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How big is the minimum of a branching random walk?

Yueyun Hu*

Université Paris 13

Summary. Consider a real-valued branching random walk in the boundary
case and denote by M, its minimum at generation n. As n — oo, M, —
3 logn is tight (see [1, 9, 2]). We establish here a law of iterated logarithm
for the upper limits of M, — %logn and study the moderate deviation
problem which is closely related to the small deviations of Mandelbrot’s
cascades.

Keywords. Branching random walk, minimal position, law of iterated
logarithm, moderate deviation, Mandelbrot’s cascades.

1 Introduction

Let {V(u),u € T} be a discrete-time branching random walk (BRW) on the real line R
driven by a point process ©: At generation 0, there is a single particle at the origin from
which we generate a point process © on R. The particles in © together their positions in
R constitute the first generation of the BRW. From the position of each particle at the first
generation, we generate an independent copy of ©. The collection of all particles together
with their positions gives the second generation of the BRW, and so on. The genealogy of
all particles forms a Galton-Watson tree T (whose root is denoted by &). For any particle
u € T, we denote by V(u) its position in R and |u] its generation in T. The whole system
may die out or survive forever.

Plainly © = szl dvwyy- Let v = O(R). Throughout this paper and unless stated
otherwise, we shall assume that the BRW is in the boundary case, namely we assume that

E[] € (1,00, E[ 3 e*VW] —1, E[ S Viw e*V<u>] —0. (1.1)

lul=1 lu|=1

See Jaffuel [23] for detailed discussions on how to reduce a general branching random walk
to the boundary case. Denote by M, := minj—, V (u) the minimum of the branching
random walk at generation n (with convention: inf() = oo). Hammersly [19], Kingman
[24] and Biggins [7] established the law of large numbers for M, (for any general branching
random walk), whereas the second order limits have attracted many recent attentions, see
[1, 22, 9, 2] and the references therein. In particular, Aidékon [2] proved the convergence in
law of M, — 2 logn under (1.1) and some mild conditions.
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Concerning the almost sure limits of M, there is a phenomena of fluctuation at the
logarithmic scale ([22]): Assuming (1.1) and the following integrability assumption: 36 > 0
such that E[1'*] < oo and E[ [;(e”” + e~ (1"9%)O(dx)] < oo, then

3 M, 1
lim sup = - and lim inf =, P*-a.s.,
n—oo logm 2 n—oo logn 2

where here and in the sequel,
P*() =P (-]S),
and S := {T is not finite} denotes the event that the whole system survives.

It turns out that much more can be said on the lower limits %logn of M,,: Assuming
(1.1) and the following integrability condition

o? = E[ Z (V(u))? e’v(”)} < 00, E[C((log )2+ ((log Z)*] < 00, (1.2)

lul=1

with ¢ = 32,2 eV, (= D=1 (V ()™ e V™ and 2% := max(0, ), Aidékon and Shi
[4] proved that

1
lim inf (Mn —3 log n) = —00, P*-a.s.

n—o0
Furthermore, by following Aidékon and Shi [4]’s methods, we have established ([21]) an

integral test to describe the lower limits of M, — %log n. As a consequence, under (1.1) and
(1.2), the following law of iterated logarithm holds:

1
(Mn b log n) =—1, P*-a.s. (1.3)

lim inf
n—oo loglogn

In this paper, we study how big can be M, — %log n. The following law of iterated
logarithm (LIL) describes the upper limits of M, — %log n:

Theorem 1.1 Assume (1.1), (1.2) and that B[, _,(V(u)")?e"V™] < 0o. Then

1
lizn_)s;ip m(l\\/ﬂn — glog n) =1, P*-a.s. (1.4)
The integrability of Z|u‘:1(V(u)+)36_V(“) is used only in the proof of Lemma 4.2, see
Remark 4.3.
Usually, to establish such LIL, the first step would be the study of the moderate devia-
tions: 5
P* <Mn B logn > A), when A = o(logn) and A\, n — oc.

The moderate deviations heavily depend on the offspring distribution of the underlying
Galton-Watson process in the branching random walk. Recall v = O(R). Denote by p; =
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P(v = j),j > 0, the offspring distribution of the Galton-Watson process. In the literature on
the studies of the small deviations of Galton-Watson processes, there are two cases: either
po + p1 > 1 (called the Schroder case) or pg = p; = 0 (called the Bottcher case), see e.g.
Fleischmann and Wachtel [16, 17] and the references therein. In a similar way, we distinguish
these two cases for the branching random walk. Let ¢ := P(T is finite) = P(S°¢) € [0,1) be
the extinction probability. Let us call

(Schréder case) if the following hypothesis hold:

E[l(uzn ¢! Z eyv(“)] =1, for some constant v > 0, (1.5)
Ju|=1
and
E[ Z e“v(“)} < 00, for some a > v or for all a > 0. (1.6)
|u|=1

(Bottcher case) if the following hypothesis hold:

bPo=pP1 = 0, (].7)
sup V(u) < K, for some constant K > 0. (1.8)
Ju|=1

Remark 1.2 1. The condition (1.5) should be understood as [there is a single term in
the sum >, _, when v =1

E[1(V:1) 3 eW<“>] —1,  ifq=0. (1.9)

Ju|=1

2. Under (1.1), (1.6) or (1.8) yields that E[v] < co. The technical conditions (1.6) and
(1.8) are made to avoid too large jumps of © in the moderate deviations.

3. In the Bottcher case, we define a parameter 3 > 0 by

B :=sup{a>0:P( Z e~V > 1) =1} (1.10)

|u|=1
Notice that f < 1 if we assume (1.1).

The parameters v and [ appear naturally in the small deviations of Mandelbrot’s cascade:
Under (1.1) and (1.2), the so-called derivative martingale (with convention: ), := 0)

D, = Z Viu)e V™, n >0,

lul=n



converges almost surely to some limit D., which is P*-a.s. positive (see e.g. Biggins and
Kyprianou [8]). The nonnegative random variable D, satisfies the following equation in law
(Mandelbrot’s cascade):

D™= Y e V™D, (1.11)
|ul=1
where conditioned on {V'(u), |u| = 1}, (Dc(f.f))wzl are independent copies of D. The mod-
erate deviations of M, will be naturally related to the small deviations of D.,. Such small
deviation problem was already studied in the literature on Mandelbrot’s cascades, see e.g.
Liu [26, 27] and the references therein.
We shall work under a more general setting so that the forthcoming Theorem 1.3 could

also be applied to the limit of Mandelbrot’s cascades in the non-degenerated case: Instead
of (1.1), we assume that there exists some constant y € (0, 1] such that

E[ Y e <1, Ef] € (1,0). (1.12)

Ju|=1

According to Liu [27], Proposition 1.1, the condition (1.12) ensures that there exists a
non-trivial nonnegative solution Z to the following equation:

Z= N Vg, (1.13)

lul=1

where conditioned on {V/(u), |u| = 1}, (Z™),—; are independent copies of Z.

Denote by f(x) =< g(x) [resp: f(z) ~ g(x)] as © — x¢ if 0 < liminf, ,,, f(z)/g(x) <
limsup,_,,, f(x)/g(x) < oo [resp: lim,_,, f(x)/g(x) = 1]. The following result may have an
independent interest:

Theorem 1.3 Assume (1.12). Let Z > 0 be a non-trivial solution of (1.13).

(Schréder case) Assume furthermore (1.5) and that (1.6) holds for some a > ~. Then
IP’(O<Z<5) =&, ase—0, (1.14)
and Ele #1(750)] < t77 ast — oo.
Bottcher case) Assume furthermore (1.7), (1.8) and that e XV £ 1. Then
Ju|=1
E[e‘tz} = e_e(ﬁﬂ(mt, t — 00, (1.15)

o TEptem

and IP’(Z < z—:) =e , as € — 0, with B defined in (1.10).



Obviously Theorem 1.3 holds for Z = Dy, with x = 1 (E[v] < oo by Remark 1.2). In
the Bottcher case, (1.12) and szl e XV £ 1 imply that 8 < ¥, hence B < 1; moreover,
essinf >, e AV =1,

Let us mention that (1.14) confirms a prediction in Liu [27] who already proved that if
g = 0, then for any a > 0, E[Z7*] < oo if and only if a < 7. Liu [27] also obtained some
bounds for (1.15). When all V(u), |u| = 1, are equal to some random variable, (1.15) is in
agreement with Liu [26], Theorem 6.1. If furthermore, all V'(u) are equal to some constant,
then (1.14) and (1.15) give some rough estimates on the limiting law of Galton-Watson
processes, see Fleischmann and Wachtel [16], [17] for the precise estimates. We also mention
6] for further studies of the conditioned Galton-Watson tree itself. For instance, we could
seek the asymptotic behaviors of the BRW conditioned on {0 < D, < €}, as ¢ — 0, but
such problem will be beyond the scope of the present paper.

