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2 mm

Fig. 1. Array of zinc oxide nanocrystals; the photograph was taken by K. V. Dvadnenko (Institute
of Arid Zones of the Southern Scientific Center of the Russian Academy of Sciences); the sample
was kindly presented by E. M. Kaidashev (Southern Federal University).

oscillations of the nanoobjects is substantially smaller than the amplitude of substrate oscillations. Thus, based on
the known spectrum of the array–substrate system and the known substrate spectrum, it is possible to determine the
eigenfrequencies of one nanoobject. The essence of the method is as follows. It is necessary to measure several first
eigenfrequencies of the system consisting of the array of nanotubes (nanocrystals) and the substrate and several
first eigenfrequencies of the same substrate without the nanoobjects. A comparison of these two spectra allows
identifying frequencies in the spectrum of the system, which do not have counterparts among the frequencies in the
substrate spectrum. The thus-identified frequencies are the frequencies of the nanoobjects. The most important
constraint of the method proposed in [11, 12] is the frequency range of the measurement tools. This method is
effective if the first eigenfrequencies of the nanoobjects are commensurable with the first eigenfrequencies of the
substrate. If the nanoobject eigenfrequencies are too high, they cannot be detected.

A method of determining bending stiffness of nanoobjects is proposed below. This method is effective even
if the nanoobject eigenfrequencies are outside the frequency range of the measurement instruments. The method is
based on measuring the eigenfrequencies of a system consisting of a substrate and a regular structure of vertically
aligned nanoobjects. The essence of the method is as follows. The substrate is a microobject; therefore, determining
its mechanical characteristics does not involve principal difficulties. The substrate is fairly thin, and its dynamics
is accurately described by the classical theory of plates. As is shown below, the dynamics of the system consisting
of the substrate and a regular system of nanoobjects is described by a differential equation for transverse bending
of the substrate, which has the same structure as the equation of oscillations of shear-deformable plates. It is easy
to find the relation between the mechanical characteristics of nanoobjects and the effective shear stiffness. Thus,
by measuring the system eigenfrequencies and knowing all mechanical characteristics of the substrate, one can
determine the effective shear stiffness. If the nanoobjects are identical and are arranged regularly, then the bending
stiffness of one nanoobject can be determined if the effective shear stiffness is available. It is known that the shear
stiffness of plates and shells is not uniquely determined. The shear stiffness value depends (though not too much) on
test conditions. To a much larger extent, the shear stiffness of the plate depends on the plate structure. Therefore,
we consider two formulations of the problem to obtain more reliable results. In the first problem, the lower ends
of the nanoobjects are clamped on the substrate, and the upper ends are free (Fig. 2). In the second problem, the
lower ends of the nanoobjects are clamped on one substrate, and the upper ends are clamped on another identical
substrate (Fig. 3). The nanoobjects are assumed to interact with each other. Such a structure can be obtained, for
instance, by filling an array of nanocrystals with a polymer material, processing of the surface, and applying a new
layer onto the surface. The second problem is also of interest in studying deformations of nanocomposite plates.



Fig. 2. Array of nanocrystals or nanotubes on the substrate.

Fig. 3. Three-layer nanostructure formed by an array of nanocrystals or nanotubes placed between
two plates.

1. DYNAMICS OF THE SUBSTRATE–NANOOBJECTS SYSTEM

1.1. Formulation of the Problem. Let us consider a system consisting of a horizontally aligned plate
modeling the substrate and vertical rods modeling the nanoobjects (see Fig. 2). The plate occupies the domain
0 ≤ x ≤ a, 0 ≤ y ≤ b; its mechanical properties are characterized by surface density ρ and bending stiffness D. The
rods occupy the domains 0 ≤ z ≤ l; their mechanical properties are characterized by linear density ρ∗ and bending
stiffness C. The lower ends of the vertically aligned rods are clamped on the plate and are located at identical
distances from each other; therefore, their distribution density in the x and y directions is identical: ζ = M/a = N/b

(M and N are the numbers of rods in the x and y directions, respectively). The upper ends of the vertical rods
are free, and the plate edges are simply supported. Note that the size of the plate modeling the substrate is much
greater than the size of one nanoobject.

