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How big is the minimum of a branching random walk?

Yueyun Hu*
Université Paris XII1

Summary. Let M,, be the minimal position at generation n, of a real-
valued branching random walk in the boundary case. As n — oo, M,, —
%logn is tight (see [1, 9, 2]). We establish here a law of iterated log-
arithm for the upper limits of M,: upon the system’s non-extinction,
lim sup,,_, m(Mn — 3logn) = 1 almost surely. We also study the
problem of moderate deviations of M,,: P(M,, — %logn > A) for A —» o0
and A = o(logn). This problem is closely related to the small deviations of
a class of Mandelbrot’s cascades.

Keywords. Branching random walk, minimal position, law of iterated
logarithm, moderate deviation, Mandelbrot’s cascades.

1 Introduction

Let {V(u),u € T} be a discrete-time branching random walk (BRW) on the real line R
driven by a point process ©. At generation 0, there is a single particle at the origin from
which we generate a point process © on R. The particles in © together with their positions
in R constitute the first generation of the BRW. From the position of each particle at the first
generation, we generate an independent copy of ©. The collection of all particles together
with their positions gives the second generation of the BRW, and so on. The genealogy of
all particles forms a Galton-Watson tree T (whose root is denoted by @). For any particle
u € T, we denote by V(u) its position in R and |u] its generation in T. The whole system
may die out or survive forever.

Plainly © = szl dtv(y- Let v = O(R). Throughout this paper and unless stated
otherwise, we shall assume that the BRW is in the boundary case, i.e.

E[v] € (1, <], E[ Z e_V(“)] =1, E[ Z V(u) e_v(“)] = 0. (1.1)

lul=1 lu|=1

Notice that under (1.1), it is possible that P(vr = oo) > 0. See Jaffuel [23] for detailed

discussions on how to reduce a general branching random walk to the boundary case.
Denote by M, := min,—, V' (u) the minimum of the branching random walk at generation

n (with convention: inf () = co). Hammersly [19], Kingman [24] and Biggins [7] established
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the law of large numbers for M, (for any general branching random walk), whereas the
second order limits have attracted many recent attentions, see [1, 22, 9, 2] and the references
therein. In particular, Aidékon [2] proved the convergence in law of M, — % logn under (1.1)
and some mild conditions.

On the almost sure limits of M,,, it was shown in [22] that there is the following phenomena
of fluctuation at the logarithmic scale. Assume (1.1). If there exists some § > 0 such that
E[v'*] < oo and E[ [, (% + e~ (149%)0(dz)] < oo, then

3 M, 1
lim sup = - and lim inf =, P*-a.s.,
nooo logm 2 n—oo logn 2

where here and in the sequel,

P'() =P (1S),

and S := {T is not finite} denotes the event that the whole system survives.
It turns out that much more can be said on the lower limits 3 logn of M,: Under (1.1)
and the following integrability condition

o= E| Y (V()?eV ] <00, E[¢((logQ)*)? +Clog )| <00, (1:2)

ful=1

with ¢ == 37, eV, ¢ = Y uer (V@) e”V™ and 2 := max(0,z), Aidékon and Shi
[4] proved that

n—o0

1
lim inf (Mn —3 log n) = —00, P*-a.s.

Furthermore, by following Aidékon and Shi [4]’s methods, we established ([21]) an integral
test to describe the lower limits of M, — %log n. As a consequence, we have that under (1.1)
and (1.2),

o 1 1 i}
hfggfw<M” ~3 logn) = -1, P*-a.s. (1.3)

In this paper, we wish to investigate how big M, — %logn can be. The following law of
iterated logarithm (LIL) describes the upper limits of M,,:

Theorem 1.1 Assume (1.1), (1.2) and that E[Z‘mzl(V(u)*)‘?e*V(“)] < 00. Then

1 3
li — (M, — =1 =1, P*-a.s. 1.4
lfls;fp log log logn< 2 %8 n) @3 (14)
The integrability of >3, (V(u)*)%"V® will be used only in the proof of Lemma 4.2,
see Remark 4.3, Section 4.
Usually, to establish such LIL, the first step would be the study of the moderate devia-
tions:

P* (Mn - glogn > A), when A = o(logn) and A\, n — oc.



Denote by p; = P(v = j),j > 0, the offspring distribution of the Galton-Watson tree T.
Concerning the small deviations of the size of T, there exist two cases: either pg + p; > 0
(namely the Schroder case) or pg = p; = 0 (namely the Bottcher case), see e.g. Fleischmann
and Wachtel [16, 17] and the references therein. Basically in the Schréder case, the tree T may
grow linearly whereas it always grows exponentially in the Bottcher case. For the branching
random walk, we shall prove that the moderate deviations of M, decay exponentially fast
or double-exponentially fast depending on the growth rate of T.

Let g := P(T is finite) = P(§°) € [0, 1) be the extinction probability. We introduce two
separate cases:

(the Schroder case) if the following hypotheses hold:

E[l(uzn g Z evV(u)} =1, for some constant v > 0, (1.5)
|lul=1
and
E[ Z e“v(“)] < 00, for some a > 7. (1.6)
|u|=1

(the Bottcher case) if the following hypotheses hold:

po=p1 =0,
sup V(u) < K, for some constant K > 0. (1.8)
Ju|=1
Remark 1.2
(i) When a.s. v > 1 in the Schréder case, the condition (1.5) just amounts to
E[lpoy Do eV@| =1, ifg=0, (1.9)
|u|=1

(i1) Under (1.1), the condition (1.6) or (1.8) implies that E[v] < oco. The technical
conditions (1.6) and (1.8) are made to avoid too large jumps of © in the moderate deviations.
(#ii) In the Bdttcher case, we can define a parameter > 0 by

Bi=sup{a>0:P(> eV >1)=1} (1.10)

|u|=1
Note that p < 1 if we assume (1.1).

The parameters v and # will naturally appear in the small deviations of a class of Mandel-
brot’s cascades. Under (1.1) and (1.2), the so-called derivative martingale (with convention:

229 =0)
D, = Z V(u)e VW, n >0,

lul=n



converges almost surely to some limit D., which is P*-a.s. positive (see e.g. Biggins and
Kyprianou [8] and Aidékon [2]). The nonnegative random variable D, satisfies the following
equation in law (Mandelbrot’s cascade):

D= S eV pW, (1.11)

ful=1

where conditioned on {V'(u), |u| = 1}, (Dc(f.f))wzl are independent copies of Dy. The mod-
erate deviations of Ml,, will be naturally related to the small deviations of D., which were
already studied in the literature, see e.g. Liu [26, 27] and the references therein.

We shall work under a more general setting in order that Theorem 1.3 could also be
applied to the non-degenerated case of Mandelbrot’s cascades. Instead of (1.1), we assume
that there exists some constant x € (0,1] such that

E[ Z e XV <1, and  E[v] € (1, 0], (1.12)

lul=1

1

where as before, v:=3", 1.

The condition (1.12) ensures that there exists a non-trivial nonnegative solution Z to the
following equation:
Z= N e Vigw, (1.13)

ful=1

where conditioned on {V (u),|u| = 1}, (Z™)},=1 are independent copies of Z, see Liu [27],
Proposition 1.1.

Denote by f(x) =< g(x) [resp: f(z) ~ g(x)] as © — x if 0 < liminf, ,,, f(z)/g(x) <
limsup,_,,, f(x)/g(x) < oo [resp: lim, 4, f(2)/g(x) = 1]. The following result may arise an
interest in Mandelbrot’s cascades.

Theorem 1.3 Assume (1.12). Let Z > 0 be a non-trivial solution of (1.13).

(The Schroder case) Assume (1.5) and (1.6). Then
IP<0<Z<5) =&, ase—0, (1.14)

and E[e™71(7-0)] <t ast — oco.

(The Bottcher case) Assume (1.7), (1.8) and that °, _, eV £ 1. Then

E[e’tz] =" o0, (1.15)

--£ o(1
and IP’(Z < E) —ee T ( ), as € — 0, with 5 defined in (1.10).



Obviously we can apply Theorem 1.3 to Z := D, with x = 1. In the Bottcher case,
the two conditions (1.12) and szl e XV(W =£ 1 imply that 8 < y, hence 8 < 1; moreover,
essinf >, e AV =1,

Let us mention that (1.14) confirms a prediction in Liu [27] who already proved that if
g = 0, then for any a > 0, E[Z‘“] < oo if and only if a < v. When all V(u), |u| = 1, are equal
to some random variable, (1.15) is in agreement with Liu [26], Theorem 6.1. If furthermore,
all V(u) are equal to some constant, then (1.14) and (1.15) give some rough estimates on
the limiting law of Galton-Watson processes, see Fleischmann and Wachtel [16], [17] for the
precise estimates. We refer to [6] for further studies of the conditioned Galton-Watson tree
itself. For instance, we could seek the asymptotic behaviors of the BRW conditioned on
{0 < Dy < €}, as € — 0, but this problem exceeds the scope of the present paper.