Our moderate deviations on M, read as follows:

Theorem 1.4 Assume (1.1), (1.2). Let A\,n — 0o and A = o(logn).

(Schroder case) Assume furthermore (1.5) and that (1.6) hold for all a > 0. Then
P* (Mn > glogn + A) = ¢~ (rFe)A, (1.16)
(Bottcher case) Assume furthermore (1.7) and (1.8). Then

3
]P’(Mn > 3 logn + )\) = exp(—e(ﬁJr"(l)))‘). (1.17)

The same estimates hold if we replace M, by max,<x<o, M.

See Aidékon [2], Proposition 4.1 for the precise estimate on P(M,, < %logn —\) as
A < 2loglogn and A — oo.

Comparing Theorem 1.1 and Theorem 1.4, we remark that the almost sure behaviors of
M,, are not related to the moderate deviations of M. This can be explained as follows:
Define for all A > 0 and u € T,

Ta(u) == inf{l <i <|u|: V(u;) > A}, (with convention inf () = c0), (1.18)

where here and in the sequel, {ug = @, uy, ..., ujy := u} denotes the shortest path from & to
u such that |u;| =i for all 0 < i < |u|. We introduce the stopping lines :

Ly ={ueT:(u)=lul}, A > 0. (1.19)

Roughly saying, the almost sure limits of M,, (limsup of M,,) are determined by those
of #.£,, whereas the moderate deviations of M, are by the small deviations of #£,. By
Nerman [31], P*-almost surely, #.£) is of order e*°)*: however, to make #.£, to be as

>



small as possible (and conditioned on {#.£, > 0}), in the Schrider case, £, will be essentially
a singleton or a set of few points with exponential costs (see Lemma 5.3), which is no more
possible in the Bottcher case. To relate #.£, to D, we shall use the martingale D. at the
stopping line £:

Dy, = Z V(u)e V™, (1.20)

u€eL

which, as shown in Biggins and Kyprianou [8], converges almost surely to D, as A — 0.
For uw € £, V(u) = A, hence Dy, ~ Ae Ly, Then the problem of small values of #.£y
will be reduced to that of Dy, and Do, as A — co. The hypothesis (1.6) and (1.8) are made
to control the possible overshoots.

The rest of the paper is organized as follows: In Section 2, we collect some facts on a
one-dimensional random walk and on the branching random walk. In Section 3, we study
the cascade equation (1.13) and prove Theorem 1.3. In Section 4, we prove at first some
uniform tightness of Ml,, — % logn (Lemma 4.5) and then Theorem 1.1. Finally, in Section 5,
we prove Theorem 1.4 by discussing separately the Schroder case and the Bottcher case.

Throughout the paper, we use the usual conventions: ), := 0, supy := 0, [], := 1,
infy := oo; we also denote by (¢;, 1 < i < 15) some positive constants, and by C,C’ and C"
(eventually with a subscript) some unimportant positive constants whose values can vary
from one paragraph to another one.

2 Preliminaries

2.1 Estimates on a centered real-valued random walk

We collect here some estimates on a real-valued random walk { Sk, & > 0}, under P, centered
and with finite variance o? > 0. Write P, and E, when Sy = z. Let S, := ming<;<p S,
Vn > 0. The renewal function R(z) related to the random walk S is defined as follows:

R(z) := ip(sk >z, 8 < §,H), x>0, (2.1)
k=0

and R(z) =0 if z < 0. Moreover (see Feller [15], pp.612),

lim E(z)

r—oo I

=C > 0. (22)

Lemma 2.1 Let S be a centered random walk with finite and positive variance. There exists
some constant co > 0 such that for anyb>a > 0,2 > 0,n > 1,

Njw

px(sn e la,b],S, > o) <y (1+2)(1+b—a)(1+bn 3, (2.3)



For any fized 0 < r <1, there exists some c3 = c3, > 0 such that for allb>a >0, x,y >0
andn > 1,

(S €ly+ay+b,S, >0, min S>y> < 03(1+x)(1+b—a)(1+b)n_%,(2.4)

rn<l<n

(S >0, min S; >y,S, <y> < 03(1+x)n_%. (2.5)

rn<z<n

For any a > 0, ifE[Sfe“Sl] < 00, then there exists some C, > 0 such that for any b > 0,
IP’(STb —b> :c) <C,e ™ V>0, (2.6)
where T, ;= inf{j > 0: 5; > b}.

Proof of Lemma 2.1. See Aidékon and Shi [4] for (2.3) and (2.4). To see (2.6), noticing that
E[S?e"'] < oo if and only if E[(Sf)zeasf] < 00. By Doney ([12], pp.250), this condition
ensures that E[STOG“STO} < 00. Then in view of Chang ([10], Proposition 4.2), we see that
uniformly on b > 0, E[e*®% %] < C, for some constant C, > 0, hence (2.6).

It remains to check (2.5). Let f(z) :=P(S; < —z),x > 0. It follows from the Markov
property at n — 1 that the probability in LHS of (2.5) equals

Ex |:]-(§n_120,minrn§¢<n Si>y) f(Sn—l - y)

IA

> P P8, 20, min 8>y y+j<Sia<y+j+1)

rn<i<n—

< C(l+a)n 3/22f )2+35)  (by (24))

< C'(1+x)n¥?

yielding (2.5). O

2.2 Change of measures for the branching random walk

In this subsection, we recall some change of measure formulas in the branching random walk,
for the details we refer to [8, 11, 29, 4, 20, 32| and the references therein.

At first let us fix some notations: For |u| = n, we write as before {ug := &, uy, ..., up_1, 4y, =
u} the path from the root @ to u such that |u;| = i for any 0 < i < n. Define V(u) :=
maxi<;<p V(u;) and V(u) := minj<;<, V(u;). For any u,v € T, we use the partial order
u < v if u is an ancestor of v and u < v if u < v or u = v. We also denote by u the parent of
u and by v(u) the number of children of u. Define G(u) := {v: v = u,v # u} the set (even-
tually empty) of brothers of u for any u # @. For any v € T, we write T, := {v € T : u < v}
the subtree of T rooted at wu.



Under (1.1), there exists a centered real-valued random walk {S,,,n > 0} such that for
any n > 1 and any measurable f : R" — R, |

E[ N e O LV (), oo V()| = E(F(S1, 0 80)) (2.7)

|lu|=n

called many-to-one formula. Moreover under (1.2), 02 = Var(S;) = E Zw‘:l(V(u))Qe’V(”) €
(0,00). We shall use the notation 7y := inf{j > 1:5; > 0}.

Denote by (F,,n > 0) the natural filtration of the branching random walk. Under (1.1),
the process Wy, = >, _, eV n > 1,is a (P, (F,))-martingale. It is well-known (see
8, 11, 29, 4, 20, 32]) that on some enlarged probability space (more precisely on the space
of marked trees enlarged by an infinite ray (w,,n > 0), called spine), we may construct a
probability @ such that the following statements (i), (ii) and (iii) hold:

(i) For all n > 1,

7|
dP | Fn

(ii) Under Q, the process {V(w,),n > 0} along the spine (w,),>0, is distributed as the
random walk (S,,n > 0) under P. Moreover, (3 diaviyy, AV (wy))k>1 are i.i.d. under
Q, where AV (u) := V(u) — V(u) for any u # @.

(i) Let G, := o{u,V(u) : u € {w;,0 < k < n}}, n > 0. Then G is the o-algebra
generated by the spine. Under Q and conditioned on G, for all u ¢ {wg,k > 0} but
u € {wy, k > 0} the induced branching random walk (V (uv), |v| > 0) are independent and
are distributed as Py (), where {uv, [v| > 0) is the subtree of T,.

We mention that the above change of measure still holds for the stopping line £, (see

e.g. [3], Proposition 3, for the detailed statement): i.e. replace |u| =n by u € £, F, by
Fe, the o-filed generated by the BRW up to £, and W, by

We, = Z eV, (2.8)

u€eL

=W,, and Q (wn = u‘]—"n) = Wiev(”), V|u| = n.

ueU(wy)

In the sequel, we write Q[X] for the expectation of some random variable X under the
probability Q.

3 Proof of Theorem 1.3

The following result is due to Liu [27]:

Lemma 3.1 (Liu [27]) Assuming (1.5), (1.12) and that (1.6) holds for some a > ~. Let
Z > 0 be a non-trivial solution of (1.13). For any 0 < € < =, there exists some positive
constant ¢y = c4(€) such that

Ele“lzag| St Vi1 (3.1)



Proof of Lemma 3.1. At first we remark that
IP’(Z - 0) —q. (3.2)

In fact, we easily deduce from (1.13) that the probability P(Z = 0) is a solution of
x = E[x"] which only has two solutions ¢ and 1 for z € [0,1]. This gives (3.2).

