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How big is the minimum of a branching random walk?

Yueyun Hu*

Université Paris 13

Summary. Consider a real-valued branching random walk in the boundary
case and denote by M, its minimum at generation n. As n — oo, M,, —
3 logn is tight (see [1, 8, 2]). We establish here a law of iterated logarithm
for the upper limits of M, — %logn and study the moderate deviation
problem which is closely related to the small deviations of Mandelbrot’s
cascades.

Keywords. Branching random walk, minimal position, law of iterated
logarithm, moderate deviation, Mandelbrot’s cascades.

1 Introduction

Let {V(u),u € T} be a discrete-time branching random walk (BRW) on the real line R
driven by a point process ©: At generation 0, there is a single particle at the origin from
which we generate a point process © on R. The particles in © together their positions in
R constitute the first generation of the BRW. From the position of each particle at the first
generation, we generate an independent copy of ©. The collection of all particles together
with their positions gives the second generation of the BRW, and so on. The genealogy of
all particles forms a Galton-Watson tree T (whose root is denoted by &). For any particle
u € T, we denote by V(u) its position in R and |u] its generation in T. The whole system
may die out or survive forever.

Plainly © = Z\u|:1 dtv(uy- Let v = ©(R). Throughout this paper, we shall assume that
the BRW is in the boundary case, namely we assume that

E[] € (1,00, E[ 3 e*VW] —1, E[ S V(w e*V<u>] —0. (1.1)

lul=1 lu|=1

See Jaffuel [22] for detailed discussions on how to reduce a general branching random walk
to the boundary case. Denote by M, := minj—, V(u) the minimum of the branching
random walk at generation n (with convention: inf() = oc). Hammersly [18], Kingman
[23] and Biggins [6] established the law of large numbers for M, (for any general branching
random walk), whereas the second order limits have attracted many recent attentions, see
[1, 21, 8, 2] and the references therein. In particular, Aidékon [2] proved the convergence in
law of M,, — 2 logn under (1.1) and some mild conditions.

*Département de Mathématiques (LAGA CNRS-UMR 7539) Université Paris 13, 99 avenue J.B. Clément,
93430 Villetaneuse. Research partially supported by ANR (MEMEMOII) 2010 BLAN 0125 Email:
yueyun@math.univ-paris13.fr



Concerning the almost sure limits of M, there is a phenomena of fluctuation at the
logarithmic scale ([21]): Assuming (1.1) and the following integrability assumption: 36 > 0
such that E['*] < oo and E[ [;(e*” + e (19%)O(dx)] < oo, then

3 M, 1
lim sup = - and lim inf =, P*-a.s.,
n—oo logm 2 n—oo logn 2

where here and in the sequel,
P*() =P (-]S),
and S := {T is not finite} denotes the event that the whole system survives.

It turns out that much more can be said on the lower limits %logn of M,,: Assuming
(1.1) and the following integrability condition

o? = E[ Z (V(u))? e’v(”)} < 00, E[C((log OH)? + ((log Z)*] < 00, (1.2)

lul=1

where =3, eV, (= D=1 (V ()™ e V™ and z* := max(0, z), Aidékon and Shi
[3] proved that

1
lim inf (Mn —3 log n) = —00, P*-a.s.

n—o0
Furthermore, by following Aidékon and Shi [3]’s methods, we have established ([20]) an

integral test to describe the lower limits of M, — %log n. As a consequence, under (1.1) and
(1.2), the following law of iterated logarithm holds:

1
(Mn b log n) =—1, P*-a.s. (1.3)

lim inf
n—oo loglogn

In this paper, we study how big can be M, — %log n. The following law of iterated
logarithm (LIL) describes the upper limits of M, — %log n:

Theorem 1.1 Assume (1.1), (1.2) and that B[, _,(V(u)")?e”V™] < 0o. Then

1
liin_)s;ip m(l\\/ﬂn — glog n) =1, P*-a.s. (1.4)
The integrability of Z|u‘:1(V(u)+)36_V(“) is used only in the proof of Lemma 4.2, see
Remark 4.3.
Usually, to establish such LIL, the first step would be the study of the moderate devia-
tions: 5
P* <Mn B logn > A), when A = o(logn) and A\, n — oc.

The moderate deviations heavily depend on the offspring distribution of the underlying
Galton-Watson process in the branching random walk. Recall v = O(R). Denote by p; =
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P(v = j),j > 0, the offspring distribution of the Galton-Watson process. In the literature on
the studies of the small deviations of Galton-Watson processes, there are two cases: either
po + p1 > 1 (called the Schroder case) or pg = p; = 0 (called the Bottcher case), see e.g.
Fleischmann and Wachtel [15, 16] and the references therein. In a similar way, we distinguish
these two cases for the branching random walk. Let ¢ := P(T is finite) = P(S°¢) € [0,1) be
the extinction probability. In addition to the assumption (1.1) and (1.2), we call

(Schroéder case) if the following hypothesis hold:
E[l(uzn ¢! Z eyv(“)] =1, for some constant v > 0, (1.5)
Ju|=1

and eventually,
E[ Z e“v(“)] < 00, Va > 0. (1.6)

lul=1

(Bottcher case) if the following hypothesis hold:

Po=pP1 = 0, (].7)
sup V(u) < K, for some constant K > 0. (1.8)
Ju|=1

Remark 1.2 1. The condition (1.5) should be understood as [there is a single term in
the sum 3, _, when v =1]:

E[1(V:1) 3 eW<“>] —1,  ifq=0. (1.9)

Ju|=1

2. Under (1.1), (1.6) or (1.8) yields that E[v] < co. The technical conditions (1.6) and
(1.8) are made in our settings to avoid too large jumps of © in the moderate deviations.

3. In the Bdttcher case, by (1.8), we may define a parameter B € (0,1) such that

Bi=sup{a>0:P(> e V™ >1) =1}, (1.10)

|u|=1
[B <1 thanks to (1.1)]. Or equivalently, essinf_, e PV =1,

The parameters v and [ appear naturally in the small deviations of Mandelbrot’s cascade:
Under (1.1) and (1.2), the so-called derivative martingale (with convention: ), := 0)

D, = Z V(u)e VW, n >0,

|lul=n



converges almost surely to some limit D., which is P*-a.s. positive (see e.g. Biggins and
Kyprianou [7]). The nonnegative random variable D, satisfies the following equation in law
(Mandelbrot’s cascade):

D™= Y e V™D, (1.11)

Ju|=1

where conditioned on {V'(u), |u| = 1}, (Dc(f.f))w‘:l are independent copies of D. The mod-
erate deviations of M, will be naturally related to the small deviations of D.,. Such small
deviation problem was already studied in the literature on Mandelbrot’s cascades, see e.g.
Liu [25, 26] and the references therein.

Denote by f(x) =< g(x) [resp: f(z) ~ g(x)] as © — x¢ if 0 < liminf, ,,, f(z)/g(x) <
limsup,_,,, f(z)/g(x) < oo [resp: lim,_,4, f(x)/g(x) = 1]. The following result may have an
independent interest:

Theorem 1.3 Assume (1.1) and (1.2).

(Schréder case) Assume furthermore (1.5) and that E[1(,51) ¢ ZMZI(V(u)JF)2 VW] <
co. Then
IP’(O <D< 5) =&, ase—0, (1.12)

and E[e_tle(Do&O)} =177 ast — oo.

(Bottcher case) Assume furthermore (1.7) and (1.8). Then

E[e ] =™ 1 o0, (1.13)

o ilptew

cdeP’(DOO<5):e , as € — 0.

Remark that we do not need (1.6) to get (1.12).

In particular, (1.12) confirms a prediction in Liu [26] who already gave the precise upper
bound in (1.12) (when ¢ = 0). Liu [26] also obtained some bounds for (1.13). When all
V(u),|u| = 1, are equal to some random variable, (1.13) is in agreement with Liu [25],
Theorem 6.1. If furthermore, all V(u) are equal to some constant, then (1.12) and (1.13)
give some rough estimates on the limiting law of Galton-Watson processes, see Fleischmann
and Wachtel [15], [16] for the precise estimates. We also mention [5] for further studies of the
conditioned Galton-Watson tree itself. For instance, we could seek the asymptotic behaviors
of the BRW conditioned on {0 < D, < ¢}, as ¢ — 0, but such problem will be beyond the
scope of the present paper.

