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Abstract We propose a splitting algorithm for solving a coupled system of
primal-dual monotone inclusions in real Hilbert spaces. The proposed algo-
rithm has a structure identical to that of the forward-backward algorithm
with variable metric. The operators involved in the problem formulation are
used separately in the sense that single-valued operators are used individu-
ally and approximately in the forward steps and multi-valued operators are
used individually via their generalization resolvent in the backward steps. The
weak convergence of the algorithm proposed is proved. Applications to cou-
pled system of monotone inclusions in duality and minimization problems, and
multi-dictionary signal representation are demonstrated.
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1 Introduction

Various problems in applied mathematics such as evolution inclusions [1], par-
tial differential equations [2-4], mechanics [5], variational inequalities [6,7],
Nash equilibria [8], and optimization problems [9-14], reduce to solving mono-
tone inclusions. The simplest monotone inclusion is to find a zero point of a
maximally monotone operator acting on a real Hilbert space. This problem
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can be solved efficiently by the proximal point algorithm when the resolvent
of the operator is easy to implement numerically [15] (see [16-22] in the con-
text of variable metric). The problem was then extended to the problem of
finding a zero point of the sum of a maximally monotone operator and a
cocoercive operator. In this case, we can use the forward-backward splitting
algorithm [1,4,14,23] (see [24] in the context of variable metric). When the
cocoercive operator is relaxed to be Lipschitzian and monotone, the problem
can be solved by the forward-backward-forward splitting algorithm in [9,25]
(see [26] for the variable metric extension of this algorithm). We also note that
when the single-valued operator is replaced by any maximally monotone and
multi-valued operator, we also have Douglas-Rachford splitting method; see
[23] and the references therein.

The first composite monotone inclusion was studied in [9] for the sum of a
composite operator and a maximally monotone operator. They have proposed
a new primal-dual splitting algorithm to solve it as well as its dual problem.
This framework was then extended to the inclusion with mixtures of com-
posite, Lipschitzian, and parallel-sum type monotone operators [27]. In the
special cases of [27], for instance, when the Lipschitzian monotone operator
is either cocoercive or maximally monotone and multi-valued operator, alter-
native algorithms were also proposed [28], [29] (the variable metric versions
of the algorithms in [27] and [28] were presented [26] and [24], respectively).
Very recently, these frameworks have been unified into a system of monotone
inclusions with mixtures of composite, Lipschitzian, and parallel-sum type
monotone operators in [30].

Observe that when the problem has a structure, for examples, mixtures of
composite, Lipschitzian or cocoercive, and parallel-sum type monotone oper-
ators as in [24,26-28], existing purely primal splitting methods do not offer
satisfactory options to solve the problem due to the appearance of the com-
posite components and hence alternative primal-dual strategies must be ex-
plored. In this paper, motivated by coupled monotone inclusions and systems
of monotone inclusions, we address the numerical solutions of coupled system
of primal-dual inclusions in real Hilbert spaces. We develop a flexible algo-
rithm to solve this problem, analyze its asymptotic behavior, and show that
it can solve several problems beyond the state of the art.

In the present paper, we state the coupled system of monotone inclusions
under investigation and recall some notations and background on the mono-
tone operator theory in Section 2. We propose a primal-dual splitting algo-
rithm for solving this problem in Section 3. In Section 4, we provide application
to coupled system of monotone inclusions in duality. Section 5 is devoted to
applications to minimization problems. Section 6 is an application to multi-
dictionary signal representation.
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2 Problem Formulation and Technical Results
2.1 Problem Formulation

In this paper, we focus on solving the following coupled system of monotone
inclusions.