Bending oscillations of the nanoobjects are described by the equations of the classical theory of rods [16]

Cu′′′′
mn + ρ∗ümn = 0, (1)

where umn is the vector of displacement of the rods in the horizontal direction with the corresponding ordinal
numbers; the prime indicates the derivative with respect to the spatial coordinate z; the dot indicates the derivative
with respect to time. The expressions for the remaining quantities characterizing the stress–strain state have the
form

ϕmn = n× u′
mn, Lmn = Cn× u′′

mn, Tmn = −Cn× u′′′
mn.



Here, n is the unit vector directed vertically upward, ϕmn is the vector of rotation of the rod sections, Lmn is the
vector of the bending moments, and Tmn is the vector of shear forces. The rods are assumed to be inextensible;
therefore, their vertical motion is described as

v′mn = 0, F ′
mn = ρ∗v̈mn, (2)

where vmn are the displacements in the z direction and Fmn are the longitudinal forces.
The equations of motion of the plate have the form

∇ ·N +
M∑

m=1

N∑

n=1

Fmn

∣∣∣
z=0

δ(x− xm)δ(y − yn) = ρẅ,

∇ ·M − n×N +
M∑

m=1

N∑

n=1

Lmn

∣∣∣
z=0

δ(x− xm)δ(y − yn) = 0.
(3)

Here, w are the vertical displacements of the plate, N is the vector of transverse forces, M is the tensor of moments,
δ is the Dirac delta function, ∇ ≡ e1 ∂/∂x+ e2 ∂/∂y is the nabla operator in the plane x, y, and e1 and e2 are the
Cartesian basis vectors orthogonal to n. Below, we use the classical theory of plates [17], which implies the validity
of the following relation between the rotation vector ψ and the transverse bending:

ψ = −n×∇w, (4)

while the tensor of moments is expressed in terms of the transverse bending by the formula

M = D
[(∂2w

∂y2
+ ν

∂2w

∂x2

)
e1e2 −

(∂2w

∂x2
+ ν

∂2w

∂y2

)
e2e1 + (1 − ν)

∂2w

∂x∂y
(e1e1 − e2e2)

]
. (5)

1.2. Natural Oscillations of the Nanostructure. Eliminating the vector of the transverse forces N
from Eqs. (3) and using Eq. (5) for the tensor of moments, we convert system (3) to one scalar equation

DΔΔw + ρẅ =
M∑

m=1

N∑

n=1

{
Fmn

∣∣∣
z=0

δ(x− xm)δ(y − yn) −∇ ·
[
n×Lmn

∣∣∣
z=0

δ(x− xm)δ(y − yn)
]}
. (6)

Plate deformation in the plane x, y is neglected. Then, the kinematic conditions of the junction between
the rods and the plate can be written as

umn

∣∣∣
z=0

= 0, vmn

∣∣∣
z=0

= w
∣∣∣
x=xm, y=yn

, ϕmn

∣∣∣
z=0

= ψ
∣∣∣
x=xm, y=yn

. (7)

The upper ends of the rods are free. The boundary conditions on these ends have the form

Fmn

∣∣∣
z=l

= 0, Tmn

∣∣∣
z=l

= 0, Lmn

∣∣∣
z=l

= 0. (8)

Further we consider the problem of free oscillations of the system. We present the solution in the form

umn(z, t) = Umn(z) eiωt, vmn(z, t) = Vmn(z) eiωt, w(x, y, t) = W (x, y) eiωt,

where ω is the eigenfrequency of system oscillations.
The study of the above-formulated problem shows that there are two groups of solutions. The first group

of solutions corresponds to the case where the plate remains motionless, while the vertical rods move as cantilever
beams. In this case, the eigenfrequencies ω of the system coincide with the eigenfrequencies of oscillations of the
cantilever beams and are determined by solving the frequency equation