Our moderate deviations on M, read as follows:

Theorem 1.4 Assume (1.1), (1.2). Let \,n — oo and X\ = o(logn).



(Schroder case) Assume furthermore (1.5) and (1.6). Then
P* <I\\/[[n > glogn 1 )x) — g~ (rFoX, (1.14)
(Bottcher case) Assume furthermore (1.7) and (1.8). Then

]P’(Mn > glogn + )\) = exp(—e(ﬁJr"(l)))‘). (1.15)

The same estimates hold if we replace M, by max,<x<o, M.

Comparing Theorem 1.1 and Theorem 1.4, we remark that the almost sure behaviors of

M, are not related to the moderate deviations of M,,. This can be explained as follows:
Define for all A > 0 and u € T,

Ta(u) == 1inf{l <7 < |u|: V(u;) > A}, (with convention inf ) = co), (1.16)

where here and in the sequel, {ug = @, uy, ..., upy := u} denotes the shortest path from & to
u such that |u;| =i for all 0 < i < |u|. We introduce the stopping lines :

£y ={ueT:n(u)=lul}, A>0. (1.17)

Roughly saying, the almost sure limits of M, (limsup of M,,) are determined by those
of #.£,, whereas the moderate deviations of M, are by the small deviations of #£,. By
Nerman [30], P*-almost surely, #.£) is of order e*°W)*: however, to make #.£, to be as
small as possible (and conditioned on {#.£, > 0}), in the Schrider case, £, will be essentially
a singleton or a set of few points with exponential costs (see Lemma 5.3), which is no more
possible in the Bottcher case. To relate #.£) to D, we shall use the martingale D. at the
stopping line £:

Dy, = Z V(u)e VW, (1.18)

u€L )

which, as shown in Biggins and Kyprianou [7], converges almost surely to Dy, as A — oo.
For uw € £, V(u) = A, hence Dy, ~ Ae Ly, Then the problem of small values of #.£y
will be reduced to that of Dg, and Do, as A = co. The hypothesis (1.6) and (1.8) are made
to control the possible overshoots.

The rest of the paper is organized as follows: In Section 2, we collect some facts on a
one-dimensional random walk and on the branching random walk. In Section 3, we study
the cascade equation (1.11) and prove Theorem 1.3. In Section 4, we prove at first some
uniform tightness of Ml,, — % logn (Lemma 4.5) and then Theorem 1.1. Finally, in Section 5,
we prove Theorem 1.4 by discussing separately the Schroder case and the Bottcher case.

Throughout the paper, we use the usual conventions: ), := 0, supy := 0, [], := 1,
infy := oo; we also denote by (¢;, 1 < i < 15) some positive constants, and by C,C’ and C”
(eventually with a subscript) some unimportant positive constants whose values can vary
from one paragraph to another one.



2 Preliminaries

2.1 Estimates on a centered real-valued random walk

We collect here some estimates on a real-valued random walk {Sg, k > 0}, under P, centered
and with finite variance o2 > 0. Write P, and E, when Sy = z. Let S, := ming<;<, S;,
Vn > 0. The renewal function R(z) related to the random walk S is defined as follows:

R(z) = iP(Sk > —a, S) < gk_l), x>0, (2.1)
k=0

and R(xz) =0 if x < 0. Moreover (see Feller [14], pp.612),

T (CO N (2.2)

r—oo I

Lemma 2.1 Let S be a centered random walk with finite and positive variance. There exists
some constant co > 0 such that for anyb>a > 0,2 >0,n>1,

(SIS

P (S € [0,8],8, 2 0) <o (L4 2)(1+b—a)(1+b)n 2. (2.3)

For any fixzed 0 < r <1, there exists some c3 = c3, > 0 such that for allb>a >0, x,y >0
andn > 1,

IP’x(SnG[y+a,y+b],§nZO, min Si2y> < 03(1+x)(1+b—a)(1+b)n_%,(2.4)

rn<i<n

[M[ed)

P.(S, >0, min 5 >y,8, <y) < e(l+an?

rn<i<n

(2.5)

For any a > 0, ifE[S%e“Sl] < 00, then there exists some C, > 0 such that for any b > 0,

P(s,

—b> :L‘) < C,e Vo >0, (2.6)
where T, ;= inf{j > 0: 5; > b}.

Proof of Lemma 2.1. See Aidékon and Shi [3] for (2.3) and (2.4). To see (2.6), noticing that
E[Sfe“sl} < oo if and only if E[(Sf)Qe“Sf] < 0o. By Doney ([11], pp.250), this condition
ensures that E[S;e**] < co. Then in view of Chang ([9], Proposition 4.2), we see that
uniformly on b > 0, E[e*®% )] < C, for some constant C, > 0, hence (2.6).



It remains to check (2.5). Let f(z) :=P(S; < —z),x > 0. It follows from the Markov
property at n — 1 that the probability in LHS of (2.5) equals

E, [1(§n,lzo,minm§i<n S;>y) J(Sn—1 — ¥)

IN

S FP(S, 20, min 5> yy+j< S, <y+j+l)
=0

rn<i<n—

< C(l+a)n™? Z fG)(2+35)  (by (24))
< C’ (1 —I—SL’) n3/2’

yielding (2.5). O

2.2 Change of measures for the branching random walk

In this subsection, we recall some change of measure formulas in the branching random walk,
for the details we refer to [7, 10, 28, 3, 19, 31] and the references therein.

At first let us fix some notations: For |u| = n, we write as before {ug := &, uy, ..., up_1, 4y, =
u} the path from the root @ to u such that |u;| = i for any 0 < i < n. Define V(u) :=
maxi<i<p V(u;) and V(u) := minj<;<, V(u;). For any u,v € T, we use the partial order
u < v if u is an ancestor of v and u < v if u < v or u = v. We also denote by W the parent of
u and by v(u) the number of children of u. Define G(u) := {v: v = u,v # u} the set (even-
tually empty) of brothers of u for any u # @. For any v € T, we write T, := {v € T : u < v}
the subtree of T rooted at wu.

Under (1.1), there exists a centered real-valued random walk {S,,,n > 0} such that for
any n > 1 and any measurable f : R" — R, |

E[ 3" e VOV (), oo V()| = E(F(S1, 0 80)) (2.7)

|u|=n

called many-to-one formula. Moreover under (1.2), 02 = Var(S;) = E szl(V(u))ze_V(“) €
(0,00). We shall use the notation 7 := inf{j > 1:5; > 0}.

Denote by (F,,n > 0) the natural filtration of the branching random walk. Under (1.1),
the process W, := >, _, eV n > 1, is a (P, (F,))-martingale. It is well-known (see
(7, 10, 28, 3, 19, 31]) that on some enlarged probability space (more precisely on the space
of marked trees enlarged by an infinite ray (w,,n > 0), called spine), we may construct a
probability @ such that the following statements (i), (ii) and (iii) hold:

(i) For all n > 1,

d 1
;Q} V),

= W,, and Q (w, = u|lF) = =—

plr = A Viu| = n.



(ii) Under Q, the process {V(w,),n > 0} along the spine (w,),>0, is distributed as the
random walk (S,,n > 0) under P. Moreover, (3 dravyy, AV (w))k>1 are i.i.d. under
Q, where AV (u) := V(u) — V(u) for any u # @.

(iii) Let Gn := of{u,V(u) : u € {wp,0 < k < n}}, n > 0. Then G, is the o-algebra
generated by the spine. Under Q and conditioned on G, for all u ¢ {wg,k > 0} but
u € {wy, k > 0} the induced branching random walk (V (uv), |v| > 0) are independent and
are distributed as Py (), where {uv, [v| > 0) is the subtree of T,.

We mention that the above change of measure still holds for the stopping line £, [but

we omit the detailed statement]: i.e. replace |u| = n by u € £, F, by Fg, the o-filed
generated by the BRW up to £y, and W,, by

We, = Z eV, (2.8)

u€L )

uel(wy)

In the sequel, we write Q[X] for the expectation of some random variable X under the
probability Q.