Problem 2.1 Let m and s be strictly positive integers, let 1y and pg be in
10, 4+00[. For every i € {1,...,m}, let (H;,{- | -)) be a real Hilbert space, let
zi € H;, let A;: H; = H; be maximally monotone, let C;: Hi X... X Hpy — H;
be such that, for every @ := (2;)1<i<m and ¥ := (¥s)1<i<m in Hi X ... X Hpp,

(@i —yi | Ciw = Cyy) > 0 Y _ [|Ciw — Cuy > (1)
=1 =1

For every k € {1,...,s}, let (Gk,(-|-)) be a real Hilbert space, let 7, € Gy,
let By : G = G be maximally monotone, let Sx: G X ... X G5 — G be such
that, for every v := (vg)1<kp<s and w = (wg)1<k<s I G X ... X Gg,

S

> (v — wi | Skv — Sgw) > po » || Skv — Spw]|*. (2)

k=1 k=1

For every i € {1,...,m} and for every k € {1,...,s}, let Lg;: H; — Gy
be a bounded linear operator. The problem is to find & := (Z1,...,T) in
Hi X ...x Hy and T := (01,...,0s) in G1 X ... X Gs such that

S m
21 — Z LZJ@’@ € AiT; +CiT ZLLifi —r) € B171 + 51U
k=1 =1
and :
S m
Zm — Z L Tk € AT + Cn@ Z LT — s € ByTs + S,T.
k=1 i=1

3)

We denote by (2 the set of solutions to (3).

In the case when ((Lg,;)1<k<s)i1<i<m are zero, we can use the algorithm
in [1] to solve the inclusions on the left hand side and the right hand side
of (3) separately. Let us note that the non-linear coupling terms (C;)i<i<m
and (Sk)1<k<s were introduced in [1] and they are cocoercive operators which
often play a central role; see for instance [1,3-7,14,23,31-33]. Let us add that
the general algorithm in [30] can solve Problem 2.1 for the case when C; and
Sk are univariate, monotone and Lipschitzian. The algorithm proposed in [34]
can solve Problem 2.1 for the case when s = m, and (A;)1<i<m are zero,
(Si)1<i<m are univariate, and for each (k,i) € {1,...,m}? with k # i, Ly,
is zero. Furthermore, the primal-dual algorithm in [24, Section 6] can solve
Problem 2.1 for the case when m = 1 and each S is univariate, cocoercive.
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To sum up, recent frameworks can solve special cases of Problem 2.1 and no
existing algorithm can solve it in the general case.

Notation and background. Throughout, H and G, and (G;)1<i<m are real
Hilbert spaces. Their scalar products and associated norms are respectively
denoted by (- | -) and | - ||. We denote by B (H,G) the space of bounded linear
operators from H to G. The adjoint of L € B (H,G) is denoted by L*. We
set B(H) := B (H,H). The symbols — and — denote respectively weak and
strong convergence, and Id denotes the identity operator, we denote by ¢} (N)
the set of summable sequences in [0, +oo[ and by ¢?(K) (@ # K C N) the set
of square summable sequences, indexed by K, in R.

Let M7 and M; be self-adjoint operators in B (H), we write

My = My iff (Vo e H) (Myz | x) > (Mox | ).
Let a € ]0, +oo[. We set
Pa(H):={M eB(H): M*=M and M > ald}.

The square root of M in P, (H) is denoted by v M. Moreover, for every M in
P (H), we define respectively a scalar product and a norm by

(Ve e H)(Vy e H) (z|y)y = (Mzly) and |z|a = (Mz|z).

Let A: H = H be a set-valued operator. The domain and the graph of A are
respectively defined by

domA:={z €M :Ax# @} and grad:= {(z,u) € H x H:u € Az},
The set of zeros and the range of A are respectively defined by
zerA:={z€H:0€ Az} and ranA:= {uc H: Sz € H) u € Az}.
The inverse of A and the resolvent of A are respectively defined by
AV H=2Hius {zeHue Az} and Ju == (Id+A4) "
Moreover, A is monotone iff
(V(z,y) € H x H)(V(u,v) € Az x Ay) (z—y|u—v) >0,

and maximally monotone iff it is monotone and there exists no monotone
operator B: H = H such that graA C graB and A # B. A single-valued
operator B: H — H is -cocoercive, for some 3 € ]0, +o0], iff

(Vz € H)(Vy € H) (v —y| Bz — By) > f||Bx — By|*.
The parallel sum of A: H = H and B: H = H is

ADB:=(A"'4+B7H™
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Let I'y(H) be the class of proper lower semicontinuous convex functions from
H to |—o0, +o0]. For any U € P, (H) and f € I'h(H), we define

