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CONJUGATION-FREE GROUPS, LOWER CENTRAL SERIES AND LINE
ARRANGEMENTS

MICHAEL FRIEDMAN

ABSTRACT. The quotients G /Gg+1 of the lower central series of a finitely presented group G are
an important invariant of this group. In this work we investigate the ranks of these quotients in
the case of a certain class of conjugation-free groups, which are groups generated by z1,...,z, and
having only cyclic relations:

l’itxit71 et Ty = wit71 et X gy = 1 = Xy Ly e Lig e

Using tools from group theory and from the theory of line arrangements we explicitly find these
ranks, which depend only at the number and length of these cyclic relations. It follows that for
these groups the associated graded Lie algebra gr(G) decomposes, in any degree, as a direct product
of local components.

1. INTRODUCTION

Let G be a group and consider its lower central series defined by G = G, Gy, = [Gk_1,G|,k > 2.

The graded sum

gr(G) = EBGk/Gk+1
E>1

has a graded Lie algebra structure induced by the commutator bracket on G. In general, gr(G)
reflects many properties of the group G. For example, if G is finitely generated, then the abelian
groups G /Ggy1 are also finitely generated. It is, however, difficult to find out the structure of
G /Gr+1 even in the case when G is finitely generated. Thus, determining this structure, or even
the ranks of the quotients ¢y (G) = rank(Gy/Gp41), for a certain class of finitely generated groups
is a significant problem.

In the case of G = Ty, the free group of rank n, Magnus (see e.g. [16]) showed that gr(F,,) is the
free Lie algebra on n generators, whose ranks were computed by Witt [24]. Hall [12] introduced
the basic commutators of F,,, showing that the coset classes of weight k form a basis of Gi/Gp41.
Therefore, for the free group, the structure of gr(F,,) is completely known. Another well-known
example is the work of Chen [1], computing the structure of gr(F,/(F,)").

In this paper we concentrate on a particular class of finitely presented groups: groups having a
presentation where all the relations are cyclic relations; that is, of the form:

St St—l. ST St—l_ . S St .. — 51 .5t | . 52

T T =X T Tilwl T
where {x1,...,2,} are the generators of the group, 2 < ¢, {iy,io,...,3:} C {1,...,n} is an in-
creasing subsequence of indices and s; € (x1,...,2,). We call such groups cyclic-related groups

(see Definition 2.1) and the above relation a cyclic relation of length ¢t. When all the conjugating
elements are equal to the identity, i.e. s; = e, then we call such a group conjugation-free (see Defi-
nition 2.6). The simplest example of such a group is the group F,,/(R,,) generated by n generators
with one cyclic relation of length n:

R,: xpTpn_1- ... T1 =XTp_1Tp_9" ... T1Ly =+ = T1Lpy * ...  To.

Obviously, F,,/(R,) ~ F,,_1 & Z, and thus the structure of gr(F,/(R,)) is known.
A less-known example of a cyclic-related group is the pure braid group PB,, (see [17, Theorem

2.3] for a cyclic-related presentation of this group). Note that given an arrangement of hyperplanes
1
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A={Hy,...,H,} C C™, the fundamental group m (C"™ — A) is a cyclic-related group (see Remark
4.9); thus, from this perspective, it is clear why the pure braid group is a cyclic-related group, as
it is the fundamental group of the complement of a hyperplane arrangement known as the braid
arrangement. In general, if W is a real reflection group, Ay C C™ the associated hyperplane
arrangement and By the Artin group associated to W, then 71 (C™ — Ay ) ~ ker(By — W) is
a cyclic-related group. Note that the study of the lower central series quotients of the pure braid
group was initiated by Kohno [14].

As an arrangement of lines in C? is an example of a hyperplane arrangement, for any line
arrangement £ the associated fundamental group G = 71 (C? — £) is a cyclic-related group. Kohno
[13] proved, using the mixed Hodge structure on H'(C? — £,Q), that gr(G) ® Q is isomorphic to
the nilpotent completion of the holonomy Lie algebra of C2 — £. Falk proved [6], using Sullivan’s 1-
minimal models, that the lower central series ranks ¢ (G) are determined only by the combinatorics
of £. However, a precise combinatorial formula for ¢;(G), and even for ¢3(G), is not known (for
the general formula for ¢3, see e.g. [21, Corollary 3.6] or Remark 3.12 below).

These motivations lead us to investigate these ranks for cyclic-related and conjugation-free
groups. While it is fairly easy to find out the rank ¢y for any cyclic-related group (see Section
3.1.1), it is a harder task when considering the rank ¢3. We find that for a certain class of
conjugation-free groups, there is an upper bound on ¢3 (see Proposition 3.9). Explicitly, for such
a group G, using only group-theoretic arguments, we prove that ¢3(G) < > ;55 ni¢3(F;—1), where
n; is the number of cyclic relations of length i of G. B

We then associate to this group G a line arrangement £(G), such that m(C? — £(G)) ~ G.
By [7], given any line arrangement £, ¢3(m1(C? — £)) is bounded from below by the above upper
bound. Thus, for this class of conjugation-free groups, one can calculate ¢3 directly, i.e. the third
quotient of the lower central series behaves as if the group is a direct product of free groups. From
this it follows, by [20], that these conjugation-free groups are decomposable (see Definition 4.19),
that is, the quotient Gy /Gg+1 decomposes, for k > 2, as a direct product of local components and
that ¢p(G) = > ,~53n:i¢k(Fi—1) for every k > 2 (see Theorem 4.18). Hence, for this class of groups,
we have found the complete structure of gr(G).

The paper is organized as follows. In Section 2 we define the main object of our research: cyclic-
related and conjugation-free groups. We prove in Section 3 that for a certain class of conjugation-
free groups, there is an upper bound on the third rank ¢3. Associating to such a group a line
arrangement, we show in Section 4 that this upper bound is obtained. This leads us to find an
explicit formula on the ranks ¢ for £ > 3 and to find a new series of examples of decomposable
groups.

Acknowledgements: The author would like to thank Michael Falk, Uzi Vishne, Roland Bacher
and Mikhail Zaidenberg for stimulating talks, and the Fourier Institut in Grenoble for the warm
hospitality and support.

2. CYCLIC-RELATED AND CONJUGATION-FREE GROUPS

In this section, we define the main object of our research: cyclic-related groups and conjugation-
free groups. Let G be a group, and denote [a, b] = a~'b~'ab, a® = b~1ab for a,b € G.

Definition 2.1. Let G be a finitely presented group. We say that G is cyclic-related if G has
a presentation such that it is generated by x1,...,z, with relations Ry,..., R, and the following
requirements hold:

(1) All the relations are of the following form:

Sp,t . Sp,t—1 . xsp,l — Spt—1 L eSet Set o Spi1  Spt . .5p.2
2t 1t—1 : 11 11 ce i1 it i1 it PN is

R, = Rp7(it,___,il) T
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where 1 <p <w, 2 <t {i1,i9,...,9t} C{l,...,n} is an increasing subsequence of indices,
Spj € (x1,...,xy) for 1 < j < t. These relations are called cyclic relations of length t. Note
that when ¢t = 2 we get the commutator [mfl,xf;] =e.

(2) For every p(iiir .of indi'ces. J1, o e {1,...,n}, j1 # j2, there is a unique relation R, ;, . i)
such that {ji,72} C {i1,%2,...,0}.

(3) For every two relations R, (;, i), By ( p # p/ we have that:

Jsrend1)
‘{il7i27 s 7Z.t} N {j17j27 e 7j8}’ S L.

Example 2.2. (1) The pure braid group PB, is an example of a cyclic-related group; see [17,
Theorem 2.3] for a presentation of PB,, with generators and relations satisfying the requirements
above.

(2) For any hyperplane arrangement A C CF, 7 (C

4.9(1)).

Remark 2.3. Note that R, ;, ;) a cyclic relation of length ¢ can be written as a list of ¢ — 1
commutators:

k — A) is a cyclic-related group (see Remark

[xfp,k Sp.k—1 LU L . ?p,kﬂ] _

i ) Tig—1 R 5] it R I | ’

where 1 < k < t.
Definition 2.4. We say that a cyclic relation of length t is multiple if ¢t > 3.