3 Proof of Theorem 1.3

The upper bound in (1.12) was already contained in Liu [26]:

Lemma 3.1 (Liu [26]) Assuming (1.1), (1.2) and (1.5). There exists some positive con-
stant c4 such that

IP’<O<DOO<5) <cye”, VOo<e<l1. (3.1)

Proof of Lemma 3.1. In the case ¢ = 0, namely D, > 0 a.s., 7y is defined through (1.9),
(3.1) follows exactly from Liu [26], Theorem 2.4. We only need to check that the case ¢ > 0
can be reduced to the case ¢ = 0. To this end, let us denote by {A;,1 < i < v} the family
{e=V(® |u| = 1} [the order of A; is arbitrary]. Then D, satisfies the equation in law

Dy= Y ADY, (3.2)
=1

with (Dé?,i > 1) independent copies of D, and independent of (A;)1<i<,. Let {£,&;,7 > 1}
be a family of i.i.d. Bernoulli random variables, independent of everything else, with common
lawP(£ =0) = ¢ = 1-P(¢£ = 1). Let Dy, be arandom variable distributed as D, conditioned
on {Dy > 0}. Since P(Dy) = 1 — ¢, we have that Do ¢ Ds. Then we deduce from (3.2)
that R o

D= Sy AZ-&D&) conditioned on {}°7 , & > 0},



where (EC(Q,Z > 1) i.i.d. copies of Da, and (v,A;,1 < i < v) and (&,i > 1) are three
independent families of random variables. Let {A;;1 < ¢ < V) be a family of random
variables such that for any nonnegative measurable function f,

Elementary calculations show that P(}°7 & > 0) = 1 — E[¢"] = 1 — ¢ and for any
nonnegative measurable function f,

E[ij’(ﬁ,)} =E i&f(fli)‘ifi >0] = %_(]E[i&f(flz)] :E[i f(Ai)]-(3'4)

In particular, E[Ziﬁzl A\Z] =1 and E[Ziﬁzl A; log A\Z} = 0. Moreover, we deduce from (3.3)

that v is distributed as )., & conditioned on {d> ., & > 0}, hence 7 > 1 a.s. It is easy
(e.g. by using the Laplace transform) to see that

E[efz,ilf(&)] — R | e TG f(A)

D3 A DY,
=1

By definition, ZA)OO > 0 a.s., we can apply (3.1) to ZA)OO once we have determined the corre-
sponding parameter v (as in (1.9)) for Do,. To this end, let t, = inf{l <i <wv:¢§ = 1}.
Then A, = Até if t¢ < 0o. We have

E[(El)ﬂl(a:n} = E

A s emn| D& > 0]
=1

1
- — FE
1—gq

Losn YA, 71(@L&&W¢k4§i§u)]
k=1

= E =E |loang ™t Y @V =1,

lul=1

Loznd™ Yo A0
k=1

by (1.5). Therefore IP’(BOO <) =0(&7) as e = 0. The Lemma follows from the fact that
P0< Dy <z)=(1— q)IP’(BOO < x) for any z > 0. O

Proof of (1.12). In view of (3.1), it is enough to prove the lower bound in (1.12). As
shown in the proof of Lemma 3.1, we can assume g = 0 (hence we assume (1.9)) in this proof
without any loss of generality. Let ®(t) := E[e~"P>] for ¢t > 0. Then by (3.2), we have

o(t) = E[f[ q)(tAi)} . t>0.

9



Note also that the condition (1.9) can be re-written as E[1(,-1)A;”] = 1. Define g(t) :=
t7®(t) for all £ > 0. Then for any t > 0,

g(t) = 17 O(t) > m[hyzl)@(ml)} :E[hy:nA;vg(ml)} - E[g(tﬁl)], (3.5)

where A; denotes a (positive) random variable whose law is determined by E[f (ﬁl)} =
E[1o-1)A;" f(A1)] for any measurable bounded function f. In particular, E[log 4;] =
E[l(yzl)AIW log Al} .

Define f(t) := E[l-) D lul=1 e'VW] = E[l(21) A7) which is finite for ¢ € [—1,7],
in particular f(—1) < 1 and f(0) < 1 = f(v). By the assumption of integrability in
Theorem 1.3, E[1(,21) A;*(—log A;)™] < oo which implies that f/(y—) exists and equals
—E[l(yzl)Alﬂ log Al]. By convexity, f'(y—) > M > (. Hence

E[logﬁl} — _f'(v=) <0, (3.6)

Let (Zi)izg be a sequence of ii.d. copies of A;. Let 7 > 1 and define

j
ap i=1inf{j > 1:) logA; < —logr},

i=1

which is a.s. finite thanks to (3.6). Going back to (3.5), we get that

v

E [9(7“;[1)1(”?1@)] +E [g(rgl)l(r&zl)]

> E[g(rﬁl)l(rﬁl<1)] +E[9(r211’12)1(7‘2121)]’

g(r)

by applying (3.5) to t = rA; to get the last inequality. Then we obtain that
g(r) = E[g(rAl)l(rﬁld)] +E[Q(TA1A2)1(r2121,r2122<1)} +E[g(rAlAZ)1(r2121,r212221)
= E [g('r H Avi)l(arsz)] +E [g(r;{vlgg)l(apg)} )
i=1

By induction, we get that for any n > 1,

9(r) > E[gr T] A1, en| +E [0 TT A 102 | 2 E|g(r [T A) 10

i=1 =1 i=1

Since o, < 00 a.s., we let n — oo and get that
9(r) 2 E|g(r [ 4)] = E[g(c™)].
i=1

10



where R, > 0 denotes the overshoot of the random walk j — — 25:1 log ZZ at the level logr.
Remark that for any 0 <t <1, g(t) = t7®(t) > ®(1)t?, hence

g(r) > @(1)E[eﬂﬂr], V> 1. (3.7)

By assumption, E[((— log Zﬁ*)ﬂ =E[lo- Zw:l(V(u)*)2 "V (] < oo, then by Lor-
den [27], Theorem 1, sup,,ZIE[RT} < 00 hence

g(r) > ®(1) e ERI > ¢ > 0, Vr>1.
Hence
O(r)y>Cr7, Vr>1,

which in view of the upper bound : P(D,, < &) < ¢4&” [recalling that we have assumed
q = 0], imply the lower bound in (1.12). Let us give these elementary details for completeness:
Assuming without loss of generality ¢4 > 1, we deduce from the integration by part that
for any A > 0, ®(r) = Efe7"~] < P(Dos < 3) +7 [ e "P(D < 2)dz < P(Do <
%) + rey f;/or e " rVdr = P(Dy < %) +r ey f;o e Yy'dy. Fix a sufficiently large constant
A such that f)\oo e Yyldy < %, we get that for any r > 1, P(D,, < %) > %r‘” which gives
the lower bound in (1.12). O

Proof of (1.13). The proof of (1.13) goes in the same spirit as that of (1.12). Let h(t) :=
—logE [e_tD“’] ,t > 0. Then h is an increasing, concave function and vanishing at zero. Using
the notations introduced in (3.2), we get that

o) E[e— zi”:lh(mi)], vt > 0.

On an enlarged probability space, we may find a random variable ¢ such that

AP
S AL

where A = o0{A;,1 < i < v,v}. Then > h(tA) = O, AZ.B)E[%‘A}, and by
¢

Jensen’s inequality, we have that for any ¢ > 0,

e (= (- 4) h<;§f>

P(gzz’yA)z

1 <1<y,

e Z?:l h(tAi) S E

) )A] |
Write for simplification

1 v
B := A, n = F<Z APy > 1, as.

£ =1

11



[n > 1 because v > 2 a.s.] Then for any ¢ > 0, we have
e < B[R], (3.8)

We shall iterate the inequality (3.8) up to some random times: Let (7;, B;);>1 be an i.i.d.
copies of (n, B). Let r > 1 and define

ﬁlr—‘

=inf{i > 1: HB <

Notice that

B{1og 5] — B[ Do ATOEA] _ g T IV

Zz 1Aﬁ E|u\ 1€ 44

where (5) = IEf,[logzwz1 e VW] for 0 < B < 1. Note that ¢ is convex on [0,1],
P(1) < logE[ZM:l e PVW] = 0 and ¢(3) > 0 since > ful= Le7PV®W > 1 by the definition
of 5. Then by convexity, '(5) < w(li_w(ﬁ < 0. Then E[log B} < 0 which implies that

T, < 00, a.s. By (3.8), we see that for
e < E[eim h(TBl)l(rBlsl)] + E[eﬂh h(rBl)l(rB»D]

= E |:€7171 h(rB1) 1(Tm:1)] + E |:€7771 h(rB1) 1(7"Bl>1)] .

