AMROUN

Université Paris-Sud, Département de Mathématiques, CNRS UMR
8628, 91405 Orsay Cedex France

ABSTRACT. We give a formula for the topological pressure of the
geodesic flow of a compact rank 1 manifold in terms of the growth
of the number of closed hyperbolic (rank 1) geodesics. We derive
an equidistribution result for these geodesics with respect to equi-
librium states. This generalize partially a result of G. Knieper [12]
to non constant potentiels.

1. INTRODUCTION AND MAIN RESULT

By a result of G Knieper [12], we know that the geodesic flow on
a compact rank 1 manifold M admits a unique measure of maximal
entropy, concentrated on the open and dense set of regular vectors in
T M. Knieper proved that this measure is approximated by probability
measures supported on a finite number of regular closed geodesics.
This result generalize previous well known results for negatively curved
manifolds [2] [6] [8] [13] [14] [15] [20].

In this paper we consider the case of non constant potentials. We
obtain a formula expressing the topological pressure as an exponential
growth of the number of weighted regular closed geodesics representing
different free homotopy classes. As a consequence we give an equidis-
tribution result for weighted closed regular geodesics to an equilibrium
state. These results extend and strengthens previous one by G Knieper
([12] Proposition 6.4) and M Pollicott [19]. The proof uses the Anosov’s
closing lemma for compact manifolds of nonpositive curvature [5] and
also a Riemannian formula for the topological pressure by G P Pater-
nain [18].

Let M = X/I' be a compact Riemannian manifold of nonpositive
curvature where X is the universal cover and I' is the group of deck
transformations of X. The rank of a vector v € T M is the dimension
of the space of all parallel Jacobi fields along the geodesic defined by v.

The rank of the manifold is the minimal rank of all tangeant vectors.
1
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We will assume that M is a rank 1 manifold (this includes manifolds
of negative sectional curvature where all the geodesics are of rank 1).
In fact, by a rigidity result of Ballmann [3] and Burns-Spatzier [7]
“most of” compact manifolds of nonpositive curvature are rank 1. By
a regular vector (resp regular geodesic) we will mean a rank 1 vector
(resp a geodesic defined by a rank 1 vector). A geodesic is called
hyperbolic if it is regular, extending thus the notion of hyperbolicity
to rank 1 manifolds. Let R,., be the open subset of T'M of regular
vectors. It is dense in T'M if M is of finite volume [4]. Let v be the
Knieper’s measure of maximal entropy of the geodesic flow of the rank
1 maniflod M. We have v(R,¢;) = 1 and the complement S;,; of R4
is an invariant closed subset of the unit tangent bundle. The growth
of closed geodesics in the “singular part” S;,, can be exponential [10]
as well as subexponential [12]. In this paper we concentrate on the
regular set, but it will be interesting to investigate the S;,,-part.

Two elements «,3 € I' are equivalent if and only if there exists
n,m € Z and v € T such that o™ = v3™y~!. Denote by [I'] the set of
equivalence classes of elements in I'. Classes in [I'] are represented by
elements in I' which have a least period (primitive elements):

[a] = {vag'y ! 1 ap €T, ag primitive, v € T'}.

Let x, be the point in X such that d(z,, az,) = inf,ex d(p, ap) (M is
compact). The axis trougth =, and az, projects onto a closed geodesic
in M with prime period d(x,, az,) = l(ag). We set [([a]) := l(ap), i.e

l(la]) = min{l(7) : v € [a]} = l(a).

We will denote by I'y,,, C I' the subset of those elements with hyperbolic
axis. Then [I',,,] is the set of conjugacy classes representing geometri-
cally distinct hyperbolic closed geodesics. Finally given a function f on
T'M the notation f[a] [, [a] € [Typl, stands for the integral of f along

the unique closed geodesic representing the class [a]. If this geodesic
is given by ¢svj01,0 < s < I([a]) for some vy, € T'M, then,

I([a])
/[a]f 12/0 f(@svpa)ds = 0101 (f)-

Given a continuous function f on T M, let p; := ,u{ be the flow invari-
ant probability measures supported on a finite number of hyperbolic
closed geodesics defined on continuous functions w by,

Z([a]erhyp;z([a])gt) elo f(s[a] (w)

H’t(w) = efaf

Z([a]eel“hyp:l([a])gt)
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Here is the main result of the paper.

