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Abstract

We establish the global asymptotic equivalence between a pure jumps Lévy
process with unknown Lévy measure v and a sequence of independent Pois-
son random variables with parameters depending on v. Combining this result
with the one in Brown and Low (1996), we deduce an asymptotic equiva-
lence between an additive process with unknown drift and Lévy measure
and a discrete model composed by a non-parametric regression plus some
independent Poisson random variables.

Keywords:
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1. Introduction

In recent years, the Le Cam theory on the asymptotic equivalence be-
tween statistical models has aroused great interest and a large number of
works has been published on this subject. Roughly speaking, asymptotic
equivalence means that any statistical inference procedure can be trans-
ferred from one experiment to the other in such a way that the asymptotic
risk remains the same, at least for bounded loss functions. One can use
this property in order to obtain asymptotic results working in a simpler but
equivalent setting. For the basic concepts and a detailed description of the
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notion of asymptotic equivalence, we refer to [18, 19]. A short review on this
topic will be given in Subsection 2.2.

The main result of this paper is that the observation in the time inter-
val [0,7] of a pure jumps Lévy process with unknown Lévy measure v is
asymptotically equivalent to observe independent Poisson random variables
whose parameters are of the form 7Tv (] k + %, k+ %] ) More precisely, in
Theorem 2.12 below, we prove that, under certain conditions on the class
of admissible Lévy measures v, observing the 2m? 4 2 independent Poisson
random variables

(- 9(%(] = oo,—m])>,

R~ @(Tu(]mu,m ‘

e (o))

where j =1,...,m, k= —m,...,m — 1, is asymptotically equivalent, as m
goes to infinity, to observe a trajectory {z;} of a pure jumps Lévy process
with Lévy measure v, that is to say a Lévy process whose characteristic
function is given by

E[e™"] = exp (t/R (e — 1)1/(dy)> Vu e R, Vte[0,T].

Generalizing this result, we consider an additive process {z;} whose char-
acteristic function is given by

E[e™] = exp <2u /Ot f(r)dr — u; /Ot #dr - t/R (1- eiuy)y(dy)>' (1)

Here f(-) and v (the latter is supposed to be homogeneous in time) are
unknown whereas ¢2(+) is supposed to be known. An introduction to additive
processes can be found in [7, 25]. We recall the notions which we will be
interested in in Subsection 2.1.

Brown and Low [2] have already treated the case v = 0, which corre-
sponds to the study of the experiments:

dy, = f(t)dt + %d&, t 0,7, (2)

where By is a standard Brownian motion. They found out that the contin-
uous model (2) is asymptotically equivalent to its discrete counterpart, i.e.,



the non-parametric regression

Y; :f(tz)—FO'(tz)&, 1=1,...,n, (3)

with a uniform grid ¢; = @ and standard normal variables &;. They

required f to vary in a non-parametric subset of Lo([0,77]), defined by a
moderate smoothness condition and the discretization f,, of f to tend to f
quickly enough in the Ly norm.

Combining our results with the one of Brown and Low, we prove the
global asymptotic equivalence between the statistical models associated to
(1) and its discrete counterpart, that turns out to be:

(1 (252) ()
R~ @(n(] - oo,—m]>>

Ry ~ 9<Tu(]k+ ilp oy i]))

Rm~9<TV(}m,oo[)>

(Y1, ., Y) (R, R~y - s Ry - s Rim—15 - -+, Rnm—1, Roo) s

(4)
where i = 1,...,n, 5 =1,...,m, k= —m,...,m — 1, N(-) stands for the
Gaussian distribution, Z(-) for the Poisson one and II means independent.
Heuristically, one wants to treat the continuous and discontinuous parts of
{z;} as in (1) separately, because they are independent. Then the former
is settled by the result of Brown and Low and the latter by Theorem 2.12
below. However, some care is needed to combine those two results. Intrinsic
properties of the Le Cam distance, proved in Subsection 2.2, allow us to do
so, thus proving the equivalence between models (1) and (4) (Proposition
2.15 below).

As a “toy example”, one can think about the case where v = Ady; then,
Proposition 2.15 below states that a process obtained adding a white noise
with drift problem to a homogeneous Poisson process with intensity A is
asymptotically equivalent to (Yi,...,Y,, R), where R has a Poisson distri-
bution of parameter AT and is independent of (Y1,...,Y},).

In parametric statistics, Le Cam’s theory has successfully been applied to
a huge variety of experiments, because in this case it usually reduces to the
property of local asymptotic normality (LAN) and its modification (see [19]).
The asymptotic equivalence for non-parametric experiments is conceptually
more demanding, and has been the object of several recent papers.




In particular, asymptotic equivalence theory has been developed for non-
parametric regression in |2, 4, 5, 13, 21, 24|, nonparametric density estimation
models in [1, 23|, generalized linear models in [12]|, nonparametric autore-
gression in [14, 22|, diffusion models in [8, 9, 10|, GARCH model in [3],
functional linear regression in [20] and spectral density estimation in [11].

The estimation of the characteristic triplet of a Lévy process has been
the subject of numerous papers. More generally, recent years have witnessed
a great revival of interest in Lévy processes, which form the fundamental
building block for stochastic continuous-time models with jumps. There is
an important trend using Lévy models in finance, see e.g. 7] for a detailed
treatment and many references, but also many recent models in queueing,
telecommunications, extreme value theory, quantum theory or biology rely
on Lévy processes. To our knowledge, this is the first work studying the case
of a local characteristics (f(-),o2(+),v) where f and o are inhomogeneous in
the time and v possibly infinite. However, we must require that o is known
a priort.

We refer e.g. to [6, 15, 16| and references therein for a non-parametric
approach to inference for Lévy processes.