Applying (3.8) to t = By, we get that

e~ h(rB1) < (E [6—7]2h(rBlB2) }0.{771’ Bl}])m < E[e—mnzh(rBle) }0'{771, Bl}],

T’BlBg):|

Y

by Jensen’s inequality, since n; > 1. It follows that E [e"“ h(rBl)l(TBI>1)] <E [1(r31>1)e_”1”2h(
hence

efh(r) < E [6*771 h(rBy) 1(Tr:1)i| +E [1(TBI>1)efn1n2h(rBlBg)}

= E [e—m h(rB1) I(T :1)} +E [6—771772 h(rB1Ba) 1(T :2)} +E [1(rBlB2>1)e_mmh(rBlB2)] .

Again applying (3.8) to t = rB; By and using Jensen’s inequality (since n;me > 1), we get
that E[1(T3132>1)e*’7“72h(7'3132)} < E[1(TBIBQ>1)e*m"?"?’h(rBlB?BS)}, and so on. We get that for

any n > 1,

e_h(r) < E|: (1_[z lm)h(r]_[Z 1 Z)I(T <n)} +E|:6—(H?:177i)h(7"1_[?:1Bi)l(TT>n)]
=: A(g.g) + C’(3.9)- <39>

12



By (1.8), B > ¢ X aus., then 1 > H?:rl B; > 1e7%. Notice that by (1.10) the definition
of 8, Y2V A? > 1 a.s;; Then > B~ and [[7, m; > 7°. Tt follows that for any n,
Aig) < e M),

To deal with C(3), we remark that on {Y, > n}, r [\, B; > 1. It follows that
Closy < E[e D TTam],

Since n; > 1 as., [[[_; 7 T 0o as n — oo, then by the monotone convergence theorem
limsup,,_,., C(s.9) = 0. Letting n — oo in (3.9), we obtain that

E[G—TDOO] = e—h(T‘) S e—h(e_K)T’B’ \V/T > 1’ (310)

which is stronger than the upper bound in (1.13).

To prove the lower bound, recalling that essinf > | Aiﬁ =1 and A; > e . We deduce
that for any small € > 0, there are some integer 2 < k < essinfr, and some real numbers
aiy,...,ar € (0,1) such that Zle aiﬁ > 1 and Zle af’La < 1landp:= IP’(Ai <a;,V1l <i<
k,v= k;) > (. Therefore

h) | [6— Z;lh(tAi)] > pe-Shikte) ¢

Let b := log(1/p) > 0 and define a random variable Y € {ay,...,ax} such that for any
measurable and nonnegative function f, E[f(Y)] = %ZL f(a;). Therefore,

h(t) <b+EkE[R(Y)],  Vt>0. (3.11)

As in the proof of the upper bound, we shall iterate the above inequality up to some
random times: Let (Y});>1 be an i.i.d. copies of Y. For r > 1, we define

J
9::0r::inf{j21:HYi§ }.
i=1

S|

Since Y < maxj<i<ia; < 1, 6 is a bounded random variable. Going back to (3.11), we
get that

h(r)

IA

b+ kE h(rYthsn} n kE[h(r}q)l(m>1)]
< b+EkE h(rY1)1(9:1)] +KE [1(m>1)(b +k h(erlYQ))]

= b+kE

h(m)1(9:1)] +bkP(0 > 1) + K [1(ry1>1)h(myz))]

13



By indeuction, we get that for any n > 1,

0An
hr) < bz K PO > ;) +E[k:“nh 1) ]
7=0 =1
=. A(g.lg) +C(3_12). (312)

Elementary computations yield that

Apaz) = %E[k“("“) 1] < %E[ke]

Recalling 6 is bounded hence E _kg] < 00. For C3.12), we use the fact that ¥; < max;<j<,a; =
@ < 1. Remark that r [[[_, ¥; < 1. Then

) 9
Ciizy = E “h THYi 9<n]+E[kn THY 1(9>n)]
i=1

hWE[E'] + h(ra") E[K"L>n)]

h1)E[K’] + h(ra") E[£’].

Since ra" — 0 as n — oo, we get that [recalling that 6 depends on 7]

(ra™)
(ra™)

IAIA

h(r) < (h(1) + %)E[kﬂ}, Vr > 1. (3.13)

To estimate E[k(’] let us find A > 0 such that E[Y’\] = % By the law of Y, this is

equivalent to Zf Lar =1

By the choice of (a;), we have § < XA <  +e. Then the process n — k" [, Y is
a martingale (moreover uniformly integrable on [0, 6]). Hence the optional stopping time

theorem implies that
0
_ 0 A o] . —A i A
_E[k H(YZ)] ZE[k‘}r i, o,
since H?Zl Y; > 2 minj<;<; ;. This and (3.13) give that
h(r) < (h(1) + L) max a; 1 Vr >1
- E—1"1<i<k * ’ ’

yielding the lower bound in (1.13) since A < § + . This completes the proof of (1.13). [J.
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4 Proof of Theorem 1.1

At first, we give some preliminary estimates on the branching random walk:

Lemma 4.1 Assume (1.1) and (1.2). There exists some constants cs,cg > 0 such that for
n>1,

P(Pm7w0<%n“)Scw%w“, (4.1)
where we recall that for any |u| = n, V(u) = maxj<i<, V(u;). Consequently, for any
0 <\ <czn'/?, we have

P(max lu| > n) < cge ™, (4.2)
u€L

We mention that under some extra integrability [30 > 0 such that E['*°] < oo,
n A ming, -, V(u) — (32223 Pras. (see [13] and [12]) and the probability term in

37\'202

(4.1) is equal to els= (™) +ent for any 0 < ¢y < (3222)1/3 (see [13], Proposition 2.3).
Here, we only assume (1.1) and (1.2), and we do not seek the precise upper bound in (4.1).

Proof of Lemma 4.1. We shall use the following fact (see Shi [31]):

P(inf V (u) < —)\) <e VA0 (4.3)

ueT

Consider 0 < ¢ < (%)1/3. Then

S v 1/3 . 1/3
]P)(EIIHEILV(U) < cn!/ 711}61%,‘/(70 > —cn / ) < E[; 1(maX1§i§n|V(Ui)|§0nl/3):|

= E[esnl(maxlgign ‘Si|§cnl/3)i| (by (27))
< e’ IP’< max |S;]| < cnl/3>
1<i<n

2 2
1/3 _ (0o 1/3
e o= (g o)t/

where we used Mogulskii [29] to get the last equality and o(1) — 0 as n — oo. Then by
(4.3),

P(min V) < ents) < e 4 ol S o

which easily yields the Lemma by choosing a sufficiently small constant ¢. [

Recall (1.17). Define for a € (0, 00] and A > 0,

£(Aa) = {u e Ly:Viu) <A+ a}. (4.4)

15



In particular, £(;°) = £). Recall (1.18). Since the function z — ze~" is decreasing for x > 1,
then for any A > 1, Dy, < Xe *#4£, which implies that

liminf Ae ™ #.£5 > Dy > 0. a.s. on S. (4.5)

A—00

If v = oo [which is allowed under (1.1) and (1.2)], then #.£, = oo hence (4.5) can not
strengthened into a true limit. We present a similar result for £ g\a)

Lemma 4.2 Assume (1.1), (1.2) and that E[ Y, (V(u)*)?e™V™] < oo. There exists
some ag > 0 such that for all large a > ag, almost surely on the set of non-extinction S,

lim Ae ™ #£ > 0. (4.6)

A—00

Proof of Lemma 4.2. We only deal with the case when the distribution of © is non-lattice.
The lattice case can be treated in a similar way, by applying Gatzouras ([17], Theorem 5.2),
a lattice version of Nerman [30]’s result. We are going to prove that for any a > 0, almost
surely on the set of non-extinction S,

lim Ae™ A#OE = ¢7(a) Do, (4.7)

