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UPPER BOUNDS FOR THE FIRST EIGENVALUE OF THE
LAPLACIAN OF HYPERSURFACES IN TERMS OF
ANISOTROPIC MEAN CURVATURES

JULIEN ROTH

Université Paris-Est, LAMA (UMR 8050), UPEMLV, UPEC, CNRS,
F-77454, Marne-la-Vallée, France

julien.roth@univ-mlv.fr

ABSTRACT. We prove upper bounds for the first eigenvalue of the Laplacian of
hypersurfaces of Euclidean space involving anisotropic mean curvatures. Then,
we study the equality case and its stability.

1. INTRODUCTION

Let (M™, g) be a n-dimensional (n > 2) compact, connected, oriented
manifold without boundary, isometrically immersed by X into the (n + 1)-
dimensional Euclidean space R"*!. The spectrum of Laplacian of (M, g) is
a increasing sequence of real numbers

0=X(M) <A\(M)<X(M) < < (M) < — +oo.

The eigenvalue 0 (corresponding to constant functions) is simple and A; (M)
is the first positive eigenvalue. In [I5], Reilly proved the following well-
known upper bound for \; (M)

n 2
(1) A (M) < VO /MH dvg,

where H is the mean curvature of the immersion. He also proved an anal-
ogous inequality involving the higher order mean curvatures. Namely, for
re{l,---,n}

(2) A (M) < /M HTldvg>2 < V(M) /M HZdv,,

where Hy, is the k-th mean curvature, defined by the k-th symmetric polyno-
mial of the principal curvatures. Moreover, Reilly studied the equality cases
and proved that equality in as in is attained if and only if X (M) is
a geodesic sphere.
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2 JULIEN ROTH

On the other hand, over the past years, many authors considered geomet-
ric problems involving anisotropic mean curvature and higher order mean
curvatures (see [4, [5, (10, T3] for instance). The setting is the following.
Let F': S® — Ry be a smooth function satisfying the following convexity
assumption

(3) Ap = (VdF + F1d |ngn)x > 0,

for all z € S", where VdF is the Hessian of F. Here, > 0 mean positive
definite in the sense of quadratic forms. Now, we consider the following map

¢: S — ROH
r +—— F(z)r + (gradjgn F),

The image Wr = ¢(S") is called the Wulff shape of F' and is a smooth
hypersurface of R**!. Moreover, from the so-called convexity condition ({3]),
Wr is convex. Note that if F' is a positive constant ¢, the Wulff shape is
nothing else but the sphere of radius c.

Now, let (M™, g) be a n-dimensional compact, connected, oriented mani-
fold without boundary, isometrically immersed by X into R"*!. We denote
by v a normal unit vector field globally defined on M, that is, we have
v: M — S". We set Sp = Ap odv, where Ap is defined by . The
operator Sg is called the F-Weingarten operator and its eigenvalues are the
anisotropic principal curvature that we will denote k1, k2, - , ky,. Finally,
for r € {1,--- ,n}, the r-th anisotropic mean curvature is defined by

1
Hf:? Z Rip = R,

r
N o< <iy

We also set H{ = 1 for convenience. Note that if F' = 1 then this is the
definition of the classical r-th mean curvature.

During the past years, lots of classical results have by been generalized
to the anisotropic case. For instance, in [6], He, Li, Ma and Ge proved an
anisotropic version of the well-known Alexandrov theorem [I}, 12]. Namely,
they proved that a compact manifold without boundary M™ embedded into
R™+! with constant anisotropic r-th mean curvature is the Wulff shape.
Many other characterizations of the Wulff shape have been proved (see [4,
5, [13] for instance.

The aim of the present paper is to give an analogue to Reilly’s Inequalities
and in this anisotropic setting. We prove the following anisotropic
version of these upper bounds:

Theorem 1. Let (M",g) be a n-dimensional (n > 2) compact, connected,
oriented manifold without boundary, isometrically immersed by X into R™+1,
re{l,---,n}, and F : S" — Ry a function satisfying ([3)). Then

A1 (M) </M F(u)Hf_ldvg>2 < nV(M)/ (HE)?dv,.

M
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Moreover, equality occurs if and only if X (M) is a geodesic hypersphere and
F' is constant.

Remark 1. One could expect that the equlity case was attained by the Wulff
shape but, as we will see in the proof, the use of coordinates as test functions
forces the limitting manifolds to be geodesic spheres. Nevertheless one could
expect to have a spectral characterization of the Wulff shape by studying an
other second order operator naturally associated with the functional J where
J(X) = [}, F(v)dvy (see [14] for instance). But this is not the subject of
the present paper.