Our moderate deviations result on M, reads as follows:

Theorem 1.4 Assume (1.1), (1.2). Let A\,n — oo and A = o(logn).

(The Schroder case) Assume (1.5) and that (1.6) hold for all a > 0. Then
P* (Mn > ;logn + )\) = o~ (oA (1.16)
(The Boéttcher case) Assume (1.7) and (1.8). Then

3
P(Mn > B logn + )x) = exp(—e(ﬁﬁ(lm). (1.17)

The same estimates hold if we replace M, by max,<p<a, M.

We refer to Aidékon [2], Proposition 4.1 for the precise estimate on P(M,, < 3logn — \)
as A < %logn and A — o0.

Comparing Theorem 1.1 and Theorem 1.4, we remark that the almost sure behaviors of
M, are not related to the moderate deviations of M,,. This can be explained as follows:
Define for all A > 0 and u € T,

Ta(u) == inf{l <i <|u|: V(u;) > A}, (with convention inf () = c0), (1.18)

where here and in the sequel, {ug = @, uy, ..., upy := u} denotes the shortest path from & to
w such that |u;| =i for all 0 <4 < |u|. We introduce the stopping lines:

Ly ={ueT:(u)=lul}, A > 0. (1.19)

Roughly speaking, the almost sure limits of M, (limsup of M,,) are determined by those
of #£,, whereas the moderate deviations of Ml,, are by the small deviations of #£,. By
Nerman [31], P*-almost surely, #.£) is of order e(*°M)A: however, to make #.£, to be as
small as possible (and conditioned on {#.£, > 0}), in the Schrider case, £, will be essentially

bt



a singleton or a set of few points with exponential costs (see Lemma 5.3), which is no longer
possible in the Bottcher case. To relate #.£, to Do, we shall use the martingale (D,,) at
the stopping line £:

Dy, = Z V(u)e V™, (1.20)

u€L )

which, as shown in Biggins and Kyprianou [8], converges almost surely to D, as A — oo.
For u € £y, V(u) &= )\, hence Dy, ~ Ae *#£,. Then the problem of small values of #.£
will be reduced to that of Dg, and Do, as A — co. The hypothesis (1.6) and (1.8) are made
to control the possible overshoots.

The rest of the paper is organized as follows: In Section 2, we collect some facts on a
one-dimensional random walk and on the branching random walk. In Section 3, we study the
cascade equation (1.13) and prove Theorem 1.3. In Section 4, we first prove some uniform
tightness of M, — % logn (Lemma 4.5) and then Theorem 1.1. Finally, in Section 5, we prove
Theorem 1.4 in two separate subsections on the Schroder case and on the Bottcher case.

Throughout the paper, we adopt the usual conventions that ), := 0, supy := 0, [], := 1”,
infy := oo; we also denote by (¢;, 1 < i < 15) some positive constants, and by C,C" and C
(eventually with a subscript) some unimportant positive constants whose values can vary
from one paragraph to another one.

2 Preliminaries

2.1 Estimates on a centered real-valued random walk

We collect here some estimates on a real-valued random walk {Sg, k > 0}, under P, centered
and with finite variance o? > 0. Write P, and E, when Sy, = z. Let S, = Ming<;<p 5,
Vn > 0. The renewal function R(z) related to the random walk S is defined as follows:

R(z) := ip(sk >z, Sy < §,H), x>0, (2.1)
k=0

and R(z) = 0 if z < 0. Moreover (see Feller [15], pp.612),

lim E(z)

T—00 T

=C > 0. (22)

Lemma 2.1 Let S be a centered random walk with finite and positive variance. There exists
some constant co > 0 such that for anyb>a > 0,2 > 0,n > 1,

W

P (S € [0,8],8, > 0) < e (1+2)(1+b—a)(1+b)nE. (2.3)



For any fized 0 < r <1, there exists some c3 = c3, > 0 such that for allb>a >0, x,y >0
andn > 1,

Px(SnG[y+a,y+b],§nZO, min Si2y> < 03(1+x)(1+b—a)(1+b)n_%,(2.4)

rn<i<n

P, (ﬁn >0, min S; >y,S, < y) < e3(1+ x)n_%. (2.5)

rm<i<n

For any a > 0, ifE[S%e“Sl] < 00, then there exists some C, > 0 such that for any b > 0,

IP’(STb b a;) <Cpe™,  Ya>0, (2.6)

where 7, :=inf{j > 0:S; > b}.

Proof of Lemma 2.1. See Aidékon and Shi [4] for (2.3) and (2.4). To get (2.6), note that
E[Sfe“sl} < oo if and only if E[(Sf)Qe“Sf] < oo. By Doney ([12], pp.250), this condition
ensures that E[S; "] < co. Then in view of Chang ([10], Proposition 4.2), we have that
uniformly on b > 0, E[e“(sfb’b)] < (C, for some constant C, > 0, which implies (2.6) by
Chebychev’s inequality.

It remains to check (2.5). Let f(x) := P(S; < —x),x > 0. It follows from the Markov
property at n — 1 that the probability in LHS of (2.5) equals

E. |:1(§n7120,minrnsl-<n s>y f(Sn—1 =)

VAN

S PRS0y 20, min 5> yy+j< S, <ytj+l)
=0

rn<i<n—

< C(lta)n™? Z fG)(2+35)  (by (24))
< C’ (1 —I—SL’) n3/2’

yielding (2.5). O

2.2 Change of measures for the branching random walk

In this subsection, we recall some change of measure formulas in the branching random walk,
for the details we refer to [8, 11, 29, 4, 20, 32] and the references therein.

At first let us fix some notations: For |u| = n, we write as before {ug := &, u1, ..., up_1, up, =
u} the path from the root @ to u such that |u;| = i for any 0 < i < n. Define V(u) :=
maxi<;<, V(u;) and V(u) := minj<;<, V(u;). For any u,v € T, we use the partial order
u < v if w is an ancestor of v and v < v if u < v or u = v. We also denote by W the
parent of u and by v(u) the number of children of u. Define U(u) := {v: v = w,v # u}



the set (eventually empty) of brothers of u for any v # &. For any u € T, we denote by
T, :={v €T :u < v} the subtree of T rooted at u.

Under (1.1), there exists a centered real-valued random walk {S,,,n > 0} such that for
any n > 1 and any measurable f : R" — R, |

E[ S eV (Vi (), ...,V(un))] —E(f(S1, ., 5,)) (2.7)

lul=n

which is often referred as the “many-to-one” formula. Moreover under (1.2), Var(S;) = o2 =

E[Z‘M:l(V(u))Qe*V(“)} € (0,00). We shall use the notation
1o :=1inf{j > 1:5; > 0}. (2.8)

Denote by (F,,n > 0) the natural filtration of the branching random walk. Under (1.1),
the process W, := 3>, _, eV n > 1, is a (P, (F,))-martingale. It is well-known (see
8, 11, 29, 4, 20, 32]) that on some enlarged probability space (more precisely on the space
of marked trees enlarged by an infinite ray (w,,n > 0), called spine), we may construct a
probability @ such that the following statements (i), (ii) and (iii) hold:

(i) For all n > 1,

dQ

e =We A Q@ =ulF) = eV Vu=n

Wn

(ii) Under Q, the process {V(w,),n > 0} along the spine (w,),>0, is distributed as the
random walk (S,,,n > 0) under P. Moreover, (> ) 0qav(y, AV (W) )k>1 are L.id. under
Q, where AV (u) := V(u) — V(u) for any u # @.

(iii) Let Gy := o{u,V(u) : u € {w;,0 < k < n}}, n > 0. Then G, is the o-algebra
generated by the spine. Under Q and conditioned on G, for all u ¢ {wg,k > 0} but
w € {wy, k > 0} the induced branching random walk (V (uv), |v| > 0) are independent and
are distributed as Py (), where {uv, [v| > 0) is the subtree T,.

We mention that the above change of measure still holds for the stopping line £, (see
e.g. [3], Proposition 3, for the detailed statement): i.e. replace |u| =n by u € £, F, by
F¢, the o-filed generated by the BRW up to £, and W,, by

We, = Z eV, (2.9)

u€eL \

uEU(wk

For brevity, we shall write Q[X] for the expectation of some random variable X under
the probability Q.

3 Proof of Theorem 1.3

The following result is due to Liu [27]:



Lemma 3.1 (Liu [27]) Assuming (1.5), (1.6) and (1.12). Let Z > 0 be a non-trivial
solution of (1.13). For any 0 < € < v, there ezists some positive constant ¢y = c4(€) such
that

Ele | St Vi1 (3.1)

Proof of Lemma 3.1. At first we remark that
IP’(Z - 0) —q (3.2)

In fact, we easily deduce from (1.13) that the probability P(Z = 0) is a solution of
x = E[z¥] which only has two solutions ¢ and 1 for z € [0, 1]. This gives (3.2).