A—00

E[emn(@50) — 1], and 7 and S. are defined by (2.7). Obviously,

where c7(a) = 2[5n]

c7(a) > 0 for all large a, then (4.7) implies the Lemma in the non-lattice case.
To prove (4.7), we consider a new pomt process © := > uer, 0wy on (0,00). Generate

a branching random walk (V(u) u € ']I') from the point process @ in the same way as

(V(u),u € T) do from ©. Remark that S = {sup,cr V(u) = 0o} = {']T is infinite}, and

#£0=3"0,A=V(w), S eV =3"y, (0~ V(u)

ueT (ISESY ueT

where

._ ._ V)T
Pu(y) := Liy>0) Lyt -Tzyray  Yu®) :=1az0 Y VOG0 50

=Uu VIV =U

Applying Theorem 6.3 in Nerman [30] (with o = 1 there) gives that almost surely on S,

3 s Gu(A = V(w)) . E[ 50y uen(e V@0 — 7))
Zueﬁ wu()\ - V(U)) E [ Z\u|:1 weT V(U)G_V(u)]
Remark that E[Z‘ulzlvueﬁ(g(wu)ww } [Zuefo(ei(V(U)ia)Jr B e*V(“))} _

~

E[emin(a,sm) . 1] and E[Em:l,ueﬁv(u) —V(u)} E[Eu€£0 V(u)e—v(u)} = E[STO}. Hence
on S, a.s.,

#£3
Zue,{f)\ e~V (u)+A

16
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On the other hand, almost surely,

1
Dy, = )\e_’\( Z eV 4 Xm) — Dy, A — 00, (4.9)
u€L )
where ny = 3,0, (V(u) — A)e”V+A By the many-to-one formula and the assump-

tion, E[(S)?] = E[ZM:l(V(u)*)‘?e*V(“)] < 00. Then bZ DoneyA [11], E[Sfol < o0.
In the same way as above [by remarking that ny, = > s¥u(A — V(u)) with ¥,(y) =
Liy>0) Doy ey_(v(”)_v(“))(‘/}(v) — ‘A/(u) — y)l(\?(v)—\?(u)>y)]v we get that almost surely on S,

(5]
B[S,

U2
ZUE.,C/\ e_V(U)+)\

It follows that a.s. on S, Eue,&\ e~ VWA %6)\D£)\ ~ %eADOo as A — 0o. This combined
with (4.8) and (4.9) yield (4.7), as desired. [

1
— 4.10
> (4.10)

Remark 4.3 The condition E[ZM:l(V(u)Jr)ge_v(“)} < 00 was used in the above proof of

Lemma 4.2 only to obtain (4.10) which controls the contribution of ny in Dg,. We do not
know how to relax this condition.

We consider now some deviations on the minimum M,,. By Addario-Berry and Reed [1],
E*(M,) = 3logn + O(1) and there exists some constants C' > 0 and ¢ > 0 such that

IP’*(

Proposition 4.1 in [2] says that for all large n and all Ay < X\ < 2loglogn,

3
M,, — 3 logn‘ > )\) < Ce A, YA >0,n>1. (4.11)

P(Mn < glogn - )\) = (cg+o(1)) Ae™,

with ¢g some positive constant and o(1) only depending on A such that o(1) — 0 as A — oc.
We present an uniform estimate on .

Lemma 4.4 Assume (1.1) and (1.2). There is some constant c1o > 0 such that

3
P(Mn < S logn - )\) <en(l+Ne?,  Wn>1,A>0.

Proof of Lemma 4.4. We shall prove that there exists some constant C' > 0 such that for
anyn > 1, A>0,a >0,

(1+ (a+ 2logn — )\)+)5>.

3 . -2
P(Mn < 3 logn — A, min V' (u) > —oz) <C(1+a)e <1 + YD

lul<n

(4.12)
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Then by taking o = A in (4.12) and (4.3), we get the Lemma.

To prove (4.12), we write for simplification b := %logn — A — 1. Notice that we can
assume b+ 1 > —a. otherwise there is nothing to prove in (4.12). For those |u| = n such
that V(u) < b+ 1, either minn<;<, V(u;) > b, or minn<;<, V(u;) < b; For the latter case,
we shall consider the first j >  such that V'(u;) < b. Then

]P’(Mn < ;logn — A min V() > a) < IP’(E(4_13)> n P(F(4_13>), (4.13)
with
Euig = {El\u\ =n:V(u) <b+1,V(u) > —a, nIE]lEnV } (4.14)
Flyg = U {El|u| =n:V(u) <b+ L mln Vi(w) >0, V(uy) <bV(u) > a(}L 15)
n<j<n

where as before, V (u) := minj<;<, V(u;) for any |u| = n. We bound P(E(4.13)) as follows:

P<E(4.13)) < E[ Z L) <o+1,v ()2 -aming <, V(uy)>b)

|u|=n
= E[e51s,5015,2 amingepeson| by (27)

ebcs (1 + a)n=>/? (by (2.4))

<
< ¢ (1 + oz)e*A

To deal with P(F413)), we consider v = u; and use the notation |ul, = n — j and
Vo(u) ==V (u) — V(v) for |u| =n and v < u. Then

P(Flus)

S Z E |: Z ].(Z(U)Z_a,min% <i<j V (v;)>b,V (v)<b) Z 1(VU(U)§b+1_V(U)7minj§i§n Vo (ui)Z—Oé—V(U))]
2<j<n |vl=j fulv=n=j

= > E[ > Ly @)z —aming o, vo>bye<e ¢V (0),n = j)} (4.16)
n<j<n Jul=j

=. A(4_17) + B(4_17), (417)

where A(4.17) denotes the sum Zn<]<3n and B(y17) the sum an <j<n 0 (4.16), and

|ulv=n—j

S .
= E [6 n—j 1(Sn7jgb+1*1'7§n_j27a71'):| .

18



Obviously, ¢(x,n — j) < €T Tt also follows from (2.3) that
dlx,n—j) <co(I+a+z)(l+a+b)(n—j+1)"32e2, (4.18)

By the estimate that ¢(x,n — j) < ™17 we get that

b+1-V (v
Buan < Z E[Z1(Z(U)Z—Q,min%§i<jV(Ui)>b,V(v)§b)e+ ()}

ngj<n  |ul=j
— b+1 .
= ¢ SZ P(ﬁjZ—a,%ngl}EjSi>b,Sj§b>
T<i<n
< Ge(l+am? (b (25)
< c3(1+a)e™,

since b = 3 logn — A — 1. By using (4.18) and the many-to-one formula (2.7), we obtain that

Auiny < C Z (14+b+a)? n32 R [(1 + o+ Sj)l(ﬁjz—a,min%§i<]~ Si>b,S]~§b)]

<<
< C(l+btafe™ 3 P(S, > —a,8 <b)
<<y
< C'(L+a)l+b+aye™ S 792 (by (23))
<<y
(14+a+3logn —\)> _
< C(l1+a) ;1/2 e,

yielding (4.12) and completing the proof of the Lemma. [J

As shown in [1, 8], M, — %logk is tight (and converges in law under some non-lattice
assumption, see [2]). We need some uniform tightness:

Lemma 4.5 Assume (1.1) and (1.2). For any fized a > 1, we have
. « 3
limsup P ( max Mkz—logn+x)—>0, as r — 0o,
n—00 n<k<an 2

where as before, P*(-) := P(-|S).

Proof of Lemma 4.5. Obviously, it is enough to prove the Lemma for ¢ = 2. By Lemma
4.4, there exists some Ay > 0 such that for all A > A\g and for all n < k < 3n,

P<M4n_k > glogn - A) > exp ( — 2¢19 )\6_)\). (4.19)
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Let x > 2)\g and n > x. Define
3
Ky = Ke(n) == inf{k >n: My > 5 logn + x}, (ir(;f = ).

