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Abstract. We investigate biharmonic submanifolds of the product of
two space forms. We prove a necessary and sufficient condition for bi-
harmonic submanifolds in these product spaces. Then, we obtain mean
curvature estimates for proper-biharmonic submanifold of a product of
two unit spheres. We also prove a non-existence result in the case of the
product of a sphere and a hyperbolic space.

1. Introduction

A harmonic map 9 between two Riemannian manifolds (M, g) and (N, h) is
defined as a critical point of the energy functional

1
B) = 5 [ 10k,

In [4], Eells and Sampson proposed a natural generalization of harmonic
maps. The map v is said to be biharmonic if it is a critical point of the
bienergy functional

Bav) = 5 [ 17(0)Pd,

where 7(¢) = tr(Vdi) is the tension field which vanishes for harmonic map.
The Euler-Lagrange equation for the bienergy functional is given by 72(¢) = 0
(see [8]), where 72(%)) is the bitension field and is defined by

o (¢) = A7(3) — tr(RN (dyp, 7(4))dep).
Here, A stands for the rough Laplacian acting on sections of ¥ ~1(T'N) and
RY is the curvature tensor of N.

Note that we use the following sign conventions for the Laplacian and the
curavture tensor. We set

AV =tr(V?V) and RY(X,Y) = [V, VY] = VX y-
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orany V € I'(¢y"Y(TN)) and X,Y € I'(TN).

Since any harmonic map is biharmonic, we will focus on biharmonic maps
that are not harmonic, which are called proper-biharmonic.

A biharmonic submanifold of a Riemannian manifold is a submanifold for
which the inclusion map is biharmonic.

Biharmonic submanifolds of different ambient spaces have been intensively
studied in the last decade, in particular for real space forms [2], complex space
forms [5], Sasakian space forms [6] or the product of a sphere with the real
line [7]. In the present paper, we investigate the biharmonic submanifolds of
product manifolds. Precisely, we will consider submanifolds into the products
of two real space forms, with a focus on the case of the product of two spheres,
or the product of a sphere with a hyperbolic space.

2. Preliminaries

Let (M™, g) be a Riemannian manifold isometrically immersed into the prod-
uct space (M™ (c1) x M"2(c),g), where M" (c;) is the n;-dimensional real
space form of curvature c;, for j = 1,2. We denote by F' the product struc-
ture of M™ (c1) x M"2(¢y). Namely, the map F : TM™ (¢1) x TM"™2(c2) —
TM™ (c1) x TM"*(c2) is defined by F (X1 + X2) = X; — Xy, where X; €
TM"™i (¢;). Obviously, F' satisfies

F?=1d (and F # Id), (1)
g(FX’Y):g(XvFY)v (2)
VF =0. (3)

Moreover, we recall that the curvature tensor of (M™ (c1) x M"2(c),g) is
given by

RX,Y)Z = a|(V,2)X —(X,2)Y + (FY,Z)FX — (FX,Z)FY

1| (Y, Z)FX — (X, Z) FY + (Y,FZ) X — (X, FZ)Y |(4)

with a = % and b = <522 The product structure F' induces the existence
of the following four operators

f:T™ —TM, h:TM — NM, s: NM —TM andt: NM — NM
defined for any X € TM and £ € NM by

FX = fX+hX and FE¢=s¢+t€. (5)



From Equations (1) and (2), we deduce that f and ¢ are symmetric and we
have the following relations between these four operators

X = X — shX, (6)
26 = &€ — hst, (7)
fsE+ st =0, (8)
hfX +thX =0, (9)
9(hX, &) = g(X, s8), (10)

for any X e I'(TM) and £ € T(NM).

We have now all the ingredients to state our results.

3. Main results

First, we give a necessary and sufficient condition characterizing biharmonic-
ity in product spaces.