In the case ¢ = 0, namely Z > 0 a.s., 7y is defined through (1.9), it is easy to check
that P(3 0, eV £ 1) > 0, then (3.1) follows exactly from Liu [27], Theorem 2.4, after a

standard Tauberian argument (see Lemma 4.4 in [26]). We only need to check that the case
q > 0 can be reduced to the case ¢ = 0.

For brevity, let us denote by {A;,1 < i < v} the family {e=V® |u| = 1} [the order of A;
is arbitrary]. Then Z satisfies the equation in law

Z=N" Az, (3.3)
=1

with (Z;,7 > 1) independent copies of Z, and independent of (A4;)i<;<,. Let {£,&,1> 1} be
a family of i.i.d. Bernoulli random variables, independent of everything else, with common
law P(§ =0) =¢=1—-P(¢£ =1). Let Z be a random variable distributed as Z conditioned

on {Z > 0}. Since P(Z > 0) = 1 — ¢, we have that Z2'¢ Z. Then we deduce from (3.3) that
7' Yoo A Z; conditioned on o, & >0},

where (Z;,i > 1) are i.i.d. copies of Z, and (v, 4;,1 < i < v) and (&,i > 1) are three
independent families of random variables. Let {A;,1 < ¢ < V) be a family of random

variables such that for any nonnegative measurable function f,

In other words, 21;1 5{@} has the same law as the point process Zlgigu,gﬁéo 014y
conditioning the latter does not vanish everywhere. Elementary calculations show that
P>, & >0)=1—E[¢"] =1 — ¢ and for any nonnegative measurable function f,

E[Z ()] ~E Zg 74| Zg > o] - ffqﬁ[ij@ F(49)] = E[f} F(4:)]-(35)

E[Q*Z?zl f(gi)] —E |e Zi=i & f(A)




In particular, E[E?:l A\ﬂ = E[E';Zl Ai‘] < 1land E[p] = E[ v] € (1,00]. Moreover, we
deduce from (3.4) that v is distributed as Y ,_, & conditioned on {>_7 ;& > 0}, hence U > 1
a.s. It is easy (e.g. by using the Laplace transform) to see that

N)

7=\ A,

13
M

i=1

Therefore we can apply the case ¢ = 0 of (3.1) to Z once we have determined the corre-
sponding parameter v (as in (1.9)) for Z. To this end, let ¢, = inf{l <i <wv:§ = 1}. Then
A= Até if ¢ < co. We have

E[(ﬁ) Moo 1>] - E

A e | D &> 0]
=1
1
= —FE
lL—¢q

Lo Y A?l(gﬁl,£¢=o,w¢k,1§i9)]

k=1
Losng ™ Y A
k=1

by (1.5). Therefore E[e*tz} = O(t77"%) as t — oo. The Lemma follows from the fact that
P0< Z<a)=(1-qP(Z<z) for any z > 0. O

E 1V>1)q Z ePYV(u =

lul=1

3.1 Proof of Theorem 1.3: the Schroder case

As shown in the proof of Lemma 3.1, we can assume ¢ = 0 (hence we assume (1.9)) in this
proof without any loss of generality. Let ®(¢) := E[e_tz ] for t > 0. We are going to prove
that
) =t, t— oo (3.6)
To this end, we have by (3.3) that

v

O(t) = E[H cb(tAi)} . t>0. (3.7)

i=1

Note also that the condition (1.9) can be re-written as E[1(,-1)A;"] = 1. Define g(t) :=
t7®(t) for all £ > 0. Then for any t > 0,

g(t) = 17 (1) > t'yE[l(Vzl)(I)(tAl)} - E[1(V:1)A;’Yg(m1)} - E[g(tfll)], (3.8)

where A; denotes a (positive) random variable whose law is determined by E[f (gl)} =
E[l(yzl)Alﬂ f(Al)} for any measurable bounded function f. In particular, E[log Al} =
Ilg‘jf[l(l,zl)Al_v 10g Al}

10



Define f(t) := E[1-1) > ful=1 e'V®W] = E[1(,-1) A{"] which is finite for ¢t € [—x,7],
in particular f(—yx) < 1 and f(0) < 1 = f(y). By the assumption of integrability in
Theorem 1.3, E[1(,—1) A7 (—log A;)"] < oo which implies that f'(y—) exists and equals
—E[14,-1)A; " log A]. By convexity, f/(y—) > w > (. Hence

E[logfxl} — —f'(y—) < 0. (3.9)
Let (Zi)izg be a sequence of i.i.d. copies of A; and define X; = — 25:1 log A; for all

g > 1. Let r > 1 and put
=inf{j > 1:X; > logr}, (3.10)

which is a.s. finite thanks to (3.9). Going back to (3.8), we get that

g(r) > E[g('f’;{l)l(rzl@]+E[Q(Tgl)1(rﬁlzl>]

> E |:g(7’111)1(r21<1)] +E [g(rglfaé)l(rﬁlzn] ’

where to get the last inequality, we have applied (3.8) with ¢ replaced by rgl and Zl replaced
by As. Then we obtain that

g(r) > E[g('f’Al)l(rLa)] +E[g(rAlAz)1(@121,“@122@)} +E[g(ﬁhfb)1(r21217rzl,1221)
= [E |:g(7“ H Avi)l(argz)] + E [g(r?llgg)l(apg)} .
i=1
By induction, we get that for any n > 1,

2 ot [ Aen] + 2o

Since a,. < 0o a.s., we let n — oo and deduce from the monotone convergence theorem that

E[g(rﬁ@)} = E[g(™)),

where R, := X,, —logr > 0 denotes the overshoot of the random walk (X;) at the level
log . Note that for any 0 <t <1, g(t) = t7®(¢) > ®(1)t”, hence

Qr

]'(ar>n } > E[g(rﬂﬁi)l(%gn)]

i=1

H::

g(r) > @(1)1@[5%}, Vr> 1. (3.11)

By the assumption (1.6), E[((—log A,)*)?] = E[1-y Dt (V(@)F)? V] < oo,
then by Lorden [28], Theorem 1, sup,, E [RT] < 00. Consequently for some positive constant
c,

g(r) > ®(1) e ERI > ¢ > 0, Vr>1.

11



Hence
O(r)y>Cr7, Vr>1, (3.12)

which implies the lower bound in (3.6).
To prove the upper bound in (3.6), let @ > ~ be as in (1.6) such that E[>, | A7% | =
ED =1 e?V "] < 00. Choose (and then fix) 0 < ¢ < 1 min(a —~,7v) small and b := 2F= < 4.
By Lemma 3.1, ®(t) < ¢yt b for all t > 1 (with ¢, > 1). Since ®(t) < 1forall0 <t < 1, we
obtain immediately that
g(t) < et VE>0. (3.13)

By (3.7) and using again the notation A;,i > 1, we get that for any ¢ > 0,

g(t) < OE[®(tA) 1, 1)]+t7E[1(V22)(I>(tA1)(I>(tA2)]

< Egt

[

- E g(tAl) s VE[ Vo2 g(tA)g (tAQ)A;VA;V]
(LA)] + 0B A7457] (by (313))
(

A
— E g tAl) + Ot (3.14)
with C; = CZE[l(u22)A1_bA2_ b} < CﬁE[Z;l A7 21’] by Cauchy-Schwarz’ inequality. Then
C. < oo by the assumption (1.6) and the choice that b < a/2.

Let > 1. As before, we shall iterate (3.14) up to the stopping time «,. (cf. (3.10)). We
have that

9(r) < Cor™ +E[g(rA) Lo,y | +E|Laon) (C-0A) 4+ g(rA1Ay)) |
2N\

= O+ C.E[(rA) 140 51)] +E[ HA}

By induction, we get that for any n > 2,

n—1 k nAoy,
g(r) < Caor = +C. ZE[l(aok)('r’HAi)’e} +E[g(r H AZ)}
k=1 i=1 i=1
nAoyr—1
= Ca +CE[ Y o] 4 Eg(reXmer)), (3.15)
k=1
by using the random walk X; = — 327 log A;, j > 1. The random walk (X;) has positive

drift and E[X7] = E[1=1) 2= (V(w)?e?V®] < oo by the assumption (1.6), then by

Lemma 5 in [3],
ar—1

E[ Z ee(Xk—logr):| < Cé < o0,
k=1

12



for some constant C” independent of 7. On the other hand, g(re=*er) <1 (since re=Xer < 1),
then we obtain that for all » > 1, n > 2,

g(r) < G+ CL+ 1+ E[glre ) uca| < CL + e Bl X 1pcay],  (3.16)

where in the last inequality we have used the facts that ¢ :== re™*» > 1 on {n < «a,} and
that g(t) < ¢4t° for any ¢ > 1 by Lemma 3.1.

