N
N

N

HAL

open science

A note on biharmonic submanifolds of product spaces
Julien Roth

» To cite this version:

‘ Julien Roth. A note on biharmonic submanifolds of product spaces. 2013. hal-00827336v1

HAL Id: hal-00827336
https://hal.science/hal-00827336v1

Preprint submitted on 29 May 2013 (v1), last revised 12 Jun 2013 (v2)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00827336v1
https://hal.archives-ouvertes.fr

A NOTE ON BIHARMONIC SUBMANIFOLDS OF PRODUCT SPACES

JULIEN ROTH

ABSTRACT. We investigate biharmonic submanifolds of the product of two space
forms. We prove a necessary and suifficent condition for biharmonic submanifolds
in these product spaces. Then, we obtain mean curvature estimates for proper-
biharmonic submanifold of a product of two unit spheres. We also prove a non-
existence result in the case of the product of a sphere and a hyperbolic space.

1. INTRODUCTION

A harmonic map ) between two Riemannian manifolds (M, g) and (N, h) is defined
as a critical point of the energy functional

1
B(w) =3 [ v,

In [3], Eells and Sampson proposed a natural generalization of harmonic maps. The
map v is said to be biharmonic if it is a critical point of the bienergy functional

Bav) = 5 [ 170y,

where 7(1) = tr(Vdy) is the tension field which vanishes for harmonic map. The
Euler-Lagrange equation for the bienergy functional is given by 72(¢)) = 0 (see [10]),
where T2(1)) is the bitension field and is defined by

(1) = A7(yp) — tr (RN (dop, 7(10))dep).

Here, A stands for the rough Laplacian acting on sections of 1y ~!(T'N) and R" is the
curvature tensor of V.

Since any harmonic map is biharmonic, we will focus on biharmonic maps that are not
harmonic, which are called proper-harmonic.

A biharmonic submanifold of a Riemannan manifold is a submanifold for which the
inclusion map is biharmonic.

Biharmonic submanifolds of different ambient spaces have been intensively studied
in the last decade, in particular for real space forms [2], complex space forms [4],
3-dimensional homogeneous manifolds [9], Sasakian space forms [5] or the product
of a sphere with the real line [6]. In the present paper, we investigate the biharmonic
submanifolds of product manifolds. Precisely, we will consider submanifolds into the
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products of two real space forms, with a focus on the case of the product of two spheres,
or the product of a sphere with a hyperbolic space.

2. PRELIMINARIES

Let (M™, g) be a Riemannian manifold isometrically immersed into the product space
(M™ (c1) x M"2(cg),g), where M (¢;) is the nj-dimensional real space form of
curvature ¢;, for j = 1, 2. We denote by F’ the product structure of M (¢1) x M2 (c2).
Namely, the map F' : TM"™ (¢1) x TM"2(¢co) — TM™ (¢1) x TM"™2(¢y) is defined
by F(X1 + X2) = X1 — Xy, where X; € TM" (c¢;). Obviously, F satisfies

(1) F?=1d (and F # Id),
2 g(FX,Y)=g(X,FY),
3) VF =0.

Moreover, we recall (see [7, 8] for instance) that the curvature tensor of (M”l (c1)
M"2(¢s), g) is given by

R(X,Y)Z = a|(Y,Z)X —(X,2)Y + (FY,Z)FX — (FX,Z)FY

4) +b| (Y, Z)FX — (X, Z)FY + (Y,FZ) X — (X, FZ)Y

)

with a = 932 and 9.5, The product structure F induces the existence of the fol-
lowing four operators

f:TM—TM, h:TM — NM, s: NM —TMands: NM — NM
defined for any X € T'M and £ € NM by
(5) FX=fX+hX and F¢=s&+tE.

From Equations (1) and (2), we deduce that f and ¢ are symmetric and we have the
following relations between these four operators

(6) f?X = X — shX,
©) 126 = € — hs¢,

®) fs€&+ st =0,

9) hfX +thX =0,
(10) g(hX,§) = g(X, s§),

forany X e I'(TM) and { € T'(NM).

We have now all the ingredients to state our results.



3. MAIN RESULTS

First, we give a necessary and sufficient condition characterizing biharmonicity in
product spaces.