The paper is organized as follows. Subsections 2.1 to 2.4 fix assump-
tions and notation while the main results, as well as examples, are given in
Subsection 2.5. The proofs are postponed to Section 3 and, in part, to the
Appendix.

2. Assumptions and main results

2.1. Additive processes

Definition 2.1. A stochastic process {X;} = {X; : t € [0,7]} on R de-
fined on a probability space (2, 7, P) is an additive process if the following
conditions are satisfied.

1. Xy =0 P-a.s.

2. For any choice of n > 1 and 0 <ty < t1 < ... < t,, random variables
Xy Xty — Xy, -+, Xy, — X4, are independent.

3. There is Qy € &7 with P(£y) = 1 such that, for every w € g, X;(w) is
right-continuous in ¢t > 0 and has left limits in ¢ > 0.

4. Tt is stochastically continuous.



Thanks to the Lévy-Khintchine formula (see [7], Theorem 14.1), the char-
acteristic function of any additive process {X;} can be expressed, for all u
in R, as:

2

E[eiuXt] — exp (zu /Otf(r)dr_%/ot UZ(T)dr—t/R(l—eiuy+iuyH|y§1)V(dy)>,
(5)

where f is a real function on [0, 7] with finite variation, o belongs to L1 [0, 7]
and v is a positive measure on R satisfying

v({0}) = 0 and /R(y2 A 1v(dy) < oo.

In the sequel we shall refer to (f(-),02(-),v) as the local characteristics of
the process {X;} and v as above will be called a Lévy measure. This data
characterizes uniquely the law of the process {X;}. When f(-) and o(-) are
constant functions the increments of the process {X;} satisfying (5) are sta-
tionary; in this case the process { X;} is called a Lévy process of characteristic
triplet (f,o2,v).

Let D = D(]0,T],R) be the space of mappings w from [0, 7] into R that
are right-continuous with left limits. Define the canonical process x : D — D
by

Vwe D, xi(w)=w, Vtel0,T].

Let 2 be the smallest o-algebra of parts of D that makes z;, s in [0, 7],
measurable. Further, for any ¢ € [0, 7], let Z; be the smallest o-algebra that
makes x5, s in [0,¢], measurable.

Let {X;} be an additive process defined on (2, .o, P) having local charac-
teristics (f(-),02(+),v). It is well known that it induces a probability measure
PUo*¥) on (D,2) such that {z;} defined on (D, 2, P(f"’Q’”)) is an additive
process identical in law with ({X;},P) (that is the local characteristics of
{z,} under PU7*¥) is (£(),02(-),v)).

In the sequel we will denote by ({xt}, pfo?w )) such an additive process,
stressing the probability measure.

Further, for every function x in D, we will denote by Az, its jump at
the time r and by ¢, 2% its continuous and discontinuous part, respectively:

Az, = x, — lim x,, xf = Z Az, xf =x4 — xtd.
str r<t

In the case where fly\<1 lylv(dy) < oo, we let

Ny = /|y§1 yv(dy) (6)
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and we adopt the notation from [25], pages 38-39

(f(),0(),v)0 = (f() + 10, 0% (), ).

Note that, if v is a finite Lévy measure, then the process ({z;}, P(":9)) of
characteristic triplet (0,0,v) is a compound Poisson process.

We now recall the Lévy-1té6 decomposition, i.e. the decomposition in con-
tinuous and discontinuous parts of an additive process.

Theorem 2.2 (See [25], Theorem 19.3). Suppose that f‘y|§1 ly|lv(dy) < oo
and consider ({xt},P(f+77""’27”)). Then the following holds.

(i) The process {x{} is a Lévy process on R with characteristic triplet
(1,0, v).

(ii) The process {x§} is an additive process on R with local characteristics
(f(),02(),0).
(i4i) The two processes {xl} and {x§} are independent.
For the proofs of our results we also need the following theorem on the
equivalence of measures for Lévy processes. We will use the notation P|g,

for the restriction of the probability P to %; and we will write v ~ ¥ to
indicate that the measures v and U are equivalent.

Theorem 2.3 (See [25], Theorems 33.1-33.2). Let ({z;}, P(0?)) and ({z;}, PO %))
be two Lévy processes on R, where

= /ylglyw—ﬂ)(dy) (7)

is supposed to be finite. Then PO"0%) is locally equivalent to PO%) if and
only if v = U and the density % = p satisfies

[ /o) - vPotdy) < oc. (8)

When PO"0%) s locally equivalent to POOP) | the density is

dp(”,0v)
AP0 |5, @) = Ul (@),
with
Uf(z) = lim <Zln P(AL ) A, (5e — /| tH(oly) — 1),}(dy)>7p(070,ﬁ)_a-sl
r<t y|>e

9)



The convergence in (9) is uniform in t on any bounded interval, P07 _g .
Besides, UP(z) defined by (9) is a Lévy process satisfying E po,0.5) [eUtp(m)] =1,
vt € [0,T].

Remark that the finiteness of the integral appearing in (7) follows from

®).

2.2. Some properties of the Le Cam A-distance

The concept of asymptotic equivalence that we shall adopt in this pa-
per is tightly related to the Le Cam A-distance between statistical ex-
periments [17]. A statistical model or statistical experiment is a triplet
P = (Z;,9;,{P;p;0 € O}) where {P;9;0 € O} is a family of proba-
bility distributions all defined on the same o-field <7; over the sample space
Z; and © is the parameter space. For two statistical models & and &%,
indexed by the same parameter space, Le Cam (1964) introduced a quantity,
the deficiency 6(P1, P3) of &1 with respect to Py, which quantifies “how
much information we lose” by using &?; instead of &75. Closely associated
with the notion of deficiency or, equivalently, for the (undefined) amounts of
information carried by the experiments, is the so called A-distance, i.e. the
pseudo metric defined by:

A(f@l, (@2) = max(é(@l, f@g), 5((@2, (@1))

The original definition of the Le Cam deficiency involves “transitions”. More
specifically, the deficiency §(21, P) of F; with respect to P is defined
as (P, Pa) = infi supyce || K Prg — Payg||Tv, where TV stands for “total
variation” and the infimum is taken over all “transitions” K (see [18], page
18). In our setting, however, the general notion of “transitions” can be re-
placed with the notion of Markov kernels. Indeed, when the model &; is
dominated and the sample space (23, 9%) of the experiment &5 is a Polish
space, the infimum appearing on the definition of the deficiency § can be
taken over all Markov kernels K on 27 x <% (see [23|, Proposition 10.2), i.e.