Since we know that if equality holds, then X (M) is a geodesic hyper-
sphere, a natural question is to study the stability of this equality case, that
is, if the equality almost holds, is the hypersurface close to a geodesic hy-
persphere? And what do we understand by close 7 The following theorems,
generalizing results of [2] for » = 1, and [16] for any r, give an answer to
this question.

Theorem 2. Let (M",g) be a n-dimensional (n > 2) compact, connected,
ortented Riemannian manifold without boundary isometrically immersed by
X into R"™ and F : S* — Ry a function satisfying (3)). Letr € {1,--- ,n}
and assume that HY > 0 if r > 1. Then, for any p > 2 and for any € > 0,
there exists a constant C. depending on €, n, 7, ||F|loo, |[H||oos |[HT||co,
[|HE||2p and V(M) such that

2
(Po) M) ( /MF@)HL) CaVMPEEIR, > ~CaV (M)

is satisfied, then dy (X(M),S(po, \ //\ﬂl)) <e.

Remark 2. We will see in the proof that Cc — 0 when ||H||cc —> 00 or
e — 0.

Theorem 3. Let (M",g) be a n-dimensional (n > 2) compact, connected,
oriented Riemannian manifold without boundary isometrically immersed by
X into R™ and pg the center of mass of M. Let F : S® — R a function
satisfying and r € {1,--- ,n} and assume that H. > 0 if r > 1. Then
for any p > 2, there exists a constant K depending onn, v, ||F|lso, ||H ||co,
|1Bl|oo, [|HE ||2p and V(M) such that if the pinching condition

2
P o0 ([ FOBEL) - aVOn2EE B, > KV

is satisfied, then M is diffeomorphic to S™.
More precisely, there exists a diffeomorphism G from M into the sphere

S"( W of radius W which is a quasi-isometry. Namely, for

any 6 €0, 1], there exists a constant Ky depending only on 6, n, v, ||F||co,
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| HY |00, [|Blloo, [|HE ||2p and V(M) so that the pinching condition with Ky
implies

|G (w)]* = 1] <9,

for any unitary vector u € T, M.

Remark 3. We use the followimg convention for the LP-norms. For any
function continuous f on M,

(fM |f’pdvg)1/p.

HFHp: V(M)l/p

Remark 4. As, we will see in the proof (see Lemma@) the dependence on
||Bllso can be replaced by a dependence weaker dependence, namely, on q,
[H|loo and [|B|lq-

2. PRELIMINARIES

In this section, we will give some basic recalls about anisotropic higher
order mean curvatures.

Let (M™, g) be a compact, connected, oriented Riemannian manifold with-
out boundary isometrically immersed into R"*! by X and denote by v a
normal unit vector field. Let pg € R"1. We denote by 7(x) = d(po, z) the
geodesic distance between pg to  in R"*!. We denote by V (resp. V) the
gradient associated with (M, g) (resp. R"H1).

Then, up to a possible translation, X = rVr is the position vector field
and XT = X— < X,v > v its projection on the tangent bundle of X (M).
Obviously, we have X7 = rVr.

The second fundamental form B of the immersion is defined by

B(X,Y)=(Vxu,Y),

where < -,- > and V are respectively the Riemannian metric and the Rie-
mannian connection of R"*!. We also denote by S the Weingarten operator,
which is the associated (1, 1)-tensor. The mean curvature of the immersion
is given by

1
H = —tr(B).
—tr(B)

Let Sp = ApoS, where Ap = VdF + FId |1, sn. The operator Sr is called
the F-Weingarten operator and its eigenvalues k1, - - - , kK, are the anisotropic
principal curvatures Now let us recall the definition of the anisotropic high
order mean curvature HTF . First, we consider an orthonormal frame {e1,--- ,e,}
of T,M. For all k € {1,--- ,n}, the r-th anisotropic mean curvature of the
immersion is

—1 . .
F_ n 111 F F
H’"_(T> . Z €<j1-.-jr)8i1j1...SiTjr’
1<117"'7/LT<n
1<j17"'7j1”<n
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where the 5 are the coefficients of the F'~-Weingarten operator. The symbols

€ < ;.1 ; .‘er ) are the usual permutation symbols which are zero if the sets
s

{i1,-+ ,ir} and {j1,---,jr} are different or if there exist distinct p and

q with 7, = i,. For all other cases, € ( ;.1 o > is the signature of the
1

“Jr

permutation < ;1 ' ;: ) By convention, we set H{" =1 et HE | = 0.
For r € {1,--- ,n}, the symmetric (1, 1)-tensor associated to HI is
1 G-
F_ 1 r F F % *
=1 ) €<j1...jr>5i1j1"‘5irjr€i®ej-
1<%, ,5, <N
1<jji,dr S

This tensor is divergence free, symmetric (1, 1)-tensor (see [4] for a proof).
For any symmetric (1, 1)-tensor, we define the following function

n
(4) Hp(z) =Y < SFe;, Te; >,
i=1
where {ej,...,e,} is an orthonormal frame of T, M. Then, we have the

following relations

Lemma 1. [[4]] Forr € {1,--- ,n}, we have:
(1) tr () = m(r)H,
(2) Hyp = m(r)HF,,,

where m(r) = (n —r) < : ) and Hr, is given by .