Definition 2.5. Given a cyclic-related group G, we define its associated graph Gr(G) in the
following way:
e Vertices: for every multiple cyclic relation R, = Ry, (;, . ;,) (where t > 3) associate a vertex
Up = Up (iy,..ip)- When it is clear what are the corresponding generators to vy, ;.. i) we
write only v,.
e Edges: two vertices vy = vy (s,,...i1)s Up' = Vp/ (js,....j1) are connected by a edge e;, if

{il7i27 e 7it} m {j17j27 e 7j8} = {ZU} = {jU}7
where 1 <v <t,1<u<s.
Definition 2.6. Let GG be a cyclic-related group. If every cyclic relation is of the form
Rp,(it,...,h) DT Ty e Tiy = iy e T Ty = = L Ty et T

(that is, there are no conjugations on the generators appearing in the relation) then we say that G
is conjugation-free and that its relations are conjugation-free.

Example 2.7. (1) If the graph Gr(G) of a conjugation-free group G is empty, then all the relations
of G are commutators between all the generators and hence G is a free abelian group, i.e. if G
is generated by n generators then G ~ Z". This is since, by requirement (2) of Definition 2.1,
every generator commutes with all other generators. Note that this is not true any more if G is
cyclic-related, but not conjugation-free. For example, for the cyclic-related group

G1 = (z1, 9,23 : [21,25°] = [r1,25%] = [, 25'] =€),

the graph Gr(G1) is empty (as there are no multiple relations) but G is not abelian (one can check
that there exists an epimorphism to Syms).
(2) Let G be a conjugation-free group with n generators and one cyclic relation of length n, i.e.

G (X, Ty i XXy e " T =+ =TTy ... - T2).

Then G ~F,,_1 @& Z and the graph consists of only one vertex.

(3) Let G be a conjugation-free group such that Gr(G) is a disjoint union of two graphs. Then
G is a direct sum of two conjugation-free groups, whose graphs correspond to the two graphs which
are the components of Gr(G).



4 MICHAEL FRIEDMAN

(4) If the graph of a conjugation-free group consists of only vertices (i.e. there are no edges),
then, by the previous examples, this group is isomorphic to a direct sum of a free abelian group
and free groups. See remark 4.17 for a generalization of this when Gr(G) does not have cycles.

(5) Let G2 be a cyclic-related group generated by x1, ...,z with the following relations:

e cyclic relations of length 3:
Ry : 25t moxy = mox125* = 2125 2, Ro @ TeXsT1 = TsT1T6 = T1T6T5, R3 1 T5T4T3 = T4T3T5 = T3T5T4.
e cyclic relations of length 2:
R4 X4 = XToy4, R5 : .%'51‘53 = 1‘32631'5, R6 L XeTy = T2Tg, R7 XLy = T4g

Then, the vertices of Gr(G2) are vy, ve, v3 (associated to the relations Ry, Ry, R3) and the edges
are eq,es and es (see Figure 1). Note that with this presentation G2 is not conjugation-free.

\

es €1

V3 @ \
3 e, 1

FIGURE 1. The graph Gr(G2) associated to the cyclic-related group Gs.

Remark 2.8. Let G be a cyclic-related group. By requirement (3) in Definition 2.1, every two
vertices of Gr(G) are connected with at most one edge.

3. LOWER CENTRAL SERIES AND CONJUGATION-FREE GROUPS

In this section we prove the main result: that for a certain class of conjugation-free groups, the
rank of the third quotient of the lower central series is bounded from above. We will see in Section
4.3 that this inequality is in fact an equality, using tools arising from line arrangements.

First, we give in Section 3.1 a short survey of some of the known results concerning the quotients
of the lower central series, afterwards proving the main theorem in Section 3.2.

3.1. The lower central series. We begin with some notations. Let G be a group generated by
Z1,...,2, and consider its lower central series Gy, where G; = G and Gy = [Gy_1,G], k > 2.
Denote ¢(G) = rank(Gy/Giy1). If G = F,, the free group with n generators, then we denote

wi(n) = ¢r(Fn).

Notation 3.1. (1) x;; = [xi,xj] € Go fori,je{l,...,n}.
(2) @ik = (@i, xjap], Tij e = [xixj, xx) € Ga fori,j,k € {1,...,n}.
(3) @ik = [Tij, k) = [[xs,2;], 2] € G3 fori,j, k € {1,...,n}.

(4) @i jw = [xij, ver)] = (@i, ], vpxy] € G3 for i, j, k1 € {1,...,n}.

(5) More generally, if @ € G, then we denote x; o = [z, ] and 2; 4 % = [Tia, 2] € G3 and in
the same way for expressions of the form z, j, o j i O 5 j -

Remark 3.2. If G is a group generated by x1, ..., z,, then it is well-known that G3/G3 is generated
by x;; where j > i and G3/Gy is generated by x;; where j >4 and k > i (see [12]).

Concentrating on the groups G3/Gs and G3/Gy, we recall a few of their well-known properties.
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Proposition 3.3. (I) For every i,j,k € {1,...,n}, the following equivalences hold in Gy/G3:
(4, 25%] = (i, 25], @i jr = Ti gy

(IT) The following equivalences hold in G3/Gy:

(1) Tijkl = Tij1Tig ks Tighl = Tik1Tijly Tijkl = TjkiTikl-
_ -1

(2) Lijk = Lji ks

where i, j, k,l are either words in G or indices in {1,... ,n}.

Proof. (I) Obvious.
(IT)(1) We give the proof only for the expression x; ji ;. The proof for the other expressions is similar.

ik = o, wjen], ] = ([, wp)[i, 1™, @) = [[eg, @] [on, [0, 25) s, 25), ).
When expanding the commutator brackets of the right hand side, we see that both the expression
[zk, [xi, 2;)7!] and its inverse appear. As [z, [z;,2;]7!] € G5, it commutes in the group Gs/G4 with
any other element. Therefore,
ikt = @i, wpllws, x5], 2] = (o, apl, @] - ([0, 5], 2] (mod Gy),
where in the last equivalence we used that [ab,c] = [a,c]’[b,c] = [b,[a,c]"][a,]|[b,c], and that
[b,[a,c]7'] € Gy if a € Gs.
(2) Let a = z;;; thus a™! = z;;. Therefore Tijk = |a,T] = a” x|

! Yo lzpa = x;;’k Thus, in G3/Gy4, we get that x; j, = ﬂ:;ik ]

1x;1axk and ;= [a™t,

azx, a~1'z. Hence, a_lxj,wa =T
3.1.1. The rank of G3/Gs. From now on, let G be a cyclic-related group with relations Ry, ..., Ry.
In this subsection we give a combinatorial description of ¢2(G) (see also Remark 4.21(1) for a
description of ¢2(G) via topological invariants). Recall again that G/G3 is generated by x;; when
j >

Note that by Remark 2.3 and Proposition 3.3(I), every cyclic relation of length ¢ in G is equivalent,
in Go/G3, to a list of t — 1 commutators, where the generators appear without conjugations. That
is, the relation R, of G-

Sp,t . Sp,t—1 L Spl L Spt—1 L eSel Set S ot . xSP,Q

R, = Rp,(it,---,il) :

it ip—1 t 11 ip—1 t i1 it i1 it cee io

is equivalent in G5/G3 to the following list of commutators:
Ryk: (@i, @iy | v ovo Ty Ty e %’kﬂ] =e,

where 1 < k < t. Moreover, by Proposition 3.3(I) we see that every relation R, j, where 1 < k <'t,
is equivalent to
(3) Lipyiggr -+ " Ligyis " Ligyin * -+ Ligipg_q — €

By requirement (2) of Definition 2.1, for every pair of indices i, j, the generator x;; of G2/G3
appears as a term in the relations of Go/G3 only once. Therefore, for every two different relations
R,, R,y of G, when considering these relations in G3/G3 (as in Equation (3)), the generators that
appear in these relations are different.

For example, every cyclic relation of length 3: xgmf z] = xf z)al = x;/xgxf (where , 8,7 € G
and k > j > i) is equivalent to equalities of the form z;; =z} ; = xgi in G2/Gs. Hence, while in
every such cyclic relation appear three generators of G2/G3, two of them can be expressed as the
third (or as its inverse).

In the same way, while in a cyclic relation R, (in G2/G3) of length m appear (") generators
of G2/G3, m — 1 of them can be expressed as a product of the others; thus a cyclic relation
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m

R, of length m contributes v(p) = ('y) — m + 1 independent generators to G2/Gs. Note that
o(p) = ("5Y) = wa(m — 1).