(P, P3) = inf sup sup

K(z, A)Pyg(dx) — Pog(A)|.
K 9co Acoh

21

Two sequences of statistical models (27" )nen and (225 )nen are called asymp-
totically equivalent if A(ZP], P5) tends to zero as n goes to infinity. As
a corollary of such an equivalence, every procedure which is asymptotically
minimax in (2] )nen yields a corresponding minimax procedure in (3 )nen.
There are various techniques to bound the A-distance. In our context we
will only use the following two well-known properties (see [18]):



Property 2.4. Let, fori=1,2, & = (2, ,{P;p,0 € ©}) be two domi-
nated statistical models with the same sample space Z and parameter space
dPz 0

. Define

O. Let £ be a common dominating measure and g; o =

L1, 22) = sup / 1916(2) — ga.0(2)[€(dz).

Then,
A(P1, P2) < Li(P1, Pa).

Property 2.5. Let, fori = 1,2, &; = (£, %%,{P,p,0 € O}) be two sta-
tistical models and let (27,94) be a Polish space. Let S : 27 — 23 be a
sufficient statistics such that the distribution of S under Py g is equal to Py g.
Then A(Zy, P,) = 0.

In order to prove our statements we shall also need the following two
properties. Their proofs can be found at Appendix A .

Property 2.6. Let F be the space of functions on [0, T with finite variation
and MY be the space of the Lévy measures satisfying Assumptions (M1)-
(M4) below. Consider the statistical models

7" = (D, 2, {PU79; (f0) € 7 x .4 V}),
PO = <D2, 9% {PUo*0) @ prO); (f.1) € F x ///<4>}>.
Then A(P*, 22) 0
Property 2.7. Let us consider, for i = 1,2, the following statistical models,
P — (%",@4", (Pim:0 € e})
Py = (%, o, { P30 € O}
7ty = (205 05 (P = Py @ P2 (0,0) € © x 0},

where 2y = 2" x X3, Ay = A @ o5 and (2", ") are dominated
Polish spaces. Then, lim A(P], %) =0 entails lim A(PT4, P54) = 0.
n— 00 n— 00 ’ ’



2.3. The parameter spaces

In order to handle the added aspect of an unknown Lévy measure, the
parameter space will be expanded to include both the smooth function f
and the Lévy measure v, namely © = .# x .#. To formulate our results we
need to impose the following regularity assumptions on the elements of %
and those of .Z. We will require that % is a class of real functions satisfying
the following conditions:

(F1)
?ggﬂf(tﬂ :t€[0,T]} =B < .

(F2) Denote, for j = 1,...,n, I; = [(jfl)T i [ Define the step function
fn() as

We ask that:

T
lim sup n/o (f(t) = fn(t))?dt = 0.

n—oo fey

The hypotheses (F}) and (Fy) were already present in the work of Brown
and Low [2], where one can also find examples of some functional classes
satisfying them. Concerning conditions on the class of measures .#, we will
require that:

(M1) There exists a Lévy measure 7 such that v ~ v for all v in # (we will

write p” for the density % ).

M2) [o(/p*(y) — 1)?D(dy) < oo, for all v in .

Moreover, following the same principle as in [2], we introduce a discretization
of the measure v. To that aim define
v(J_s0)

T o) if Y€ J_
v(J; :
B et
Pmy) =4 &
1 if Yy 6] - %a %]’




where, for j=1,...,mand k=-m,...,m — 1,

J_OO:} —oo,—m}, Jj,k:}k‘i‘j;n—17k+%]7 Joo:]m,oo{.

Define two more conditions as:

(M3) lim_sup [ |p"(y) — pr(y)|7(dy) = O,
veH

(M4) sup ly|<1 ’y‘l/(dy) < oo and f|y‘<1 ‘y’D(dy) < 00,
veM - -

where we have denoted by 7, the measure having p, in (10) as a density
with respect to . For brevity’s sake, in the sequel we will omit the symbol
v simply writing p = p* or p, = p’, when this causes no confusion.

Notation 2.8. In the following, we will denote by .#®) a class of Lévy
measures satisfying (M1)-(M3) and by .#®) a class of Lévy measures sat-
isfying (M1)—(M4). Further, .# will always denote a class of functions on
[0, T] satisfying (F1) and (F2).

Here are some examples of possible choices of .#®). Proofs can be found
at Appendix B.

Example 2.9. Let v be a known finite Lévy measure and L, K be fixed
finite positive real numbers. Consider

dv
dv

///éjl]l K= {1/ Lévy measure : p = > 0 exists, differentiable v-a.e.,

L-Liptschtiz and |p(0)| < K}

Remark that the stated conditions on 7 and p imply in particular that v
must be finite, i.e. ¥(R) < oo.

Example 2.10. Let ¢,C and M be fixed positive real numbers, with € and
C known. Consider the class of all Gamma Lévy measures, defined by:

.///5#134 = {1/ Lévy measure : its density with respect to Lebesgue is

g(y) = Ce My, where e <\ < M}

10



Example 2.11. Let a,¢e,C7,Cs be known positive real numbers such that
a < 1 and let M be a positive number. Consider the class of all tempered
stable Lévy measures, that is

M, Z éf?cm Me= {1/ Lévy measure : its density with respect to Lebesgue is
Cq
9(y) = o

- CQ —\
e 1|y‘Hy<0+y1+ae VT,50

where e < \; < M, j= 1,2}.