We give these integral forumlas proved by He and Li in [4] and which
generalized the classical Hsiung-Minkowski formula [9]

(5) / (Fwv)H , + Hf < X,v>)dv, =0,
M

for any r € {1---,n} with the convention that H! = 1. These powerful
formulas play a crucial role in all the rigidity results involving anisotropic
r-th mean curvatures (see [4, 5 [I3] for instance) and we will also make an
important use of them in this work.

An other classical but important fact about the anisotropic r-th mean
curvatures is the following fact. If for r € {1--- ,n}, H} is positive every-
where, then for each k € {1--- ,r — 1}, T,fll is postive definite and H,f is
also a positive function. Moreover, we have

(6) (HF )t < (HE )77 <. < (Hf)2 < HT.

This can also be found in [4].
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3. UPPER BOUNDS FOR THE FIRST EIGENVALUE OF THE LAPLACIAN

Now, we have all the ingredients to prove Theorem

Proof of Theorem First, if necessary, we make a translation so that

X(M) is centered at the origin of R™™!, that is [,, X'dvy, = 0 for all
i€ {l,---,n+ 1}, where X; are the functions defined by X = Z?Ill X;0;,
where {01, - ,0n11} is the canonical frame of R"*!. In other words, the
functions X; are the coordinates functions and can be used as test functions
in the variational characterization of \j(M). So for any i € {1,--- ,n + 1},

we have
A (M) / (X")%dv, < / |dX?|?dv,,
M M

Form this and using and Cauchy-Schwarz inequality, we get

A1 (M) (/M F(V)Hfldvg>2 < M(M) (/M H < X,v> dvg>2

< M(M) ( /M(Hf)%g) ( /M |X]2dvg>
< ( /M(H,F )2dvg> (z: /MdX"Pdvg)

< V(M) /M(Hf)Qdug.

This concludes the proof of the inequality. Now, if equlity occurs, then the
coordinate functions are eigenfunctions of the Laplacian and by the classical

result of Takahasi [I8], X (M) is a geodesic hypersphere <of radius %)

and in particular, we have that X = —, /%1/. We also have equality in

the Cauchy-Schwarz inequality, which implies that H and < X,v > are
colinear, that is, HI is constant. We conclude by a result of He and Li
([4], Theorem 1.2) that since HY is constant and < X,v > has fixed sign,
then X (M) is the Wulff shape. But X (M) is a geodesic sphere, the only
possibility is that F' a positive constant. Precisely, F' is the radius of this

sphere, that is, , /)\ll.
Conversly, if X(M) is a geodesic sphere and F' is constant, then, the

inequality of Theorem [I] is just the classical Reilly inequality which is an
equality since X (M) is a geodesic sphere. O

Corollary 1. Let (M™,g) be a n-dimensional (n > 2) compact, connected,
oriented manifold without boundary, isometrically immersed by X into R"+1,
F : S™ — Ry a function satisfying and r € {2,---,n}. If HE is a



positive constante, then

2
p

(fMF(V)d”g)Q T

Moreover, equality occurs if and only if X (M) is a geodesic hypersphere and
F' is constant.

A(M) <

r—1

Proof: Since HF is positive, we have (HI) ™
positive function, we have

/M F()HE (dv, > /M F(v)(HI)

> (HF) & /M F(v)d,.

> Hf_l and since I is a

r—1
m dug

We conclude by using the estimate of Theorem I and again, the fact that
HF is constant. Equality holds, if and only if, we have equality in Theorem
that is, if and only if X (M) is a geodesic hypersphere and F' is constant.[]

Corollary 2. Let (M™,g) be a n-dimensional (n > 2) compact, connected,
oriented manifold without boundary, isometrically immersed by X into R"+1,
F . S" — Ry a function satisfying and r € {2,---,n}. If H is a
positive constante, then for any k € {2,--- ,r — 1}

nV(M)?* 2
oy Fyny? 2"

Moreover, equality occurs if and only if X (M) is a geodesic hypersphere and
F=1.