. 1
Ju-1pf ==proxy : H — H: x> argrgln (f(y)+ §Hx —yl?). (4)
ye

and

. 1
Jof :=proxg: H —H: x> argrr}ltln (f(y) + §||£E - y||2),
ye

and the conjugate function of f is

ffram— sup(<a|x)—f(x)).

rEH
Note that,
(VfelM)(xzeH)(yeM) yedf(x)exedf(y),
or equivalently,
(Vf € o(H) (0f)~" =of" ()

The infimal convolution of the two functions f and g from H to |—oo, +0o0] is
fog:x— inf (f(y) +9(z =)
yeEH

The indicator function of a nonempty, closed and convex set C' is denoted by
Lo, its conjugate is the support function o¢, the distance function of C' is
denoted by d¢. Finally, the strong relative interior of a subset C of H is the
set of points « € C such that the cone generated by —x 4 C' is a closed vector
subspace of H.

2.2 Technical Results

We recall some results on monotone operators.

Definition 2.1 [1, Definition 2.3] An operator A: H = H is demiregular at
z € dom A iff, for every sequence ((zy,un))nen in graA and every u € Ax
such that z,, — z and u,, — u, we have z,, — .

Lemma 2.1 [1, Proposition 2.4] Let A: H = H be monotone and suppose
that x € dom A. Then, A is demireqular at x in each of the following cases.

(a) A is uniformly monotone at x, i.e., there exists an increasing function
@: [0, +00[ = [0, 4+00] that vanishes only at 0 such that

(Vu € Az)(V(y,v) € graA) (z—y|u—v)>o(|z—yl).

(b) A is strongly monotone, i.e., there exists o € |0, +00[ such that A — aId
18 monotone.
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(c) Ja is compact, i.e., for every bounded set C C H, the closure of Ja(C)
is compact. In particular, dom A is boundedly relatively compact, i.e., the
intersection of its closure with every closed ball is compact.

(d) A: H — H is single-valued with a single-valued continuous inverse.

(e) A is single-valued on dom A and Id —A is demicompact, i.e., for every
bounded sequence (zp,)nen n dom A such that (A, )nen converges strongly,
(Tn)nen admits a strong cluster point.

(f) A= 0f, where f € Io(H) is uniformly convex at x, i.e., there exists an
increasing function ¢: [0,+00] — [0,400] that vanishes only at 0 such
that, for every a € 10,1 and every y € dom f,

flaz + (1 = a)y) + a(l = a)é(llz — yl) < af(z) + (1 - a)f(y).

(9) A = 0f, where f € Iy(H) and, for every £ € R, {zx e H : f(x) <&} is
boundedly compact.

Lemma 2.2 [24, Lemma 3.7] Let A: H = H be mazimally monotone, let
a € ]0,400[, let U € Po(H), and let G be the real Hilbert space obtained by
endowing H with the scalar product (z,y) — (x| y)y;—1 = (x| U~ y). Then,
the following hold.

(a) UA: G = G is mazimally monotone.
(b) Jua: G — G is 1-cocoercive, i.e., firmly nonexpansive, hence nonexpansive.
(c) Jua= U1+ A)1oU L

Lemma 2.3 Let a and (3 be strictly positive reals, let B: H — H be (-
cocoercive, let U € Po(H) be such that |[U~Y| < 28 and set P :=1d —-U~'B.
Then,

(Vo e H)(y € H) |Pz—Pylf < llz—yllf — (26— U DBz~ By|*. (6)
Hence, P is nonexpansive with respect to the norm | - ||v .
Proof. Let x € H and y € H. Then, using the cocoercivity of B, we have
1Pz — Pylit; = llz — yllt — 2(z — y | Be = By) + |U™"(Bz - By)|l;
< e = ylit — 28] Bz — Byl* + (Bx — By | U™ (Bz — By))
< e = ylif = (28 = U7 D] Bz - By,
which proves (6). O