Hence > ", v(p) = > ;>3 niwa(i — 1), where n; is the number of cyclic relations of length i. We
therefore see that

rank(Gg/Gg) = ¢2(G) = ZniWQ(i — 1).

i>3

3.2. The group G3/G4. Here we would like to generalize the above equality, proved for the rank
of G2/Gj, for the group G3/Gy, for a special class of conjugation-free groups. We first introduce
some notations.

Notation 3.4. Let G be a cyclic-related group.
(1) Let ny, be the number of cyclic relations of length m.
(2) Let B(Gr(G)) be the first Betti number of the graph Gr(G).

Thus, we want to prove the following theorem:

Theorem 3.5. Let G be a conjugation-free group such that f(Gr(G)) < 1. Then:

¢3(G) = Zniwg(i — 1).

i>3

The proof of this theorem is divided into two parts. The first part, given in Proposition 3.9,
proves that ¢3(G) < ) .~5nws3(i — 1), using only arguments from group-theory. The second part,
given in section 4.3, proves that ¢3(G) > > i>3niws(i — 1) and uses arguments from the theory of
line arrangements. In fact, as will be seen in Remark 3.13, the condition that 3(Gr(G)) < 1 can be
relaxed. Before proving these propositions, we need to examine closely the generators of G3/Gy.

Example 3.6. Let G ~ (z1,...,2y 1 TpTp_1-... X1 = =T 1Tp ... - x2). AsG=TF,,_1 DZ, we
get that ¢ (G) = wi(n —1).

Definition 3.7. Let G be a conjugation-free group generated by zi,...,z,, with the relations
Ry, ..., Ry.

(1) A generator of G3/Gy of the form x;; , = [[x;, x;], 1] is called local if there is a multiple relation
Ry = Ry (u,,....u) (2 <t,1 <p<w)such that {i,5,k} C {u,}!_;.
(2) We say that a generator xj, participates in a cyclic relation Ry = Ry, (y,, ) if k € {u,}_;.

Remark 3.8. Every conjugation-free cyclic relation of length ¢ induces > — ¢ local generators of
G3/G4, which are not induced from other relations (since we subtract the number of generators of
the form z;;;. Note also that z;;; = e). However, by Example 3.6, from such relation there are
only ws(t — 1) non-trivial independent local generators, that is, the other local generators can be
expressed as a multiplication of powers of the other basic local generators.

We are now ready to prove the first part of Theorem 3.5:
Proposition 3.9. Let G be a conjugation-free group such that S(Gr(G)) < 1. Then:

$3(G) <D miws(i—1).

i>3
Proof. Assume that G is generated by n generators xy,...,T,. In order to prove that
¢$3(G) < > ;>3 niws(i — 1), we prove that every non-local generator of the form x;; 1 = [[z;, zi], xi]

(where j > i and k > i) is equivalent (modulo G4) to the identity element e. From now on, we
denote by = equalities that take place in G35, modulo the group Gj4.
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We prove this claim by splitting our proof into cases. If the generators x;,z; commute, then
xj; = e and thus x;; , = e. Assume thus that the generators x;, x; participate in the same multiple
relation Rj, and let v; be the corresponding vertex to this relation in Gr(G). Explicitly, as j > i,

Rl = Rl?(y;l//7"'7y(l)l7j7y;c/7"'7y({)7i7yk7"'7y0).
Remark 3.10. Note that some (but not all) of the sets {yo,...,ur} {¥0,--- ¥}, {¥0s- - Ypn}
may be empty.

If 2;, = xj, = e, that is, the generator x; commutes with the generators z; and z;, then
xj;r = e. We therefore examine the cases when the generator xj participates with at least one of
the generators, z; or x;, in the same multiple relation. We consider three cases: when z;;, = e but
Tjr # e; when x5, = e but x;, # e; and when z; ; # e and x;; # e.

First case: In this case xj, x; commute, i.e. x;; = e, and xy, x; participate in the same multiple
relation Rg; let va be the corresponding vertex to this relation in Gr(G) (see Figure 2).

o ———O
v2 = R2=R2,.j..k.) Ve RIZR1(y o)

FIGURE 2. Part of the graph Gr(G): The generators x;, z; participate in a multiple
relation Ry (to whom the vertex v; is associated) and the generators xzy, x; partici-
pate in a multiple relation Ry (to whom the vertex v is associated when we assume
that k > j). The generator x,, is a another generator participating in R;.

Let us prove that z;; . = e.

Eqn.(2) T =€
-1 M- —1,—1 -1,—1,—1 ki -1,—1,, .—1_—1
(4) xj,i,k‘ = 1‘1'7]',]6:1']» T, TjTiZy X, 1']» Tyl = 1']» T, X;T, 1']» LiLjLf-
Denote Y = zy, - ... @y, Y = Ty, o Ty Y = Ty, + - Ty Therefore, since G is
conjugation-free, by Definition 2.6 part of the relatlons of R; are the following:
(5) Y”.%'jY’J‘Z‘Y = ij/.%'iYY” = Y/.%'iYYHI'j = .%'Z'YYHI'jY, = YY”ij/.%'i.

Remark 3.11. Let us note that if a € G3 then for every b € G, a = b~ tab (mod(Gy)), that is, we
can conjugate an element in G3 by any element in G and remain in the same conjugacy class.

We now consider two cases: either that [zg,Y] = [z, Y] = [z, Y”] = e or that at least one of
these equalities does not hold.

Case (1): Assume that [z, Y] = [2g,Y'] = |2k, Y"] = e. This happens when all the generators
participating in Ry, except the generator x;, commute with z;, (for example, this situation occurs
when the vertex v; is not a part of the cycle of the graph Gr(G)).

By Remark 3.11, we can conjugate xj_llk by any element. Thus, following Equation (4):

_1 Conj. by YyY"y'

(6) Tk YY"y ag ey e e - YY'Y

[2k,YY"'Y )= 11 1
= YY"yt a; Lo ta o, 1xj Yo - YY'Y -z

We now examine the following expression: z;z; - YY"Y".
Tilj - YY”YI == xiYY”xj [xj, YYI/]Y/ == xiYY”:UjY/[xj, YY”][[CC]', YYI/], Y/]

RLO) o Y oY Yy, YY", YY), Y] = ;Y2 Y Y[z, YY "]
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where we denote m = [[z;,YY"],Y’]. Note that m € G3 and therefore commutes in G3/G4 with
any other element that belongs to G. Thus, Equation (6) turns to:
(7) x;zl,k =m !z, YY"]_1Y”_1Y_13:;1Y'_1x;1 . xjxglxjfl cz Y, YY" [2;, YY" Imay,
= [, YY" Y'Y e Y e Y YY [, YY
Since [zg, ;] = |2k, Y] = |2, Y] = [, Y] = €, then Equation (7) becomes:
x;zl,k = [z, YY" o oy, YY g

Denoting y = YY" we get:
qu@) —-1

-1 _ .
xjyiyk = 'CL‘_],U,]{I = x‘%jyk.
Thus:
. ’
_ 1.1 —1,.-1_—1 Tkp=€, Congj. by Y'z;
(8) Tjik = Tyjk=T5 0 TN X5 9T =
(Y/ R B T P PN v Tey! TPk y! ,)71 DAL T S DRSS RO v
x;) TN LG T LT, Z; = (Y'z; T wmy w0 Y Ty
,  Rel.(5) , .
Now, yz;Y'z; =" x;Y'z;y. Therefore, Equation (8) becomes:

_ / 1 1.1
ziik = (Y z9) " - xjay x;

when in the last equality we use the fact that x; commutes with all the other terms in the product.
Case (2): Let us now check when [z, y0] # e, when yo € {Y, Y’ Y”}. This happens when the

generator xj participates in a multiple relation R3, where R3 # Rs, and one of the generators in

the set {zy}vey, where Y = {yo, ...,y U{vo,-- -, v F UL, - - -, ypn }, also participates in Rs (see
Figure 3(a)). Note that zj, participates in (at least) two multiple relations: Ry and Rs.