Theorem 3.1. Let M be a submanifold of M™ (¢1) x M"2(ce) of dimension
m. Then M is biharmonic if and only if the two following equations hold

~AYH +trB(,Ap-) = a[mH — hsH + tr(f)tH] + b [mtH + tr(f)H]1)
%grad|H|2 Y otrAgip () = al[—fsH + te(f)sH] + b(m — 1)sH.(12)

Proof. Tt is a classical fact (see [1, 3, 7] for instance) that, after decomposition
into tangential and normal parts, 72 (1)) = 0 is equivalent to

~ 1
~ALH +wB(, Ap) + tr (R, H)) =0,

ZgradlH|? + 2trAg. g (-) + 2tr (ﬁ(, H))T =0.
From the expression of the curvature tensor E, we get
tr (R, H)-) = a[-mH+F((FH)T) - tx(f)FH]
+b[-mFH + (FH)" —tr(f)H] .

Now, we use the decomposition of F' into the 4 operators f, h, s and t to
obtain

tr (E(,H)) = a[-mH+ fsH + hsH — tr(f)sH — tr(f)tH]
+b[—msH —mtH + sH — tr(f)H].

By identification of the tangential and normal parts, we get the two equations
of the theorem. O

In particular, we have the following particular cases.
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Corollary 3.2. Let M a submanifold of M™ (¢1) x M"2(cy) of dimension m.
1. If FH is tangent to M, then M is biharmonic if and only if

—A+H +trB(-, Ag+) — [a(m — 1) + btr(f)] H = 0,

Zgrad|H|* + 2trAy. g (-) + [atr(f) — b(m — 1)] FH = 0.
2. If FH is normal to M, then M is biharmonic if and only if
—~ALH +trB(-, Ag-) — [am + btr(f)] H — [bm + atr(f)] FH = 0,

ZgradlH|? + 2trAg.y () = 0.

Proof. If FH is tangent, then by the definition of the operators s and t, we
have sH = FH and tH = 0. Hence, by (7), we have hsH = H and we get
the equations of Theorem 3.1.

Now, if F'H is normal, then sH = 0 and tH = FH and we conclude imme-
diately from Theorem 3.1. O

From now on, we will focus on the case where the ambient space is
a product of two spheres of same radius. Note that in this case, we have
a=9%2 = ¢y and b= 95 = (. For the sake of simplicity, we will assume
that the common radius is 1. First, we have an estimate for the length of the
mean curvature vector when F H is tangent to the submanifold.

Corollary 3.3. Let M be a submanifold of SP x S*P, of dimension m > 2
with mon-zero constant mean curvature and such that FH is tangent. Then
we have

-1
1. If M is proper-biharmonic, then 0 < |H|* < m

—1
2. If |H]? = Lm)’ then M is proper-biharmonic if and only if it is
pseudo-umbilical, V-H = 0 and tr(f) = 0.

Proof. Let M be a biharmonic submanifold of S? x S*~? with non-zero con-
stant mean curvature. Since we assume that FH is tangent, by the first
assertion of Corollary 3.2, we have

~AYH +trB(-, Ay-) — (m — 1)H = 0.
Hence, by taking the scalar product with H, we have
—(ATH, H) = (m — 1)|H|* — |An|*.
Using the Bochner formula and the fact that |H| is constant, we get
(m—1)|H|* = |An[* + |V H[.

Since Apy is the shape operator associated with the mean curvature, by
Cauchy-Schwarz inequality, we get |Ax|? > m|H|*. Therefore, we have

(m = DH[ > m|H|" + |[VH|* > m|H|".



. . -1
Since |H| is a non-zero constant, we have 0 < |H|? < .

Now, if |H|? = (mm;l), if M is proper-biharmonic, then the inequalities
above become equalities. First, we have V+H = 0. Moreover, equality occurs
in the Cauchy-Schwarz inequality |Ag|> > m|H|*, that is, M is pseudo-
umbilical. Finally since V- H = 0, the second equation in Corollary 3.2 be-
comes tr(f)FH = 0. Since H has constant positive norm and since F' is an
isometry, then F'H vanishes nowhere. Hence, we have tr(f) = 0.