Remark that E[e™=%1] = E[(/L)E} = E[l(yzl)(Al)*“f”} < 1 by convexity. Then

Ele~*%"] — 0 as n — oo, which in view of (3.16) yield that for any » > 1 (¢ being fixed),
g(r) < CZ. e
O(r) < CLr 7, Vr > 1.

This and (3.12) imply (3.6): ®(r) < r~7 for all » > 1. The small deviation in (1.14)
follows from a standard Tauberian argument (see e.g. [26], Lemma 4.4). [

3.2 Proof of Theorem 1.3: the Bottcher case
The proof of (1.15) goes in the same spirit as that of (3.6). Let h(t) := —logE[e~*#],¢ > 0.

Note that h is an increasing, concave function and vanishing at zero. Using the notations
introduced in (3.3), we get that
o—h(t) — E[e— Z:lhuAi)}, vt > 0.

On an enlarged probability space, we may find a random variable ¢ such that

, A7 .
P(gZZ‘A>:m, 1§’L§l/,

where A = 0{4;;1 < i < v,v}. Then > h(t4d;) = O, A?)E[%‘A}, and by
¢

Jensen’s inequality, we have that for any ¢ > 0,

exp ( Z Aﬁ

e~ T htA) <

S 4.
Write for brevity

B = A, Z Aﬁ a.s.
f i=1
[n > 1 because v > 2 a.s.] Then for any ¢ > 0, we have

e <R [e_"h(tB)] : (3.17)

13



We shall iterate the inequality (3.17) up to some random times: Let (7;, B;);>1 be an
i.i.d. copies of (n, B). Let r > 1 and define

}.

N

Y, :=inf{i >1: HB» <
j=1

Observe that

| =v.

Loty Az} =-E [Zluzl e VIV (u)
25:1 Azﬁ B Z\u|:1 e‘ﬁV(U)

where ¢(z) = E[log Z‘M:le_”ﬁv(“)] for 0 < z < x. Note that ¢ is convex on [0, ],
P(x) < logE[Z‘ulzle’XV(“)] <0, and ¥(B) > 0 since >, _, e AV > 1 by the definition
of B. By convexity, ¢/'(5) < w < 0. Then E[log B] < 0 which implies that T, < oo,

E[log B] = E|

a.s. By (3.17), we see that for
e < E[e—m h(rBl)l(rBlgD] + E[e_m h(rBl)l(rB»l)}

Applying (3.17) to t = r By, we get that

e~ M h(rB1) S (E [e—nzh(rB1B2) ’U{nly Bl}}>m S E[e_nln2h(rBlB2) ’0‘{7’]17 Bl}}a

by Jensen’s inequality, since 17; > 1. It follows that E[e_’“ h(rBl)l(TBI>1)] < E[1(T31>1)e_’71’72h(T3132)},
hence

e h(r) < E[efm h(TBl)l(,rrzl):| +E[1(TBl>1)efnm2h(rBle)}
B NP1 g, )| + E[em BB ) | B[ 1y, sy O],

Again applying (3.17) to t = rB; By and using Jensen’s inequality (since n17, > 1), we

Ui
et that E[1,5, g,oe MRMBIB) ] < B[1, 5 g,ope m2BhrBi1B2Bs)] and so on. We get that

g (rB1B2>1) (rB1B2>1) g

for any n Z 17

= Agas) + Cias).- (3.18)

By (1.8), B> e X as., then 1 > H?:Tl B; > e Notice that by (1.10) the definition
of B, >0, Af > 1 a.s.; Then n > B~# and H?:Tl n; > rP. It follows that for any n,

B hle—
Apag < e he™™),

14



To deal with C(31s), we remark that on {Y, > n}, r [[/_, B; > 1. It follows that
Ciig) < E [e*h(l) | F m] '

Since n; > 1 as., [[[_; 7 T 0o as n — oo, then by the monotone convergence theorem
limsup,,_,, C(s.1s) = 0. Letting n — oo in (3.18), we obtain that

E[G—TZ] = e—h(?") S e—h(eiK)T"B’ V/r' > 1’ (319)

which is stronger than the upper bound in (1.15).

To prove the lower bound, recalling that essinf >, Af =1 and 4; > e ¥, we deduce
that for any small € > 0, there are some integer 2 < k < esssup v, and some real numbers
aiy,...,ar € (0,1) such that Zle aiﬁ > 1 and Zle af’La < 1landp:= IP’(Ai <a,V1l<i<
k,v= k;) > (. Therefore

efh(t) = E[e* Ziuzl h(tAi)} Z pe* Zf:l h(mi)7 t Z 0.

Let b := log(1/p) > 0 and define a random variable Y € {ay,...,a;} such that for any
measurable and nonnegative function f, E[f(Y)] = %Zle f(a;). Therefore,

h(t) <b+kE[h(tY)],  Vt>0. (3.20)

As in the proof of the upper bound, we shall iterate the above inequality up to some
random times: Let (Y);>1 be an i.i.d. copies of Y. For r > 1, we define

S |-

J
9::0r::inf{j21:HYi§ }.
i=1

Since Y < maxi<;<xa; < 1, 6 is a bounded random variable. Going back to (3.20), we
get that

h(r)

IA

b+ kE h(TYl)l(rylgl)} + kE [h<rm>1(rY1>1)]
< b+kE h(rY1)1(9:1)] +KE [1(m>1)(b +k h(erlYQ))]

b+EkE

'h(m)hg:n] +bkP(0 > 1) + [1(ry1>1)h(myz))]

By induction, we get that for any n > 1,

n OAn
hr) < by P> )+ E[W" h(rHYi)]
j=0 =1
= A(3.21) + 0(3_21). (321)

15



Elementary computations yield that

b b
Aggan) = —E[WW“) - 1} < —E[k:e].
@20 = = k-1
Recalling 6 is bounded hence E [ke] < 00. For C3.21), we use the fact that Y; < max;<j<j a; =:
@ < 1. Remark that r [, ¥; < 1. Then

0 n
Cioy = E[ke h(’f’HYi)l(egn)] +E[7€n h(THYz)l(em)]
=1

1 [ke]i
[+]

h(1)E r@) E K" (gom)]
h(1)E

h(ra*)E
+ h(ra") E[£’].

IAIA

Since ra" — 0 as n — oo, we get that [recalling that 6 depends on 7]

h(r) < (h(1) + %)E[kﬂ}, Vr > 1. (3.22)

To estimate E[ko], let us find A > 0 such that E[Y’\] = % By the law of Y, this is

equivalent to Zle a} = 1.

By the choice of (a;), we have 8 < A < 8 +e. Then the process n — k" [[}_, Y* is a
martingale (moreover uniformly integrable on [0,6]). Hence the optional stopping theorem
implies that

0
1= E[k9 HY}} > E[ke] = min @,
i=1

1<i<k

since H?Zl Y; > 2 minj<;<; a;. This and (3.22) give that

b
< v —A A
h(r) < (h(1) + P 1) max a; "7, Vr > 1,

yielding the lower bound in (1.15) since A <  + e. This completes the proof of (1.15).
Finally, by using the elementary inequalities: for any €, > 0, e *'P(Z < ¢) < E[e™*?] <

P(Z < €) + e, we immediately deduce from (1.15) that P(Z < &) = == /07770 4g
e— 0. 0.

4 Proof of Theorem 1.1

Let us give some preliminary estimates on the branching random walk:
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Lemma 4.1 Assume (1.1) and (1.2). There exists some constants cs,cg > 0 such that for
n>1,

IP’( ‘Irllin V(u) < cs n1/3> < cge " (4.1)
where we recall that for any |u| = n, V(u) = maxici<, V(u;). Consequently, for any

0< A< c5n1/3, we have
1/3

P(max lu| > n) <cge “" (4.2)

ueL
We mention that under an extra integrability condition, i.e. 36 > 0 such that E[1H] <
00, n~ Y3 miny,—, V(u) 2—; (@)1/3 P*-a.s. (see [14] and [13]) and the probability term in
(4.1) is equal to eles= (") P+ for any 0 < ¢y < (3222)1/3 (see [14], Proposition 2.3).
Here, we only assume (1.1) and (1.2), and we do not seek the precise upper bound in (4.1).

Proof of Lemma 4.1. We shall use the following fact (see Shi [32]):

P(inf V (u) < —A) <e, VA0 (4.3)

u€eT

Consider 0 < ¢ < (%)1/3. Then

. TF 1/3 - 1/3
P((min V(u) < en'’®, inf V(w) 2 —en'®) < B[ Ty iviuionss ]

lul=n
lul=n

= E[esnl(maxlgign|Si‘§0n1/3):| (by (27))

1/3

< e™ ]P’( max |S;| < cnl/?’)