/ -1 _—1y7/—1_—1y/
ziY'rihry =0z, Y Tz Yanr, =e,

v3= R3=R3,(. k) vi= R3 v e R=R(.cy i)
v2 e R2=R2,(. k.0 ymin) Vi o R1ZR1(y i) v2e R2=R2,(.k..c\ydi) VI RIZR1(jy i)
(@) (b)

FIGURE 3. Part (a): a part of the graph Gr(G): The generators z;,z; participate
in a multiple relation R; (to whom the vertex v; is associated) and the generator
xy, participates in two multiple relations Ry, R3 (to whom the vertices vy, vs are
associated, when we assume that k& > j). The generator z,, is another generator
participating in Ry and R3, and z/ is another generator participating in Rp. Part
(b): a forbidden case when x. and x; participate in the same multiple relation R'.
In this case, 3(Gr(G)) > 1. '

Assume that k& > j (the proof for k < j is similar and we leave it to the reader; note that if k = j
then z;; ; is a local generator). Examining closely Ry, we see that:

Ry = RQ,(ch,...,cg,k,c;,,...,cé,j,ck,...,co)'
(when we take into consideration Remark 3.10 with respect to the sets {¢;}, {c, },{c},}). Denote
C=xc ... T, C' = Ter,wonet gy "= Ten, o ey By Definition 2.6, part of the relations of
Ry are the following;:
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(9) C"2,C'2;C = 2,C'z;CC" = C'2;CC"xy, = 2;CC"2;,C" = CC" 2}, C'x;.
By the Hall-Witt identity in G3/G4, we get that [z}, z;], xy] - [[x;l,xlgl], xj] - [[xg, x;l], x;l] =e.
As [x;,x] = e, we get that [[x},z;], z] - [[xk,xj_l],xi_l] = e. It is easy to see that in G3/Gy,

1y -1 — -1 — :
ek, z; ], 2;7] = [z, 2], 2], and thus zj0 = [[zj, 2], 28] = [[#j, 2], 2] = 2k Since
Eqn.(2) 4 _
Tjki = Ty, Weprove that xy ;; = e.
> / "
1 1 -1 -1 xk,i:e,C’oni. by C'CC
(10) Thji = T; Tp T;TRT; T T; TET;T; =
! m—1 -1,.-1 -1,.-1 ! "
(C'CC")™ v ay ay wjry xy gy - C'CCY.
Let C ={co,...,cr}U{c,....c } U{c, ..., }. Note that z; commutes with every generator

in the set {x,}vec, since otherwise B(Gr(G)) would be greater than 1. Indeed, if both x; and z.
participated in the same multiple relation R’ for an index ¢ € C, then Gr(G) would have (at least)
two cycles (see Figure 3(b)). Therefore [z;,C| = [x;,C'] = [x;,C"] = e and

(11) x5 = (C'CC")7! -x;lxlzlxjxi_lxj_lxkxj o'’ - a.

Let us examine the expression z;z;C'CC":

232, C'CC" = 4 C'aylay, ')OCm I

Rel.(9
25 C'2;CC"z;, Ot "D 2,007 2, C [z, Ot
Note that ¢ € G3 and thus, in G3/Gy, it commutes with any other element. Therefore, Equation
(11) becomes:

(12) xy i =ty C']_lc"_lx;lC"_lC_lxj_l -mjxl-_lxj_l - z;CC" O [z, C'tw;

= [z, ) O e e e OC 0, O g, ey = [, O) e g, O,

when in the last equality we used that [z;, zx| = [z;, C] = [z, C’] = [z;,C"] = e. Thus:
Eqgn.(12) Eqn.(2) _4
Thji = Toi o = Tonga T

_ -~ _ L [:,C']=e, Conj. by CC" xy,
T i = xj 10/ 1xjc/xi 1C/ lxj 1C/$jxi i n
" —1 —1 -1 —1_—1,v "
(CC"xy)™" a; O ajwy ay Clrju; - CC gy, =
[z:,CC"|=[zi,1]=e

1 =1 =1, 1 -1 —1, —1(v "
= (z, C"C ;O Ny wy (Cla;CC g )w; = e,

where in the last equality we used the relation:

C'z;CC"ziz, "2 ,00"kC!

and then the fact that z; commutes with C,C’,C"” and z;,.

Second case: In this case xy, x; commute, i.e. 7, = e, and xy, x; participate in the same multiple
relation R4, whose associated vertex in Gr(G) is denoted by v4. The proof that x;; , = e is similar
to the proof presented in the First case. Thus, we only outline the main steps and leave the
detailed checks to the reader. We use the same notations, regarding the relation R; and generators
participating in it, that appeared in the First case. Again, we consider two cases: either that
[k, Y] = [k, Y] =[x, Y"] = e or that at least one of these equalities is not true.
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Case (1): Assuming that [x,Y] = |25, Y] = [21,Y"] = e, we conjugate z;;; by Y'YY” and
get, using Relation (5), that z;;x = x;y7 . Thus x;;; = x;,llk Conjugating zy ;1 by YY" x;
and again using Relation (5), we see that zy;, = e. h

Case (2): This case happens when the generator xj participates in another multiple relation
R3, where Ry # Rs, and in R3 participate also one of the generators in the set {x,},ecy, where

Y=Ayo, - ur U{yps - v FULYG, - - Y} (see Figure 4).

V4 = Ra=Ra4,(.k,..i...)

V3e R3=R3(.y,.k.)  VI=R1I=ZR1Cy,.0)

FIGURE 4. a portion of the graph Gr(G): The generators z;,z; participate in a
multiple relation R; (to whom the vertex vy is associated) and the generator xj par-
ticipates in two multiple relations Rs, Ry (to whom the vertices vs, v4 are associated).
The generator z,, is another generator participating in R; and R3.

Note that it is known that ¢ < k. Examining closely R3, we see that:

R3 = R3,(z;€’,,,...,z(’)’,k,zl’c,,...,z{),i,zk,...,zo)'
(when we take into consideration Remark 3.10 with respect to the sets {z;}, {2}, }, {2}/, }). Denote
Z =y ... Ty, 2 = Lo, e Ty 7" = T, o Therefore, by Remark 4.9, part of the
relations of R3 are the following:

(13) 2" 0, Z'0i 72 = 01, 20 27" = Z'0; 27" 2y, = ;272" 00,7 = 272" 21,7 x5

Again, by the Hall-Witt identity in G3/G4, we get that ;5 = x;,;j and therefore ;. = 2y, ;.
Noting that [z;,Z] = [z;,2'] = [z;,2"] = e (otherwise 5(Gr(G)) > 1), we conjugate zy;; by
Z'77", and using Relation (13), we get that zy,;; = x; z ;. Thus xp,; = x;’m. Conjugating
xz ;5 by ZZ"x), and again using Relation (13), we get that xzz/; ; = e.

Third case: In this case z;; # e and z; 1 # e. There are two cases when this may occur: the
first is when all of the three generators x;, x;, z}, participate in the same multiple relation. In this
case, the generator x;;, € G3/G4 is a local generator, so we are done. The second case, of a cycle
of length 3 in the graph Gr(G), occurs when the vertices of the cycle correspond to the different
multiple relations Ri, Ry and Ry4, where z;, x; participate in Ry, xy, x; participate in Ry and x;, xy,
participate in Ry (see Figure 5(a)).

We use the notations of the First case, i.e. that

R1 = RL(

We also use the notations Y, Y’ Y”. Note that [z, Y] = [x, Y] = [xx,Y"] = e, as otherwise x,
would participate in (at least) three multiple relations and (Gr(G)) > 1 (see Figure 5(b)). Thus:

" "o ;o .
ykllv"'vy() 7jvyk/7"'7y()727yk7"'7y0)

Conj. by Y'YY” , [24,Y'YY"]=¢€
— -1l -1 . -1 .-1.-1. . ="
(14) Tjik =T; T; TiTjTy T; T; TjTiTk =
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V4 2 Ra=R4,(.k,..i,..) V4 2 Ra=R4,(.k,...i..)

v2= Ro=R2,( ki) VI=2 R1=R1,( .y i) V22 R2=R2 (k) VI R1IER1(y i)

(a) (b)

FIGURE 5. Part (a): A cycle of length three: all pairs of generators participate
in different multiple relations. The generator x,, participates in Ry. Part (b): a
forbidden case when z,; and zj participate in the same multiple relation R'. In this
case, B(Gr(G)) > 1.

— (v'vy!\—-1,.-1,-1_ . -1 _-1_-1_ -/ "
=Y'YY") "a; T wiry g v Y YY .