Theorem 1. Let M = X/T" be a compact rank 1 manifold equipped
with a C* Riemannian metric and f € Cr(T*M). Then

(1)
lim 1log Z el = P(f).

t—+oo ¢
[a]€[Tnypll([a])<t

(2) The accumulation points of {u} with respect to the topology of
weak convergence of measures, are equilibrium states of the ge-
odesic flow corresponding to the potential f. Moreover, for any
open neighborhood V' in P(T M) of the subset of equilibrium
states Pe(p) we have,

lim EZQMGPM@KMDSL5MEV)@gf

t—-+o0

—1
o )
2 ([a]€€T ypii(al)<t) el

where the convergence is exponential.

In the part (2) of Theorem 1, the condition C'*° on the metric is
necessary since we need the upper-semicontinuity of the entropy map
[17].

Let d be the distance on T*M induced by the Riemannian metric of
M. Consider the metric d; on T*M, defined for all ¢t > 0 by

i{u,v) 1= sup d(6"(w), 6" (v).

Following [5] we denote by P(t,¢) the maximal number of regular vec-
tors v € T'M which are e-separated in the metric d;, and for which
¢"v = v for some t(v) € [t,t+¢€]. Let E(t,€) be the set defined above
with #E(t,e) = P(t,€).

The following is the Lemma 5.6 from [5] for rank 1 manifolds and
continuous potentials (see Lemma 1 (5) below).

Proposition 1. Set [ [ := fol(cv)f(Qﬁt(v))dt, where ¢, is the closed
geodesic defined by v € E(t,€) and l(c,) is the period of v. Then,

1 1
lig o Flog D e/ =liglimsuplog ) e’ =P(f)
vEE(t,€) vEE(t,€)

2. PROOFS

2.1. Topological pressure. We recall the notion of topological pres-
sure [21]. Let ¢ > 0 and € > 0. A subset E C T'M is a (¢, €)-separated
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if di(u,v) > € for u#v € E. Set

r(fitie) ==sup eJo 1(6:(0))dt
E e

where sup is over all (¢, €)-separated subsets E; and

1

r(f;€) := limsup n logr(f;t,e).
t—o0

Then the topological pressure of the geodesic flow corresponding to the

potential de f is the number,

(1) P(f) = limr(f;e).

e—0

The topological entropy Ay, is hi,y = P(0). We denote by P(T'M)
the set of all probability mesures on 7'M with the weak topology of
mesures, and let P(¢) be the subset of invariant probability mesures
of the flow. The entropy of a probability measure m is denoted h(pu)
[21]. All these objects satisfy the following variational principle [21]

@) PU) = s (h(u) +f fdu> |

REP(¢

An equilibrium state py satisfies,

(3) h(ps) + fdpy = P(f).

M
When the Riemannian metric of the manifold M is C'*° then by a result
of Newhouse [17] the entropy map m — h(m) is upper semicontinuous
and then hy,, < co. Consequently, the set P.(f) of equilibrium states
is a non empty closed and convex subset of P(¢).

2.2. Proof of Theorem 1 (1). Let v be the Knieper’s measure. Let
N(t,e,1—0,v) be the minimal number of e-balls in the metric d; which
cover a set of measure at least 1 — §. Since v is the unique measure of
maximal entropy, we can apply Lemma 5.6 in [5] to this measure.

Lemma 1 ([5]). There exists 6 > 0 such that for all e > 0, there exists
t1 > 0 such that

(4) P<t7€)ZN(t7€71_57V)
for any t > ti. In particular, we have
In P(t In P(t
(5) tim Tim inf 2 g i sup ) hiop-

e—0 t—-+oo e—0 ¢+ 1o
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We fix € > 0. Recall that E(t,¢€) is the maximal set defined above
with #E(t,€) = P(t,e). From Lemma 1 (4), if N(¢,e,1 — 6, v) is the
minimal number of e-balls By(v;, €) in the metric d;, which cover the
whole space T M, then P(t,e) = N(t,¢,1—6,v) for t sufficiently large
(since each e-ball B;(v;, €) contains a unique point from E(t,¢)).