A1(M) <

Proof: The proof is immediate from Corollary Since H! is a positive
constant, we have

nV(M)? F\2
s (fMF(V)dUg)Q(HT)
= nV(M)” 1nf(HF)%
(fMF(V)dUg T
nV(M)? 2
S U Py WO

since for k € {2,--- ,r — 1}, we have (Hf)% < (H,f)% Equality case is the
same as for Corollary |1} namely if and only if X (M) is a geodesic hyper-
sphere and F' is constant. O
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4. STABILITY OF EQUALITY CASE

Now, we will study the stability of the equality case of Theorem [I, and
hence proved Theorem [2] and

4.1. An L?-approach to the problem. First, we will show that the pinch-
ing condition (P¢) implies a proximity between X (M) and a geodesic hy-
persphere in an L?-sense. We have this first lemma.

Lemma 2. If the pinching condition (Pc) is satisfied for C < %HHfH%p,
then

nAp( F dv 1
1(M) [y, F(v)H]dvy) S <IIXI3 < " (”M) < Ay,
[CV( )2+ (M (fM (v)HE dvy) } !

where Ay is a positive constant depending only onn, 7, ||F||so, ||HY ||co and
1 |2

Proof: 1If (Pc) is satisfied, we have:
2
w0 ([ P i) > allfE BV 017 - oV,
M
If, in addition, we assume that C' < Z||H['[|3,, we get

2
n
) ([ F@)Hdn,) > IV

and so

2 2(r—1)
- n_ 2([y F@)Hradvg)® _ 2||HT|

M) HEB VM) T HEE,

Moreover, by the variational characterization of A\ (M), we have

n+1
/ xp< [ (Z dXi!2> — V().
)\1(M) and by (|7 ,

1X13 < Ax,

where A; depends on 1,7, || F||oo, ||H ||so and ||HL||2p. For the left hand
side, we have

M) (/M|X|2dvg> (/MF(V)Hf_ldug>4 < </ F(v)HE 1dvg>
< < / HI (X y)dvg>
< n(/M(Hf)deg> </MX\2dvg>2.

[ oo-

So we have || X||3 <




Then, by the Holder inequality, we deduce

won ([ F(v)Hr_ldvg)4 <nllf 1B, ([ 1xPas,).

and with the pinching condition,
4
nAy (M dv
HXH%> (fM l 9) 5.
[CV( 2+ M(M (fM Hr 1d”g) }

Then, we have the following lemma for the L?-norm of X7
Lemma 3. The pinching condition (Pc) with C' < %HHfH%p implies
X713 < A€,

where As is a positive constant depending only onn, 7, ||F||so, ||HF ||oo and
1H ] 2p-

Proof: We saw that
M) [ pxias, < v
M

so by the Hsiung-Minkowski formula and the Cauchy-Schwarz inequality

M) /M | X|2dv, ( /M F(V)Hf_ldvg)z < nV(M) < /M F(V)Hf—ldvg>2
< nV(M) < /MHf (X,v) dvg>2

IHFIBVOD? [ (X2,
M
LBV [ (X0,

N

N

Then we deduce

2
IELBIXTIBYOD = nllFFIE, [ (1XP = (X.0)?) duy

[t (] o) ]

A1 (M) 2
n|[HF|[5,V(M) - V() </M F(V)Hfldvg> ] X3
< Ol X|3V(M) < ACV(M).

N

F
nl| 213,

N

Finally, we get
A C

1XH3 <
- nl|HE,

— AyC,
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where Aj is a positive constant depending only on n, 7, ||F||sc, ||H* ||cc and
1H2p- O

To prove Theorem [2] we need to show that the norm of the position vector
|| X]| is close to srtan- For this, we will consider the following function

)

We will show that under the pinchng condition, this function is close to 0.
Before getting such an estimate, we introduce the two following vector fields:

Y =nHEv+ M (M) ([, F(v)HE dvg) X,

7 | X |Y2HEV (M) N X
14 .
(fM Hf 1dvg) |X|1/2

Remark 5. Note that if F is a positive constant ¢ and X (M) a sphere of
radius c, then these two vector fields vanish identically on M.

We will prove that under the pinching condition, they are close to zero.
First, we have the following:

Lemma 4. The pinching condition (Pc) implies
IY]13 < nC
Proof: We have

Ivigvan = o [ i+ gl ([ rom; d) | xa,
;1((]\2\44)) ( /MF( 1dvg> / aE (X, v) dv,

2
w2\ HF |3,V () + n 220D ( / F(v)Hfldvg)

<
V(M)
AL (M) (/ F >2
—2n F(v)H,_dv
V(M) o ( ) 1%%g
AL(M) ?
< et Bvon - o8 ([ Fomt.)
< nCV(M),
where we used the Hsiung-Minkowski formula , and the fact that
X<

For the vector field Z, we have the following lemma.
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Lemma 5. Assume that p > 2. If the pinching condition (Pc) is satisfied,
with C < 5||HF|3,, then

12113 < AsC,
where Az is a positive constant depending only onn, v, ||F||so, ||H||co and
1H [ 2p-

Proof: We have
nV(M)?