Let us examine the expression z;z;Y'YY”.

i Y'YY" = 2 Y 22, YYY" = 2V, YY" [, Y| [[2:, Y], YY"] Rel.(5) o YY"2; Y 2, Y],

where we set r = [[x;,Y'],YY"] € G5, which commutes in G3/G4 with every other element. Thus
Equation (14) becomes:

(15) Tjik = ril[xi,Y’]le’flxj_lY"*lY*lxi_l -xixjxlzlxj_lxi_l YY" 2 Y 2, Y ray, =
[xi,Y’]_1Y'_1x]71Y”_1Y_lxjxlzlmleY"ij'[xi,Y’]xk.
Noting that [x;, Y'|xg = xpla, Y[z, Y], 2] xi’Yl’EkEGB x|z, Y], 2x)[zi, Y], we denote
F=Y" e Y Y T e Y Y Y

and get from Equation (15) that:

(16) Tjik = (f - (w0, Y], zg]) Y] follwa, Y, k).
Since i, [[xi, Y'], 2] € G3/Ga, then also f € G3/G4. Denoting n = YY", we examine the
expression f:

Tji,k€G3, Rem.3.11

Conj.bywi _q 1 11 —1.-1 / Ayl —1—1 —1 1 /
f =z Y rpy wry ag eY oy =ap Y a T wirxy 9ag Y w - aglak, x).
Now,
Rel.(5
ljij’xi :( ) ij'xl-l).
Thus,

[zr,Y ] =[zx,p]=e

Lp—t. Y'xit)mk[wk,xi] =

o=l -1 -1 — 1
f=y 2] Y T Ty

/ -1, —1y1—1,.—
Y wiap[og, x] =9 aY T g

ol e gy ey, w) = 07 g, @] nlag, a) = g
Moreover, using the Hall-Witt identity in G3/G4 (as in the First case), we see that [[z;, Y], zx] =

[[zi, k], Y'] and thus [[z;, Y], 2] = x,;ll.’y,. Therefore, Equation (16) becomes

xjvivk‘ = 'CL‘];,ZI',U ’ xl;%,yl'
By Proposition 3.3(II) (see Equation (1)), the expression on the right hand side is a product of

inverses of terms of the form x;,, where y € ¥ = {y;} U {y},} U{y,}. However, as xj commutes
with x, (for every y € )), this case is already handled in the Second case. Therefore z;,, =e. [
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Remark 3.12. Obviously there are cyclic-related groups, which may not be conjugation-free, whose
¢3 is not bounded by the above upper bound. For example, for the pure braid group BP; it is
known that ¢35 = 10 (the ranks of the lower central series of the pure braid group were first studied
by Kohno [14]). Moreover, it has a cyclic-related presentation, under which it is generated by 6
generators with 4 cyclic relations of length 3 and 3 cyclic relations of length 2 (see [17]). However,
were BPj a conjugation-free group with 5(Gr(PBy)) < 1, then ¢3 < 8.

Remark 3.13. The restriction on the conjugation-free group G in Theorem 3.5, i.e. that
B(Gr(G)) < 1, can be relaxed. Assume that S(Gr(G)) = 1 and that the length of the cycle
is t. Let v1,...,v; be the vertices of the graph on the cycle, corresponding to the multiple relations
Ry,...,R;. Let e;,ei,,...,e;, be the edges of the cycle, when e;; connects the vertices v; and
Vj4+1(mod ¢)- Every edge e;;, 1 < j <t corresponds to a generator z;; which participates both in R;
and in Rjy1(mod ¢)- Let Xo = {i,...,2;}. For each relation R;, 2 <i <t, let X, be the set of
generators of G participating in R;, and let Xy = U!_,X,,,. Denote X7 = X5 — Xj.

By examining the proof of Theorem 3.5, note that if a generator x, participates, for example,
in Ry, then in order to prove that a non-local generator z;;; is equivalent to e, when one of the
indices 7,7 or k is r, we only have to demand that x, commutes with all the generators in X;.

This means that in order that Theorem 3.5 could be applied, we can omit the requirement that
B(Gr(G)) <1 and require that if there are a few cycles (where v; is a vertex, corresponding to the
relation Ry, in a cycle composed of the vertices vy, ...,v; and x, participates in Ry), then z, can
participate in other multiple relations R such that R # R;, 1 < ¢ < ¢, as long as in this multiple
relation R, there are no other generators, belonging to X1, which participate in it.

Definition 3.14. A planar, simple connected graph H is called cycle-separated if every two cycles
of H do not have a vertex in common and all the edges of H are straight segments.

Obviously, a graph H with S(H) < 1 is cycle-separated. An example to a cycle-separated graph
with two cycles is presented in Figure 6(a).

—0—=0

(a) (b)

FIGURE 6. Part (a): An example to a cycle-separated graph H. Part (b): The
graph H after the identification of its cycles into cycled-vertices.

Remark 3.15. Let us find the general form of a cycle-separated graph. Given a cycle in a cycle-
sparated graph, we identify all its vertices and edges connecting them and call the resulting object
a cycled-verter, depicted by ® (in contrast to ordinary vertices, which are depicted by e). For
example, after this identification, the graph H in Figure 6(a) is transformed to the graph presented
in Figure 6(b).

We claim that given a cycle-separated graph, after this identification, the new graph will be a
tree (whose vertices are either ® or ). Indeed, if there is a cycle in the new graph, then the original
graph would have two cycles with common vertices.

Thus we have the following:

Proposition 3.16. If G is a conjugation-free group whose graph is a disjoint union of cycle-
separated graphs, then

$3(G) <> naws(i —1).

1>3
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Proof. The group G, whose graph is cycle-separated, satisfies the (relaxed) conditions posed in
Remark 3.13, and since G is conjugation-free, Proposition 3.9 can be applied for the group G. By
Example 2.7(3), this claim is true when Gr(G) is a disjoint union of cycle-separated graphs. O

4. LINE ARRANGEMENTS AND CONJUGATION-FREE GRAPHS

In this section we prove that given a conjugation-free group G such that Gr(G) is a cycle-
separated graph, ¢3(G) =) .3 nws(i — 1), and in fact ¢ (G) = D ;54 niwg (i — 1) for every k > 3.
In order to do so, we have to use tools arising from the theory of line arrangement. For the reader
who is not familiar with line arrangements, let us outline the main constructions of this section.

In section 4.1 we associate for every conjugation-free group G (with an associated cycle-separated
graph) a line arrangement £(G) in C? (see Definition 4.1), later showing in Section 4.2 that the
fundamental group m(C? — £(G)) is isomorphic to G. In Section 4.3 we see that given any line
arrangement £, it is known by Falk [7] that ¢3(mi(C? — £)) > 3.5 nws(i — 1), where n; is the
number of the singular points of £ with multiplicity ¢. Combining this with Proposition 3.16, we
get that ¢3(G) = > ,~3nws3(i — 1). Finally, Papadima-Suciu [20, Theorem 2.4] shows that if ¢3
attains this equality, then ¢, attains it for every k > 3.

4.1. The associated line arrangement. An affine line arrangement in C? is a union of copies
of C! in C?. Such an arrangement is called real if the defining equations of all its lines are written
with real coefficients, and complex otherwise. A multiple point p € L is an intersection point where
more than two lines intersect (i.e. an intersection point with intersection multiplicity greater than
2).

We construct an affine line arrangement, associated to a conjugation-free group.

Definition 4.1. Let G be a conjugation-free group, generated by x1,...,x,, with a planar graph
Gr(G) such that all its edges are straight segments. We assume that Gr(G) is connected (see
Remark 4.3 for the case when Gr(G) has several components). Let vy, ..., vy, be the set of vertices
of Gr(G), corresponding to the set of multiple relations R, ..., R, of G. We construct a real line
arrangement £(G) from Gr(G).

If Gr(G) is empty, then we define £(G) as a real generic line arrangement (that is, all the singular
points are nodes), consisting of n lines.

Hence assume that Gr(G) is not an empty graph. If Gr(G) consists of only one vertex v; and no
edges, then v corresponds in G to a multiple relation of length ¢. In that case, fix a point p; € R?
and pass through it ¢ different real lines.

Assume thus that there is at least one edge in Gr(G). First, we extend the edges of Gr(G) to be
infinite straight lines, and call the union of all these lines £. Let I be the set of intersection points
of L, i.e., at this step, I = {p1,...,pm}, where the p;’s are the points corresponding to the vertices
of Gr(G) (for an example, see Figures 7(a) and 7(b.I)). We now build the rest of the arrangement
inductively.