Now, it suffices to prove Theorem 1 (1) for Lipschitz functions f.
Suppose then f Lipschitz and let lip(f) be it’s Lipschitz constant.
Consider a (2¢,t)-separated set Ey in T'M. Thus, two distinct vec-
tors in FE; lies in two distinct e-balls above, so that #F; < P(t,¢).
For each 6 € E;, we associate the unique point vy € E(t,€) such that
di(0,v9) < e. Let 1y the regular closed geodesic corresponding to the
regular periodic vector vy (79(0) = wvy), with period I(7p) € [t,t + €,
and |7y the corresponding free homotopy class. There exists a constant
C > lip(f) such that,

Z efo 0))ds

0€E,

< el > oJé Fn(ss
[To]: O€En, t<l(1g)<t+e
l(T
< eCet Z ef (1(s))ds

[]: t<i(T)<t+e

< Ot Z ef”” f(r(s))ds

[7]: I(r)<t+1

where the sum is over all the hyperbolic closed geodesics which repre-
sent different free homotopy classes and prescribed lengh. Thus for all
€ < €y we obtain that

P(f§2€) = hmsup logsup (Z efo (¢s(0))d )

=00 Ev \ger,

IN

- 1 Sy I
Ce + limsup n log Z e’le]

freo [0]€[Thyp)id([a]) <t

We let € — 0 gives,

P(f) = hn%P(f 2¢)
1
< limsup -lo ef[an
B t—>oop g Z

[ €T hypl:U[a]) <t
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To show the reverse inequality, limsup < P(f), it suffices to observe
that the set of hyperbolic closed geodesics with length < ¢ and which
represent different free homotopy classes, is e-separated for all ¢ <

We will show now that the lim inf is bounded below by the pressure.
For this we use the following result [18].

Theorem 2 (G P Paternain [18]). Let M be a closed connected Rie-
mannian manifold. If the metric of M is of class C* and does not have
conjugate points, then for any 6 > 0 we have,

1 (’Yzy) .
P(f) = hm ; ]-Og/]w . E ef(f f('yxy(t)vwxy(t))dt dxdy
X

t—o00
Yoy t—0<l(Yay )<t

For each § > 0 and (x,y) € M x M we consider the subset of T M
defined by,

Epy = {y(0) £ = 5 < I(3,) < 1},

It is finite for almost all (z,y) € M x M [?]. As consequence of the
nonpositive curvature, the rank 1 manifold M has no conjugate points.
Thus, there exists a constant €y, depending only on M, such that £,
is (2¢,t)-separated for € < €. To see this, it suffices to lift every thing
to the universal cover of M and use ([18] p135) and ([11] p375). Thus,
the preceeding arguments applied to £ = E,, give,

1 t o
lim inf—log/ eJo 1°ONds | qady
t t MxM Z

- 0€ B,
< liminfllo Z ef[a]f
= ; g
[a]€T yp:l([a]) <t

But by Theorem 2, the left hand side of this inequality is a limit and
is equal to P(f), which completes the proof.

Remark (question) 1. Find a proof which did not appeal to Pater-
nain’s formula in Theorem 2 !

2.3. Proof of Proposition 2.

Proof. The proof of Proposition 2 follows from the above arguments.
O
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2.4. Proof of Theorem 1 (2). Consider the following functional which
measures the “distance” of an invariant measure m to the set of equi-

librium states,
ptm) = P1) = () + [ sam)

Set p(E) :=1inf(p(m) : m € E) for E C P(¢) and,
[Chyp)(t) := {la] € [Tayy] : 1([a]) <t}

Lemma 2. Let M be a compact smooth rank 1 manifold and f a con-
tinuous potential on T'M. Then, for any closed subset K of P(¢p) we
have,

I
2 (o€ [Thyp] (O ) €

lim sup — log —p(K).

t——4o00 ef[a] f

[a]€[Thyp(t)

We leave the proof of this lemma for later and finish the proof of
Theorem 1. First, let V' be an open neighborhood of P.(f) and set
K =P(¢)\V. The set K is compact and p(K) > 0. For ¢ sufficiently
large we have by Lemma 3,

fa !
2 (ol €Ty (0251 V) €

7
2 al€Mnypl®) efia

This proves the second assertion in part (2) of the Theorem 1.