1 + cos (λl) cosh (λl) = 0, λ = 4
√
ρ∗/C

√
ω. (9)

Let us study the second group of solutions. Let the eigenfrequencies of the system be different from those
that are solutions of Eq. (9). In this case, solving the equations of motion of the rods [Eqs. (1) and (2)] with
the boundary conditions on the free ends (8), we can find the relation between the forces and displacements at the
lower points of the rods

Fmn

∣∣∣
z=0

= −ρ∗lv̈mn

∣∣∣
z=0

, Lmn

∣∣∣
z=0

=
Cλ

g(λl)
ϕmn

∣∣∣
z=0

, (10)
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Fig. 4. Dispersion curves of the system (solid curves) and the substrate (dashed curves) obtained
in different scales.

where

g(λl) =
1 + cos (λl) cosh (λl)

sin (λl) cosh (λl) − cos (λl) sinh (λl)
.

Note that the value of g(λl) vanishes at eigenfrequencies satisfying Eq. (9), and the relation between the vector of
the bending moments and the rotation vector (10) becomes meaningless. Thus, the case with g(λl) �= 0 is further
considered.

In view of Eqs. (4), (7), and (10), Eq. (6) is written in the form

DΔΔW − ρω2W=
M∑

m=1

N∑

n=1

(
ρ∗lω2Wδ(x− xm)δ(y − yn) − Cλ

g(λl)
∇ ·

[
(∇W )

∣∣∣
x=xm, y=yn

δ(x− xm)δ(y − yn)
])
. (11)

If there is a sufficiently large number of the vertical rods, they can be assumed to be continuously distributed over
the plate area. Averaging the right side of Eq. (11), we simplify the mathematical formulation of the problem and
reduce it to the equation

DΔΔW − ζ2 Cλ

g(λl)
ΔW − ρω2

(
1 + ζ2 ρ∗l

ρ

)
W = 0, (12)

where ζ2 is the distribution density of the rods over the plate area (the distribution densities of the rods in the x
and y directions are assumed to be identical). Presenting the solution of Eq. (12) in the form

W (x, y) = W0 exp (i[μ1x+ μ2y]/l),

we obtain the dispersion relation

μ4 +
A
√

Ω
g(
√

Ω/B)
μ2 − (1 + ξ)Ω2 = 0,

where

μ2 = μ2
1 + μ2

2, Ω =
√
ρ

D
l2ω, A = ζ2 Cl

BD
, B =

( ρC

ρ∗D

)1/4

, ξ = ζ2 ρ∗l
ρ

(Ω is the dimensionless eigenfrequency, μ1 and μ2 are the dimensionless wavenumbers, and A, B, and ξ are the
dimensionless parameters with A and B being small quantities). The quantity ξ can be either small or of the order
of unity if, for instance, l ∼ h (h is the substrate thickness) and ζh∗ ∼ 1 (h∗ is the characteristic diameter of the
nanoobject cross section). Figure 4 shows the dispersion curves of the system and the substrate, which are plotted
in different scales. The vertical portions of these curves correspond to the eigenfrequencies of the rods.



Let us consider the solutions of the problem of free oscillations of the system. The solutions of the first
group describe the free oscillations of the vertical rods on the motionless plate. As the plate is simply supported,
the solutions of the second group have the form

Wmn(x, y) = Wmn sin (πmx/a) sin (πny/b).

The corresponding frequency equation is written as

(πl)4
[(m

a

)2

+
(n
b

)2]2

+
(πl)2A

√
Ωmn

g(
√

Ωmn/B)

[(m
a

)2

+
(n
b

)2]
− (1 + ξ)Ω2

mn = 0. (13)

Here, Ωmn are the eigenfrequencies of the system, which differ from the eigenfrequencies of oscillations of the rods
Ωk determines from the equation g(

√
Ωk/B) = 0.