M) ([ F(v)HZ 1dvg) /M

1Z13V(M) =

X[ (HF)2dg

Al(M)V( a
]X]dvg +2 H, (X,v)dv,
fM Hr 1d’Ug
n n
X|H?dv +/ X|dv, —2 V(M),
IO o [ X2+ [ (Xldo, 2, [5svn)

where we used (5| . Now, by the Cauchy-Schwarz inequality, we get

2 nV(M)? F\4 g, 2 20 2
1212V M) < (M) ([, F@)HE [ dvg)® (/M(H’”) I g) (/M X g)

1/2
v 2y [0 |
+ (/ 1 X |2d g> V(M2 —2 o )V(M)

From Lemmal we have || X||2 < xi(a7y» SO using this fact and the Hélder

inequality, we get

n n 1H]13,V(M)?
1Z][3V(M) < (M - 5 — 1| V(M)
1(M) ) (fM F(V)Hrqdvg)
3/2 M 2
(503 a2 - non ([ Foiat)
AL(M) n ([ Fw)HE dvg) M
< A3CV(M)7
where Az depends only on n, 7, ||F||s, ||HY||cc and ||HE||2p. Note that
ollHF 2(r—1)
we have used the fact that 17 < ||]HIL||] ||F||cc and the pinching
r 12p
condition (P¢). Finally, note that at this point, we have assumed that p > 2
when we used the Holder inequality. O

Lemma 6. The pinching condition (Pg) with C' < %HHfH%p implies
llellz < Agllol 354 CH2,

where Ay is a positive constant depending only onn, 7, ||F||so, ||HF ||oo and
1H2p-
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Proof: We have

1 1/2 2
lloll2 = W </M 903/2<p1/2d'”9> < H(’DHBMH‘PI/QHU .

Moreover,

1 1/2 1/2
— d = X=X —
V(M) /M90 Yo X M) X2
_ | X[/2v (M
B fM Hf 1dvg
< ‘*’j‘”‘“ U i
M r—1 Ug
By the Holder inequality, we get
| X2V (M) < 1 SIM2 |y
i Foar e < onTreEr XVl
)fM (V) r—1 ’Ug 1 1( )fM <V> r—1 v

Since we assume that the pinching condition (Pr) holds for C < %||H}F H%p,
we have

2
n
) ([ P, ) > IV

and then

1/2
|Xrl/2v< ) 201X |15 ¥l
F Y S 72
fM v)H,_ dvg n||Hy Hzp
_ AL/
= nl2|HE3,
where we used Lemmas[2 and 4] Finally, from this and Lemma[5] we obtain

10211/ < A0,

01/2

where Ay is a positive constant depending only on n, 7, ||F||so, ||H||sc and

1H [2p- O

4.2. Proof of Theorem [2| Now, we can use these L? estimates to get L™
estimates by iterating processes. First, we have this lemma for the norm of
the position vector X.

Lemma 7. We have || X||%, < T(n)V(M)||H||%||X||3, where T'(n) is a con-
stant depending only on n.

The proof of the lemma uses a Nirenberg-Moser type of proof (see [2],3])
based on a Sobolev inequality due to Michael-Simon and Hoffman-Spruck
(see [7], [8] and [11]).
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Proof: Let us put ¢ = |X|. An easy computation shows that |dp?®| <
200>~ 1. Hence, using the Sobolev inequality (see [7], [8] and [11])

(8) 1fll e < K)VM)n (ldf |1+ | Hf]1)
we get for any a > 1 and f = ¢>*
6138, < K(n)V(M)"20] [ H ||l ll9l1557]

Then putting 3 = "5 and a = a” 1

have

where a,11 = (a, +1)5 and ag = 2 we

“p+1

B 1 a
[Pllays < K()V(M)n (ap + 1| Hlloolldllocl e
1 a
S K(n)V(M)7 ap || Hl oo |6l ool Al a
Then by iterating we find

;gii 1 1/87 ZP
lolars < (KmVOD Ryl Hllxléle) ol
Li 1 f 1 8t
< (Hﬁ’o +) (K@VODHIHwlole) = 7 ol
Now since % converges to ag+n=n+2and Y .-, # = ﬁ =n, we get

2 2
[0l5 < T(n)V(M)||HI[S[¢]l2,
a
where I'(n) = [[;2, aﬁl is a constant depending only on 3, that is, only on
n. ([
Now, we can prove in the same way that under the pinching condition,
the L>-norm of the function ¢ is controlled.