In the case ¢ = 0, namely Z > 0 a.s., v is defined through (1.9), it is easy to check
that P(3_, - eV £ 1) > 0, then (3.1) follows exactly from Liu [27], Theorem 2.4, after
a standard Tauberian argument (see Lemma 4.4 in [26]). We only need to check that the
case ¢ > 0 can be reduced to the case ¢ = 0. For notational simplification, let us denote by
{A;,1 <i < v} the family {e7V ™ |u| = 1} [the order of A; is arbitrary]. Then Z satisfies
the equation in law

Z=N Az, (3.3)
=1

with (Z;,7 > 1) independent copies of Z, and independent of (A4;)i<;<,. Let {£,&,7> 1} be
a family of i.i.d. Bernoulli random variables, independent of everything else, with common
law P(§ =0) =¢=1—P(¢ =1). Let Z be a random variable distributed as Z conditioned

on {Z > 0}. Since P(Z > 0) = 1 — ¢, we have that 7= ¢ Z. Then we deduce from (3.3) that
7 S A& Z; conditioned on {3} ) & > 0},
where (Z,z > 1) i.i.d. copies of 2, and (v, A;, 1 <i <v)and (&, > 1) are three independent

families of random variables. Let {121\2, 1 < i <) be a family of random variables such that
for any nonnegative measurable function f,

E [e* PO f(&)] -

e~ 2i=1&i f(Ad) Zgl > 0] ) (3.4)

i=1

Elementary calculations show that P(}"7 & > 0) = 1 — E[¢"] = 1 — ¢ and for any
nonnegative measurable function f,

E[Z f(A)) =E Zs £(4)] Zs > o] - fqu[ijsi 1(49)] = E[f} 7(49)].(3.5)

In particular, E[Ziﬁzl A\Z] =1 and E[Ziﬁzl A log A\Z} = 0. Moreover, we deduce from (3.4)

that v is distributed as )., & conditioned on {d> ., & > 0}, hence 7 > 1 a.s. It is easy
(e.g. by using the Laplace transform) to see that

14

= Z A\Z Z\Z

=1

N)
Iz

9



By definition, Z > 0as. , We can apply (3.1) to Z once we have determined the Correspondmg
parameter 7 (as in (1. 9)) for Z. To this end, let te =inf{l1 <i<wv:& =1} Then A = Ay,
if t¢ < 0o. We have

E[(ﬁl)ﬂl@:n} = E

A s | D& > 0]
=1

Losny Y Ap 71(@L&&W¢k4§i§u)]
k=1

1
-  F
1—gq

Losngd” ™" Y A
k=1

=E [1pzng”™' D V™| =1,

lul=1

by (1.5). Therefore E[e*tz] = O(t77*¢) as t — 0o. The Lemma follows from the fact that
P(O<Z<x):(1—q)IP’(2<x) for any x > 0. O

Proof of (1.14). As shown in the proof of Lemma 3.1, we can assume ¢ = 0 (hence we
assume (1.9)) in this proof without any loss of generahty. Let ®(t) := E[e "?] for ¢ > 0.
Then by (3.3), we have

- E[ﬁ q)(tAi)} . t>0. (3.6)

Note also that the condition (1.9) can be re-written as E[1,-1)A;"] = 1. Define g(t) :=
t7®(t) for all £ > 0. Then for any t > 0,

g(t) = 17 ®(t) > m[hyzl)@(ml)} - E[uy:l)A;vg(tAl)} - E[g(tﬁl)], (3.7)

where A; denotes a (positive) random variable whose law is determined by E[f (111)} =
IEE[l(V:l)Al_v f(Al)} for any measurable bounded function f. In particular, E[log Zl} =
Ilg‘jf[l(l,zl)Al_v 10g Al}

Define f(t) := E[l=) 2 lul=1 e'VW] = E[l(-1) A7"] which is finite for ¢ € [—1,7],
in particular f(—1) < 1 and f(0) < 1 = f(v). By the assumption of integrability in
Theorem 1.3, E[1(,-1) A;"(—log A;)"] < oo which implies that f/(y—) exists and equals
—E[14,-1)A; " log A]. By convexity, f/(y—) > M > (. Hence

E[logfxl} = —f'(v=) < 0. (3.8)

Let (ZZ-)ZZQ be a sequence of i.i.d. copies of ZI and define X; := g:l log ZZ for all j > 1.
Let r > 1 and put

=inf{j > 1:X; > logr}, (3.9)

10



which is a.s. finite thanks to (3.8). Going back to (3.7), we get that

9(r) = E[grA) 0] +E[grA)L 5,5

> E[Q(Tﬁl)l(rﬁld)] +E[9(N~11Z2)1(r2121)]>
by applying (3.7) to t = rA; to get the last inequality. Then we obtain that
g(r) > E[Q(TAl)l(rﬁla)] +E[9(“41142)1(r2121,r,1122<1)} +E[9<TA1A2)1(r2121,rﬁll221)

= E[Q(Tﬁ;li)l(arg)] +E[9(Tglg2)1(ar>2)]
i=1

By induction, we get that for any n > 1,

ar n ar

g(r) = E[Q(TH;{iﬂ(arSn)] +E[Q(THZi)1(ar>n>} > E[Q(Tngz’)l(aén)}

i=1 =1 i=1

Since a,. < 0o a.s., we let n — oo and get that
9(r) 2 E[g(r []A)| = E[g(c )],
i=1

where R, := X,, —logr > 0 denotes the overshoot of the random walk (X;) at the level
log 7. Remark that for any 0 <t <1, g(t) = t"®(t) > ®(1)t?, hence

g(r) = <I>(1)E[€*”RT], Vr>1. (3.10)

By assumption, E[((—log A,)%)?] = E[1(,-y D e (V(u)F)? eV ] < oo, then by Lor-
den [28], Theorem 1, sup,~; E[R,] < oo hence

g(r) > ®(1) e "ERI > 0 > 0, Vr > 1.

Hence
O(r)y>Cr7, Vr>1. (3.11)

It remains to prove an upper bound for ®(r). Let a > = be as in (1.6) such that
ED =1 e?V W] < 0o. Choose (and then fix) 0 < & < (a —~)/2 small and let b := 2= < 4.

By Lemma 3.1, ®(¢) < ¢4t for all t > 1 (with ¢4 > 1). Since g(t) = t7®(¢) < 1 for all
0 <t < 1, we obtain immediately that

g(t) ey t7b VE>0. (3.12)

11



By (3.6) and using again the notation A i > 1, we get that for any ¢ > 0,
g(t) < m[@(ml)hy:l)} +tVE[1(V22)<I>(tA1)<I>(tA2)}
= E[g(tA)] + 1B [1u20)g(tA)g(tA:) A7 A7 |

(
< E|g(th)] + G0 E 14204745
(

— ElgetA)| + .t (3.13)

with C; = CiE[l(VZQ)Al_bAQ_b} < cﬁE[Z;jzl A;Qb] by Cauchy-Schwarz’ inequality. Then
C. < oo thank to the assumption (1.6) and to the choice that b < a/2.

Let r > 1. As before, we shall iterate (3.13) up to the stopping time «, (cf. (3.9)). We
have that

g(r) < Cao ™ +4E [g(rgl)l(arzl)] +E [1(0401) (Cg(rgl)*e + g(rﬁlgg))}
2N\

= Cg'f’ie -+ CEE [(Tgl)iel(ar>1)] —+ E |:g<T H 1’4/@):| .
i=1

By induction, we get that for any n > 2,

n—1 k nAo
g(T) S CET_E + Ca ZE[l(ar>k)(THZi)_6} +E[g(7“ H Z@)}
k=1 i=1 =1

nAa,—1

= Cuor °+ C’aE[ Z ea(Xk_logr)] +E[g(7“e—X”“”)], (3.14)
k=1
by using the random walk X; = — Y27 log A;, j > 1. The random walk (X;) has positive
drift, then by Lemma 5 in [3],
ar—1
E|: Z es(kalogr)] < Cé < o0,
k=1

for some constant C’ independent of r. On the other hand, g(re=%e) < 1 (since re=Xer < 1),
then we obtain that for all r > 1, n > 2,

g(r) < C.+C.+1+E [g('f’e’X")l(Mar)} < C’;/ +curtE [e’EX"l(,Kar)] , (3.15)

by applying Lemma 3.1 to get g(t) < eqt®.