2.4. Definition of the experiments

Let us now introduce the classes of experiments that we shall consider.
From now on we assume that o2(-) is a function in L]0, T] supposed to be
known. Further we consider 2m? + 2 observations of the form

R_o ~ @(TV(] — oo,—m])>,

Rj.,k ~ 9<Ty(]k+ Lk %})),

R;~93<Ty(]m,oo[>>.

where Z(-) stands for the Poisson distribution and the components of the
vector R= (R_oo,.. s Rjpy-.-, Ro), j=1,....m, k=—m,...,m—1, are
independent. Let QT’R be the law of R. Then, the first pair of statistical
experiments is described by

\

P 0w) _ (D,g’ [PO100), € ///(3>}> (11)
9 = (N2 (NI f Qe y € D)), (12)

The second pair consists of the experiments
/00 — (D, 9, (P00 ¢ /DY) (13)

R = (N2 pN2 ) f QR € A DY) (14)

11



The asymptotic equivalence between the statistical models Z2(7"0:¥) ok
and between 2 (1:0V) " 9'I ]l be the subject of Theorem 2.12 below.
Furthermore, we will consider the non-parametric regression:

T(i—1)

for a uniform grid t; = and standard i.i.d. normal variables ;. For-

mally,
2 = (R 2(R"),{Q}: f € 7}), (16)

where Q?’Y is the law of (Y1,...,Y,). Asymptotic equivalence between .2

and
9(f,02/n,0) _ <D, 2, {P(fﬂQ/",O);f c 9})

has already been proved by Brown and Low [2].

Finally, we will be interested in the product statistical model between
2 and 2 ie.
DY @2 F = (RMXN"42, (RPN 42), {Q 0Qu; (f,v) € Fx.aD}).

(17)
Asymptotic equivalence of statistical models 2) ® Q;f and
P T+, ) (D, P, {PUHMTn0) (f 1) € F x //1(4)})

will be treated in Proposition 2.15.

2.5. Main results and Examples

Notations will be kept as in Notation 2.8 and Subsection 2.4.

Theorem 2.12. The experiments 20"0%) and 28 are asymptotically equiv-
alent, that is

; (v,0v) Ry _
W%%OA(L@ ,2:0) = 0. (18)
We also have
lim A(P' (00 9 1)y — (19)
m—r0o0

Remark 2.13. The asymptotic equivalence in (19) involves the parameter
space .Y which is smaller than that in (18), but this allows us to treat the
model &' (1,0 ), that is, the case of pure jumps Lévy processes. This will
be helpful for Proposition 2.15 stated below.

12



Loosely speaking, the main interest in Le Cam’s asymptotic decision
theory lies in the approximation of general statistical experiments by simpler
ones. Adopting this point of view, we can reformulate Theorem 2.12 as
follows.

Corollary 2.14. As a by-product of Theorem 2.12, we obtain that, so far the
study of v is concerned, observing a Lévy process { X} of characteristic triplet
(v",0,v) (or (n,,0,v)) asymptotically gives the same amount of information
as the a priori coarser process {Zth ]IA(AXt)}Ae,Q{m’ where /™ is the set

defined by /™ = {Jioo,Jj,k;k: -m,...,m—1,7= 1,...,m}.

Combining the result of Brown and Low [2] with Theorem 2.12 we obtain
the following statement.

Proposition 2.15. Let 0%(-) > 0 be a known absolutely continuous function
on [0,T] such that

‘% In U(t)‘ﬁ Ch, te[0,T], (20)

for some Cy < co. Then the experiments 2" (+1-0/n:v) g 2Y @ 21 are
asymptotically equivalent, that is

lim AP Ut/ g ¢ gty — . (21)

n,M—00

Remark 2.16. An important consequence of the asymptotic equivalence be-
tween 2(07:0¥) and 2% is that every inference procedure (such as estimators
or tests) available in Z(":0) have a corresponding procedure in 2L that
performs nearly as well and vice versa.

Theorem 2.12 allows us to rewrite the asymptotic equivalence (18) be-
tween the statistical models 22(7"-0) and 2% in terms of decision theory as
follows.

If there exists a procedure 7, in 20”:0%) with risk P00 L, (71) then,
for bounded loss functions L,,, there exists a procedure 73" relative to 2%
such that

lim sup PO (1) — QU E Ly (1) | = 0.
MO (f)eF XM

Clearly, a similar interpretation also exists for the asymptotic equivalences
(19) and (21).

13



Remark 2.17. Hypotheses (M1)—(M2) ensure good convergence properties
for an appropriate transformation of ({z{}, P\ % )) which plays an impor-
tant role in proving Theorem 2.12. Hypotheses (M3) and (M4) are uniform
smoothness conditions on v. The four hypotheses (M1)—(M4) are satisfied
in a wide variety of examples, in particular in Examples 2.9, 2.10 and 2.11.
For a discussion about hypotheses (F1) and (F2) we refer to Brown and Low
[2] who proved (21) in the case v = 0, under hypothesis (20) on o(-).

We now propose two different examples fitting in the hypotheses of The-
orem 2.12. The first one treats the class of the compound Poisson processes,
hence it is an example where the class of Lévy measures .24 consists of
finite measures. The second one enlightens how the Theorem 2.12 can be
applied in situations where the Lévy measure is not finite by treating the
class of the tempered stable processes.