Lemma 8. For p > 2 and any n > 0, there exists K, depending on n, r,
1F|loos |1H]]so HHFHQP and V(M) so that if (PKn) is true, then ||¢||so < 1.
Moreover, K, — 0 when ||H||oc — 00 or n — 0.

Proof: Let o > 1 then
ldp™| = 2"“2|61902|

2052

1 xtan | P a1

< 2“<|| oo + A(M>)

Proceeding as in the proof of Lemma [7] we find that |dp®¥| < aB@?*~2

2
where £ = 3 <||X!|Oo + /\1("M)> . It follows that

el < KV (0B + |ol%lIHllo) lel3073
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From this we deduce that

lel%an < K(m) VM) 0 |¢l3375
where E' = E + || X||oo (|| X||ool[H]|oo + 1)%. Now we put a,1 = (a, + 2)v
with v = 5 a9 = 1 and a = ap—2+2 Then noting that z—’; converges to
ao + 2n, the end of the proof is similar to that Lemma [7] and we find

llls® < K (n)V(M)(E) "¢l < K(n)V(M)(E)"[|¢]]2-

Now from Lemmal7] we have that E is a constant depending on n, r, || F||s,
||H||oo, ||[H||oo and ||HF||2,. Thus, this last inequality combined with
Lemma |§| allows us to conclude that under the pinching condition (P¢), we
have

lollo < (K (m)V(M)(E')" Ag) 55 O,

1 4
(wovanmra) *
l|€lloo < m. Moreover, from the expression of E’, we know that E’ tends to
+00 when ||H|| tends to +o00. Since the other factors of K, do not depend
on ||H||s, we get that K, tends to 0 when ||H||o tends to +o0o0. Obvioulsy,
we also have that K, tends to 0 when 7 tends to 0. ([

8n—+1

Now, we choose C' = K, = and we get

Now, we recall this geometric lemma proved by Colbois-Grosjean.

Lemma 9 ([2]). Let zg be a point of the sphere S(0, R) in R™ 1 with the
center at the origin and of radius R. Assume that xg = Re with e € S™. Now
let (M™,g) be a compact, connected, oriented n-diemsnional Riemannian
manifold without boundary isometrically mmersed in R" 1. If the image of

M is contained in (B(O, R+n)\ B(0, R—n)) \ B(zg, p) with p = 4(2n—1)n,
then there exists a point yo € M so that the mean curvature of M in yg
satisfies |H (yo)| > ﬁ.

With these last two lemmas, we are able to prove Theorem [I]| using the
last two lemmas. Let € > 0 and consider the function

We set

TSR {f< Al?M)_Ef)’f( M?M)H)’??H;IH%O}'

By definition, n(e) > 0, and by Lemma |8, there exists K, such that for
allz € M,

(9) FX]()) < n(e).
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Now to prove the theorem, it is sufficient to assume ¢ < W We will
show that either

n
—e < +£ or |X <
A (M \/>\1 X1 3V A ( )

By exammmg the function f, it is easy to see that f has a unique local
maximum at /W' Moreover, from the definition of n(e), we have

AU S <n>3/2 - (55
2HIE S 27 \ () s\ o)
Since we assume € < el I—?Hoo %\/7 we have
1 n
s <\
which with @D yields .

Now, from Lemma [0 we deduce that there exists a point yo € M such
that
nA1 (M) (for Hi 1)

5
(Koo + Aa(M) (fyy Hx-1)?)
Since K,¢) < %||Hk\|§p, the condition (P¢) implies

2 2
n
Ko < S1IHB, < M(M) (/ H“) <2 (M) (/ H,“) |
M M

We deduce that

(10)

X (yo)|* >

1 n
3 M (M)

[ X (yo)| =

Since M is connected, for any x € M,

(11) \/7—5\] \/7+s

Now, we assume that the pinching condition (Pg.) holds with C. =

K ( . ) Then is still valid.

N 1@n—1)

Let x = # eec S <O /\?M)> with e € S™ and assume that

B(z,e) N M = (. We can apply Lemma @ So, there exists a point yo € M
such that |H(yo)| > 221 > ||H||« since we assumed € < 3‘“3” < nIQIT;I\Iloo
This is a contradlctlon and so B(z,e) N M # (. This, in addition with

i implies that the Hausdorff distance between X (M) and the sphere
\/71 is smaller that e. Moreover, C. — 0 when ||H||oc — 00 or
e — 0. U
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4.3. Proof of Theorem [3l We will prove Theorem [3] For this, we will
use a part of Theorem [2) namely the fact the X (M) is close to the sphere
for the Hausdorff distance and in particular (11). Before that, we prove the
following lemma.