Remark that E[e_le} = E[(gl)f] = E[l(yzl)(Al)_WE} < 1 by convexity. Then
Ele—*%"] — 0 as n — oo, which in view of (3.15) yield that for any » > 1 (¢ being fixed),
g(r) <CY, ie.

O(r) < C.r 7, Vr > 1.



This and (3.11) show that ®(r) < r~7 for all > 1. The small deviation in (1.14) follows
from a standard Tauberian argument (see e.g. [26], Lemma 4.4). O

Proof of (1.15). The proof of (1.15) goes in the same spirit as that of (1.14). Let h(t) :=
—logE [e‘tz ] ,t > 0. Then h is an increasing, concave function and vanishing at zero. Using
the notations introduced in (3.3), we get that

o—h(t) _ E[e’ zglh(mn], vt > 0.

On an enlarged probability space, we may find a random variable ¢ such that

, A7 .
P(SZZ‘A>:m, 1§’L§l/,

where A = o0{A;,1 < i < v,v}. Then > h(tA;) = O, AZ-B)E[%‘A}, and by
¢

Jensen’s inequality, we have that for any ¢ > 0,

exp ( Z Aﬁ

e~ D oieq h(tA; )

) 4]

Write for simplification

B = A, n = _ﬁ ZAB a.s.
§ =1

[n > 1 because v > 2 a.s.] Then for any ¢ > 0, we have

e < E[e_"h(tB)] (3.16)

We shall iterate the inequality (3.16) up to some random times: Let (1;, B;);>1 be an
i.i.d. copies of (n, B). Let r > 1 and define

o i 1
=inf{i > 1: HBj < ;}
7j=1
Notice that

E[log B] =

B2 1ABIOgA]— E[Z”'le_mmwu) —¥'(B),

S AT D= €V

where ¥(5) = E[logz‘ =1 € 5‘/(“} for 0 < B < x. Note that 1 is convex on [0, ],
P(x) < logE[Zlee V] <0, and (3) Z 0 since Z\u|:1€ AV(w) > 1 by the definition
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of B. By convexity, ¢/'(5) < w < 0. Then E[log B] < 0 which implies that T, < oo,

a.s. By (3.16), we see that for
I o T i i T

- E |:6—771 h(rB1)1(TT:1)] +E |:6—771 h(rBl)l(TB1>1)] )
Applying (3.16) to t = r By, we get that

e~ mh(rB1) < (E [67"2h(r3132) }0{771, Bl}]>m < E[eimmh(rBlBQ) }‘7{771’ Bi}],

rBlBg)}

9

by Jensen’s inequality, since n; > 1. It follows that E [e*m h(rBl)l(rBQl)} <E [1(,,31>1)e*"”72h(
hence

e—h(r) < E [6—771 h(rB1) I(Trzl)} +E [1(T31>1)6—771772h(7"3132)}

= E [eim h(rBl)l(T :1):| +E [67171772 hlrB152) 1(T :2):| +E |:1(rBlBQ>1)€7mn2h(rBlBQ)] .

Again applying (3.16) to ¢ = rB1 B, and using Jensen’s inequality (since 117 > 1), we
get that E[1(p, g,>1)e MM BIBI ] < E[1(,p, pysrye MRBhBB2B3)] "and so on. We get that

for any n > 1,

—h(r) < E |:€7(H;r:1 n:) h(r HZT:G B;) 1(Tr§n)i| +E [e*(m;l ni) h(r [ T2, Bi) 1(TT>n)]
= Aparn + Caan. (3:.17)

By (1.8), B > ¢ X as., then 1 > Hf:rl B; > 1e7%. Notice that by (1.10) the definition
of 8, Y2V, A? > 1 a.s;; Then > B~F and [[7, m; > 7°. Tt follows that for any n,

A@ar < e~ he™ ™)
To deal with C'(3.17), we remark that on {Y, > n}, r[[_, B; > 1. It follows that
Caan <E [e*h(l)n?zl m} _

Since n; > 1 as., [[[_; 7 T 0o as n — oo, then by the monotone convergence theorem
limsup,,_,., C(z.17) = 0. Letting n — oo in (3.17), we obtain that

E[e_rD‘X’] = ¢ M) < M) Vr>1, (3.18)
which is stronger than the upper bound in (1.15).
To prove the lower bound, we recall that essinf > | Af = 1land A; > e X. Then for any

small € > 0, there are some integer 2 < k < essinf v, and some real numbers ay, ..., ax € (0,1)

14



such that Zle af > 1 and Zle a?’La < 1andp:= P(Ai <a,Vi1<i<k v= k) > 0.
Therefore
o—hit) — E[e— zzzlhofAi)] > pe-Thihta) g

Let b := log(1/p) > 0 and define a random variable Y € {ay,...,ax} such that for any
measurable and nonnegative function f, E[f(Y)] = %Ele f(a;). Therefore,

h(t) <b+EkE[R(1Y)], Vt>0. (3.19)

As in the proof of the upper bound, we shall iterate the above inequality up to some
random times: Let (Y});>1 be an i.i.d. copies of Y. For r > 1, we define

1.

S | =

J
9::0r::inf{j21:HYi§
i=1

Since Y < maxj<i<ia; < 1, 6 is a bounded random variable. Going back to (3.19), we
get that

h(r)

IA

b+ kE h(TYl)l(rylgl)} + kE[h<T}/1>1(rY1>1)]

< b+kE h(rY1)1(9:1)] +KE [1(m>1)(b +k h(erlYQ))]

b+ kE h(m)1(9:1)] +bkP(0 > 1) + E [1(ry1>1)h(myz))]

By indeuction, we get that for any n > 1,

OAn

hr) < by PO >])+ E[W" h(rHYi)]
j=0 i=1
= A(3_20) + 0(3_20). (320)
Elementary computations yield that
Aoy = LE[WWU 1] < LE[W]
(8200 = 3 = k-1 '

Recalling 6 is bounded hence E [kg] < 0o. For €3 90), we use the fact that ¥; < maxj<j<p a; =:
@ < 1. Remark that » [, Y; < 1. Then

Ciso) = E [k;@ h(r ﬁ 5@)1(99)] +E [k” h(r ﬁ Yi)1(g>n)]

IA A



Since ra" — 0 as n — oo, we get that [recalling that 6 depends on 7]

h(r) < (h(1) + k—fl)EW], Vr > 1. (3.21)

To estimate E[ko], let us find A > 0 such that E[Y’\] = % By the law of Y, this is

equivalent to Zle a} = 1.

By the choice of (a;), we have § < XA <  + . Then the process n — k" [, Y; is
a martingale (moreover uniformly integrable on [0, 6]). Hence the optional stopping time
theorem implies that

1<i<k °’

0
1= E[k" H(Yi)A] > E[/ﬂ P min a)
i=1
since H?:1 Y; > %minlgigk a;. This and (3.21) give that

b
< v —A A
h(r) < (h(1) + P 1) max a; "7, Vr > 1,

yielding the lower bound in (1.15) since A < § + . This completes the proof of (1.15). [J.

4 Proof of Theorem 1.1

At first, we give some preliminary estimates on the branching random walk:

Lemma 4.1 Assume (1.1) and (1.2). There exists some constants cs,cg > 0 such that for
n>1,

P( min V(u) < cs n') < e, (4.1)
where we recall that for any |u| = n, V(u) = maxj<i<, V(u;). Consequently, for any

0 < X\ <czn'/?, we have
_ 1/3
P(max|u| >n> < cge M,

u€L

(4.2)

We mention that under some extra integrability [30 > 0 such that E['*°] < o0],
n VA ming, -, V(w) — (32223 Pras. (see [14] and [13]) and the probability term in

2. 2
(4.1) is equal to e(es= (2" +eWn'* for any 0 < ¢5 < (#)1/3 (see [14], Proposition 2.3).

Here, we only assume (1.1) and (1.2), and we do not seek the precise upper bound in (4.1).