Compound Poisson Process
Consider the process

Ny
X, = ZY P-a.s.
=1

where jumps size Y; are i.i.d. random variables with unknown distribution p
(u(-) =P(Y1 € +)) and ({IV;},P) is a Poisson process with unknown intensity
A, independent from (Y;);>1. Thus, {X;} is a Lévy process with characteristic
triplet ()\ fil yu(dy), 0, )\,u(dy)). Moreover, let us assume that:

e the law u of Y] varies in a family dominated by a given finite measure
it such that %% >0,

e the density r := Z—g is L-Lipschitz, |r(0)] < K and sup)\f|y‘<1 lylp(dy) <
A -
00, for some L, K < oc.

Those assumptions entail that the Lévy measure v(dy) = Au(dy) of {X;} be-

longs to the class . [541% i of Example 2.9. Hence we can deduce the asymp-
totic equivalence between the statistical models associated to the process
{X:} and to the variables:

R:I:oo ~ f@ (T)\/,L(J:too))

Rj7k ~ y(T)\,M(JjJJ)

14



where j=1,...,mand k=-m,...,m— 1.

We can also reinterpret this result in light of Corollary 2.14 and Remark
2.16 that allow us to construct an asymptotically minimax estimator for
the parameter (\, p) in the statistical model associated to the process {X;}
from a minimax estimator of the same parameter in the submodel associated
to the process {Z@]\g I4(Y:)} Acer,,- Note that the latter is simply a sum of
independent Bernoulli random variables counting the number of jumps whose
amplitude falls in a given set A in 27,.

Tempered Stable Processes

Let {T};} be a tempered stable process, that is, a Lévy process on R with
no Gaussian component and such that its Lévy measure has a density of the
form

c.
Ply) = e Al

C
+ oAy
«

Hy<0 + y1+ y>05

where the parameters satisfy C'y > 0, A+ > 0 and o < 2, with AL unknown.
Further, consider the statistical model associated to:

Ry~ & (T Jri p(y)dy>

Rjj, ~ «@<T 5., p(y)dy>
where j=1,...,mand k=-m,...,m— 1.
If we suppose that:

e 0 <a<1and Cy < oo are kept fixed and known;

e there exist fixed ¢ > 0 and M < oo such that ¢ < Ay < M, with ¢
known;

e the quantity C+)\?‘fl — C_)\>"! is supposed to be known (that is, 7,
is known);

then, thanks to Example 2.11, the statistical models associated to {T};} and
to (22) are asymptotically equivalent.

Here is an example of a model fitting in the framework of Proposition
2.15.
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Merton model with inhomogeneous drift
Consider:

_ ") g Sy,
X, = /0 f(r)dr + /O \/ﬁdBr+;K P-a.s. (23)

where ({B;},P) is a standard Brownian motion, ({/V;},P) is a Poisson pro-
cess of unknown intensity A and (Y;); is a sequence, independent of the
process {N;}, of i.i.d. random variables distributed as N'(u,&?2), u and &2
unknown.

Further, note by ¢,¢(A4) = P(X € A), VA € #(R) where X ~
N (u,€%). Consider the statistical model associated to the variables:

Y, NN<f(T(j1>>702<T(j1>>>

Rj:oo ~ Q(T)\QSM{Q (J:l:oo))

Rjx ~ 2 (TAPG, ¢ (Jj))

\(Yla v 7Yn) I (R—007 Rl,—ma v 7Rm,—ma v 7R1,m—17 oo 7Rm,m—17ROO)7
(24)

(

wherei=1,...,n,5=1,....m, k=-m,...,m— 1.
Then, if we suppose that

e f(-) satisfies (F1) and (F2) and o(-) verifies (20),

e there exist real numbers € > 0 and L, M < oo such that 52 > 262,
pw < M and A < L with € and L known,

the statistical models associated to (23) and to (24) are asymptotically equiv-
alent. To prove this fact, simply remark that the Lévy measure of {X;}

belongs to the class //15(,4(2“71( of Example 2.9 taking 7(A) = Ly 2(A), C =
L oxp (]‘64—22—%) and K = % Indeed, with such a choice of 7, we have p(y) :=

2
dv () — A (y—p)? _ ¢ do) || _ e VE*—€? 2p2—¢2

E(y) = ﬁaexp ( 2¢2 —;ﬁ), hence ‘ dy HOO — WZI = exp (62(55—52) ) <
2

2\}55 €xp (Aed_Q - %)

3. Proofs

This section is devoted to the proofs of our main results.
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8.1. Proof of Theorem 2.12
We will proceed in three steps. .
STEP 1. The task is to prove that: hm A(@(V 0.v)  gp(y"™.0, ’7’”)) =0.

— 00
Recall that 7, is the Lévy measure deﬁned in Subsection 2.3 and recall also
the notation:

= /yISI y(v(dy) — v(dy)),

(this quantity is finite thanks to Assumption (M2), see [25], Remark 33.3).
Moreover, v/ is finite thanks to Hypothesis (8) and the definition of p,,. We
know, by Theorem 2.3, that the L, distance between P("":0%) and p("™.0.#m)
is given by

v 1 Um, v dP(’YV7O,l/) dP(’me707l7m)
Iy <P(ﬂ/ ,0, ),P(’Y 0, m)) = EP((),O,D) |: W(Cﬂ) - W(x)”
I dP(fme,O7Dm)
=Epevom ‘ T T gpror) r H
= EP(WV,O,L/) _{1 - eXp (U’Jém ('1") - U"Ze(x)) |:|’

with UZ.(x) defined as in (9). Introduce the quantity R7(z) := exp (Ujp:m (x)—
U{i(x)) and observe that, by definition, P(""%) as., we have:

i (a) = oxp 1 (Zlnd”—m A= [ ()= 1)via) )

so, by Lemma Appendix A.2, we get:

L, <P(w,07u)’ pem ,o,am)) < 2sinh <T/ 1o(y) — ﬁm(y)|ﬂ(dy)>- (25)
R
Thus, thanks to Assumption (M3), we have

lim sup L <P(7U’0’”),P('yﬂm’0’9m)) =0.
m—00 VE«%(:”

By Property 2.4, we conclude that the models 220"-0%) and 2" :0.7m) are
asymptotically equivalent as m goes to infinity.