Theorem 3.1. Let M a submanifold of M (c1) x M"2(cq) of dimension m. Then M
is biharmonic if and only if the two following equations hold

(AD)-AYH +trB(-,Ay-) = a[mH — hsH + tr(f)tH] + b [mtH + tr(f)H]
(12) %grad|H|2 +2trAgi () = a[—fsH +tr(f)sH] + b(m —1)sH.

Proof: 1t is a classical fact (see [1, 6] for instance) that, after decomposition into tan-
gential and normal parts, 72(¢)) = 0 is equvialent to

~ 1
~ALH + wB(, Ape) + tr (R(, H)-) =0,
~ T
Dgrad|H|? + 2trAg. g (-) + 2tr (R(-, H)> =0.

From the expression of the curvature tensor R, we get
tr (é(-, H)-) _— [me v R ((FH)T) - tr(f)FH]
+b [—mFH 4 (FH)T — t( f)H} .
Now, we use the decomposition of F' into the 4 operators f, h, s and ¢ to obtain
tr (R(., H).) = a|-mH + fsH + hsH — tr(f)sH — tr(f)tH]
+b[—msH — mtH + sH — tr(f)H] .

By identification of the tangential and normal parts, we get the two equations of the
theorem. O

In particular, we have the following particular cases.
Corollary 3.2. Let M a submanifold of M (c1) x M"™2(c3) of dimension m.
(1) If FH is tangent to M, then M is biharmonic if and only if
—~AYH +trB(-, Ag-) — [a(m — 1) + btr(f)| H = 0,

Dgrad|H[* 4+ 2trAg. g (-) + atr(f) — b(m — 1)] FH = 0.
(2) If FH is normal to M, then M is biharmonic if and only if
~AYH +trB(-, Ag-) — [am + btr(f)] H — [bm + atr(f)] FH = 0,

Dgrad|H|? + 2trAg () = 0.
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Proof: If F'H is tangent, then by the definition of the operators s and ¢, we have
sH = H and tH = 0. Hence, by (7), we have hsH = H and we get the wanted
equations, from Theorem 3.1.

Now, if F'H is normal, then sH = 0 and tH = H and we conclude immediately from
Theorem 3.1. n

From now on, we will focus on the case where the ambient space is a product
of two spheres of same radius. Note that in this case, we have a = % = 1 and
b = <52 = 0. For a sake of simplicity, we will assume that the common radius is
1. First, we have an estimate for the length of the mean curvature vector when F'H is
tangent to the submanifold.

Corollary 3.3. Let M be a submanifold of SP x S"~P,of dimension m > 2 with non-
zero constant mean curvature and such that F'H is tangent. Then we have

m—1

(1) If M is proper-biharmonic, then 0 < |H|? <

-1
Q) If|H]? = (mm ) then M is proper-biharmonic if and only if it is pseudo-
umbilical, V*-H = 0 and tr(f) = 0.

Proof: Let M be a biharmonic submanifold of S? x S"~P with non-zero constant mean
curvature. Since we assume that F'H is tangent, by the first assertion of Corollary 3.2,
we have

~AYH +trB(-, Ag-) — (m — 1)H = 0.
Hence, by taking the scalar product with H, we have

<ALH, H> — (m—1)[H? — |An|>.
Using the Bochner formula and the fact that |H | is constant, we get
(m—1)|H? = |Ag|* + |V H|?.
Since Ay is th shape operator associated with the mean curvature, by Cauchy-Schwarz
inequality, we get | Ay |? > m|H|*. Therefore, we have
(m—1)[H]* > m|H|" + |VTH|* > m|H|".
m—1

Since | H| is a non-zero constant, we have 0 < |H|? <

Now, if |[H|? = %, if M is proper-biharmonic, then the inequalities above be-
come equalities. First, we have V- H = 0. Moreover, equality occurs in the Cauchy-
Schwarz inequality |Ag|? > m|H|?, that is, M is pseudo-umbilical. Finally since
VL H = 0, the second equation in Corollary 3.2 becomes tr(f)EFH = 0. Since H has
constant positive norm and since I’ is an isometry, then /"' H vanishes nowhere. Hence,
we have tr(f) = 0.