Proof of Lemma 4.1. We shall use the following fact (see Shi [32]):

P(inf V(1) < —)\) <e, VA0 (4.3)

ueT
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Consider 0 < ¢ < (%)1/3. Then

. TF 1/3 - 1/3
P( min V() < en,inf V(w) 2 =n'?) < E| D Lnusyrc, wiuientss|

[ul=n
|ul=n

= E[esn]‘(maxlgign ‘Szlscnl/?;)] (by (27))

< e’ IP’( max |S;| < cnl/3>
1<i<n

2_2
1/3 _(7mg 1/3
— o / e (T to(1)n ’

where we used Mogulskii [30] to get the last equality and o(1) — 0 as n — oo. Then by
(4.3),

—_— 7‘,20,2
]P>< mln V('LL) < Cn1/3) S e*cn1/3 + 6(07 52 +O(1))n1/3’

lul=n

which easily yields the Lemma by choosing a sufficiently small constant c¢. [J

Recall (1.19). Define for a € (0, 00] and A > 0,

£ .= {u eLy:V(u) <A+ a}. (4.4)

In particular, £(;°) = £). Recall (1.20). Since the function © — ze~" is decreasing for x > 1,
then for any A > 1, Dy, < Ae *#£), which implies that

liminf Ae ™ #.£, > Do, > 0. a.s. on S. (4.5)

A—00

If v = oo [which is allowed under (1.1) and (1.2)], then #.£, = 0o hence (4.5) can not be
strengthened into a true limit. We present a similar result for £ g\a):

Lemma 4.2 Assume (1.1), (1.2) and that E[ Y2, _,(V(u)*)’e™"™] < co. There exists

some ag > 0 such that for all large a > agy, almost surely on the set of non-extinction S,
lim Ae ™ #£ > 0. (4.6)
A—00

Proof of Lemma 4.2. We only deal with the case when the distribution of © is non-lattice.

The lattice case can be treated in a similar way, by applying Gatzouras ([18], Theorem 5.2),

a lattice version of Nerman [31]’s result. We are going to prove that for any a > 0, almost

surely on the set of non-extinction S,

lim Ae #f&a) = ¢7(a) Do, (4.7)

A—00

where c7(a) = E[em@S0) — 1], and 79 and S. are defined from (2.7). Obviously,

E S|
c7(a) > 0 for all large a, then (4.7) implies the Lemma in the non-lattice case.

17



To prove (4.7), we consider a new pomt process © = D ey OV ) on (0,00). Generate

a branching random walk (V(u) u € ']I') from the point process @ in the same way as

V(u),u € T) do from ©. Remark that S = {sup,.t V(u) = oo} = T is infinite , and
ue
= Z‘bu()‘ - ‘7<u>>7 Z €7V(U)+A = Zwu<)‘ - ‘7<u>>
ueT ue Ly u€eT
where

o o —(V(w)-V(u
(bu(y) = 1@20) 1(y<‘7(v)—\7(u)§y+a)7 ’l/}u< ) = 1 (y>0) ey (V(v)=V( ))1

«—
v

V@)=V (u)>y)

VIV =U v

Applying Theorem 6.3 in Nerman [31] (with o = 1 there) gives that almost surely on S,

St oA = V(W) E[Ynuen(e” 0 — eV
> s tu(A — V() E[ZMZL@V(u)eW] '

Remark that E[ Y, cq(e” V@07 —¢ B[S ep, (e V@=0" — e=Viw)] =

) =
B[erne:5) 1] and B[ 3y e V(1) Vw B[ Sez, VeV )] = B[S, Hence

on S, a.s.,

v
‘7

#L5
ZUE.,C/\ e_V(U)+>\

On the other hand, almost surely,

— c7(a). (4.8)

1
Dy, = )\e_’\( Z e VWA 4 —m) — Dy, A — 00, (4.9)
A
u€L )
where my = >0 . (V(u) — Ae ~VW+A By the many-to-one formula and the assump-

tion, E[(S7)*] = B[, (V(uw)* )36*V<“>] < o0. Then by Doney [12], [52] < 0.
In the same way as above |[by remarking that ny, = > % Uu(A — V(u)) with ¥y (y) :=
Liy>0) Dopi ey_(v(”)_v(“))(‘?(v) - V(u) - y)l(\?(v)—f/(upy)]v we get that almost surely on S,

E[S7)
E[Sn]

X
Zue,{f)\ e—V(uw)+A

It follows that a.s. on S, Zue,&\ e~ VWA %e)‘D,gA ~ %eADoo as A — 0o. This combined
with (4.8) and (4.9) yield (4.7), as desired. [

— (4.10)

DO | =

Remark 4.3 The condition E[EM:l(V(u)Jr)ge_v(“)} < 00 was used in the above proof of
Lemma 4.2 only to obtain (4.10) which controls the contribution of ny in Dg,. We do not
know how to relax this condition.
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We consider now some deviations on the minimum M,,. By Addario-Berry and Reed [1],
E*(M,) = 3logn + O(1) and there exists some constants C' > 0 and ¢ > 0 such that

IP’*(

Proposition 4.1 in [2] says that for all large n and all Ay < X\ < 2loglogn,

3
5 logn’ > )\) < Ce A, YA>0,n>1. (4.11)

]P’(Mn < §logn — )\) = (cg+o(1)) Ae ™,

2

with ¢g some positive constant and o(1) only depending on A such that o(1) — 0 as A — oc.
We present an uniform estimate on .

Lemma 4.4 Assume (1.1) and (1.2). There is some constant c1o > 0 such that
3
P(Mn <3 logn - )\) <ep(l+Ne?,  Wn>1,A>0.

Proof of Lemma 4.4. We shall prove that there exists some constant C' > 0 such that for
anyn > 1, A>0,a >0,

(1+ (a+ 2logn — A)F)>
nl/2 )

P(Mn < 3logn—)\ min V' (u) > oz) < C’(1+a)6_)‘<1+

lul<n
(4.12)
Then by taking a = X in (4.12) and (4.3), we get the Lemma.

To prove (4.12), we write for simplification b := 3logn — A — 1. Notice that we can
assume b+ 1 > —a. otherwise there is nothing to prove in (4.12). For those |u| = n such
that V(u) < b+ 1, either mina<;<, V(u;) > b, or minac;<, V(u;) < b; For the latter case,
we shall consider the first j > % such that V(u;) < b. Then

]P’(Mn < glogn = A min V() > a) < IP’(E(4_13)) +1P>(F(4_13>), (4.13)

with
By = {3|u| = V() Sb+1,V() > ~a, min Vi(u) } (4.14)
Fuy = | {a\u\:n:w ) S b1 gmin V() > b, V() < b, V(w) 2 04]4 15)

n<j<n
where as before, V (u) := minj<;<, V(u;) for any |u| = n. We bound P(E(4.13)) as follows:
P<E(4.13)) < E[ Z Loty w>-aming ., V(uj)>b):|
|u|=n
= E |:€Sn1(5n§b+17§n2—a,min%§j§n Sj>b)} (by (2.7))

ebes (14 a)n =32 (by (2.4))
cs (14 a)e™

IA A
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To deal with P(F{4.13)), we consider v = u; and use the notation |u|, = n — j and

Vo(u) ==V (u) — V(v) for |u| =n and v < u. Then

P(Fluis)

< Z E[ Z 1(z(u)z_a,mm%§,.<j V (vi)>b,V (v)<b) Z L (v, () <b+1-V (v)min < i< Vv(ui)z—a—V(v))]
B<jsn |vl=j fulv=n=j
= > E[ > L@z -aming <,o; Vwo>bv < oV (v),n - j)} (4.16)
5<j<n lv|=j
=i Auar + Buaar, (4.17)
where A7) denotes the sum Eﬂ<j<3_n and B(y17) the sum Es_n<j<n in (4.16), and
2>J>7 1 <J<
fufo=n—j
= E[e™ 15, 4105, 2-aa))-
Obviously, ¢(x,n — j) < €17 Tt also follows from (2.3) that
plz,n—j) <co(I+a+z)(l+a+b)?(n—j+1)32e2, (4.18)

By the estimate that ¢(z,n — j) < e®*17% we get that

Buarny <

IAINA

b+1-V (v
Z E[ Z ]-(Z(U)Z—oz,min%gi<j V)bV (@)<h)€ ( )}

<j<n ful=d
b1 :
e SZ P(ﬁjZ—a,%nglngi>b,Sj Sb)
8 <j<n
cse? (14 a)n=3/2 (by (2.5))
cs (1+a)e™,

since b = 3 logn — A — 1. By using (4.18) and the many-to-one formula (2.7), we obtain that

Ay <

o4 Z (I1+b+ Q)Q n 32 R |:(1 +a+ Sj)l(ﬁjZ—a,miH%gq Si>b,5j§b)]

n -~ 3n
§§]§7

< C'(1+b+a)e™ Z P(ﬁj > —a,S5; < b)

2gj<in
< C'(L+a)(l+b+a)e™ Y i (by (2.3))
2gj<iEn
(1+a+2logn—N)>°
< C(l+aw) ;1/2 e,
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yielding (4.12) and completing the proof of the Lemma. [J

As shown in [1, 9], M, — %logk is tight (and converges in law under some non-lattice
assumption, see [2]). We need some uniform tightness:

Lemma 4.5 Assume (1.1) and (1.2). For any fized a > 1, we have

3
lim sup IP*( max M > 510gn+x> — 0, as r — oo,

n—00 n<k<an
where as before, P*(-) := P(-|S).