Let n < k < 3n. Denote by S, the event that the branching system survives at least at the
generation k. Then S is non-increasing on k. On the set {x, = k} NSy, V(u) > 2logn+
for any |u| = k. Let 0 < y < & — Ag. It follows from the branching property that on
{Kw = k‘} N Sk,

3 3
P<M4n > 5 logn +y ‘ fk> = H P(Mszk > B} logn — )\) ‘A:V(u),y

ul=F

> exp ( — 2010 3 (V(u) — y)e—(vw—y))

lul=F

> exp ( — 2¢q0 6ka>7

by using (4.19) to get the above first inequality.
Therefore for any € > 0 and n < k < 3n,

3 y
]P)<M4n > ) logn +y, Sk, ks = k?) = E[e_%m ‘ Dk]‘(skm{ﬁx:k})}
> e ]ID(A(4_21), Ry = k’), (420)
where .
A(4_21) =8N { sup Dj < —e_y}. (421)
j=0 C10

Since S, C S, for k > n, (4.20) holds if we replace Sy, by S,, in the LHS. Taking the sum over
n < k < 3n for (4.20) (with Sy replaced by S,,), we get that for any ¢ > 0,0 <y <z — Ao
and all n > ny,

3 3
IP’(A(4_21) F‘l{ max M, > §logn+:p}> < eEIP’(I\/JLm > 3 logn + v, Sn>

n<k<3n

IN

e IP’(I\\/JI4n > g logn + v, S) + e P(S°NS,)
< Ce ™+ e P(S°NS,), (4.22)

by using (4.11). Let y = y(¢) > 0 be such that Ce*~ ¥ = ¢. Since lim, ., P(S°NS,) = 0,
then for y(g) < x — Ay, for all large n > ny(e),

3
IP’(A(4_21) N{ max M, > —logn + :c}) < 2e. (4.23)

n<k<3n 2

[noticing the factor 3n in the above estimate].
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Now, we are ready to give the proof of the Lemma: Let y = y(¢) < z < x — A\g. Recalling
the definition of £, in (1.17). Define

Aoy =qFue £, 1 |u| <z, V(u) < x, sup D™ < Le’y,S(“) , (4.24)
>0 7 €10

where (D§u), j>0), M.(u), S™ are defined from the subtree T, in the same way as (D, j >
0),M.,S do from T. Remark that if A0 # (), then we take an arbitrary u € A(s.20). Let
n > x. Observe that the event {max,<x<o, My > %logn + 22, S} implies that for some n <

k < 2n, for any |v| = k, V(v) > 2 logn+ 2z, hence M,i )| = 3logn—+2z—V(u) > 3logn+w.
According to (4.23), we get that for y < z < z — X\g and for all n > no(z,e) with no(x, )

large enough,

3
IP’( max M, > élognJer,S, A(4.24) # ®>

n<k<2n

IN

3
P(A(‘“” n{, max M;>7logn+ fU}) li=lul

< 2, (4.25)

since for j := |u| <z, 2n — j < 3(n — j). On the other hand,

IP><A’4(4.24 = @7 8)

< (Vu € £,,sup D( W > £ Vo (SWye, £, # @) + ]P’(maxmax(V(u), lul) > x)
j>0 C10 ueL
= E[e PEN#L e, >0)} +P<né€1€xmax( (u), |ul) > x), (4.26)

where the last equality is due to the branching property, and p(e,y) > 0 is defined by
e PEY) = IP’(supPO D; > 2—6 Y or Sc) < 1.

Assembhng (4.25) and (4 26) give that

3
Cuan = limsuplimsupIP’( max M > §logn+2x,3)

T—00 n—00 n<k<2n

< E[e*p@’y)#fq(#f;po)} 42, (4.27)

Notice that {#£, > 0} is nonincreasing on z and its limit as z — oo equals S. Then
P({#£. > 0} NS°) — 0 as z — oo; but on S, we have from (4.5) that £, — oo as.
as £ — 00, hence E[e_p(evy)#ﬁzl(#£z>o)} < E[e‘p(e’y)#leg} + ]P’({#fz >0} N Sc) — 0 as
z — 00. Then letting z — oo, we see that C4.27) < 2¢, proving the Lemma since € can be
arbitrarily small. [

We are now ready to give the proof of Theorem 1.1.

Proof of Theorem 1.1.
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Proof of the lower bound in Theorem 1.1. Consider large integer j. Let n; := 2/ and
Aj := alogloglogn; with some constant 0 < a < 1. Fix o > 0 and put

3
A= {Mnj > ilognj + )\j}.

Recall that if the system dies out at generation nj, then by definition M, = oco. Define
M™ from the subtree T, in the same way as M. does from T. Then A; = {V|u] = nj_q,
M) > %log nj + A; — V(u)}, which by the branching property at n;_; implies that

Mj—"j—1

3
]P)(Aj | fnj_l> = | H ]P)(Mnj—nj_l Z 5 log n; + )\j — l‘) }x:V(u)’
u|l=nj_1
where as before, [], := 1. By the lower limits of M, , (cf. (1.3)), a.s. for all large j,
M,,_, > %lognj,l ~ 1°§2j, hence x = V' (u) > \; since \; ~ aloglogj. Applying Lemma
4.4 gives that on {M,,, , > +logn;_1}, for some constant C' > 0, for all |u| = n;_,

3
]P’(I\/[[nj,njf1 < 3 logn; + A; — 3;) ‘mz\/(u) < CV(u) o~ (V) =A;)

It follows that
P(A1Fu) = s,

j—lZ%
lul=n;_1
> 1(Mnj,12§lognj—1) exp < —-2C Z V(u> e*(V(u)*AJ‘))
lul=n; 1
= 1(Mnj_12§10gnj_1) exp ( - 2C eAanj_l).

Since D, , — Dy, a.s., and e’ ~ (logj)® with a < 1, we see that almost surely,
ZP(A] |-Fnj_1> = 00,
J

which according to Lévy’s conditional form of Borel-Cantelli’s lemma ([24], Corollary 68),
implies that P(A;, i.0.) = 1. Then

3
li — (M, — =1 > a, S.

Hy?jip log log 1ogn( 2 %% n)za o
The lower bound follows by letting a — 1. [J

Proof of the upper bound in Theorem 1.1. Let 6 > 0 be small. Recall (4.4). Let a > ay be

as in Lemma 4.2 such that a.s. on S, #f&a) > (=92 for all large A\. Let b > 0 such that
e ® > ¢ =P(S°. By Lemma 4.5, there exists some constant x5 > 0 such that

3
IP’( max M > —logn + xo) <e?, Vn > nyg.
n<k<4n 2
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Let x1 := x9 + a. Consider large integer j and define n; := 27, \; := (1 + 24) logloglogn;.
Define

3
B; ::{ max M > alognj+)\j+x1}ﬁ8.

n; <k§nj+1

Then,

IP’(BJ»,#£E\? > 079N max lu| < nj_1>

ue.ﬂ(;j)

a u 3 a — .
< P(Vu € £(AJ_) © max M,i) > 510gnj + 2o, #f(xj) > (1 5))\]>

nj—1<k<njpa

< exp ( — be(lf‘;)’\j),

whose sum on j converges [0 being small]. On the other hand, by (4.2), P(maxue£&a) lu| >
j

) —C5n,1-£31 : . (a) (1=8)A;
nj_l) < cge” @"i-1 whose sum again converges. Therefore, Zj IP’(BJ, #f)\j >e ) < 00.
By Borel-Cantelli’s lemma, almost surely, for all large j, the event {B;, #£E\Z) > e(1-9A)

does not hold; but we have chosen a such that on S, #OES\‘;) > e(1=9% for all large j. Hence
a.s. on &, for all large j, max,; cp<n;,, M < %log n; + A; + 21, from which we get that a.s.

on S,

1 3
li — (M, — =1 <1429,
lfls;fp log log logn< 2 %8 n)s1+

yielding the upper bound as é > 0 can be arbitrarily small. [J

5 Proof of Theorem 1.4

5.1 Bottcher case: Proof of (1.15)
Recall (1.17) for the stopping line £.

Lemma 5.1 (Bottcher case) Under the same assumptions as in Theorem 1.4. For any
constant a > 0, we have

E[e*a#fx] S RN (5.1)

Proof of Lemma 5.1. Let us check at first the lower bound in (5.1). Observe that P-almost
surely,

Do =Y e "Dy (u), (5.2)

ueL
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where conditioned on {V(u),u € £3}, Do (u) are independent copies of Dy,. Take K large
enough such that E[e %oP=] < e72 that is possible because Do, > 0, P-a.s. Let 2 = Ky e &,
where K = esssup maxy—1 V(u) < 0o is as in (1.8). Therefore

Ele ™| = E[ T B[], ]

u€L )

E[ I1 e*a] :E[e*a#ﬂ.