Conversly, if M is pseudo-umibilcal, with V- H = 0 and tr(f) = 0, then, we have
obviously

~AYH +trB(-, Ag-) — (m —1)H =0,

Dgrad|H|* + 2trAg.1 g (-) + tr(f)FH =0,
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where all terms are zero in the second equality. This concludes the proof. U

When M is a hypersurface, the characterization of biharmonicity can be ex-
pressed in a simpler way. Namely, for biharmonic hypersurfaces with £'H tangent to
M, we have the following result.

Proposition 3.4. Let M a hypersurface of SP x S"~P with non-zero constant mean
curvature and such that F'H is tangent to M. Then M is biharmonic if and only if

tr(f) =0 and |B]*>=(n—-2).

Proof: This is a direct consequence of Corollary 3.2. When M is a hypersurface of
non-zero constant mean curvature with £'H tangent to M, the first equation becomes
tr(B(-, Ag-))— (n—2)H = 0, that s, | B|? = (n—2) since tr(B(-, Ag-)) = | B|?|H|.
The second equation of assertion (1) in Corollary 3.2 is reduced to tr(f) = 0. g

Using this proposition, we can compute the scalar curvature of biharmonic hy-
persurfaces with F'H tangent to M.

Proposition 3.5. Let M be a proper-biharmonic hypersurface of SP x S"~P with non-
zero constant mean curvature and such that F'H is tangent to M. Then the scalar
curvature of M is constant and given by

Scalpyr = (n—1)(n —2) + (n — 1)?|H|?.

Proof: First, by the Gauss equation, we have

n—1
Scalyr = Y <§(X1,Xj)Xj,Xi> —|B)?+ (n - 1)H
Q=1

We recall that the curvature R of SP x S"7 is given by (4) with ¢ = 1 and b = 0.
Hence, we have

<E(XZ‘,X]')XJ',XZ'> = 1- <Xz'an> + <szaXl> <fvaXj> + <in7Xj>2 :

By summation, we get

n—1 n—1
S (R X)X X)) = (=D —2)+ ()P + D (fX;, X;)%.
i,j=1 4,j=1

Since f is symmetric and using (6), we have

n—1 n—1
dOUXL Xt = ) (X, X5)
ij=1 j=1
n—1
= > (FX;,FX;) - (X;,Fv)’
j=1

= (n—1)—|sv|%
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Now, we will use the hypothesis that F'H is tangent to M. Since M is a hypersurface,
this is equivalent to the fact that F'v is tangent to M, where v is the unit normal to the
hypersurface. Then this implies that s = F'v and therefore |sv| = 1. Hence, we have

n—1

Z <in,Xj>2 =n—2.

ij=1
Finally, since by the previous Proposition, we have tr(f) = 0 and | B|? = (n — 2), we
get

Scalyy = (n—1)(n—2) +tr(f)? + (n—2) — |B]* — (n — 1)*|H|?

= (n—1)(n—-2)+n-1)7>H>
O

Remark 3.6. One could obtain results comparable to Corollary 3.3, Propostion 3.4
and 3.5 for submanifolds with F'H normal. However, all the estimates would depend
on tr(f). We will not write these results here.

We finsih this note by a non-existence results in the case of the product of a sphere
with a hyperbolic space. We recall that in this case, we have a = O and b = 1.

Proposition 3.7. There exists no proper-biharmonic submanifolds of SP x H"~P of
dimension m > 2 with parallel mean curvature and such that F'H is not normal.

Proof: First, we remark that since H is parallel and not identically zero (M is proper-
biharmonic), then H has no zeros. Moreover, F' is an isometry, then F'H also has no
zeros. If M is biharmonic, by Theorem 3.1, we have

m

2
If M has parallel mean curvature, then this equation becomes sH = 0. If, in addition,
F H is not normal, then its tangential part sH does not vanish identically, which is
impossible. ([l

grad|H|* + 2trAg. 4 (-) — (m — 1)sH = 0.

Remark 3.8. In particular, there exists no parallel mean curvature proper-biharmonic
submanifolds of SP x H" P such that F'H is tangent.
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