Proof of Lemma 4.5. Obviously, it is enough to prove the Lemma for ¢ = 2. By Lemma
4.4, there exists some A\g > 0 such that for all A > Ay and for all n < k < 3n,

3
P<M4n_k > 5 logn — A) > exp ( — 2¢19 )\6_)\). (4.19)
Let x > 2)\g and n > x. Define
3
Ky = Ke(n) == inf{k > n: My > 5 logn + z}, (irg}f = 00).

Let n < k < 3n. Denote by S, the event that the branching system survives at least at the
generation k. Then S is non-increasing on k. On the set {x, = k} NSy, V(u) > 2logn+
for any |u| = k. Let 0 < y < & — Ag. It follows from the branching property that on
{Fam = k} N Sy,

3 3
IP(I\\/JI4n > 3 logn +y ’ fk) = IHkP<M4n_k > ) logn — )\) ’)\:V(u)—y

> exp ( — 2¢10 Z (V(u) — y)e’(v(“)’y)>

lu|=k

> exp < — 2¢qp eka>,

by using (4.19) to get the above first inequality.
Therefore for any € > 0 and n < k < 3n,

P<M4n > glogn + 1, Si, Ky = /<;> > E[e’%w e D’“l(skm{ﬁz:k})}
> e ° P(A(4.21)7 Ky = k>7 (4.20)
where .
Aoy =8N { ig D; < Eoe*y}. (4.21)
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Since Sy C S, for k > n, (4.20) holds if we replace Sy by S, in the LHS. Taking the sum over
n < k < 3n for (4.20) (with Sy replaced by S,,), we get that for any ¢ > 0,0 <y <z — Ao
and all n > ny,

3 3
P(A(4_21) ﬂ{ max M, > 510gn+x}> < eE]P’(I\\/[Lm > 3 logn + v, Sn>

n<k<3n

IA

3
e IP’(I\\/JI4n >3 logn + v, S) + e P(S°NS,)
< Ce ™+ e P(S°NS,), (4.22)

by using (4.11). Let y = y(¢) > 0 be such that Ce* %Y = ¢. Since lim,, ., P(S°NS,) =0,
then for y(g) < x — Ao, for all large n > nq(g),

3
IP’(A(4_21) N { ng}%}én M, > B logn + x}) < 2e. (4.23)
[noticing the factor 3n in the above estimate].

Now, we are ready to give the proof of the Lemma: Let y = y(¢) < z < 2 — A\. Recalling
the definition of £, in (1.19). Define

u € — u
Aoy = {Elu €L, |ul <z, V(u) <z, jg%) D](, ) < fwe v 8¢ )}’ (4.24)

where (D§“), j>0), M.(u), S™ are defined from the subtree T, in the same way as (Dj,j >
0),M.,S do from T. Remark that if A0y # (), then we take an arbitrary u € A(s.20). Let
n > x. Observe that the event {max, <x<o, My > %logn + 22, S} implies that for some n <

k < 2n, for any |v| =k, V(v) > 2 logn+ 2z, hence Mi(;i)lu\ > 3logn+2x—V(u) > 2logn+u.
According to (4.23), we get that for y < z < x — X\ and for all n > ny(x,¢) with ny(z,e)

large enough,

3
]P’( max M, > élogn—l— 22, S, Aoa) # ®>

n<k<2n

IA

3
IP’(A(4.21) N{ max M;> 3 log n + x}) i pul

n—ji<k<2n—j

< 2, (4.25)

since for j := |u| <z, 2n — j < 3(n — j). On the other hand,

IP’<A(4.24) = @73>
< P(Vu € £,,sup D](”) > QLe’y or (S(”))c, £, # @) + P(mz}gxmaX(V(u), lul) > x)
uct,

j>0 C10

= E[e‘p(s’y)#le(#fpo)} + P(max max(V (u), |ul) > x), (4.26)

ue L,
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where the last equality is due to the branching property, and p(e,y) > 0 is defined by
efp(E,y) = ]P)(Supj>(] D‘7 Z Leiy or SC) < 1

2c10

Assembling (4.25) and (4.26) give that

3
Cuorn = limsuplimsup]P’< max M > 510gn+2x,8)

T—00 n—00 n<k<2n

< E[e‘l’(e,y)#le(# mm} 42, (4.27)

Notice that {#£, > 0} is nonincreasing on z and its limit as z — oo equals S. Then
P({#£. > 0} NS°) — 0 as z — oo; but on S, we have from (4.5) that £, — oo as.
as z — 00, hence E[e_p(evy)#ﬁzl(#£z>o)} < E[e‘p(e’y)#les} + ]P’({#fz >0} N SC) — 0 as
z — 00. Then letting z — oo, we see that C4.27) < 2¢, proving the Lemma since € can be
arbitrarily small. [

We are now ready to give the proof of Theorem 1.1.

Proof of Theorem 1.1.
Proof of the lower bound in Theorem 1.1. Consider large integer j. Let n; := 2/ and
Aj = alogloglogn; with some constant 0 < a < 1. Fix o > 0 and put

Aj = {Mnj > ;lognj —+ )\]}

Recall that if the system dies out at generation nj, then by definition M, = oo. Define
M™ from the subtree T, in the same way as M. does from T. Then A; = {V|u] = nj_q,
M) > %log nj + A; — V(u)}, which by the branching property at n;_; implies that

njfnjfl
) 3
]P( ] ‘ -Fnj71> == | H ]P(Mnjfnjfl Z 5 log n] + )\.] - x) }:BZV(U)’
u:njfl

where as before, [[, := 1. By the lower limits of M,, , (cf. (1.3)), a.s. for all large j,
M,,_, > %lognj_l ~ lo%zj, hence z = V' (u) > A; since \; ~ aloglogj. Applying Lemma
4.4 gives that on {M,,, , > +logn;_1}, for some constant C' > 0, for all |u| = n;_,

nj—1
3 N
(Moo < G logmy + 3 =),y < OV V0
It follows that

P(Ajlfnj_l> > Ton sty 11 (1—C’V(u)e—(v(u)—/\j)>

125
[ul=n;—1
=z 1(Mnj,12§10gnj_l) exp < —2C Z V(u) 6—(V(u)—Aj))
[ul=n;_1
o 1(Mnj,12%lognj,1) eXp ( - 20 6)‘an%1> .



Since Dy, , — Dy, a.s., and et ~ (logj)* with a < 1, we see that almost surely,
> (441 F ) = o,
J

which according to Lévy’s conditional form of Borel-Cantelli’s lemma ([25], Corollary 68),
implies that P(A;, i.0.) = 1. Then

1 3
li — (M, — =1 > a, 8.
1?j£p log log logn( g 8 n)ze s

The lower bound follows by letting a — 1. [J

Proof of the upper bound in Theorem 1.1. Let 6 > 0 be small. Recall (4.4). Let a > ag be

as in Lemma 4.2 such that a.s. on S, #f&a) > (=9 for all large A. Let b > 0 such that
e’ > ¢ =P(S°. By Lemma 4.5, there exists some constant xy > 0 such that

3
IP’( max M > —logn + xo) <e?, Vn > nyg.
n<k<4n 2

Let z1 := x9 + a. Consider large integer j and define n; := 27, \; := (1 + 24) logloglog n;.
Define 3
B; ::{ max Mk>§lognj+)\j+x1}08.

n; <k§nj+1
Then,

P(Bj,#£f\‘z) > 070N max lu| < nj_1>

ue.ff\(;_)

a w 93 u o
< P(Vu € £(AJ_) © max M,i) > 510gnj + 2o, #f(xj) > (1 5))\]>

nj—1<k<njpq

< exp ( — be(lf‘;)’\f),

whose sum on j converges [0 being small]. On the other hand, by (4.2), ]P’(maxueﬁ(;) lu| >
j

) —C5n1-£31 : . (a) (1-0)A;
nj_l) < cge” “"i-1 whose sum again converges. Therefore, Zj IP’(BJ, #f)\j >e ) < 00.
By Borel-Cantelli’s lemma, almost surely, for all large j, the event {B;, #£E\? > e(1-9A}

does not hold; but we have chosen a such that on S, #OE(;;) > (1794 for all large j. Hence
a.s. on &, for all large j, max,; cp<n;,, M < %log n; + A\; + 21, from which we get that a.s.

on S,

1 3
li — (M, — =1 <1429,
l,rflsolip log log logn< 2 %8 n)s1+

yielding the upper bound as § > 0 can be arbitrarily small. [J
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5 Proof of Theorem 1.4

5.1 Bottcher case: Proof of (1.17)
Recall (1.19) for the stopping line £.

Lemma 5.1 (Bottcher case) Under the same assumptions as in Theorem 1.4. For any
constant a > 0, we have

E[e*a#fx] D RN (5.1)

Proof of Lemma 5.1. Let us check at first the lower bound in (5.1). Observe that P-almost
surely,

Do =Y e "Dy (u), (5.2)

ueL

where conditioned on {V(u),u € £3}, Do (u) are independent copies of Dy,. Take K large
enough such that E[e KoP=] < e~ that is possible because D, > 0, P-a.s. Let 2 = Ky e &,
where K = esssup max, =1 V' (u) < 0o is as in (1.8). Therefore

E[e*mD“’] - E[ 11 E[em_w“”y=v<u>9+f<]

u€eL

< E[ H e‘“] :E[e_“#’gk}.
u€L )
Hence E[Gfa#’gk] > E [GﬂD“’] — "7 = =" gives the lower bound of (5.1).