Conversly, if M is pseudo-umbilcal, with V- H = 0 and tr(f) = 0, then, we
have obviously

~ALH +trB(-,Ag-) — (m — 1)H = 0,

Zgrad|H* + 2trAg. g () + tr(f)FH = 0,

where all terms are zero in the second equality. This concludes the proof. O

When M is a hypersurface, the characterization of biharmonicity can
be expressed in a simpler way. Namely, for biharmonic hypersurfaces with
FH tangent to M, we have the following result.

Proposition 3.4. Let M a hypersurface of SP x S™~P with non-zero constant
mean curvature and such that FH is tangent to M. Then M is biharmonic
if and only if

tr(f) =0 and |B|* = (n—2).

Proof. This is a direct consequence of Corollary 3.2. When M is a hypersur-
face of non-zero constant mean curvature with F'H tangent to M, the first
equation becomes tr(B(-, Ag-)) — (n —2)H = 0, that is, |B|?> = (n — 2) since
tr(B(-, Ag-)) = | B|*H. The second equation of assertion (1) in Corollary 3.2
is reduced to tr(f) = 0. O

Using this proposition, we can compute the scalar curvature of bihar-
monic hypersurfaces with FH tangent to M.

Proposition 3.5. Let M be a proper-biharmonic hypersurface of SP x S"~P
with non-zero constant mean curvature and such that FH is tangent to M.
Then the scalar curvature of M is constant and given by

Scalpyr = (n—2)(n —3) + (n — 1)?|H|?.

Proof. First, by the Gauss equation, we have

n—1
Scalyy = Y <1§(Xi7Xj)Xj,Xi> —|B|? + (n— 1)H>.

4,j=1

We recall that the curvature R of SP x S*7 is given by (4) with a = 1 and
b = 0. Hence, we have

<}~3(Xi,Xj)XjaXi> = 1 (X, X;)? + (fX;, Xo) (X5, X;) — (f X0, X;)°
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By summation, we get

n—1 n—1

S (ROG X)X X)) = (=D =2+ 6 = Y (FX: %),

i,j=1 ,j=1

Since f is symmetric and using (5), we have

n—1 n—1
DUXLX) = D (X 1)
7,7=1 j=1
n—1
= Y (FX;,FX;)— (X, Fv)’
j=1

= (n—1)— |sy\2.

Now, we will use the hypothesis that F'H is tangent to M. Since M is a
hypersurface, this is equivalent to the fact that Fv is tangent to M, where
v = % is the unit normal to the hypersurface. Then this implies that
sv = Fv and therefore |sv| = 1. Hence, we have

n—1

Z <in,Xj>2 =n—2.

ij=1
Finally, since by the previous Proposition, we have tr(f) = 0 and |B|? =
(n —2), we get

Scalyy = (n—1)(n—2)+tr(f)? = (n—2)— B> = (n — 1)} H|?

= (n—2)(n—3)+(n—1)}H
O

Remark 3.6. One could obtain results comparable to Corollary 3.3, Propostion
3.4 and 3.5 for submanifolds with FH normal. However, all the estimates
would depend on tr(f). We will not write these results here.

Finally, we give a non-existence result in the case of the product of a
sphere with a hyperbolic space. We recall that in this case, we have a = 0
and b= 1.

Proposition 3.7. There exists no proper-biharmonic submanifolds of SP x
H"~P of dimension m = 2 with parallel mean curvature and such that F-H is
not normal.

Proof. First, we remark that since H is parallel and not identically zero (M
is proper-biharmonic), then H has no zeros. Moreover, F is an isometry, then
F H also has no zeros. If M is biharmonic, by Theorem 3.1, we have

m

5 grad|H|? + 2trAg1 (1) — (m — 1)sH = 0.



If M has parallel mean curvature, then this equation becomes sH = 0. If,
in addition, F'H is not normal, then its tangential part sH does not vanish
identically, which is impossible. U

Remark 3.8. In particular, there exists mo parallel mean curvature proper-
biharmonic submanifolds of SP x H" P such that FH is tangent.
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