STEP 2. The goal is to prove that: A(L@('yﬁm’o”jm), 21) =0 for all m.
Consider the statistics S : (D, 2) — (N2m2+2,P(N2m2+2)) defined by

T;—00 x;1,—m x;mm—1 ;00
S(x):<NT  NEbmmo N ,NF >

17



where

;= i3,k
N; * = g ]IJioo(Agcr), N;J = E HJM(AxT).
r<T r<T

We shall prove, using the Fisher’s factorization theorem, that S is a sufficient
statistics for the family of probability measures {PO"™07m). 1, € .3}, To
that aim, we need to insure the existence of a density function for PO7™0,0m)
with respect to a dominating measure, that can be written as a function of
v and S(z). The existence of such a density is guaranteed by Theorem 2.3
applied to ({z;}, PO 07m)) and ({z;}, P(*0)). The fact that the hypothe-
ses of the mentioned theorem are satisfied is guaranteed by the definition of
pm- Indeed, the finiteness of [(y/pm — 1)2di < oo follows from the fact that
pm = 1 close to zero and that 7, and U are Lévy measures. Hence, with the
usual notations, we have

dP(’YDmvovljm) Uﬁm V(J_ ) — V(J ) 3
- — () _ 00 T;—00 [e'¢) ;00
dp0.0.7) (@) = P <1H D(J—oo)NT i ’;(JOO)NT

V(Jjik) rrasik / _ _ >
+ In —LZNTE T m(y) — 1) o(dy) |.
) AR R(p (y) — Dv(dy)

j:17"'7m
k=—m,....,m—1

Now note that, by definition, 4v*™ depends only on the parameters 7 and

v, hence we conclude that S is a sufficient statistics for {PO"™07m). 1 ¢
A3}, Furthermore, under PO”™:07=) " the random variables ijij ok (resp.
N7 and N7™) have Poisson distributions with parameters T, (Jj,k)
(resp. T, (J_Oo) and T7,, (JOO)), which, by the definition of 7y, is equal to
TV(JJ"]C) (resp. TI/(J,OO), TI/(JOO)). Moreover, since the J’s intervals are
disjoint, the random variables N7 are independent. It follows that the law

of S under PO"™0.7m) ig QT’R. Then, by means of Property 2.5, we get
A0 0m) 9By — 0 for all m.
STEP 3. The purpose is to prove that: if v belongs to .#¥ then,
A(20" 0V ' 0v)y — ¢,
To that aim, consider the Markov kernels 71, w9 defined as follows

7'('1(.%',14) = HA(xd),

reD Aec 9.
mo(x, A) = La(z? = np),

18



On the one hand we have:

m PO OV (A) = /

D
= Pov0)(4),

m(z, A) PO OV (dg) = / T4 (z4) PO 0 (d)
D

where in the last equality we have used the fact that, under PO"0) {24} is
a Lévy process with characteristic triplet (1,,0,v) (see point (i) of Theorem
2.2). On the other hand:

D
= PO"0v)(4),

ma(a, )P0 o) = [ La(a )P0 (o)
D

since, by definition, v* is equal to 7, — ny. The conclusion follows by the
definition of the A-distance. O

8.2. Proof of Corollary 2.1/
It is enough to note that, for all A in 47, the random variable 3 3, . 14 (Ax¢)

has a Poisson distribution of parameter Tw(A) under both P(":0*) and
P(nV707V)_ |:|

8.8. Proof of Proposition 2.15

Recall that, using our notations, Brown and Low have proved in [2] the
asymptotic equivalence between 2/ o?/m0) and 2Y. Making use of the
previous results, we conclude:

A(@l(f+"”’(’2/"’”), o n0) @l("”’o’”)> = 0 (by Property 2.6),
ILm A(W(f"#/"’o) ® P 0v) gY@ 9/("”’0’”)) =0 (by [2] and Property 2.7),
lim A(ﬂ,{ ® PV 9Y & Q;f) = 0 (by Theorem 2.12 and Property 2.7).

m—r 00

Remark that, in the last expression, the convergence is uniform in n, there-
fore Proposition 2.15 is proved. O

Appendix A. Some technical proofs

In the following, we will limit ourselves to defining Markov kernels on the
rectangular sets since they generate the product o-algebra.
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Proof of Property 2.6. Let us consider the Markov kernels 7%, 7® defined as
follows, for x; € D, A; € 9:

70 ((z1,12), A1) = 14, (21 + 22),
T (21, A1 x Ag) = L4, (z5)1a, (z9).

Then, on the one hand we have:
7T®P(f’02’0) ® P(UmOvV) // ((z1, 32) A)P(f,O’Q,O) (dxl)P("”’O’”)(dxg)
D2

= / / Ly (1 + 22) PY7"0) (dy ) PO (dpy)
D

— P(f70270) * P(Wovl’) (A)

= pUHmo*v(4)  vAe .