ueL

IA

Hence E[Gfa#’gk] > E [GﬂD“] = e~ = =" gives the lower bound of (5.1).
For the upper bound of (5.1), we use again (5.2) to see that Dy < e . Doo(u).
Take a constant b > 0 such that E[ bD“’] > e 2. It follows that

1E|:e—beA Doo] Z E[e_bzuef)\ DOO(U)} Z E[e—a#-ﬂ)\]’

since conditioned on £, (Dso(t))uecs, areii.d. copies of Dy,. Then (1.13) implies the upper
bound of (5.1). O

Proof of (1.15). By the tightness (4.11) and Lemma 4.5, we can choose two positive constant
c11 and c¢q9 such that for any n > 1,

3
grgjnglnP(M 3 logn — cn) > e 2 (5.3)
IP’< max M >310 n+c ) < e (5.4)
X .
n<j<3n 2 & 1 - ’

For any u € T, define as before M( W= = minyer, jv|=|u+;(V (v) = V(u)) for any j > 0. It
follows that

3 ” 3
P(Mn>§logn—|—)\—cn) > <Vu€£)\,|u|<— M( )Iu\ 210gn—cn>

P
— £
= E[ PO (o, |u\§%)]
n
> E[ 7012#"5%} —]P’(max\u\ > —)
u€L ) 2
S el esnt/?,

by Lemma 5.1 and (4.2). The lower bound in (1.15) follows from the assumption that
A = o(logn).
To get the upper bound in (1.15), we use the hypothesis (1.8) and obtain that

IP’( max Mk>glogn+)\+cu+K>

n<k<2n

n () 3
< ]P’(Vu € £,\,11Lréz}>§\u\ < E,ngagan | = 3 logn+011) +P<max|u| > 2)

_ £ _ 1/3
< E[e cl2 # A] + cge csn ’
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by (5.4) and (4.2). The upper bound follows from Lemma 5.1. [

5.2 Schroder case: Proof of (1.14)

In the case ¢ := P(S¢) > 0, we need to estimate the probability that the extinction happens
after £y:

Lemma 5.2 Assuming (1.1), (1.2) and (1.5). Then for any A > 0,

P({ofx #0}n 30) = E[q#’& Ligeyso)| <gqe ™.

Proof of Lemma 5.2. The above equality is an immediate consequence of the branching
property at the optional line £ (cf. [7]).

To show the above inequality, we recall that v(u), for any u € T, denotes the number of
children of u. Write u < £ if there exists some particle v € £ such that u < v [i.e. u is an
ancestor of v]. Then for the tree up to £, the following equality holds: Almost surely,

#Ly=1+ Y (v(u)—1). (5.5)

®§u<£)\

Recall (1.5). Define a process

n—1
Xo= ) [T @ ) V™ n>1,

where as before, u; denotes the ancestor of u at ith generation. It is straightforward to check,
by using the branching property, that (X,,),>; is a (nonnegative) martingale with mean 1.
Define

ul—1

Xey= ) 11 (@™ lpwpzn) 7™, A>0.

ueLy i=0
According to Biggins and Kyprianou ([7], Lemma 14.1), E[X ¢, ]| equals E[X;] times some
probability term, hence E[X ., ] < E[X;] = 1.
Notice that for any u € £, v(u;) > 1 for all i < |u| and H‘Zilo_l (") 1 uns1)) =
g>o<i<lu V)= > (#£-1 1y (5 5) [recalling ¢ < 1]. Then X, > g 7le™ on {#£, > 0}.
The Lemma follows from E[X, | <1. O

Lemma 5.3 Assume (1.1), (1.2), (1.5). We furthermore assume that (1.6) holds for some
a>. For any § > 0, there exist an integer ms > 1 and a constant \o(d) > 0 such that for
all A > Ao(0),

IP’(O <#Ly, < m5> > o~ (1A,
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Proof of Lemma 5.3: We discuss separately the case ¢ = 0 and the case ¢ > 0.
(i) Case ¢ = 0. We shall prove that

P(#@ - 1) > e~ (1o(L)A. (5.6)

where as usual o(1) denotes a quantity which goes to 0 as A — oo. To this end, we have by
the change of measure (see Section 2.2 and (2.8)) that

#(pes=1) =l

A

Lpeson] = Qe @ yp ) 2 P Q(#E1=1).  (57)
Notice that under Q, {#£, = 1} means that £, = {w,, ) }. Recall that v(u) denotes the
number of children of u € T. Then Q(#£x = 1|Guc ) = Liosk<ry moiw)=1) and thus
P<#£A - 1) > eM@(o <k < (W), v(iy) = 1). (5.8)
Recall (1.9) for 7. We claim that
@(o <k < (W), viy) = 1) — (It (5.9)

To get (5.9), we use the fact (cf. Section 2.2) that (D ) 0qav (), AV (wg))k>1 are Lid.

ueU(wy)
under Q, where AV (u) := V(u) — V(u) for any u # @ = wy. Notice that v(w,_i) =
ZuéU(wk) L
Let us check that the process
Un = €(1+’Y)V(wn)1(V1§k§n,u(wk,1)=1)7 n > 17

is a Q-martingale of mean 1. In fact, U, is a product of n ii.d. variables, then it is
enough to check that 1 = Q[U1] = Q[eM™V L )=1)]. But Q[+ V(Wl)l( (wo)=1)] =
[Z| = 16“’ ( )} = 1, as claimed. By the optional stopping time theorem and the

Fatou lemma, we get that (@[ TA(W} < 1, which implies the upper bound in (5.9) since
V(ma(w)) > A by definition [under @, 7,(w) is a.s. finite]. To get the lower bound, let ¢ > 0
be small. Fix some large constant C' whose value will be determined later. Let us find some
~v¢ such that the process

UT(LC) = 6(1+WC)V(wn)]-(Vlgk‘ﬁn,l/(wk_ﬂ:l,AV(Wk)SC)’ n Z 1,

is a Q-martingale with mean 1. As for U,,, the constant ¢! is determined by

= E[ DV <o)

lul=1

TFor the existence of such constant, we used the integrability assumption (1.6) for some a > 7: the convex
function f : b — E[Z‘M:l ebv(“)l(yzl)} has a derivative f'(y) > M > 0 hence f is increasing at .

Then f(a) > f(y) = 1. Take Cy large enough such that E[Zm\:l eav(“)l(yzly(u)gco)} > 1, then such ¢
exists for all C' > Cy. We shall use the existences of similar constants later without further explanations.
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Plainly v¢ — v as ' — oo. Choose C sufficiently large such that 7o < v + €. Since
(U,iK),k: < 73(w)) is uniformly bounded by e1+1@)A+C) By the optional stopping time
theorem, we obtain that

1= @[Uf()w)] < 6(1+wc>(x+c)(@<v1 <k <nviun_.)= 1),

finishing the proof of (5.9) as £ can be arbitrarily small. The Lemma (in the case ¢ = 0)
follow from (5.9) and (5.8).

(ii) Case ¢ > 0. We can not repeat the same proof as before, for instance p; = P(v = 1)
may vanish.

Again by the change of measure we have that for any integer m > 1,

IP(O <#Ly < m> - @[ﬁu#&gm] > %&Q(ﬁé@ < m), (5.10)

where we used the facts that We, = > . eV < me ™ on {#£, < m} and under Q,
£ contains at least the singleton {w,, ) }. Define for any x > 0,

q(z) == IP’(squ V(v)<z)=P(£,=0),
IS
with the usual convention that supy = 0. Plainly, lim, o q(z) = P(sup,er V(v) < o0) =
P(8°) = ¢. For any small ¢ > 0, there exists some z = xo(¢) > 0 such that ¢(z) > ¢ — ¢ for
all x > xg.