1.3. Forced Oscillations. Let us consider the problem of forced oscillations of the system under the action
of external distributed loading, which can be presented as a series in the eigenforms of plate oscillations:

Q(x, y, t) =
[∑

m,n

Qmn sin
(πmx

a

)
sin

(πny
b

)]
sin (ω∗t)

(ω∗ is the driving force frequency). The problem solution has the form

W (x, y, t) =
[∑

m,n

Wmn sin
(πmx

a

)
sin

(πny
b

)]
sin (ω∗t).

The coefficients Wmn are calculated by the formula

Wmn = Qmn(l4/D)
/{

(πl)4
[(m

a

)2

+
(n
b

)2]2

+
(πl)2A

√
Ω∗

g(
√

Ω∗/B)

[(m
a

)2

+
(n
b

)2]
− (1 + ξ)Ω2

∗
}
,

where Ω∗ is the dimensionless frequency of the driving force. It can be easily seen that Wmn turns to infinity if
Ω∗ = Ωmn [see Eq. (13)]. If Ω∗ coincides with one of the eigenfrequencies of rod oscillations, then Wmn vanishes:

g(
√

Ω∗/B) = 0 ⇒ Wmn = 0.

Thus, the plate oscillations are seen to decay at the eigenfrequencies of rod oscillations.

2. DYNAMICS OF THE THREE-LAYER NANOSTRUCTURE

The dispersion relations derived above are similar to the relations in the theory of shear-deformable plates.
This analogy allows us to consider a three-layer nanostructure (see Fig. 3) within the framework of the Reissner-
type theory of plates [18]. In contrast to the classical theory of plates [17], the above-mentioned theory takes into
account the transverse shear strains, which are important factors in studying deformation of three-layer plates. It
should be noted that the nanorods can interact with each other even if there is no matrix between them owing to
the van der Waals or electrostatic forces. This fact allows us to consider the array of nanorods as an elastic layer
possessing the effective properties of a transversely isotropic medium.

2.1. Constitutive Relations of the Theory of Shear-Deformable Plates. Let us consider a three-layer
plate with a symmetric structure over its thickness (Fig. 5). The plate thickness is denoted by h, and the thicknesses
of the inner layer and surface layers are indicated by hc and hf , respectively. The plate behavior is described by
the five-parameter theory of plates [19–21] with the displacements of the plate mid-surface u = u1e1 + u2e2 + wn

and the rotation vector ψ = ψ1e1 + ψ2e2 being considered as unknowns.
The equations of motion, the kinematic relations, and the equations of state of an isotropic plate symmetric

over its thickness have the following form [19–21]:

∇ · T + q = ρü, ∇ ·M + T× +m = ρΘ · ψ̈; (14)

ε = ((∇u) · a+ a · (∇u)t)/2, γ = ∇u · n+ c ·ψ, æ = ∇ψ; (15)

W (ε, γ,æ) =
1
2
ε ··A ·· ε+

1
2

æ ··C ··æ +
1
2
γ · Γ · γ; (16)



Fig. 5. Sketch of a three-layer plate with a nanocomposite inner layer.

T · a =
∂W

∂ε
= A ·· ε, T · n =

∂W

∂γ
= Γ · γ, M t =

∂W

∂æ
= C ··æ; (17)

A = A11a1a1 +A22(a2a2 + a4a4), C = C22(a2a2 + a4a4) + C33a3a3,

Γ = Γ1a1 + Γ2a2, (18)

a1 = a = e1e1 + e2e2, a2 = e1e1 − e2e2, a3 = c = e1e2 − e2e1, a4 = e1e2 + e2e1.

In Eqs. (14)–(18), T and M are the tensors of forces and moments, T× is the vector invariant of the tensor T , ρ is
the surface density of the plate, u is the displacement vector, ψ is the rotation vector, ε is the tensile and shear
strain tensor in the tangential plane, æ is the bending and twisting strain tensor, A, C, and Γ are the stiffness
tensors of the shell, a is the unit tensor in the tangential plane, c = −a × n, and Θ is the tensor of inertia; the
superscript “t” means transposition.