1<i<n
7r2 2

en/? (—(Z5 +o(1))n!/3

—= e s

where the last equality follows from Mogulskii [30]. This and (4.3) easily yield the Lemma
by choosing a sufficiently small constant c. [

Recall (1.19). Define for a € (0,00] and A > 0,

£(Aa) = {u e Ly:Viu) <A+ a}. (4.4)
In particular, £(;°) = L. Recall (1.20). Since the function z — ze™* is decreasing for = > 1,

then for any A > 1, Dy, < Ae *#4£, which implies that

liminf Ae™ # £, > Dy > 0. a.s. on S. (4.5)

A—00

If v = oo [which is allowed under (1.1) and (1.2)], then #.£, = oo hence (4.5) cannot be
strengthened into a true limit. We present a similar result for £ (Aa):
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Lemma 4.2 Assume (1.1), (1.2) and that E[Z‘M:l(V(u)*)‘?e*V(“)] < 00. There exists
some ag > 0 such that for all large a > agy, almost surely on the set of non-extinction S,

0 < liminf e #£" <limsup Ae ™ #£” < o0,
— 00

A—00

Proof of Lemma 4.2. We only deal with the case when the distribution of © is non-
lattice, in this case, the limit exists. The lattice case can be treated in a similar way, by
applying Gatzouras ([18], Theorem 5.2), a lattice version of Nerman [31]’s result, but the
cyclic phenomenon could prevent from the existence of limit. In the non-lattice case, we are
going to prove that for any a > 0, almost surely on the set of non-extinction S,

lim Ae  #£ = ¢7(a) Do, (4.6)
A—00
where ¢7(a) := ——E[e™(@50) — 1], and S. and 7y are defined by (2.7) and (2.8) respec-

E[Sr ]
tively. Obviously, cz(a) > 0 for all large a.
To get (4.6), we consider a new point process © 1= > . 5{V(u} on (0,00). Generate

a branching random walk (V(u),u € T) from the point process ©, in the same way as
(V(u),u € T) do from ©. Remark that S = {sup,cq V(u) = 0o} = {T is infinite}, and

#L =" 0N =V(w), D eV =Ny, (A= V(u
ueT ueL ueT

where

L V(w)-V(u
Puly) = 1(20) Z Lyt Pzyray  Yu®) =120 Y VOG0 o

U =u VIV =U

Applying Theorem 6.3 in Nerman [31] (with « = 1 there) gives that almost surely on S,

Tuct 0= V@) E[Epyoaen(e VO — e V0]
>z tu(A = V(w)) E[Ymyuet V(e V0]

Remark that E[Z‘u|:17ueﬁ(e*(‘7(“)*“)+ — e*v(“))} = E[Eu€£0(e*(v(“)*a)+ _ er(U))] —

E[emin(@S70) — 1] and E[Emzmeﬁ V(u)e_v(“)} — E[Zue£0 V(ueV®] = E[S,]. Hence
on S, a.s.,

v
‘7

#£5
oy — arla). (4.7)
Zue.f)\ € V( A
On the other hand, almost surely,
= Xe” ( Z e VA 4 n ) — Do, A — 00, (4.8)

u€L )
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where ny = > . (V(u) — Ae™V®W+A " By the many-to-one formula and the assumption,
E[(S7)?] =E[ 3,1 (V(u) )’ V] < co. Then by Doney [12], E[S2] < oo.

Note that ny = >, 5 Uu(A = V(1)) with th,(y) = Liy>0) Doy o0 ey*(‘?(”)*f/(“))(f/(v) —
V(u) ~ Y ($(s)-V(u)>y)- 0 the same manner we get that almost surely on S,

lim n
-V A
A—00 ZueLL’A e—V(u)+

= s, (4.9)

2

with cg = 3 EE”% > 0. It follows that a.s. on S, )
70

A — 00. This combined with (4.7) and (4.8) yield (4.6), as desired. O

“V(w)+A o 1A 1A
wery € ~ xe' Dg, ~ ye*Dy as

Remark 4.3 The condition E[Z‘M:l(\/(u)*)?’e*w“)} < 0o was used in the above proof of
Lemma 4.2 only to obtain (4.9) which controls the contribution of n in Dg,. We do not
know how to relax this condition.

We consider now some deviations on the minimum M,,. If the distribution of © is non-
lattice, Aidékon (Proposition 4.1, [2]) proved that for any A > 0 and for all large n, A such
that A <\ < %logn—A,

P(Mn < glogn — )\) = (cg+oa(1)) Ne ™,

with ¢o some positive constant and 04(1) — 0 as A — oo uniformly on n, \. We shall need
in the proof of Theorem 1.1 an estimate which holds uniformly on .

Lemma 4.4 Assume (1.1) and (1.2). There is some constant c1o > 0 such that

3
P(Mn < élogn—)\> §010(1+)\)e_)‘, Vn>1,A>0.

Proof of Lemma 4.4. We are going to prove that there exists some constant C' > 0 such
that for any n > 1, A > 0,a > 0,

(1+ (a+ 3logn — A)+)5).

3 . -
P(Mngalogn—)\, mmV(u)z—a) <C(l+a)e (1+ YE

lul<n

(4.10)
Then by taking o = A in (4.10) and (4.3), we get the Lemma.

To prove (4.10), we write for brevity b := %logn — A — 1. Note that we can assume
b+ 1 > —a. otherwise there is nothing to prove in (4.10). For those |u| = n such that
V(u) < b+ 1, either minn<j<, V(u;) > b, or minz<;<, V(u;) < b; For the latter case, we
shall consider the first j > 7 such that V'(u;) < b. Then

3

lul<n
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Euqy = {El‘u‘ =n:Vu <b+1,V(u) > —a, nxgjngnv u;) }
Fuy = | {3|u| =0 V() Sb+1 uin Vw) > b V) V() 2 -

nj<n

°)

where as before, V (u) := mini<;<, V(u;) for any |u| = n. We estimate P(F4.11)) as follows:

IP)(E(4.11)> < [ Z L <b+1,v@>-aming o, V(uj)>b)]

ul=n
= E[esnl(sn<b+1s >—a,ming <, Sj>b)] (by (2.7))

< eley(1+a)n™? (by (2.4))
< c3(1+a)e™

To deal with P(F411)), we consider v = u; and use the notation |ul, = n — j and

Vo(u) ==V (u) — V(v) for |u| =n and v < u. Then

(4.12)

IP)<F(4.11)>

< Z E[Z1(K(v)27a,min%§i<jV(vi)>b,V(v)§b) Z 1(Vv(u)§b+17V(v),minj§i§nVv(ui)zfafV(v))]
2<i<n fol=j P

= > E[ D lwmz-aming <o, Vshv o<y OV (0),n - j)}
2<j<n Jol=j

=: Auas) + Buas),
where A, .13y denotes the sum Zn<j<3n and B4.13) the sum an< < in (4.12), and
(b(.ﬁlf,n - ~7> = |: Z 1(Vv(u)<b+1 V(v)minj<i<n Vo (ui)>—a=V (v ‘V :|
lulo=n—j
= E [esn_j 1(Sn7jﬁb+1*$7§n_j2*a*x):| .
Obviously, ¢(x,n — j) < e®172. It also follows from (2.3) that
dr,n—j) <c;(1+a+a)(1+a+b)?(n—j+1)32ed=2
By the estimate that ¢(z,n — j) < e**17% we get that

Buas) =< Z [Zl v)>—a,ming <, ; V (vi)>b,V(U)§b)eb+17V(v)]
lj<n Jul=d
= ot P(s, > Si> 1,8 <b)
€ —Q, min >
3nZ "<z<j
Tﬁjﬁn
< cgeP(14 a)n=3/? (by (2.5))
< c3(1+a)e™,
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since b = 3 logn — A — 1. By using (4.14) and the many-to-one formula (2.7), we obtain that

Az < ' Z (I+b+ 04)2 n PR [(1 +ta+ Sj)l(ijzfayminggiq S5i>b,5;<b)

2gj<in
< CU+bta)e™ Y P(gjz—a,sjgb>
ngj<an
< C"(I+a)l+b+a)ye™ Y i (by (2.3))
ngj<n
(1+a+3logn —\)> _
< C(1+a) ;1/2 e,

yielding (4.10) and completing the proof of the Lemma. [J

The tightness of (M, — 3logn),>1 under (1.1) and (1.2) was implicitly contained in
Aidékon ([2]) (see also [9], and see [1] for exponential decay under some additional assump-
tions): Assume (1.1) and (1.2). We havef

3
lim sup lim sup P* (Mn b logn > )\) =0, (4.15)

A—00 n—00

where as before, P*(-) := P(-|S). We need some tightness uniformly on n:

Lemma 4.5 Assume (1.1) and (1.2). For any fized a > 1, we have

3
lim sup IP’*( max M > 510gn+x) — 0, as r — Q.

n—00 n<k<an

Proof of Lemma 4.5. Obviously, it is enough to prove the Lemma for a = 2. By Lemma
4.4, there exists some Ay > 0 such that for all A > A\g and for all n < k < 3n,

P(M4n_k > glogn — A) > exp ( — 2¢19 )\e_)‘). (4.16)
Let x > 2)\g and n > x. Define

Ky = Ke(n) == inf{k > n: My > glogn +x}, (i%f = 00).