Let 6 > 0 be small. Before bounding below (@(#OEA < m) with some m = msg, we fix
at first some constants (depending on «). Let « be large and e be small whose values will
be determined later. Recall that U(wy) denotes the set of brothers of w;. Let us choose a
constant 7, such that

UL = el Pee) Vi) (g — g) ok D1 vuetsa) avizay,  n =1 (5.11)

is a Q-martingale with mean 1. As before, such 7, . is determined by the following equalities

=0 [e(lea’E)V(m)(q - g)V(WO)il 1(maX\u\=1,u¢w1 V(u)Sa):|
= E|: Z ewa,EV(U) (q - 6)”*1 l(max‘v‘:l’v¢u V(U)Sa)i| .
Ju|=1

The existence of 7, follows from (1.5) and the integrability (1.6) for some a > . Clearly
Yae = vasa — oo and e = 0. Fix now o = a(6) > 0 (large enough) and ¢ = £(d) > 0 (small
enough) such that 7, . < v+ 0. Choose a constant o = x¢(d) > 0 such that ¢(z) > ¢—¢
for all z > xg.

On the other hand, we remark that (1.1) and (1.5) imply that

IP’<1 < v < 00, max V(u) > 0) > 0. (5.12)

lul=1
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In fact, B[La<vcoe)?” " Xjumr € lvwso ] = 1-E[lacvcon @™ Py €V Lvwso)] >
1-—- E[l(ngw)q”*ll/] > 0, hence (5.12) holds. It follows that there are some integer n, > 1
and some positive constants ¢, and b, such that

b* S E[l(ygn*) Z eiv(u)l(v(u)ZC*)] = Q(V(WO) S T, V(Wl) Z C*)a (513)
|u|=1

where the last equality follows from the change of measure formula (Section 2.2 (i), wo = @).
Choose and then fix L > a + xg such that £ is an integer. Define ms := (n,)*/*. Recall
(1.16) for the definition of 7y(u). For any A > 2L we consider the following events

A = {‘v’k < Ta—r(w), Vu € O(wy), AV (u) < a, £§\u) = @},

L
A2 = {VT)\,L(W) < k < T)\,L(W) + —, Yu € U(wk),u(u) = 0, V(W]gfl) < n*,AV<Wk) > C*},

*

where £§\u) =T, N £, and v(u) denotes the number of children of u.
Observe that on A; N Ay, 7y(w) < y_p(w) + é, and #.£5 < (n,)"/* = ms. Since ¢ > 0,
po = P(v =0) > 0, it follows from the spinal decomposition (Section 2.2 (iii)) that

Q(#£r <ms) = Q4104

Ta—r( +**1

= Q[Bl H H Po X Lwu_1)<ne, AV () >e. )}

k= =T)\— L(W) UEU(Wk)

TA_L(W)-f—é—l

> p,”Q |:Bl H 1(u(wk,1)gn*,AV(wk)gc*)] , (5.14)
IC:T)\,L(W)
where
By = H H qg(A=V(u 1(AV(u <a) = H (q—g)l/(wk—l)*l1(maxu6@(wk)AV(u)Sa) =: By,
k<ty_r(w) ueU(wg) k<ta_r(w)

since for any u € U(wg) with k < 7y_p(w), V(u) < A—L+a < A—x, and then ¢g(A—V (u)) >
q(wo) > q—¢.

Recall that under @Q, (ZueU (o) 5{Av(u v, AV (wy))k>1 are ii.d.; then the strong Markov
property implies that under Q and conditioned on G, | @), (v (wk 1), AV (W) ks, (w) are
i.i.d., of common law that of (v(wg), V' (w;)). Therefore,

Q<#£,\ < m5) > o Q[Bg] Q(V(Wo) < ny, V(w) > c*>L/c* > py' bf/c* Q[BQ]. (5.15)

It remains to estimate Q[Bs]. Going back to (5.11) and applying the optional stopping
time theorem at 7,_ for U(®®) (which is bounded up to 7)_r), we get that

v(wg)—1 — —L+a
Q[B,] = @[(q _ ) Toskens 1o () )1(Vk<nvww(mAV(U)SQ’A(%)SQ)} > ~(Ha.e)A=Lta).
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which in view of (5.10) and (5.15) imply that
1

]:ED(O < #"6)\ S m6> Z _p6n6 bf/c* eL_a e_'Ya,s(A—L-f—a).
ms

Then we have proved the Lemma in the case ¢ > 0 [by choosing a sufficiently large A\g(0)].
OJ

Lemma 5.4 (Schroder case) Under the same assumptions as in Theorem 1.4. For any
constant a > 0, we have

E[fi*“ #£A1(#£A>0>] = e Ortet, A — o0. (5.16)

Proof of Lemma 5.4. From Lemma 5.3, the lower bound of (5.16) follows immediately.
We also mention that in the cases when ¢ =0 or ¢ > 0 but 0 < a < log(1/q), we can give a
proof of the lower bound of (5.16) in the same way as that of (5.1).

For the upper bound, we proceed in the same way as in the proof of Lemma 5.1, but
by paying attention to the possibility of extinction of the system. Take b > 0 such that
E[e™®P>] > e By (5.2), e* Do < > ucs, Doo(u), then

E [e—beA Do 1(Doo>0)} > E -e—b Zu€£/\ Doo(u) 1(Doo>0)]
> EletTuesy Dw(“>1(#£A>O)} . IP’({#;EA >0} N SC)
> E _€7G#£A1(#£A>O)] — ]P)({#f)\ > O} N Sc>

By (1.12), IE[e_beA D°°1(Do<,>0)] < Ce™, which together with Lemma 5.2 yield the upper
bound in (5.16). O

We now are ready to give the proof of (1.14):

Proof of (1.14). Let us prove at first the the lower bound in (1.14). By (4.11), there are
ci3 > 0 (large enough) and ¢4 > 0 (small enough) such that minn<z<, P(My > 3logn —
c13,S) > ¢4 for all n > 1.

Let 0 > 0 be small and let ms > 1 and A\g(6) > 0 be as in Lemma 5.3. Let A > X\(9).
Remark that

3 u 3
]P’(Mn > §logn+)\—clg,8> > ]P’(O < #Ly <mg,Vu € £,\,I\\/[[£L_)‘u| > §logn—013, lu| < g, S(u))7

where as before, S® = {T, suvives} and M§u) = Minyer, jvj=ju|+;(V(v) — V(u)) for any
j7 > 0. It follows that

3
]P’(I\\/[[n > —logn+ A — 013,8) > (014)’”5]?(0 <#L, < mg,mz}X\u\ < g)
ucLy

2
(c1a)™ (IP’(O < H#E) < m5> . P(\u“>| < 9))

2
> (cpg)™ (e*(w‘s))‘ — 066705"1/3)7

v
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by Lemma 5.3 and (4.2). The lower bound of (1.14) follows.
For the upper bound in (1.14), by (2.6) and (1.6), for any a > 0, there exists some C, > 0

such that
]P’(SU > :1:) <Ce ™ V>0 (5.17)

Let 6 > 0 be small and a > (1 ++)/§ + 1. Then

P(max V(u) > (1 + 5))\) S E[ Z 1(V(u)>(1+6)>\)] = E[esm 1(57/\2(1+5)/\)i| = 0(6_7)‘)’ (518)

ue u€eL
where the last equality follows easily from (5.17). Define

A g) i = {max V(u) < (14)A, Zré%}th < g} (5.19)

ueL

Then by (4.2), for all large n > ng and 0 < A = o(logn),
n
C < —
P(An) < P(mpxVi0 > (1490) + P(myxi > 5)

< o(e™) + e = o(e™ ).

On SN{M, > 3logn+ (1+26)A}, £, # 0. Consider A such that 6A < logn. Therefore,
3
P(ng}fgan > 5 logn + (14 26)A, S)

3
< P max M > Slogn + (1+20)A Ay, £ #0) +oc™™)

n<k<2n

< ]P’(Vu € £, max Mgu) > glogn—l—é)\, £y # (Z)) +o(e™™)

n<j<on
= B(5.20) + o(efw‘), (520)
where Méu) 1= MAXyeT,, jo|=|u|+k (V(v) — V(u)) Conditioning on Fg,, M™ are i.i.d. copies

of M. By Lemma 4.5 (with a = 4), there exist some ¢15 > 0 and A such that (6 being fixed)
for all large n > no(Ao),

3 3
IP( max M, > 510gn+5)\0> < P(S°) +IP*( max M, > élognJr 5)\0> < e 95,

o k<2n 2 k<2n
Then by conditioning on F,, we get that
Bsaoy < E [6—015 #L l(fx#@)} — 6—(74—0(1)))\’

by Lemma 5.4. This and (5.20) prove the upper bound in (1.14) since § can be arbitrarily
small. [
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