Looking at the vertex vy, it corresponds in G to a multiple relation Ry = Ry, . i), t > 3,
and in £ to the singular point p;. Gr(G) is connected, so there is an edge e connecting v with
another vertex. Renumerate the generators if needed, this edge corresponds to a generator z;,,
which participates in the relation R; and in another multiple relation; this generator corresponds
to the already drawn line ¢;, € £ (this is the extended edge e = e;,). In addition, there might
be other generators x,, ..., x;,, for which the corresponding lines were already drawn (see Figure
7(b.I)). Thus, assume that for the generators ;. ,,...,z;,, the corresponding lines were not drawn.
We draw a line /;,,, which corresponds to the generator x;,,,, in the following way: the line ¢;,
passes through the singular point p; and intersects all the other lines in £ at nodes, i.e. it does not
pass through the singular points in I — {p;}. By abuse of notation, let £ be the new arrangement
LUY;, ., and let I be the set of all intersection points of the new arrangement £. We now repeat the

same process for all the other generators x;,,,,...,z;, (that is, the lines ¢;,_,,...,¢; pass through
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p1 and intersect all the lines of £ at nodes). In this way, we have attached to every generator that
participates in R; a line in £ (see Figure 7(b.II)).

We now look at the other vertices which are neighbors of v;. If vy is such a vertex (corresponding
to the singular point ps in L), corresponding to the relation Ry = Ry j.,...j1) In G, we know that
already for some of the generators in {z;, }7_,, the corresponding lines were drawn. Thus, for the
rest of the generators in this set, we draw the corresponding lines, in the same way as above: these
lines pass only through the singular point py and intersect all the other lines in £ at nodes (see
Figure 7(I1I)).

In the same way, we go over all the vertices of Gr(G) (see Figure 7(b.IV)). Eventually we get
that £ is a real line arrangement in R? with n’ lines. In n’ < n then there are n — n’ generators of
G: Ty, .-, 7, which do not participate in any multiple relation, that is, [z;, x,] = e for every
1<i<nandl<u<n-n

We draw a line ¢, which corresponds to the generator xj,, in the following way: the line ¢,
does not pass through any singular point of £, hence it intersects all the lines of £ at nodes (see
Figure 7(b.V)). By abuse of notation, let £ be the new arrangement £ U ¢;,. We now repeat the
same process for all the other generators xy,,...,zx _ ,. Eventually we get that £ is a real line
arrangement with n lines.

Complexifying the equations of the lines, we get an affine real line arrangement £(G) in C? with
n lines. Note that the number of multiple points of £(G) is the number of multiple relations.

Example 4.2. Let H be a conjugation-free group, generated by 7 generators x1,...,x7 with the
following relations:

Ry @ x3wowy = xow1x3 = T123%2, Ro @ x5r4w3 = X4x375 = T375%4, R3: Ter501 = T52106 = T1T6X5,
and
Ry : w4x0 = 22wy, R5: 1572 = 1275, Re : 2672 = T2x6, Ry : 2674 = 1476, Ryyj: [v7, 2] =€, 1 < j

The graph Gr(H) is presented in Figure 7(a), where next to each vertex we write the associated
multiple relation. The edges of Gr(H) are denoted by e1,es and es5 and the vertices by v1, vy and
vs (recall that the index of e; corresponds to the common generator x; that participate in the two
relations, that correspond to the vertices connected by e;).

In order to construct the corresponding line arrangement £(H) we first extend the edges e, e
and es to infinite straight lines ¢, /3 and ¢5. These lines intersect each other at the points p1, po
and ps, which correspond to the vertices vy, vy and vs (see Figure 7(b.I)). Next, look at the vertex
vy, which is associated to the relation Ry (39 1). Since the lines {1 and /3 were already drawn, we
only have to draw the line ¢5, which correspond to the generator x3. We draw it such that it would
pass through p; and intersect the other lines at nodes (see Figure 7(b.II)). Then we do the same
for the vertices vy and vs: we first draw the line ¢4 (passing though po) and finally, the line ¢ that
pass through ps (see Figure 7(b.III) and 7(b.IV) respectively). We get a line arrangement with 6
lines, corresponding to the generators x1,...,xg. As for the generator x7, we draw a generic line
¢7 which intersects the lines ¢y, ..., s at nodes (see Figure 7(b.V)).

Remark 4.3. Let G be a conjugation-free group such that Gr(G) has several components, that
is Gr(G) = U}_;Gr(G);. In order to build £(G) we just apply Definition 4.1 to every connected
component Gr(G); separately, when the addition of the lines corresponding to generators which do
not participate in any multiple relation is done at the end, after we have drawn all the lines that
are associated to all the components of Gr(G).

4.2. Fundamental groups of complements of line arrangements. For a real or complex line
arrangement £, Fan [10] defined a graph Grp (L) which is associated to the multiple points of L.
We give here its version for real arrangements (the general version is more delicate to explain and
will be omitted): Given a real line arrangement £ C C?2, the graph Grr(£) lies on the real part of L.
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v3 = R3=R3,6,5,1) b t
p3
Gr(H):
e e,
[ b

p2 p1
&
v2 & R2=R2,54,3) vi = R1=R1,32,1) b b
(b.1)
A

b
ez 0, 6L 6
e1 3 &

(b.111) (b.IV) (b.V)

FIGURE 7. An example to a construction of a line arrangement from a conjugation-
free group H and its cycle-separated graph Gr(H).

Its vertices are the multiple points of £ and its edges are the segments between the multiple points
on lines which have at least two multiple points. Note that if the arrangement consists of three
multiple points on the same line, then Grp (L) has three vertices on the same edge. If two such
lines happen to intersect in a simple point (i.e. a point where exactly two lines are intersected), it
is ignored (i.e. there is no corresponding vertex in the graph). See an example in Figure 8.

/

FIGURE 8. An example for the graph Grp (L) associated to a line arrangement L.

We have now the following obvious proposition:

Proposition 4.4. Let G be a conjugation-free group with a planar graph Gr(G). Let L(G) be the
associated line arrangement. Then Gr(G) = Grp(L(QG)).

Proof. Indeed, through every vertex of Gr(G) we draw more than two lines, and thus every vertex
corresponds to a multiple point on £(G), which in turn corresponds to a vertex (found in the same
position) of Grz(L(G)). The edges connecting these vertices in Gr(G) are only extended to infinite
straight lines in £(G), now connecting between multiple points, and hence considered again as
edges in Grr(G). O

Remark 4.5. Given a complex line arrangement £, it is known that 71 (C2 — £) is a free abelian
group if and only if £ has only nodes as intersection points (see for example [2, Example 1.6(a)]).
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Moreover, Fan [9, 10] proved that if the graph Grp (L) has no cycles, i.e. S(Grr(L)) = 0, then
71(CP? — L), and therefore also m1(C? — L), are isomorphic to a direct sum of a free abelian
group and free groups. Eliyahu et al. [5] proved the inverse direction to Fan’s result, i.e. if the
fundamental group of the arrangement is a direct sum of a free abelian group and free groups, then
the graph Grp (L) has no cycles.

Recall that for computing the fundamental group of a complement of a curve C' in C?, one can
use the Zariski-van Kampen thereom [23]. This theorem uses a generic projection 7 : C? — ¢ = C!
(or a projection 7 : CP? — CP! with a center O) to a generic line £ in order to induce in the fiber
(Czl,o = 7 Y(pg) generators of the group (C},O — (C},O N C),po), where pg is a generic point on £.
These generators also generate 7 (C2 — C, pp).

Using these notations, we recall the notion of a conjugation-free geometric presentation for the
fundamental group of the complement of line arrangements (see [3, 11]):

Definition 4.6. Let G = 71(C? — L) be the fundamental group of the affine complement of a
real line arrangement with n lines {{1,...,0,}. We say that G has a conjugation-free geometric
presentation if G has a presentation with the following properties:

(1) The generators {z1,...,x,} are the meridians of the lines at (C})O.
(2) The induced relations are of the following type:

LiyLgy_q " eeeLjy = Lgy_q " eee " TjqLgy = 0 = Tj Ty -+ -~ Ty

where {i1,ia,...,it} € {1,...,n} is an increasing subsequence of indices. This relation is
the only relation induced by an intersection point of multiplicity t, i.e. the intersection of
the lines {;,,¥;,,...,4;,}. Note that if t = 2 we get the usual commutator and also that
there are no other relations in G.

Note that we claim that with respect to particular choices of the line ¢ (the line to which we project
the arrangement), the point py (being the basepoint for the meridians in the fiber Czl)o and also for

71(C% — L)) and the projection point O, the conjugation-free property holds.