"In fact, by Lemma 3.6 in [2] and using the fact that M, is stochastically smaller than MX! we obtain
that sup,,~3 P(M,, > %1og n) < e~ for some constant C' > 0. For any k > 1, denote by Zj := Z\u|:k 1 the
number of individuals at generation k. By the triangular inequality and the branching property at k, we
get that for any n >k + 3, P(M,, > 2logn+ A, 8) <P(3Jul =k : V(u) > A) + E[1(z,>0e 9% ]. Letting
A — 0o and then k — oo, we get (4.15). The left tail limsup,,_, . P(M,, — 3 logn < —), as A\ — oo, follows
from [2], see also Lemma 4.4.
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Let n < k < 3n. Denote by Sy the event that the Galton-Watson tree T survives up to the
generation k. Then Sy, is non-increasing on k. On the set {x, = k} NSy, V(u) > 2logn +

for any |u| = k. Let 0 < y < & — Ag. It follows from the branching property that on
{Fam = k} N Sy,

3 3
]P(M4n > 5 logn +y } .Fk) = H IP)<IMI4rHYc > 2 logn — )‘> })\:V(u),y

|ul=F

> exp (=200 3 (V(w) — e V)

|ul=F

> exp ( — 2¢q0 eka),

where we have used (4.16) to get the above first inequality.
Therefore for any € > 0 and n < k < 3n,

P<M4n > glogn +y, S, Ky = k:) > E[e_%mey Dkl(gkm{,%:k})]
> e_EIP’(A(4_18) N {k, = k}), (4.17)
where -
Aag) =8N {312110) D; < fwe_y}. (4.18)

Since S, C S, for k > n, (4.17) still holds if we replace Si by S, in the LHS. Taking the sum
over n < k < 3n for (4.17) (with S replaced by S,,), we get that forany e > 0,0 <y < x—X\g
and all n > ny,

3 3
P(A(4_18) ﬂ{ max M, > 510gn+x}> < eE]P’(I\\/[Lm > 3 logn + v, Sn>

n<k<3n

IN

3
e° IP’(I\\/JI4n >3 logn + v, S) + e P(S°NS,)
< cteP(STNS,), (4.19)

by using (4.15) if we choose a sufficiently large constant y = y(e) only depending on e. Since
limy, 00 P(S°NS,,) = 0, then for z > y(e) + A\ and all large n > ny(e),

3
IP’(A(4_18) N{ max M; > §logn+x}> < 2. (4.20)

n<k<3n

Note the factor 3n in the above estimate and we fix our choice of y = y(¢) in A.1s).
Now, we shall get rid of the term Ay sy in (4.20). Let z € (y,  — o). Recalling the
definition of £, in (1.19). Define

Ay =1Fue £, jul <z, V(u) <z, sup D < Le’y,S(“) , (4.21)
§>0 I C10
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where (D§“), Jj >0), M™, 8@ are defined from the subtree T, in the same way as (Dj,j >
0),M., S do from T. Let n > 2z. The event {max,<p<a, M} > %logn + 2z, S} implies that
for some n < k < 2n, for any |v| =k, V(v) > 3logn + 2z. If A1y # 0, then we take an
arbitrary u € Ag.91) and get that M,(:_)M > %logn +22—V(u) > %logn + z. It follows that
for z € (y, x — Ao) and for all large n > ny(z, ),

3
]P’( max M, > 3 logn + 22, S, Ay # @)

n<k<2n

m A 3

< >

< 19&;; IP’( (4.18) N {nijmgkzgénij My > B logn + x})

=% (4.22)

by applying (4.20) to n — j. On the other hand,

]P’(A(4_21) = (Z),S)
< ]P’(Vu € £,,sup D§“) > % e vor (SWye, £, # @) +P<maxmaX(V(u), ul) > :c)
>0 C10 ucL,
= E[e_p(e’y)#£zl(#£z>o)] + ]P(ITéE}CX max(V (u), |ul) > x), (4.23)

where the last equality is due to the branching property at £, and p(e,y) > 0 is defined by
e PEY) .— P(supjzo D; > 26%6*3/ or SC).

Assembling (4.22) and (4.23) give that for any z > y,

3
Cuzy = limsuplimsup]P’< max M > 510gn+2x,8)

T—00 n—r00 n<k<2n

< E[e‘l’(e,y)#le(# mm} 42, (4.24)

Notice that {#£, > 0} is nonincreasing on z and its limit as z — oo equals S. Then
P({#£. >0} NS°) — 0 as z = co. On S, we have from (4.5) that £, — oo as z =
almost surely, hence E[e_p(avy)#ﬁzl(#£z>o)} < E[e_p(avy)#ﬁzlg} +]P’({#£Z >0} N Sc) — 0 as
z — oo. Then letting z — oo, we see that C.94) < 2e. This proves the Lemma since € can
be arbitrarily small. []

We are now ready to give the proof of Theorem 1.1.

Proof of Theorem 1.1.
Proof of the lower bound in Theorem 1.1. Consider large integer j. Let n; := 2/ and
Aj = alogloglogn; with some constant 0 < a < 1. Fix > 0 and put

Aj = {Mnj > glognj —+ )\]}
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Recall that if the system dies out at generation nj, then by definition M, = oo. Define
M™ from the subtree T, in the same way as M. does from T. Then A; = {V|u| = n;_,
M) > %log n; + A; — V(u)}, which by the branching property at n;_; implies that

n;—nj—1

3
IP’(AJ‘ | ]:nj—1> - H P(M"F”j—l = 92 logn; +4; — x) }x:V(“)’

lul=n;—1

with the usual convention: [], := 1. By the lower limits of M, , (cf. (1.3)), a.s. for all
large j, M, , > %lognj_l ~ l°§2j, hence z = V(u) > A, since \; ~ aloglogj. Applying

Lemma 4.4 gives that on {M,, , > %log nj_1}, for some constant C' > 0, for all |u| = n;_,

3
IP)(Mnj*nj—l < 5 log n; + )\j - x)} w) < CV(u) e~ (V(w)=x;)

z=V(

It follows that

lul=n;—1

logn;_1) €eXp ( - 2C Z V(u) ef(v(u)*Aj)>

Jul=n; 1

- l(MnJ‘_12%10gnJ‘_1) eXp ( - 20 eAanj_1> .

1 1
- (M"j—12§

Since Dy, , — Dy, a.s., and eM ~ (logj)® with a < 1, we get that almost surely,
> (441 F ) = o,
J

which according to Lévy’s conditional form of Borel-Cantelli’s lemma ([25], Corollary 68),
implies that P(A;, i.0.) = 1. Then
1

3
li —— (M, — =1 > a, 8.
1?j£p log log logn( g 8 n)ze s

The lower bound follows by letting a — 1. [J

Proof of the upper bound in Theorem 1.1. Let 6 > 0 be small. Recall (4.4). Let a > ay be

as in Lemma 4.2 such that a.s. on §, #f&a) > e(1=9A for all large A. Let b > 0 such that
e ® > ¢ =P(S°. By Lemma 4.5, there exists some constant xy > 0 such that

3 b
_ —+ < e~ vn > .
P ( nl;[};an Mk > IOg n .T()) y n No

Let 21 := z¢ + a. Consider large integer j and define n; := 27, \; := (1 + 24) logloglog n;.
Define 3
B, ::{ max Mk>§lognj+)\j+x1}08.

nj<k<njii
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Then,
P(Bj,#fg\? > e0=9%  max lu| < nj_l)

ue.f(;;)

a u 3 a — .
< IP’(VU € £(Aj) © max Mé) > élognj + o, #£E\j) > ol 5)’\3)

nj—1<k<njii

< exp ( — be(l_‘s))‘f>,

whose sum on j converges [0 being small]. On the other hand, by (4.2), P(maxue£(a) lu| >
Aj

' —esnl/? . , (a) (1=0)X;
n],l) < cge” “"i-1 whose sum again converges. Therefore, Ej ]P’(B], #OE)\J_ >e ) < 00.
By Borel-Cantelli’s lemma, almost surely, for all large j, the event {B;, #f(ﬁ) > e(1=9% )
does not hold; but we have chosen a such that on &, #£ E\‘z) > e1=9% for all large j. Hence

a.s. on S, for all large j, max,; cp<n;,, M < %log n; + Aj + x1, from which we get that a.s.

on S,

1 3
li —(M,, — -1 <1+ 26,
lin_igp log log logn( 2 %8 n)sl+

yielding the upper bound as é > 0 can be arbitrarily small. [J

5 Proof of Theorem 1.4

5.1 The Béttcher case: Proof of (1.17)
Recall (1.19) for the stopping line £.

Lemma 5.1 (The Bottcher case) Under the same assumptions as in Theorem 1.4, for
any constant a > 0, we have

E[e*a#ﬂ A NN (5.1)

Proof of Lemma 5.1. Let us check at first the lower bound in (5.1). Observe that P-almost
surely,

Dy =Y e "™ Dy(u), (5.2)

u€L )

where conditioned on {V(u),u € £3}, Do (u) are independent copies of Dy,. Take K large
enough such that E[e~%0P=] < e~¢ that is possible because Dy, > 0, P-a.s. Let z = Kye &,
where K = esssup max,—1 V(u) < 0o is as in (1.8). Therefore

Bl = B[ T Bl | syieren

ueL

E[ I] e*a] - E[e*“#"“].

u€L \

IA
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Hence E[e_“#ﬁA] >E [e‘”ﬁD“’] = "™ = =T gives the lower bound of (5.1).