For the upper bound of (5.1), we use again (5.2) to see that Dy < e ., Doo(u).
Take a constant b > 0 such that E[e_bD“’] > e 2. It follows that

E|:e—be>‘ Doo] Z E[e_que{)\ DOO(U):| Z E[e—a#-ﬂ)\]’

since conditioned on £, (Dso(t))ucs, areii.d. copies of D,. Then (1.15) implies the upper
bound of (5.1). O

Proof of (1.17). By the tightness (4.11) and Lemma 4.5, we can choose two positive constant
c11 and c¢q9 such that for any n > 1,

3 3 —C12
grg]lgnp(Mj > 5 logn — 011) > e 2, (5.3)
3 —C12
IP’( ggag}:{m M; > ) logn + 011) < e 92, (5.4)
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For any u € T, define as before M( W = = minyer, jv|=|u+;(V (v) — V(u)) for any j > 0. It
follows that

3 u 3
P(Mn>§logn—|—)\—cn> > P(Vuef)\,|u|< M( )M_ 210gn—cn>
> E|: —c12 #£>\1(maxue£)\ ng)]
> E[ _612#£A} —P(max|u| > n)
u€eL 2
> —elBro)x I nl/S’

by Lemma 5.1 and (4.2). The lower bound in (1.17) follows from the assumption that
A = o(logn).
To get the upper bound in (1.17), we use the hypothesis (1.8) and obtain that

3
IP’( max Mk>—logn+)\+cu+K>

n<k<2n

31 P
27 n<k<n R ful = Og”+011)+ <max|u|> 2)

1/3

—c12 #L —cs5n
< e A] + cge ,

< IP’(‘V’U € £,\,max|u| < —, max M)
(

by (5.4) and

4.2). The upper bound follows from Lemma 5.1. [

5.2 Schroéder case: Proof of (1.16)

In the case g := P(S¢) > 0, we need to estimate the probability that the extinction happens
after £y:

Lemma 5.2 Assuming (1.1), (1.2) and (1.5). Then for any A > 0,

P({ofx #0}n SC> = E[q#ﬁA Ligeyso)| <ge ™.

Proof of Lemma 5.2. The above equality is an immediate consequence of the branching
property at the optional line £, (cf. [8]).

To show the above inequality, we recall that v(u), for any u € T, denotes the number of
children of u. Write u < £ if there exists some particle v € £ such that v < v [i.e. u is an
ancestor of v]. Then for the tree up to £, the following equality holds: Almost surely,

#L=1+ Y (v(u)—1). (5.5)

g<u< £y

Recall (1.5). Define a process

n—1
Xo=> [T @™  pn) V™, n>1,
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where as before, u; denotes the ancestor of u at ith generation. It is straightforward to check,
by using the branching property, that (X,,),>; is a (nonnegative) martingale with mean 1.
Define

ul—1

Xey= ) 11 (@™ lpwpzn) 7™, A>0.

ucty =0

According to Biggins and Kyprianou ([8], Lemma 14.1), E[ X, ]| equals E[X;] times some
probability term, hence E[X,, ] < E[X;] = 1.

Notice that for any u € £, v(u;) > 1 for all i < |u| and H‘Zilal (") L s1)) =
go<i<lul V)= > (# s -1 by (5.5 [recalling ¢ < 1]. Then Xz, > ¢#2 717 on {#£, > 0}.
The Lemma follows from E[X, | <1. O

Lemma 5.3 Assume (1.1), (1.2), (1.5). We furthermore assume that (1.6) holds for some
a>. For any § > 0, there exist an integer ms > 1 and a constant \o(d) > 0 such that for
all X > Xo(0),

IP’(O <#L, < m5> > o~ (1A,

Proof of Lemma 5.3: We discuss separately the case ¢ = 0 and the case ¢ > 0.
(i) Case ¢ = 0. We shall prove that

IP’(#fA - 1) > e~ (rroMM (5.6)

where as usual o(1) denotes a quantity which goes to 0 as A — oo. To this end, we have by
the change of measure (see Section 2.2 and (2.8)) that

1

P(#£,=1) = @[mh#ﬁ“)} = Q[ ysm| 2 P Q(#E=1).  (B7)

Notice that under Q, {#£, = 1} means that £, = {w,, @ }. Recall that v(u) denotes the
number of children of w € T. Then Q<#£,\ = 1}goo> = L(o<k<r (w),v(wy)=1) and thus

P(#o& - 1) > e’\@(() <k < (W), viy) = 1). (5.8)
Recall (1.9) for 7. We claim that
@(o <k < (W), vuy) = 1) = o~ (I+r+eA, (5.9)

To get (5.9), we use the fact (cf. Section 2.2) that (3, ci5,) dtaviwy, AV (We))k>1 are Lid.
—

under Q, where AV (u) := V(u) — V(u) for any u # @ = wy. Notice that v(wg_1) =
ZuéU(wk) L
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Let us check that the process

U, = G(HW)V(WR)I(Vlﬁkﬁn,l/(wk—l)zl)’ n=1,

is a Q-martingale of mean 1. In fact, U, is a product of n ii.d. variables, then it is
enough to check that 1 = Q[Ul] = Q[G(H“’)V(“l)l(y(m):l)} But Q[ (1+7) V(“l)l(y(wo)zl)} =
[Z| = eV )1( )} = 1, as claimed. By the optional stopping time theorem and the

Fatou lemma, we get that Q[ U(w} < 1, which implies the upper bound in (5.9) since
V(7a(w)) > A by definition [under Q, 7,(w) is a.s. finite]. To get the lower bound, let £ > 0
be small. Fix some large constant C' whose value will be determined later. Let us find some
¢ such that the process

UT(LC) = e(1+70)V(wn)1(V1§k‘§n,l/(wk_1):1,AV(Wk)§C)7 n Z 1,

is a Q-martingale with mean 1. As for U,,, the constant o' is determined by

[ Z eV 1 vaw<o)

lul=1

Plainly v¢ — v as ' — oo. Choose C sufficiently large such that 7o < v + €. Since
(U,iK),k: < 73(w)) is uniformly bounded by e1+1@)A+C) By the optional stopping time
theorem, we obtain that

1 — Q[Uiﬁzﬂ)] S €(1+'YC)()\+C)Q<V1 S ]{; S n, V(Wk)fl) — 1)’

finishing the proof of (5.9) as £ can be arbitrarily small. The Lemma (in the case ¢ = 0)
follow from (5.9) and (5.8).

(ii) Case ¢ > 0. We can not repeat the same proof as before, for instance p; = P(v = 1)
may vanish.

Again by the change of measure we have that for any integer m > 1,

1

W.,EA 1 #.,EASm)] > %6“@(#45,\ < m), (5.10)

P<0<#£A§m> :@[

where we used the facts that We, = > eV < me ™ on {#£, < m} and under Q,
£ contains at least the singleton {w,, ) }. Define for any z > 0,

(@) = P(sup V(0) < 7) = P(£, = 0),

veT

TFor the existence of such constant, we used the integrability assumption (1.6) for some a > 7: the convex
function f : b — E[Z‘M:l ebv(“)l(yzl)} has a derivative f'(y) > M > 0 hence f is increasing at .

Then f(a) > f(y) = 1. Take Cy large enough such that E[Zm\:l eav(“)l(yzly(u)gco)} > 1, then such ¢
exists for all C' > Cy. We shall use the existences of similar constants later without further explanations.
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with the usual convention that supy = 0. Plainly, lim, o q(z) = P(sup,er V(v) < 00) =
P(8°) = ¢. For any small £ > 0, there exists some z = xo(¢) > 0 such that ¢(z) > ¢ — ¢ for
all z > xg.