On the other hand we have:

7T*P(f+7lu70'2,l/)(A1 X AQ) :/ 7-‘—*(.%.7141 X AQ)P(f,o‘2,0) % P(ny’07y)(d$)
D
— // w*(m + y,Al % A2)P(f,02,0) (dx)P(an,u) (dy)
D2

— [ 1@ @) PO ) PO 0 )
D
= pUa0) (4, pim0r)(A,) VAp, Ay € 9,
that concludes the proof by the definition of the A-distance. O

Proof of Property 2.7. By hypothesis, there exist ;! A d" (i,5) =
(1,2),(2,1), Markov kernels which do not depend on the parameter space ©
such that

lim sup |[7PPy"(A) — PJ"(A)| = 0.
n—00 AGan

We conclude by considering the Markov kernels 77", 5 : 2" — &/ defined,
for (i,7) = (1,2),(2,1), by:

s (@i, w3); Aj X Ag) i= mf (243 Aj)Lag (23).
N

We now prove two technical lemmas needed for the proof of Theorem
2.12.
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Lemma Appendix A.1. For all x,y in R we have:

1+¢€* 1+eY
1 _ eV

|1 —e*tY| < |1 — e”|. (A.1)

Proof. Consider the cases:

e 2,y > 0: In this case we have that |1 — e*1¥| is exactly equal to
B — o] + B — e,

e x>0,y <0,z+y > 0: Then the member on the right hand side of
(A.1) is equal to €* —e¥ > % —1 > Y — 1.

e x>0,y <0,x+y <0: In this case the member on the right of (A.1)
is equal to e* —e¥ > 1 —¢e¥ > 1 — Y,

e 1,y < 0: Also in this case we have that |1 — e*1¥| is exactly equal to
L1 — o] + B - e,

We handle the remaining cases by symmetrical arguments. O
Lemma Appendix A.2. The following limit

Z In %(AI‘T)H|A:BT|>€ - T/

R7(z) == liH(l) (exp (
e r<T ly|>e

(7 = 2)(a) )
(A.2)

with p, pm, ¥ and Uy, as in Section 2, exists uniformly in t in any bounded
interval, PO _q.s. and

Eponon |1 7P < 2sin (T [ 1060 - puilo(@n)).  (13)

Proof. To prove the existence of the limit in (A.2) we want to apply Theorem
2.3. To that aim just note that Assumption (M2) implies the finiteness of

2
the integral [p < dg—l’/"(y) - 1) v(dy). Indeed, integrating the last quantity
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1

separately over the intervals [ - %], ]%, oo[ and ] — 00, —% [, we obtain

that is finite thanks to Assumption (M2) and the fact that v is a Lévy

measure (in the last inequality we have used the elementary inequality: for
a,b >0, (va—vb)? < 2a+ 2b).
In order to simplify the notations let us write

Z In fi(Axr)]I‘A(xr)be - T/

A*(z) == lim <
e—0 <7 ly|>e

) - 1>u<dy>>

_ Him H>7m
with f* = (%) "2 and f= (%) """ so that

R (z) = exp(Ay(2) + A (2)).

Then, using Lemma Appendix A.1 and the fact that Ay (x) > 0and A_(z) <
0 we get:

Epv o [T = RE(2)]] = Eperom
1+ A @
2
=Epev.om) [emm) _ e/rm]_

1 —exp(At(z) + A_(x))‘
1+eA @
2

< EP(—yl’,O,u) |: 1_ eA’(:z:) + At(x)

|

In order to compute the last quantity we apply Theorem 2.3 and the fact
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that both A*(z) and A~ (z) have the same law under P0"":9%) and P(©-0»):

R
— exp (T (f~
R
= 2sinh (T/(
= 251nh< /|

Appendix B. Proofs of the examples

(y) =~ (y)v(dy)
)~ £l
FHy) - f‘(y)V(dy)>
oy

Pl ).

Proof of example 2.9. Assumption (M1) is obvious by construction, Assump-
tions (M2) and (M4) follow from the finiteness of the measures v and ¥ plus
the inequality (,/p—1)? < p+ 1. Finally, Assumption (M3) is a straightfor-
ward consequence of the inequality:

0(y) = Pm ()| < m” H m—%} u] ! m|. (B)

Indeed, since dei—yy)u < L, we have
o

/ p(y) y)lo(dy) = / 1p(y) — pm(y)|P(dy)
L<Jy|l<m
+ / lp(y) — Pm(y)|P(dy) + / lp(y) — 1|v(dy)
ly|>m lyl<t
< %ﬂ(% <yl < m) + 2y(|yy| >m) + /|y<,;(K + Lly| + 1)o(dy)
<m(gsblcm)s2 [ armpsa) [ 0L D)

that tends to zero, uniformly on v, as m goes to infinity, since ¥ is a finite
Lévy measure.

In order to prove (B.1), fix an interval J; , 5 = 1,... ,mand k = —m, ..., m—
1 and note that, by construction of p,,, there always exist y1, yo verifying

pm(y) < p(y1) and pm(y) > p(y2) Yy € Jjk.
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Thus, by the continuity of p, we conclude that, for all y in J;, there exists
¢ such that p,,(y) = p(y). Then we apply the mean value theorem to bound

lp(y) = Pm(y)]- O

Proof of example 2.10. Consider v in //Zsr’c(4]34 and define a Lévy measure o,

absolutely continuous with respect to Lebesgue, whose density is C’efsyyflﬂpo.
Consequently, p(y) = %(y) = YN, o. Condition (M2) writes

[ Vo) = 12otan) = [ (BN -1y ay
R 0
1 2
< /O (L =27 + 00 )y dy + ~ < oo

To verify condition (M3), treat separately the integral [ |p(y)—pm (y)|7(dy)

over the intervals [0, %], ]%,m}, Jm, o0 :

1
z A—¢ 1 M-¢ 1
— —ey,,—1 < — )< N
C/O lp(y) = L™y~ dy < C— +O<m2)_c —~ +O(m2>,

C lm lp(y) — ﬁm(y)|e*€yy*1dy < QCM —° log(m), using (B.1)
[ 10) = @it < [ (o) + ()0 () = 26(0m, ),

we conclude since the quantities above tend to zero, uniformly in v, as m
goes to infinity. Finally, condition (M4) follows from