Lemma 10. Letp > 2 and ¢ > n.

We set A = max (HHHOO (M), || B, V(M 1/">. Then for any n > 0,
there exists K, depending onn, n, v, q, A, ||F||co, ||[H||co and [|HE |3, so
that if (Px,) is true, then || X7 || < 1.

Proof: We set £ = |XT| and we have |d¢?¥| = 2a£*72 (|Vr[? + 7 |d|Vr]]).
Now, let © € M, we will estimate |d|Vr|| at this point x. For this, let

{e1---,en} be an orthonormal frame of T, M. We have
1 _
AVl = ld< Vv >2?
<Vr,v>?

= e Z (e; < Vr,v >)?

i=1

774 14 2 " =1 :
_ <|Vv;n|2> (Z (Vdr(e;,v) + Ble;, VT)))

=1

2 LN
W <Z Vd’l”(ei,lj)Q + ‘B|2|v7"‘2>
i=1

N

n n+1
Now Zﬁdr(ei,u)g < ]ﬁdr\Q < Zﬁdr(ui,ui) where (u;)1<i<nt1 1S an
i=1 i=1
orthonormal basis which diagonalizes Vdr. From the comparison theorems
(see for instance [I7] p. 153) we deduce that

n+1 n+1 n
E Vdr( uz,uZ < 7’2 E |u; — (u;, Vr) VT]Z -l

Then, we have
2n

d < -
V|| TQ’VTP

+2|BJ?.

Therefore, we have

de?Y| < 2a€2*710(n) <1+W’+T‘B’)
< 20e20710(n) <|v2 ‘ +r|B])
< 20821 C(n)||X ]l @ n |B|>
(12) < 2022 20(m)||X e (2 + 1]l B))
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Now, assume that o > 1 and apply the Sobolev inequality . ) to the function
€22 We have

635 < K (m)V(M)?ldg** |1 + || HE]

< K(n)V(M)l/”{2060(“)!!)(\\0&!5\ Gang (2 + 1 X ||| Bll)

qg—1

+||H|roo|X|rior|sH%3§],

where we used and the Holder inequality.
Now, we have that max (HHHOOV(M)U", HBHqV(M)l/”> = A. Since & =
|XT| < |X]|, and using the fact that || X||% || H||%, > 1, we get

€12 < K'()aAAIXTIE ]Il G

q—1

where K'(n) is a constant depending only on n. We use an iteration process

comparable to those of Lemmas |7] and by setting 5 = (nq 1;;, ap = 2 and

apt1 = apfs + nzf to get

ap+1 p+1 4 =
+1 : (o
[1€]lana <H a; > (K" (n)Al|X][%) (=) 1110

Since % 5,7 — ag —|— 1 when p goes to infinity, we get

(13) €]lso < C(n,q) (AlIX|1%) T Hél\””,
with v = -=L.. Moreover, from Lemmas |2 andl we know that
(14) 1 Xloo < T(n)A"?|| X2 < T(n) A1A™?,

where A is a positive constant depending on n, || F||so, ||H ||oo and || HE||2p.
Combing (13), and Lemma 3, we get that if (Px) holds, then

[€lloo = [|X oo < A5C,

where As is a positive constant depending on n, g, A, ||F||so, ||H||co and
+v
||HE||2p. Now, let n > 0, we set K, = (Al) and if (Pg,) holds, then

|| X7||o < 1. By construction, K, depends on 7, n, q, A, [|F||so, || HF|| oo
and ||H'||2,. This achieves the proof. O

Now, we will prove Theorem Let € < %1 [ BT, B\Iq % /s—tar- This choice

of ¢ implies that if the pinching condition (Pc.) is true then | X| never
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vanishes, and so we can consider the following map

/[ n X
X — 7)\1(1\/[) m

Without any pinching condition, a straightforward computation yields to

(15)  |ldGu(wl? - 1| < ‘MM)XP -

for any unitary vector u € T, M. But,

n 1 n 1 2
b X)2,
‘ non e

\ ooy X _ 2\/xon te

n
—|x P

n 1_)_1
MM X[ X

(M)

SRR ’
( >\1(nM)€>

We recall that £ < A < ||B|2. Since we assume & < i the right

n
[1Bllq’
hand side is bounded by a constant o depending only on n, 7, q, A, ||F||s,
||HY|| and ||HF||2p. So we have

n 1
A (M) [ X2
Moreover, let n > 0, since C. —> 0 when ¢ — 0, there exists ¢ so that
C. < K, (where K, is the constant of Lemma(10) and so, ||X7||s < 7. Note
that ¢ depends on n, 7, ¢, A, ||F||oo, ||H ||oo, [|HE ||2p and 7. As before,
there exists a constant § depending also on n, 7, ¢, A, ||F||sc, ||HY||sc and
||[HF||2p such that
n 1

n 1 2 T2 2
P X0 1 xT2 < 2
nonixp X s sap X ke <

Then, from , and , we deduce that (P, ) implies
‘|de(u)|2 - 1‘ < o+ 1.