1>

>1— e tr(K)

2.4.1. Accumulation measures of p;. The proof of the fact that the
accumulation measures of y; are in P.(¢) follows [1].

We endow P(T' M) with a distance d compatible with the weak star
topology: take a countable base {gi,gq, -} of the separable space
Cr(T'M), where ||gx|| = 1 for all k, and set:

222_}C /gkdm—/gkdm".
k=1

Let V' C P(¢) be a convex open neighborhood of P.(f) and € > 0.
We consider a finite open cover (B;(€));<n of P.(f) by balls of diameter
¢ all contained in V. Decompose the set U := UN, B;(¢) as follows,

N/

where the sets US are disjoints (not necessarily open ) and contained
in one of the balls (B;(€));<n. We have

P(fycUCV.
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We fix in each U5 an invariant probability measure m;, j < N', and let
mp be an invariant probability measure distinct from the above ones;
for example take my € V\U. Set for convenience,

(6) (B) = ZIL 0D ff P
2 falelThyple) €
and define,
v
(7) B =Y n(USm; + (1 = v (U))m.
j=1

We have Zjvz/l v (Us) = v4(U). The probability measure 3; lies in V/
since it is a convex combination of elements in the convex set V. Thus
d(ﬂta V) < d(ﬂt;ﬁt)-

We are going to show that
d(pe, Br) < evy(U) + 3v,(U°),
where U¢ = P(SM)\U.
Consider the measures ji; on SM defined by,

a1
Z([O‘]G[thp](t):é[a]e\/) e O[a]

Hev =
) o f
S falelTaml €

By definition of y; and p; v and the fact that U C V,
> 27 mlgr) = pev (gi)| < v (U).
k>1
It remains to show that
D 27 v (g) = Bilge)| < en(U) + i (U°).
k>1
We have for all £ > 1,
ey (gr) — Be(gr)| < A+ B+ C

where,

N/
2 =1 2 fal €Ty (1) 610 €US el 71611 (g1) — m; (91|

A=

Y

7
S el €1

B Z[a]e[rhyp](t):a[a]evw ef[a] f(;[a] (gk)

?

S laellneln €
C = (1 —=w(U))mo(gr)|
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Thus, since we have for all £ > 1, ||gx|| = 1, by definition of v; we get,

Z 27| v (gx) — Bilgr)|

< ZVt )+ (U + (1 — v (U))

= EVt(U) + v, (U°).
Finally we have obtained that

d(ﬂ,t, ﬁt) S EVt(U) + Vt(Uc).
This implies the desired inequality,

d(pe, V) < evy(U) + 314, (U°).

The set U° is closed, so we have lim;_, 14(U) = 1. Since € is arbitrary,
we conclude that limsup, . d(u,V) = 0. The neighborhood V' of
P.(f) being arbitrary, this implies that all limit measures of y; are
contained in P.(f). In particular, if P.(f) is reduced to one measure
1, this shows that u,; converges to pu.

2.5. Proof of Lemma 3. We follow [19]. The functional p is lower
semicontinuous (since h is upper semicontinuous) and p > 0. Set for
any continuous function w on T M,

(8) Qr(w) = P(f +w) = P(f).
The fact that ()¢ is a convex and continuous is a consequence of the
same properties for P. Using the variational principle, it is not difficult

to see that
Qf(w) = sup (/wdu - p(u)) :
HEP()

By duality we have for any invariant probabilit measure m,

p(m) = sgp (/ wdm — Qf(w)) :

With the notations introduced above, we have to prove that

1
lim sup n log i (K) < —p(K).

t——+o0

Let € > 0. There exists a finite number of continuous functions wy, - - - , wy
such that K C Uﬁlei, where

K, ={m e P(¢): /widm — Q(w;) > p(K) — €}
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We have 1,(K) < S'_, v(K;) where

S I
2 (jaleTnyplO:daleks) €

v (K;) =

L
> eyl €

Z ef[a] f

[ €[ hypl(£):0(a) €K
< 3 oJia) £ LoD widBa)~Q(wi)— (p(K)—))
[ €L hyp](t):6a) €K
Set C:= ), sup(l, e~ (=QWi)=(p(K)=9))  Thus, by taking into account
the sign of ~Q(w:) — (p(K) — ©),

Z ef[a] f

aE[F}Lyp](t):(S[Q]EKZ‘

Then,

< 3 e (£ 1[0 (~ Q) ~(p(K) ~))
[0]€[Phyp](0):670 €K
< CetQEI~(p)=e) ) ol (F)

[ €L nyp](£):0]0) €K

For ¢ sufficiently large, it follows from Theorem 1 (1),
n(K) < Cz P(f+wi)te) o —t(P(f) =€) t(=Qwi) = (p(K)—e)

= C’le K)+3e)
Take the logarithme, divide by ¢ and take the lim sup,

1
lim sup 7 log i (K) < —p(K) + 3e.

t—o00

€ being arbitrary, this proves Lemma 3.
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