Theorem 2.1 [24, Theorem 4.1] Let IC be a real Hilbert space with scalar
product ((- | -)) and the associated norm ||| - |||. Let A: I = I be mazimally
monotone and B: IC — K be 8-cocoercive such that

Z :=zer(A+ B) # 2. (7)

Let oo € 10,400, let B € ]0,+o0[, let (nn)nen be a sequence in (X (N), and let
(Un)nen be a sequence in Py (IKC) such that

pi=sup ||Up|| < +o00 and (YneN) (14 n,)Upns1 = Uy. (8)
neN
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Let e €10, min{1,28/(u + 1)}], let (An)nen be a sequence in [e,1], let (vn)nen
be a sequence in [, (28 —e)/p], let zy € K, and let (an)nen and (bp)nen be
absolutely summable sequences in IC. Then, iterate, for every n € N,

L oy =2, — 'YnUn(an + bn) (9)
2. Tpgr = Tn 4 A (Jy 0,4 (Yn) + an — 0).

Then, the following hold for some T € Z.

(a) x — .
(b) > nen |[|Brn — B7|||? < +c.
(c) Suppose that at every point in Z, A or B is demireqular, then x,, — T.

3 Algorithm and Convergence

We propose the following algorithm for solving Problem 2.1.

Algorithm 3.1 Let a € |0,4o00[ and, for every i € {1,...,m} and every
ke{l,...,s}, let (Uin)nen be a sequence in Po(H;) and let (Vi n)nen be a se-
quence in Py (Gr). Set 8 := min{vy, uo }, and let & € 10, min{1, 8}, let (\n)nen
be a sequence in [e,1]. Fix (zi0)i1<i<m 0 Hi X ... X Hpy, and (Vk0)1<k<s N
G1 X ... X Gg. Then, iterate, for every n € N,

(i) Fori=1,...,m

Ltin =) 1y Ly ikn + Cin(T1,0, - Tmon) + Cim
2. pin = Ju, A\ Tin — Uin(tin — Zi)) + Gin

3. Yin = 2Din — Tin

4. Tin4+1 = Tin + )\n(pz,n - xi,n) (10)
(1) For k=1,...,s

1. Wk,n = E?;l Lk,iyi,n - Sk,n(vl,na ce- avs,n) - dk,n
2. Gn = Jv, . By (Uk,n + Vi (Whyn — Tk)) +bin
3. Vk,n+1 = Vk,n + )\n(qk,n - ’Uk,n)a

where, for every i € {1,...,m} and every k € {1,...,s}, the following condi-
tions hold.

(a) (Vn S N) Ui,nJrl - Ui,n and Vk,nJrl ~ Vk,n; and

K= Sug{”Ul,nHv EEEE) ”Um,nnv HVl,nnv crey ”Vs,n”} < +o00.
ne

(b) (Cin)nen are operators from Hi X ... X Hy, to H; such that
(b1) (Cin—Ci)nen are Lipschitz continuous with respective constants (Kin)neN
€10, 4o00[ satisfying
Z Kin < 40Q.

neN
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(b2) There exists § € Hi X ... X H,, not depending on i such that
(VTL € N) Ol'_’ng =(}s.

(¢) (Skn)nen are operators from Gy X ... x G, to Gy, such that
(c1) (Skn—Sk)nen are Lipschitz continuous with respective constants (N n)nen

€10, 4o00[ satisfying
Z Ne,n < +00.

neN
(c2) There exists W € G X ... X G5 not depending on k such that

(V?’L S N) Skmﬁ = S,w.

(d) (ain)nen and (¢in)nen are absolutely summable sequences in H;.
(e) (ben)nen and (din)nen are absolutely summable sequences in Gy.

Remark 3.1 Here are some remarks.

(a) Our algorithm has basically a structure of the variable metric forward-
backward splitting since the multi-valued operators are used individually
in the backward steps via their resolvents, the single-valued operators are
used individually in the forward steps via their approximation values.

(b) The algorithm allows the metric to vary over the course of the iterations.
Even when restricted to the constant metric case (which is the case where
(Uin)i<i<m and (Vi.n)1<k<s are identity operators), the algorithm is new.