(16)

< €o.

(17)

We fix § € (0,1) and we take n = \/%. We can assume that ¢ is small

enough to have eo < g. Finally, we have proved that for any 6 € (0,1),

there exists ¢ > 0 depending on n, 7, ¢, A, ||F||oo, ||H||cos [|[HE ||2p and 6
such that

4G (w)* ~ 1] <.

Hence, G is 6-quasi-isometry. In particular, G is a local diffeomorphism

from M into S <0, . //\1(”M)> Since S (O, /\1(”M)> is simply connected for

n > 2, the map G is a global diffeomorphism. Theorem [3| is proved, since
the dependence on A can be replaced by a dependence on ||H ||, ||Bl|q and
V(M), or as stated in Theorem [3| by ||B]| and V(M). O



1
2
3
[4
[5
[6
(7]
(8]

(9]
[10]

(11]
(12]
(13]

[14]
(15]

[16]

[17)
(18]

19

REFERENCES

A.D. Alexandrov, A characteristic property of spheres, Ann. Mat. Pura Appl., 58 (1962),
303-315.

B. Colbois and J.F. Grosjean, A pinching theorem for the first eigenvalue of the Laplacian
on hypersurfaces of the Euclidean space, Comment. Math. Helv. 82 (2007), 175-195.

J.F. Grosjean and J. Roth, Figenvalue pinching and application to the stability and the almost
umbilicity of hypersurfaces, Math. Z. 271 (2012), no. 1, 469-488.

Y. He and H. Li, Integral formula of Minkowski type and new characterization of the Wulff
Shape, Acta Math. Sin. 24 (2008), no. 3, 697-704.

Y. He and H. Li, A new wvariational characterization of the Wulff shape, Diff. Geom. Appl.,
26 (2008), no. 4, 377-390.

Y. He, H. Li, H. Ma, J. Ge, Compact embedded hypersurfaces with constant higher order
anisotropic mean curvatures, Indiana Univ. Math. J. 58 (2009), no. 2, 853-868.

D. Hoffman and D. Spruck, Sobolev and isoperimetric inequalities for Riemannian subman-
ifolds, Comm. Pure Appl. Math. 27 (1974), 715-727.

D. Hoffman and J. Spruck, Sobolev and isoperimetric inequalities for Riemannian submani-
folds, Erratum Comm. Pure and Appl. Math., 28, (1975), 765-766.

C.C. Hsiung, Some integral formulae for closed hypersurfaces, Math. Scand 2 (1954), 286-294.
M. Koiso and B. Palmer, Geometry and stability of surfaces with constant anisotropic mean
curvature, Indiana Univ. Math. J. 54 (2005), 1817-1852.

J. H. Michael and L. M. Simon, Sobolev and mean-value inequalities on generalized subman-
ifolds of R™, Comm. Pure Appl. Math. 26 (1973), 361-379.

S. Montiel and A. Ros, Compact hypersurfaces: the Alerandrov theorem for higher order
mean curvature, Pitman Monographs Surveys Pure Appl. Math. 52, (1991), 279-296.

L. Onat, Some characterizations of the Wulff shape, C. R. Math. Acad. Sci. Paris 348 (2010),
no. 17-18, 9971000

B. Palmer, Stability of the Wulff shape, Proc. Amer. Math. Soc. 126 (1998), no. 2, 3661-3667.
R.C. Reilly, On the first eigenvalue of the Laplacian for compact submanifolds of Euclidean
space, Comment. Math. Helv. 52 (1977), 525-533.

J. Roth, Pinching of the first eigenvalue of the Laplacian and almost-Einstein hypersurfaces
of Euclidean space, Ann. Glob. Anal. Geom. 33 (2008), no. 3, 293-306.

T. Sakai, Riemannian geometry, A.M.S. translations of Math. Monographs, 149 , (1996).
T. Takahashi Minimal immersions of Riemannian manifolds J. Math. Soc. Japan 18 (1966),
no. 4, 380-385



	1. Introduction
	2. Preliminaries
	3. Upper bounds for the first eigenvalue of the Laplacian
	4. Stability of equality case
	4.1. An L2-approach to the problem
	4.2. Proof of Theorem 2
	4.3. Proof of Theorem 3

	References