For the upper bound of (5.1), we use again (5.2) to see that D,, < e ™ > e, Doo().
Take a constant b > 0 such that IE[ *bDO‘J] > e % It follows that

E |:e—beA Doo] Z E |:e_b2u€£>\ Dw(u)] Z E [e—a#.f)\i| ,

since conditioned on £, (Do (t))ues, areii.d. copies of Dy,. Then (1.15) implies the upper
bound of (5.1). O

Proof of (1.17). By Lemmas 4.4 and 4.5, we can choose two positive constants c;; and ¢y
such that for any n > 1,

3
> = - > o ,
nIE;EnP(M 5 logn 011> > e 2, (5.3)
IP’( max M, > — 5 logn + 011> < e (5.4)
2<j<3n 2 - ’ ’

For any u € T, define as before M( W= = minyer, jv|=|u+;(V (v) = V(u)) for any j > 0. It
follows that

3 u 3
P(Mn>§logn—|—>\—cn> > P(Vuef)\,|u|< M( )Iu\— 210gn—cn>
—c £
= E[ P e s, |u\§%>]
> E[ _612#£A} —IP’(maX|u| > n)
u€eL 2
Z 7e(6+0(1))>‘ o CGefcs n1/3’

by Lemma 5.1 and (4.2). The lower bound in (1.17) follows from the assumption that
A = o(logn).
To get the upper bound in (1.17), we use the hypothesis (1.8) and obtain that

IP’( max Mk>§logn+)\+cu+K>

n<k<2n
w 3
< ]P’(Vu € £,\,max\u\ < E,ngagan | 2 3 logn+011) +P<max|u| > 2)
< E[efclg #f)\] + 66670511 /3’

by (5.4) and (4.2). The upper bound follows from Lemma 5.1. [

5.2 The Schroder case: Proof of (1.16)

In the case ¢ := P(S¢) > 0, we need to estimate the probability that the extinction happens
after £y:
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Lemma 5.2 Assume (1.1), (1.2) and (1.5). Then for any A > 0,

P({i} #0} N Sc) = E[q#’gA 1(#£k>0)] <qge ™

Proof of Lemma 5.2. The above equality is an immediate consequence of the branching
property at the optional line £, (cf. [8]).

To show the above inequality, we recall that v(u), for any u € T, denotes the number of
children of u. Write u < £ if there exists some particle v € £ such that u < v [i.e. u is an
ancestor of v]. Then for the tree up to £, the following equality holds: almost surely,

#L =1+ Y (v(u)—1). (5.5)

®§u<£)\

Recall (1.5). Define a process

n—1
X, = Z H (¢ 1)) €V, n>1,

where as before, u; denotes the ancestor of u at ith generation. It is straightforward to check,
by using the branching property, that (X,,),>1 is a (nonnegative) martingale with mean 1.
Define

|ul—1

Xey= ] (@ ppzn) 7@, a>o0.

According to Biggins and Kyprianou ([8], Lemma 14.1), E[ X, | equals E[X;] times some
probability term, hence E[X,{;A] <E[X]=1.

Notice that for any v € £, v(u;) > 1 for all i < |u| and H‘Zi'al (q”(“i)*1 1(1,(%,)21)) =
gozi<hul V)= > # L1 1y (5 5) [recalling ¢ < 1]. Then X, > ¢#£ 1™ on {#£, > 0}.
The Lemma follows from E[X,,] < 1. O

Lemma 5.3 Assume (1.1), (1.2), (1.5) and (1.6). For any 6 > 0, there exist an integer
ms > 1 and a constant A\og(d) > 0 such that for all X > X(6),

IP(O <HLy < mé) > ¢~

Proof of Lemma 5.3: We discuss the case ¢ = 0 and the case g > 0 separately.
(i) First case: ¢ = 0. We shall prove that

P(#@ - 1) > o~(rrollA, (5.6)
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where as usual o(1) denotes a quantity which goes to 0 as A — oo. To this end, we have by
the change of measure (see Section 2.2 and (2.9)) that
1

P(#i} _ 1) _ Q[Wl(#’“:”} - @[ewwwm(#&:l)] > ek@@édeA - 1). (5.7)

Notice that under Q, {#£, = 1} means that £y = {w,, ) }. Recall that v(u) denotes the
number of children of v € T. Then Q(#f,\ = 1\goo> = L(o<k<ry(w)w(wy)=1) and thus

P(#@ - 1) > e)‘Q<0 <k < (W), vwg) = 1). (5.8)
Recall (1.9) for 7. We claim that
@(o <k < my(w), v(wg) = 1) — o~ (o (5.9)

To get (5.9), we use the fact (cf. Section 2.2) that (3, ci5p,) 01avy AV (w))k>1 are iid.
under Q, where AV (u) := V(u) — V(u) for any u # @ = wy. Notice that v(w,_;) =
Let us check that the process

Up 1= M VET o )=1)s nzl,

is a Q-martingale of mean 1. In fact, U, is a product of n i.i.d. variables, then it is enough to
check that Q[Ul] = 1. But @[Ul] = Q[ (H“’)V(‘”)l( (wo) } [Z‘ =1 € V(u) L= 1)} =1, as
claimed. By the optional stopping theorem and the Fatou lemma, we get that Q[ ( w)} <1,
which implies the upper bound in (5.9) since V(7y(w)) > A [under Q, 7a(w) is a.s. finite].

To get the lower bound in (5.9), let ¢ > 0 be small. Fix some large constant C' whose
value will be determined later. Let us find some 7 such that the process

Uy(LC) = €(1+W/C)V(w”)1(v1§k§n,u(wk,1)=1,AV(Wk)SC)7 n Z ].,

is a Q-martingale with mean 1. As for U,,, the constant v¢* is determined by
1= E[ Z éch(U)l(y:l,V(u)ﬁC)]a
|lu|=1

where for |u| =1, AV (u) = V(u). Plainly v¢ — v as C — oco. Choose C' sufficiently large
such that v < v+ €. Since (UéK), k < 7\(w)) is uniformly bounded by e(!*7)AC) " By the
optional stopping theorem, we obtain that

W

= @[U(OM < e(1+vc)(>\+C)Q(V1 <k <n (i) = 1),

fFor the existence of such constant, we used the integrability assumption (1.6): the convex function
f:b— E[Z‘ = etV (u )1( 1] has a derivative f'(y) > M > 0 hence f is increasing at . Then

fla) > f(v)=1. Take Cy large enough such that E[Zm\:l eav(“)l(yzlyv(u)gco)] > 1, then such ¢ exists
for all C > Cy. We shall use the existences of similar constants later without further explanations.

28



finishing the proof of (5.9) as € can be arbitrarily small. The Lemma (in the case ¢ = 0)
follows from (5.9) and (5.8).

(ii) Second (and last) case: ¢ > 0. We can not repeat the same proof as before, for
instance p; = P(v = 1) may vanish.

Again by the change of measure we have that for any integer m > 1,

P(0< £ <m) = @[Lh#mm} > %ek@(#i} <m), (5.10)

We,
where we used the facts that We, = > . eV < me™ on {#£, < m} and under Q,
£ contains at least the singleton {w,, ) }. Define for any z > 0,

q(z) :=P(supV(v) < z) =P(£, =0),

veT

with the usual convention that supy = 0. Plainly, lim, o ¢(2) = P(sup,er V(v) < o00) =
P(8°) = ¢. For any small ¢ > 0, there exists some z = xo(¢) > 0 such that ¢(z) > ¢ — ¢ for
all x > zg.