1 C C
— —)\y —— 1 _ —>\ < _ 1 _ —€
/ylSl lylv(dy) /O Ce Vdy A( e ) < 571 -e™),

1 C
[ ity = [ oy = Sa-e,
ly|<1 0 €
O

Proof of Example 2.11. Let v belong to .# 3 é?cg e and consider the mea-

sure 7 having density (with respect to Lebesgue) given by Cj %HKO +

CQ—;;Z I,~0. Hence, p(y) = %(y) — e*\yl(hfe)]ly«) + e*y()‘2*€)ﬂy>0. Condi-
tion (M2) writes:

0 £y o0 —E&yY
1 / (6%0‘175) - 1)2(Zmdy + 02/ (e%(%)‘ﬂ - 1)2;1+ady < 00,
—00 - 0

24



which is true since, near zero, the integrands are equivalent to LW% and
are integrable for o < 1. To verify condition (M3) treat again separately
the integral [ [p(y) — pm(y)|P(dy) over the intervals :I:{O, %}, :I:} %,m],
+]m, 0o[. The computations are essentially the same as in the previous proof,

thanks to the integrability of y~“ between —% and % The integrals between
% and m and between —m and —% are bounded by max{Cy,Cy}(M —

€) (%_1 — W), hence tend to zero. Condition (M4) follows as above. [
References

[1] Lawrence D. Brown, Andrew V. Carter, Mark G. Low, and Cun-Hui
Zhang. Equivalence theory for density estimation, Poisson processes
and Gaussian white noise with drift. Ann. Statist., 32(5):2074-2097,
2004.

[2] Lawrence D. Brown and Mark G. Low. Asymptotic equivalence of non-
parametric regression and white noise. Ann. Statist., 24(6):2384-2398,
1996.

[3] Boris Buchmann and Gernot Miiller. Limit experiments of GARCH.
Bernoulli, 18(1):64-99, 2012.

[4] Andrew V. Carter. Asymptotic approximation of nonparametric regres-
sion experiments with unknown variances. Ann. Statist., 35(4):1644—
1673, 2007.

[5] Andrew V. Carter. Asymptotically sufficient statistics in nonparametric
regression experiments with correlated noise. J. Probab. Stat., pages Art.
ID 275308, 19, 20009.

[6] Fabienne Comte and Valentine Genon-Catalot. Estimation for Lévy
processes from high frequency data within a long time interval. Ann.
Statist., 39(2):803-837, 2011.

[7] Rama Cont and Peter Tankov. Financial modelling with jump pro-
cesses. Chapman & Hall/CRC Financial Mathematics Series. Chapman
& Hall/CRC, Boca Raton, FL, 2004.

[8] Arnak Dalalyan and Markus Reif. Asymptotic statistical equivalence
for scalar ergodic diffusions. Probab. Theory Related Fields, 134(2):248~
282, 2006.

25



19]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

18]

[19]

[20]

Sylvain Delattre and Marc Hoffmann. Asymptotic equivalence for a null
recurrent diffusion. Bernoulli, 8(2):139-174, 2002.

Valentine Genon-Catalot, Catherine Laredo, and Michael Nussbaum.
Asymptotic equivalence of estimating a Poisson intensity and a positive
diffusion drift. Ann. Statist., 30(3):731-753, 2002. Dedicated to the
memory of Lucien Le Cam.

Georgi K. Golubev, Michael Nussbaum, and Harrison H. Zhou. Asymp-
totic equivalence of spectral density estimation and Gaussian white
noise. Ann. Statist., 38(1):181-214, 2010.

Ion Grama and Michael Nussbaum. Asymptotic equivalence for non-
parametric generalized linear models. Probab. Theory Related Fields,
111(2):167-214, 1998.

Ion Grama and Michael Nussbaum. Asymptotic equivalence for non-
parametric regression. Math. Methods Statist., 11(1):1-36, 2002.

Ion G. Grama and Michael H. Neumann. Asymptotic equivalence of non-
parametric autoregression and nonparametric regression. Ann. Statist.,
34(4):1701-1732, 2006.

Shota Gugushvili. Nonparametric inference for discretely sampled Lévy
processes. Ann. Inst. Henri Poincaré Probab. Stat., 48(1):282-307, 2012.

Johanna Kappus and Markus Reifs. Estimation of the characteristics of
a Lévy process observed at arbitrary frequency. Stat. Neerl., 64(3):314—
328, 2010.

Lucien Le Cam. Sufficiency and approximate sufficiency. Ann. Math.
Statist., 35:1419-1455, 1964.

Lucien Le Cam. Asymptotic methods in statistical decision theory.
Springer Series in Statistics. Springer-Verlag, New York, 1986.

Lucien Le Cam and Grace Lo Yang. Asymptotics in statistics. Springer
Series in Statistics. Springer-Verlag, New York, second edition, 2000.
Some basic concepts.

Alexander Meister. Asymptotic equivalence of functional linear regres-
sion and a white noise inverse problem. Ann. Statist., 39(3):1471-1495,
2011.

26



[21]

[22]

[23]

[24]

[25]

Alexander Meister and Markus Reifs. Asymptotic equivalence for non-
parametric regression with non-regular errors. Probab. Theory Related
Fields, 155(1-2):201-229, 2013.

Grigori Milstein and Michael Nussbaum. Diffusion approximation
for nonparametric autoregression.  Probab. Theory Related Fields,
112(4):535-543, 1998.

Michael Nussbaum. Asymptotic equivalence of density estimation and
Gaussian white noise. Ann. Statist., 24(6):2399-2430, 1996.

Markus Reifs. Asymptotic equivalence for nonparametric regression with
multivariate and random design. Ann. Statist., 36(4):1957-1982, 2008.

Ken-iti Sato. Lévy processes and infinitely divisible distributions, vol-
ume 68 of Cambridge Studies in Advanced Mathematics. Cambridge
University Press, Cambridge, 1999. Translated from the 1990 Japanese
original, Revised by the author.

27