Let 6 > 0 be small. Before bounding below @(#OEA < m) with some m = msg, we fix
at first some constants (depending on «). Let a be large and € be small whose values will
be determined later. Recall that U(wy) denotes the set of brothers of w;. Let us choose a
constant 7, such that

UL = eI Vi) (g — g)rosan OV g v, aviwzey 121 (5.11)

is a Q-martingale with mean 1. As before, such v, . is determined by the following equalities

1 - Q |:6(1+’ya’8)V(W1)(q - 5)”("’0)_1 1(maX\U\:l,u7ﬁw1 V(U)SCV):|
= E|: Z ewa,EV(U) (q - 8)”*1 1(max\v\:1,v¢u V(U)Sa):| .
Ju|=1

The existence of 7, follows from (1.5) and the integrability (1.6) for some a > . Clearly
Yae = vasa — oo and e — 0. Fix now av = a(§) > 0 (large enough) and ¢ = £(d) > 0 (small
enough) such that 7, . < v+ . Choose a constant o = x¢(d) > 0 such that ¢(z) > ¢ —¢
for all z > xg.

On the other hand, we remark that (1.1) and (1.5) imply that

IP’<1 <v < oo, max V(u) > 0) > 0. (5.12)

ful=1

In fact, E[La<vco)d” ™! 2jus1 €V 1 vws0)] = 1-E[lacico)d” ™ Xjumr €V W lvws=o)] >
1- E[l(lsKoo)q”*ll/] > 0, hence (5.12) holds. It follows that there are some integer n, > 1
and some positive constants ¢, and b, such that

b < E[l(ugn*) Z e_V(U)l(V(u)zc*)] = Q(V(Wo) <y, V(w) > C*>, (5.13)

lul=1

where the last equality follows from the change of measure formula (Section 2.2 (i), wop = @).
Choose and then fix L > a + xg such that £ is an integer. Define ms := (n,)*/*. Recall
(1.18) for the definition of 7y(u). For any A > 2L we consider the following events

A= ¥k < mg(W), Yu € B, AV(u) < o, £ =0},

L
Ay = {VT)\_L(W) <k<mr(w)+ = Vu € O(wg), v(u) =0, v(wg_1) < n, AV (wg) > c*},
where £§\u) =T, N £, and v(u) denotes the number of children of u.
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Observe that on A; N Ay, 7\(w) < 7y_p(w) + c—, and #.£ < (n.)"/* = ms. Since ¢ > 0,
po =P(v =0) > 0, it follows from the spinal decomposition (Section 2.2 (iii)) that

Q(#6x<ms) > Q(4n4,)
ma-p(W+E-1

= Q[Bl H H Do X 1(V(Wk71)Sn*,AV(Wk)20*)}

kZT)\,L(W) UEU(Wk)

TA_L(W)-f—é—l

> p,”Q |:Bl H 1(u(wk,1)gn*,AV(wk)gc*)] , (5.14)
IC:T)\,L(W)
where
By = H H qA=V(u l(AV(u <a) = H (q—g)V(Wk—l)_l1(maXu€U(wk)AV(u)Sa) =: B,
k<ty_r(w) ueU(wg) k<ta_r(w)

since for any v € O(wy) with k < 7y_r(w), V(u) < A—=L+a < A—xg, and then ¢g(A\—V (u)) >
q(w9) > q —e.

Recall that under Q, (ZueU (o) 5{Av(u v, AV (wy))k>1 are ii.d.; then the strong Markov
property implies that under Q and conditioned on G, , @), (v (wk 1), AV (W) k7, (w) are
i.i.d., of common law that of (v(wg), V' (w;)). Therefore,

Q(#£r < ms) 2 55 Q[B] Qvwe) <. Viw) 2 e 2 et 0[] (5.15)

It remains to estimate Q[Bs]. Going back to (5.11) and applying the optional stopping
time theorem at 7y_j, for U(®) (which is bounded up to 7\_1), we get that

v(wg)—1 _ Ita
Q[BQ] = Q[(q - E)ZOSIKT/\_L(W)( ) )1(Vk<n,Vu€U(wk),AV(u)Sa,A(wk)Sa):| >e (7, )AL+ ),
which in view of (5.10) and (5.15) imply that

P(O < #L£) < m&) > ipmé bL/c* L-a ,~Ya.e(A\-L+a)

Then we have proved the Lemma in the case ¢ > 0 [by choosing a sufficiently large A\g(0)].
OJ

Lemma 5.4 (Schroder case) Under the same assumptions as in Theorem 1.4. For any
constant a > 0, we have

E[efa #£A1(#£A>o>] = e Ortet, A — 00. (5.16)
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Proof of Lemma 5.4. From Lemma 5.3, the lower bound of (5.16) follows immediately.
We also mention that in the cases when ¢ = 0 or ¢ > 0 but 0 < a < log(1/q), we can give a
proof of the lower bound of (5.16) in the same way as that of (5.1).

For the upper bound, we proceed in the same way as in the proof of Lemma 5.1, but
by paying attention to the possibility of extinction of the system. Take b > 0 such that
E[e *P=] > e~ By (5.2), e* Do < > ucs, Doo(u), then

E |:€fbe>\ Do 1(Doo>0)} > E 'eszueﬁk Do (u) 1(Doo>0)]
> E eszueﬁA DOO(UJ)l(#DC/\>O)i| _ ]P’({#f)\ > 0} N Sc)
> E|e #0000 — P({#£, > 010 S).

By (1.14), IEE[e*beA D°°1(Doo>0)] < Ce™, which together with Lemma 5.2 yield the upper
bound in (5.16). O

We now are ready to give the proof of (1.16):

Proof of (1.16). Let us prove at first the the lower bound in (1.16). By (4.11), there are
ci3 > 0 (large enough) and ¢i4 > 0 (small enough) such that minz<;<, P(M, > 3logn —
c13,S) > cy4 for all n > 1.

Let § > 0 be small and let ms > 1 and \g(d) > 0 be as in Lemma 5.3. Let A > A\g(9).
Remark that

3
P(Mn > ;logn+)\—013,5> > IP’(O < #L) <mgs,Vu € £)\,M(u) > élogn—clg, lu| < g, S(“)),

n—|ul

where as before, S = {T, suvives} and M§") i= Milyer, fvj=u+;(V (v) = V(u)) for any
j > 0. It follows that

P(Mn > ;logn+ A— 013,8) > (014)7”5IP’(0 <#L), < m(g,m%x|u| < g)
ucLy

(@)™ (B(0 < #£x <mg) —P(lu¥] < 2))

> (cpg)™ (6_(%5))‘ — 066_65"1/3),

v

by Lemma 5.3 and (4.2). The lower bound of (1.16) follows.
For the upper bound in (1.16), by (2.6) and (1.6), for any a > 0, there exists some C, > 0
such that
P(SU P :1:) < Che™™,  Ya>0. (5.17)

Let 6 > 0 be small and a > (1 ++)/§ + 1. Then

P(max V() > (1+6)A) <E[ 3" Lvwsarom| = E[e5 s, a0 | = ol ™), (5.18)

u€L
u€L \
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where the last equality follows easily from (5.17). Define

n
Aps.9) = { mac V' (u) < (1+8)A, max fu] < 5}. (5.19)

u€L

Then by (4.2), for all large n > ng and 0 < A = o(logn),

IP’(A%.IQ)) < P(maXV(u) > (14 5))\) +P<max|u| > g)

ueL u€ Ly

< ole) 4 cge = = o(e).

On SN{M, > 3logn+ (1+26)A}, £, # 0. Consider A such that 6A < logn. Therefore,
3
]P’( max My > > logn + (1 + 20), 8)

n<k<2n

3
< IP’( max My > ) logn + (1 +26)\, A9y, £1 # Q)) + o(e™™)

- n<k<2n

< ]P’(Vu € £, max Mgu) > glogn—l—é)\, £y # (Z)) +o(e™)

2<j<on
= B(5.20) + 0(6_’y>\), (520)
where M,(:L) ‘= MAXyeT, ,|v|=|ul-+k (V(v) — V(u)) Conditioning on F,, M™ are i.i.d. copies

of M.. By Lemma 4.5 (with a = 4), there exist some ¢15 > 0 and A such that (¢ being fixed)
for all large n > ng(\o),

IP’( max M, > glogn+5)\o> < P(S°) +IP’*( max M, > glognJr 5)\0> < e 95,

2 <k<on 2 <k<on

Then by conditioning on F,, we get that
Bian < E[e—cw #L 1(£A;£(Z))} — 6—(74—0(1)))\’

by Lemma 5.4. This and (5.20) prove the upper bound in (1.16) since § can be arbitrarily
small. []

Acknowledgments. We are grateful to Zhan Shi for the reference [18].
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