The stiffness tensors A, C, and Γ were determined in a number of papers (see [20–23]). For a plate made
of an orthotropic material and having a symmetric structure over its thickness, the stiffness tensor components are
determined by the formulas [22, 23]

A11 = A22 =
1
4

〈E1 + E2 + 2E1ν21
1 − ν12ν21

〉
, A12 =

1
4

〈 E1 − E2

1 − ν12ν21

〉
,

A44 = 〈G12〉, C22 = 〈G12z
2〉;

(19)

C33 = C44 =
1
4

〈E1 + E2 + 2E1ν21
1 − ν12ν21

z2
〉
, C34 = −1

4

〈 E1 − E2

1 − ν12ν21
z2

〉
,

Γ1 = (λ2 + η2)C22/2, Γ2 = (η2 − λ2)C22/2,
(20)

where 〈( · )〉 =

h/2∫

−h/2

( · ) dz is the operation of integration over the thickness, λ2 and η2 are the smallest eigenvalues

of the boundary-value problems

d

dz

(
G2n

dZ

dz

)
+ λ2G12Z = 0,

dZ

dz

∣∣∣
|z|=h/2

= 0,

d

dz

(
G1n

dZ̃

dz

)
+ η2G12Z̃ = 0,

dZ̃

dz

∣∣∣
|z|=h/2

= 0,

E1, E2, ν12, ν21, G12, G1n, and G2n are the elastic moduli, which depend in the general case on the z coordinate.
For a transversely isotropic material, Eqs. (19) and (20) are substantially simplified because E1 = E2 = E, ν12 =
ν21 = ν, νn1 = νn2 = ν3, G12 = E/(2(1 + ν)), and G1n = G2n = G. It follows from here that A12 = C34 = Γ2 = 0,
A22 = A44, and C22 = C44.



The plate density and the tensor of inertia are described by the equations

ρ = 〈ρ0〉, ρΘ = Θa, Θ = 〈ρ0z
2〉,

where ρ0(z) is the density of the three-dimensional body.
2.2. Analysis of Oscillations of a Three-Layer Plate. An analysis of the papers [22, 23] shows that it

is possible to use the approximate relations derived in [24] for a three-layer plate with a symmetric structure over
its thickness:

D ≡ C22 + C33 =
1
4
Efh

2hf

1 − ν2
f

, Γ = Gch. (21)

Here, Ef and νf are Young’s modulus and Poisson’s ratio for surface layers, and Gc is the shear modulus for the
inner layer (nanocomposite). It should be noted that Gc substantially depends on the properties of the nanoobjects.
Neglecting the matrix stiffness, we can demonstrate that

Gc =
12N
h2

c

C,

where N is the number of nanoobjects per unit area and C is the bending stiffness of one nanoobject. Thus, the
stiffness Γ depends on nanocomposite properties.

If the matrix density is ignored, then the values of ρ and Θ can be determined by the relations

ρ = ρfhf +
πρnNd

2

4
ρnhc, Θ =

ρf

12
(h3 − h3

c) +
πρnNd

2

48
h3

c , (22)

where ρn and d are the density and diameter of the nanoobjects.
If there is no distributed moment m = 0, the equations of motion (14) can be converted to one equation [25]

DΔΔw + ρẅ +
ρΘ
Γ
w(4) −

(
Θ + ρ

D

Γ

)
Δẅ = qn +

Θ
Γ
q̈n − D

Γ
Δqn, (23)

where qn = q · n and w(4) = ∂4w/∂t4.
We seek for the solution of the homogeneous equation (23) in the form

w̄ = Wμ exp (iΩt̄) exp (iμ1x̄+ iμ2ȳ),

where
w̄ =

w

h
, x̄ =

x

h
, ȳ =

y

h
, t̄ =

t

T
, T 2 =

ρh4

D
.