Let § > 0 be small. Before bounding below Q(#f)\ < m) with some m = msg, we first
choose some constants. Let a be large and € be small whose values will be determined later.
Recall that O(wy) denotes the set of brothers of wy. Let us choose a constant v, . such that
U(CW?) — e(1+“/a,s)v(wn) (q _ 5)20§k<n(V(Wk)—

n

1)1(Vk<n,Vu€U(wk),AV(u)Sa)a n > 1a (511)

is a Q-martingale with mean 1. As before, such v, . is determined by the following equalities

1 - Q |:e(1+,ya’s)V(WI) (q - €)V(WO)_1 l(max\u\:l,u#wl V(U)SQ)]
= E|: Z efya,sV(u) (q - 8)”71 1(maX\v\:1,u;ﬁu V(U)Sa)] .
Ju|=1

The existence of ~, . follows from (1.5) and (1.6). Clearly v,. — v as @ — oo and € — 0.
Fix now a = a(d) > 0 (large enough) and € = £(J) > 0 (small enough) such that v, . < y+9.
Choose a constant g = zo(d) > 0 such that ¢(x) > ¢ — ¢ for all = > x.

On the other hand, we remark that (1.1) and (1.5) imply that

IP’(l < v < 00, max V(u) > 0) > 0. (5.12)

ful=1

In fact, E[1(1§V<00)q”_1 Z|u\:1 eyv(“)l(v(u)>0)} =1-E [1(1§y<oo)q"_1 Z‘M:l eW(“)l(v(u)SO)] >
1-— E[l(lgy@o)q”*ll/] > 0, hence (5.12) holds. It follows that there are some integer n, > 1
and some positive constants ¢, and b, such that

b, < E[l(l'ﬁm) Z e_v(u)l(V(u)zc*)} = Q(V(WO) < ny, V(W) > C*)7 (5.13)

lul=1
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where the last equality follows from the change of measure formula (Section 2.2 (i), wyp = @).
Choose (and fix) a constant L > a+ x( such that é is an integer. Define mg := (n,)/*.
Recall (1.18) for the definition of 7y(u). For any A > 2L, we consider the following events

Ay = ¥k < mog(W), Yu € Blm), AV(w) < o, £ = 0},
L
A2 = {VT)\,L(W) < k < T)\,L(W) + C—, Yu € U(Wk), u(u) = 0, V(W]gfl) < n*,AV<Wk) > C*},

where £§\u) =T, N £, and v(u) denotes the number of children of w.
Observe that on A; N Ay, 7y(w) < y_p(w) + é, and #£, < (n.)"* = ms. Since ¢ > 0,
po = P(v =0) > 0, it follows from the spinal decomposition (Section 2.2 (iii)) that

Q(#6x<ms) > Q(4n4,)

Ta—L( W)+——1

= Q[B1 H H Po X Lu(up_1)<ne, AV (up)>cs )}

k= =T)\— L(W) UEU(Wk)

TA_L(W)-f—é—l

> p°Q [31 H 1(u(wk_1)§n*7AV(wk)Zc*)] ) (5.14)
k=7x_r(w)
where
B, = H H qA=V(u)Lavw<a) = H (q—g)l/(wk—l)*l1(maxu6@(wk)AV(u)Sa) =: By,
k<7’)\ L(W) UEU(Wk) k<T)\,L(W)

by using the fact that for any u € U(wg) with k < 7y_p(w), V(u) < A= L+ a <\ —x, and
g(A = V(u)) = g(z0) > ¢ — €.

Recall that under Q, (3_,ci5m,) S1av(w}s AV (Wk))r>1 are 1id.; then the strong Markov
property implies that under Q and conditioned on G-, | @), (v (wk 1), AV (W) k7, (w) are
i.i.d., of common law that of (v(wg), V' (w;)). Therefore,

Q(#£r < ms) 2 95 Q[B] Qvwe) <. Viw) 2 ) 2 et 0[] (5.15)

It remains to estimate Q[Bs]. Going back to (5.11) and applying the optional stopping
theorem at 7y_; for U(®2) (which remains bounded up to 7,_1 ), we get that

v(wg)—1 _ —L+a
@[BQ] = @[(q - E)ZOSkQA*L(W)( ) )l(Vk<n,Vu€U(Wk)yAV(U)ﬁOé)i| > e (1470, ) A=Lte)

In view of (5.10) and (5.15), this implies that
P<O <HLy < mg) > ipmé bL/C L—a =Ya,(A=L+a)

Then we have proved the Lemma in the case ¢ > 0 [by choosing a sufficiently large A\g(0)].
OJ
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Lemma 5.4 (The Schréder case) Under the same assumptions as in Theorem 1.4, for
any constant a > 0, we have

E[e_“#’g“(#fpo)] = e~ (et A — o0. (5.16)

Proof of Lemma 5.4. From Lemma 5.3, the lower bound of (5.16) follows immediately.
We also mention that in the cases when ¢ = 0 or ¢ > 0 but 0 < a < log(1/q), we can give a
proof of the lower bound of (5.16) in the same way as that of (5.1).

For the upper bound, we proceed in the same way as in the proof of Lemma 5.1, but
by paying attention to the possibility of extinction of the system. Take b > 0 such that
E[e™"P~] > e By (5.2), e* Dy < > e, Doo(u), then

E [efbek Doe 1(D<><,>0)] > K o0 ues, Dw(u)l(Dw>0)}
> E e b ues, Dw(u)l(#fpo)] N ]P)({#"g)\ >0}N 36>
> B[ F 00 g0 | — P({#£) > 010S°).

By (1.14), I[Z[e*beA D°°1(D<X,>0)] < Ce™*, which together with Lemma 5.2 yield the upper
bound in (5.16). O

We now are ready to give the proof of (1.16):
Proof of (1.16). Let us prove at first the the lower bound in (1.16). By Lemma 4.4,
there are ¢;3 > 0 (large enough) and ¢4 > 0 (small enough) such that mins <<y, P(My >
%logn —13,8) > ¢y for all n > 1.

Let 6 > 0 be small and let ms > 1 and A\¢(5) > 0 be as in Lemma 5.3. Let A > A\o(6).
Remark that

3 u 3
]P’(Mn > §logn+)\—clg,8> > ]P’(O < #L) <mg,Vu € £A,M1(12‘u| > §logn—013, lu| < g, S(u))7
where as before, S = {T, suvives} and Mg-u) = minyer, jvj=u|+;(V(v) — V(u)) for any
j > 0. It follows that

3
P(Mn > élognJr A— 013,S> > (014)7”51?’(0 <#L), < m(;,m?cx|u| < g)
ucty
> (c1q)™ <IP’<0 < #L, < m5) —P(max|u| > E))
ueL 2

Z (014)7715 <e—(w+6))\ . C6e—c5n1/3>’

by Lemma 5.3 and (4.2). The lower bound of (1.16) follows.

We prove now the upper bound in (1.16). By assumption (1.6) holds for any a > 0, hence
S1 has all exponential moments. It follows from (2.6) that for any a > 0, there exists some
C, > 0 such that

IP’(STA —A> :c) < C,e Vo> 0. (5.17)
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Let 6 > 0 be small and a > (1 ++)/§ + 1. Then

P(maxV(w) > (1+62) SB[ 3 Lpainm] = B[ s, o] = ol ™), (G.18)

u€L
ueL

where the last equality follows easily from (5.17). Define

A 19) i = {max V(u) < (14)A, Zré%}th < g} (5.19)

u€eL

Then by (4.2), for all large n > ng and 0 < A = o(logn),

p(Agm)) < P(lrtlé%d/(u)>(1+5)A)+P<lrtxé%>§|u|>g)

1/3

< oe) Fege ST = o(e ).

On SN{M, > 2logn+ (1+2§)A}, £, # 0. Consider A such that 6A < logn. Therefore,
P M §1 1+20)A, S
(25, Me > G logn + (14204, )

3
< P max My > Slogn+ (1+20)A Agg), £3 7 0) +o(e ™)

n<k<2n 2

J

< P(Vu € £, max M™ > glogn+5)\, £y # (D) +o(e™™)

n<j<on
= B(5_20) + O(eiﬁy)\), (520)
where Méu) = MAXyeT, jo|=|u|+k (V(v) — V(u)) Conditioning on Fg,, M™ are i.i.d. copies

of M.. By Lemma 4.5 (with a = 4), there exist some ¢15 > 0 and A such that (¢ being fixed)
for all large n > ny(Ao),

3 3
]P’( max M, > élogn—l— 5)\0> < P(S9) +IP’*< max M, > 510gn+5)\0) < e 5,

2 <p<2n 1 <k<2n

Then by conditioning on F¢,, we get that
B(5.20) S E [67615 #Lx 1(£>\;é@):| = e*("/JrO(l)))"

by Lemma 5.4. This and (5.20) prove the upper bound in (1.16) since § can be arbitrarily
small. []
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