Definition 4.7. A line arrangement £ is called conjugation-free if 71 (C?— L) has a conjugation-free
geometric presentation.

Proposition 4.8. If a line arrangement L is conjugation-free then 71(C? — L) is a conjugation-free
group.

Proof. In order to check that 71 (C2—L) is a conjugation-free group, we check the three requirements
listed in Definition 2.1. Requirement (1) (that every relation is a conjugation-free relation, i.e. a
cyclic-relation without conjugations) is fulfilled due to Property (2) of Definition 4.6. If ¢;,, ¢;, are
two different lines in £, then they meet only at one point p, whose multiplicity is m(p). Therefore,
the associated generators xj,, x;, to these lines participate in the cyclic relation R of length m(p),
induced from the point p, which is the only relation in which both of these generators participate.
Thus requirement (2) of Definition 2.1 is fulfilled. As for requirement (3), assume that there are

two relations R, ;,...i1)> Bp (js,....j») Of T1 (C%— L), induced from the singular points p, p’, such that:

|{’L'1,Z'2, cee ait} N {jlaj?r .- ?j8}| > 2.

Let {#',i"} C {i1,i2,...,it} be two of the indices contained in this intersection. As every relation
is induced from an intersection point, this means that the lines ¢;; and ¢;» intersect at two different
points, which is impossible. O

Remark 4.9. (1) Given any line arrangement £, The Zariski-van Kampen thereom shows that an
intersection point p of multiplicity ¢ induces the following relation in 71 (C? — £):

Sp,t . Spt—1 Sp,1 __ . Spit—1 a5l Spt 0 Spl Spit Sp,2

12 1t—1 11 1t—1 21 2 21 2 12 )
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where the z;;, 1 < j <t are the meridians of the lines [;; and sp; € (x1,...,2p). Therefore, for
every line arrangement £, the group 71 (C? — £) is a cyclic-related group (the proof of that is along
the same lines as the proof of Proposition 4.8).

(2) Note that if for every singular point p in the line arrangement £, s,; = e (in the induced
relation) for every i, then £ is conjugation-free (and thus 71(C? — £) is a conjugation-free group).

(3) The Zariski-Lefschetz hyperplane section theorem (see [18]) states that w1 (PN — §) ~
m(H — (H N S)), where S is a hypersurface and H is a generic 2-plane. When S is a hyper-
plane arrangement, H N S is a line arrangement in P2. Thus, one can investigate the topology of
hyperplane arrangements via the fundamental groups 71 (P2 — £) and 71 (C? — £), where £ is an
arrangement of lines.

We can now state the opposite statement to Proposition 4.4:

Proposition 4.10. Let £ be a conjugation-free real line arrangement, G = w1 (C? — L). Then

Grr(L) ~ Gr(G).

Proof. Indeed, the vertices of Grr, (L) correspond to multiple points, which induce multiple conjugation-
free relations in G, and thus correspond to vertices in Gr(G). The edges of Gry(L) correspond
to lines connecting two multiple points, which correspond in G to generators participating in the
relations (which correspond to these points), and hence these generators correspond to edges in
Gr(G) connecting the corresponding vertices there. O

Note that the importance of the family of line arrangements whose fundamental group has a
conjugation-free geometric presentation is that such a presentation of the fundamental group can
be read directly from the arrangement (in particular, from its intersection lattice) without any
additional computations, and thus depends on the combinatorics of the arrangement.

Denote by B(L£) the first Betti number of the graph Grp(L£). We recall the following proposition
from [4] (whose complete proof is given at [11]):

Proposition 4.11. Let £ be a real line arrangement with B(L) < 1. Then L is conjugation-free.

The class of conjugation-free real line arrangement is in fact bigger than the class of line arrange-
ments with 5(L£) < 1. We cite the following definition from [11, Definition 6.4]:

Definition 4.12. Let G be a planar connected graph and denote by deg(v) the number of edges
exiting from a vertex v € G. The graph G is called a conjugation-free graph if:
(1) B(G) <1, or
(2) Let {v;}I", be the set of vertices in G satisfying deg(v;) < 2. For each v;, 1 < i < m,
denote by V; the subset of G, composed of the vertex v; and the edge(s) exiting from it.
Let X = X(G) = J;~, Vi. Then G is a conjugation-free graph if G — X is.

For example, the graph in Figure 6(a) is a conjugation-free graph with two cycles. In [11] the
following result was proved:

Theorem 4.13. [11, Theorem 6.5] Let L be a real line arrangement. If Grr(L) is a disjoint union
of conjugation-free graphs, then L is a conjugation-free line arrangement.

Remark 4.14. By looking at the general form of a cycle-separated graph (see Remark 3.15), it is
easy to see that a cycle-separated graph is a conjugation-free graph: since if G is a cycle-separated
graph, X = X(G) as in Definition 4.12, then (G — X) < 1.

We therefore have the following connection between a conjugation-free group G and its associated
line arrangement.

Proposition 4.15. Let G be a conjugation-free group with a planar conjugation-free connected

graph Gr(G). Let L(G) be the associated line arrangement. Then m(C? — L(G)) ~ G.
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Proof. Assume that all the edges of Gr(G) are straight segments. We know that Gr(G) ~
Gri(L(G)) and thus Grr(L(Q)) is a conjugation-free graph. Hence, 7 (C2—L£(G)) is a conjugation-
free group (by Theorem 4.13) such that Gr(G) ~ Gr(m (C? — L(G))) (by Proposition 4.10), where
the multiplicities of the isomorphic vertices (i.e. the length of the cyclic relations) are the same.

Let z1,..., 2, be the generators of 71(C? — L(G)), y1, . . ., yn the generators of G. We claim that
the isomorphism fr, : m(C? — £(G)) — G is determined by the given isomorphism on the graphs
fa : Gri(L(G)) — Gr(G). Explicitly, let Gr.(L(G)) = (Vz, Er) and Gr(G) = (Vg, Eq), where to
each vertex and edge in both graphs, the data regarding the corresponding relations and generators
is also included.

If Gri,(L(G)) ~ Gr(G) is empty, then G is a free abelian group (see Example 2.7(1)), isomorphic
to Z", and by Definition 4.1, £(G) is a generic line arrangement; by Remark 4.5, 71(C? — £(Q)) is
also a free abelian group of the same rank, i.e. G ~ 7 (C% — L(Q)).

If Grp(L(G)) consists of one vertex v1 £ = v1 £ (,,....i1), let fa(vi,c) = vi,¢ = v1,6,3,,..;;) be the
isomorphic vertex. In this case we define fr(x;,) =y;, for 1 <k <t.

Assume thus that Gr(G) has at least one edge. For every edge e; » € Er, let fa(eir) =eja € Eg
be the isomorphic edge. Thus we define fr,(z;) = y;. Consider now a vertex vy o = Vg L (ie,in) € VEs
and let fg(vg,c) = Vh,a = Vn,a,(y,...j1) € Vo be the isomorphic vertex.

Every vertex corresponds to a multiple relation, and is connected by several edges to other
vertices, such that these edges correspond to generators participating in this multiple relation. Let
{tm,...,t1} C{1,...,t} (vesp. {Sm,...,s1} C{1,...,t}) be a decreasing sequence of indices such
that x;, corresponds to an edge e;, o for every 1 < k < m (resp. Yj,, corresponds to an edge
ej,,,G)- Note that by the above construction, fr(v;, ) = yj, for 1 <k <m. Let t' =tp, t" = sp;
therefore fr(z;,) = yj,.-

Hence, we define

A7) fL(@iy_) = Vi rymoaqey 08 0 <k <t and fL(zi,,,) = Vi ymoaqy X 1Sk <t 1.

The above defined function is compatible with the already defined function on the generators
z;,, as otherwise the graphs Grr(£(G)), Gr(G) would not be isomorphic, when considering the
data attached to every vertex.

The defined function f;, so far was defined on the generators (both in G and in m1(C? — £(G)))
that participate in a multiple relation. If there are generators that do not participate in any
multiple relation, then they commute with all the other generators (this is since every two generators
participate in a mutual conjugation-free cyclic relation. If this relation is not multiple, then it is of
length 2, hence a commutator). Assume that these generators in 71(C? — £L(G)) are {Zy,, - - -, Tw, },
and that these generators in G are {yw/1 s> Yur, - Hence define fr(zy,) = Y, for every 1 < i < u.