Nontrivial solutions of the homogeneous equation exist if the frequency Ω is related to the wavenumbers μ1

and μ2 by the dispersion relation
L(μ,Ω) ≡ μ4 − Ω2 + βΩ4 − ζμ2Ω2 = 0,

where β = ΘD/(ρΓh4) and ζ = (Θ/ρ+D/Γ)/h2.
Typical dispersion curves are shown in Fig. 6. A comparison with the dispersion curves for a plate with

nanoobjects (see Fig. 4) shows the absence of internal dynamics of nanoobjects, which cannot be taken into account
within the framework of the Reissner-type theory of plates [18, 24]. There are two branches of the dispersion curve
indicated by R1 and R2. The high-frequency branch R2 begins at the point (0,Ω∗), where the cutoff frequency Ω∗

is determined by the formula

Ω∗ ≡ 1√
β

= h2

√
ρΓ
ΘD

.

In contrast to a homogeneous plate whose cutoff frequency is located in the high-frequency range, the cutoff frequency
for the three-layer nanocomposite plate considered can vary in a wide range, including the regions of sufficiently
low frequencies. Knowing the frequency Ω∗, which can be found, for instance, from experimental data of studying
the amplitude–frequency characteristic, and using Eqs. (21) and (22), we can estimate the bending stiffness of one
nanoobject.

To find the amplitude–frequency characteristic, we consider forced oscillations of a rectangular plate with
the sides of length a and b, which is simply supported over its perimeter. Let the external load be determined by
the formula

q̄ = Qmn exp (iΩt̄) sin (πmhx̄/a) sin (πnhȳ/b),
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Fig. 6. Dispersion curves for a three-layer plate (Γ = ∞ and Θ = 0): R1 and R2 are the branches
of the dispersion curve obtained with the Reissner theory; K is the dispersion curve obtained by
the Kirchhoff theory.

where Qmn = const. Then, the solution of Eq. (23) is written in the form

w̄ = Wmn exp (iΩt̄) sin (πmhx̄/a) sin (πnhȳ/b), (24)

where the amplitude Wmn is determined by the formula

Wmn =
1 − βΩ2 + ημ2

L(μ,Ω)
Qmn, μ2 =

(πmh)2

a2
+

(πnh)2

b2
, η =

D

h2Γ
.

For rather smooth arbitrary loading, the solutions of Eq. (23) are presented as a sum of a series with terms
of the form (24). Thus, the amplitude–frequency characteristic is completely determined by the amplitudes Wmn,
which have singularities (poles) at eigenfrequencies.

CONCLUSIONS

Dispersion curves for some nanostructures formed by ordered arrays of nanoobjects (crystals or nanotubes
parallel to each other) are constructed. The possibility of using these curves for determining elastic properties of
nanoobjects from their resonance frequencies is discussed. The method of determining the properties of nanoobjects
is based on experimental measurements of the spectrum of eigenfrequencies of a composite plate formed by a large
number of almost identical nanorods grown on a substrate. Two possible nanostructures are considered: asymmetric
(consisting of a substrate and an array of nanoobjects) and symmetric (three-layer plate whose inner layer is an
array of nanoobjects). As is demonstrated above, the eigenfrequencies of such nanostructures are certain integral
characteristics depending on the properties of nanoobjects. Thus, the eigenfrequencies depend on transverse shear
stiffness, which, in turn, is expressed via the number of nanoobjects and their stiffness. In addition to the spectrum
of composite nanostructures, it seems reasonable to determine the spectrum of similar homogeneous nanostructures,
for instance, plates of the same geometry but made of the substrate material. A comparison of the nanostructure
spectrum and the “reference” plate spectrum will allow identification of eigenfrequencies that exhibit the greatest
dependence on the properties of nanoobjects.

As the dynamic characteristics of the nanostructures considered depend on the properties of nanoobjects,
the results obtained can be used in the development of sensors that involve nanoarrays.

This work was supported by the Russian Foundation for Basic Research (Grant Nos. 06-01-00452 and
09-01-00459) and by the Council of the President of the Russian Federation for Supporting Young Russian Scientists
(Grant No. MD-4829.2007.1) and Leading Scientific Schools (Grant No. NSh-2405.2008.1).
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