We have defined f1, on every generator of m1(C? — £(G)). We now have to check that f7, is indeed
an isomorphism, that is, we have to check that the relations are preserved. Let us note that if n; is
the number of cyclic relation of length ¢ in G, then it is also the number of cyclic relation of length
iin m(C? - L(Q)).

Obviously, all the commutator relations are transferred to commutator relations. Let Ry £, ..i1)
be a multiple relation in m (C2—L(G)), vg.c € Vz be the corresponding vertex, fa(vgc) = vha € Vi
the isomorphic vertex and Ry, g (j,,...j;) the corresponding relation in G.

Remark 4.16. Assume that H is a group with cyclic conjugation-free relation R; of length ¢. Let
o=(12...t) € Symy, 21,...,2t € H. Then it is easy to check that the cyclic relation of length ¢:

Ry:ziz41-...-21 = =212t ... 29
is invariant under the action of ¢ on the indices, i.e., for every 0 < i < ¢, if
Rz : Zai(t)ZJi(tfl) T Zo.i(l) == Zoi(l)Zoi(t) et ZUi(Q),
then R; = R..
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We have to show that fr(Rgz ,,..i1)) = Bha,Gi,...j1)- Examining the isomorphism (defined
at Equation (17)) on the generators {z; A} _;, we see that there exits 0 < r < t such that
fL(@in) = Yjyr(,n)» hence

Rem.4.16
JL(By £, Git,in)) = BhGGoriiyrdor) = PG et

This proves that multiple relations are transferred to the corresponding multiple relations, and
since the number of relations of any length is equal in G' and in 7 (C? — £(G)), we are done.  [J

Remark 4.17. Let G be a conjugation-free group such that 3(Gr(G)) = 0. Then 5(Grr(L(G))) = 0
and G ~ m1(C? — £(G)). Hence, by Remark 4.5, G is isomorphic to a direct sum of a free abelian
group and free groups.

4.3. The lower central series and line arrangements. Let G be a conjugation-free group
with a conjugation-free graph and let £(G) be the associated line arrangement. We know that
G ~ m(C% — L(Q)) by Proposition 4.15. Moreover, note that if n; is the number of cyclic relation
of length ¢ in G, then it is the number of singular points of multiplicity i of £(G).

Given any line arrangement £, denote ¢ (L) = ¢p(m1(C? — £)). Falk [7, Proposition 3.8] proved
that

$3(L) = > niws(i — 1),
i>3
where n; is the number of singular points of multiplicity ¢ (Moreover, it is proven in [7] that ¢y (L)
are determined by the combinatorics of £). Therefore,

$3(G) = ¢3(L(G)) = Y naws(i —1).
i>3
By Proposition 3.9, we know that if Gr(G) is a cycle-separated graph, then
$3(L(G)) = ¢3(G) <Y nws(i —1).
i>3
Therefore, we can prove the following theorem:

Theorem 4.18. Let G be a conjugation-free group whose graph is a cycle-separated graph. Then:

or(G) = anwk(z — 1), for every k > 2.
i>3
Proof. For k = 2 the equality was proved in Section 3.1.1 and it is clear from the discussion above
that the equality holds for k£ = 3. Moreover, Papadima-Suciu [20, Theorem 2.4] proves that given
a line arrangement £ such that ¢3(L) =) .o nw3(i — 1) then ¢(L) = >~ 53niwg(i — 1) for every
k> 3. - - O

Definition 4.19. Given a line arrangement £ such that ¢y (L) = > ;53 nw (i — 1) for every k > 3,
Papadima-Suciu [20] calls these arrangements decomposable, since the associated graded Lie algebra

P m(C* - £)i/m(C? = L)ita
i>2

behaves as if 71 (C% — £) were a direct product of free groups. Following this definition, we call a
group G decomposable if &;>2G;/Git1 behaves as if G were a direct product of free groups, i.e. if

ok(G) = > ;s3niwk(i — 1), for every k > 2.

Remark 4.20. A group G can be decomposable even though it might be that G cannot be isomor-
phic to any finite product of free groups of finite rank. For example, let us look at the arrangement
at Figure 7(b.IV), which is also called X3.



20 MICHAEL FRIEDMAN

The graph of this arrangement is a cycle of length 3, and thus Gy, = 7 (C2—X3) is a conjugation-
free group with a cycle-separated graph, i.e. it is decomposable. However, as it is shown, for
example, in [20, Section 1], Gx, cannot be isomorphic to any such product.

Remark 4.21. Given any line arrangement £ with n lines, the invariants ¢9(L), ¢3(L) can be
computed via topological invariants.

(1) It is known that ¢ = ag, where a; is the number of minimal generators of degree i in the
Orlik-Solomon ideal I (see [19, Definition 3.5]), or equivalently that as = (g) — by, where by is the
second Betti number of C2 — A (see e.g. [6] or Equation (18)). Moreover, if G is a conjugation-free
group with a cycle-separated graph, let £(G) be the associated line arrangement. Then by the
discussion above ¢9(G) = ¢o(L(G)).

(2) By [21, Coroallary 3.6], ¢3 = b3—|—b1((b21) —bo) — (bgl) + a3, where the b;’s are the Betti numbers
of the central 3-arrangement, which is the cone of our line arrangement in C2. While the b;’s can
be read directly from the intersection lattice of £, ag cannot.

Example 4.22. In [20, Section 7] a series of examples of hyperplane arrangements, consisting of
graphic arrangements, was given, as an example of decomposable arrangements. Let us give a
different example of decomposable arrangements which are not graphic arrangements.

Let Ay, be the braid arrangement in C¥; i.e. A = {Ili<icj<k(@i —z;) = 0}. Let AY C C? be the
intersection of Ay with a generic plane of dimension 2. In order to find a decomposable line arrange-
ment which is not a graphic arrangement, it is enough to find a conjugation-free line arrangement
which is not a sub-arrangement of Ag (as every graphic arrangement is a sub-arrangement of Ay).
The graph Grp, (Ag) has only vertices associated to multiple points of multiplicity 3. This is since
the intersection lattice of Ay is the partition lattice (see e.g. [19, Proposition 2.9]), and hence the
codimension-two intersections have an intersection lattice equal to the rank-three truncation of the
partition lattice. As can be easily checked, this truncation shows that the lines of Ag intersect only
at nodes or singular points with multiplicity 3.

Therefore, a real line arrangement £, whose graph Grp (L) is cycle-separated with some vertices
associated to singular points whose multiplicity is greater or equal to 4, cannot be a graphic
arrangement, though it is decomposable (as Grp (L) is cycle-separated).

Note also that the arrangement X (see Figure 9(a) and e.g. [22, Example 10.4]) is decomposable
but does not have a conjugation-free graph (see Figure 9(b)).

A\

(a) (b)
FIGURE 9. Part (a): The arrangement Xs. Part (b): The graph Grp(X2) of the arrangement.

Remark 4.23. The LCS formula of Falk and Randell [8] expresses the ranks ¢ (L) of a fiber-
type arrangement £ in terms of the Poincaré polynomial P(M,t) = > b;t" of the complement
M=C2—-L:

(1 —t*)2:(E) = P(M, —t).
k=1
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Note that there are arrangements for which the LCS formula holds but the arrangements are not
decomposable (e.g. the deleted Bs-arrangement, see [22, Example 10.6]), and there are arrange-
ments for which the LCS formula does not hold but the arrangements are decomposable (e.g. the
X3 arrangement). Other LCS formulas were also obtained, for other types of arrangements; for
example, for graphic arrangements [15].

Moreover, for decomposable line arrangements £ with n lines there is another LCS formula,
found by Papadima-Suciu [20, Corollary 2.6]:

[L0 - = =20 [ (1= () - 1)
k=1 peSing(L)

where m(p) is the multiplicity of the singular point p and

(18) bo(L)= D (m(p)—1).

peSing(L)

Note that this equation can also be stated for a conjugation-free group GG with a cycle-separated
graph, generated by n generators:

[0 %@ = (@ [ (1~ Gen(R) — 1)),
k=1 RERel(G)

where Rel(G) is the set of relations of G, len(R) is the length of the cyclic relation R and
bQ(G) = ZRER@I(G) (len(R) — 1)

Based on computations made for other arrangements, whose graph is not cycle-separated, we
conclude this paper with the following conjecture:

Conjecture 4.24. Let L (resp. G) be a conjugation-free line arrangement (resp. group). Then L
(resp. G) is decomposable.
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