(¢) Condition (a) was used in [24,26], while conditions (b) and (c) were used
in [1], and conditions (d) and (e) which quantify the tolerance allowed in
the inexact implementation of the resolvents and the approximations of
single-valued operators are widely used in the literature.

(d) Algorithm 3.1 is an extension of [24, Corollary 6.2] where m = 1 and every
n € N: C1,, = C and for every k € {1,...,s}, Sp.n = D! is restricted to

f

be univariate and cocoercive, and By, is replaced by B, .
The main result of the paper can be now stated.

Theorem 3.1 Suppose in Problem 2.1 that {2 # @ and there exists Ly, i, 7 0
for some ig € {1,...,m} and ko € {1,...,s}. For every n € N, set

m s -1
O = ( Z Z H\/ VienLik,in/Uin 2) -1, (11)
i=1 k=1

and suppose that

On 1
n = > . 12
o T mzizmsre ol Walll = 28— 1
For every i € {1,...,m} and every k € {1,...,s}, let (z;n)nen and (Vin)nen

be sequences generated by Algorithm 3.1. Then, the following hold for some
(T1y-- s Tm, U1,--.,05) € 2.
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(a) Vie{l,...,m}) x;n = T; and (Vk € {1,...,s}) vgn — Tk.

(b) Suppose that the operator (z;)1<i<m > (Cj(x:)i1<i<m)i<j<m 1S demiregu-
lar (see Lemma 2.1 for special cases) at (T1,...,Tm), then (Vi € {1,...,m})
Tin — Ty

(c) Suppose that the operator (vi)1<k<s — (Sj(Vk)1<k<s)1<j<s s demiregular
(see Lemma 2.1 for special cases) at (U1, ...,Ts), then (Vk € {1,...,8}) vgn
— Vk.

(d) Suppose that there exists j € {1,...,m} and an operator C: H; — H; such
that (V(z:)1<i<m € (Hi)i<i<m) Cj(21,...,2m) = Cz; and C is demiregu-
lar (see Lemma 2.1 for special cases) at T;, then ., — T;.

(e) Suppose that there exists j € {1,...,s} and an operator D: G; — G, such
that (V(vk)1<k<s € (Gk)1<k<s) Sj(vi,...,vs) = Dv; and D is demiregular
(see Lemma 2.1 for special cases) at Tj;, then vjn, — Tj.

Proof. Let us introduce the Hilbert direct sums
H=H1D..Hn, G=Gi1®..®G;, and K:=HDG.

We denote by @ := (2;)1<i<m, ¥ := (Yi)1<i<m the generic elements in H, and
by v := (vg)i<k<s, W = (wg)1<k<s the generic elements in G. The generic
elements in /C will be denoted by p := (@, v). The scalar product and the
norm of H are respectively defined by

<~|~>:(w,y)HZ<xi|%> and | -[|: @ = /(z | z).

The scalar product and the norm of G are defined by the same fashion as those
of H,

(1) (w) = Y (ol wr) and -0 = /(o] o).
k=1

We next define respectively the scalar product and the norm of IC by

(1N (o), (g w) = > (@i [ys) + > (ve | we)
i=1 k=1
and
- 1l]: (2,0) = V{((=,0) | (2,0))). (13)
Set

AH=H z— XizlAixi
B:G=G:v— szlBkvk
C.-H—H:xz— (Ci:v)lgigm

D:G=G: v~ (Sk’v)lgkgs (14)
L:H— g: T +— (Ezil Lk,ixi)lgkgs
z:=(21,-..,2m)

ri= (Tlv"'vrs)v
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and for every n € N,
Ch:H—-H:z— (Cink)i<icm and D,: G — G:v— (Spav)i<k<s-
Then, it follows from (1) that
(VzeH)(yeH) (x-y|Cz—Cy)>wnlCz—Cy|*, (15
from (2) that
(Vv eG)(weG) (v—w|Dv— Dw) > u|/Dv— Dw|? (16)

which shows that C' and D are respectively vy-cocoercive and pg-cocoercive
and hence they are maximally monotone [6, Example 20.28]. Moreover, it
follows from [6, Proposition 20.23] that A and B are maximally monotone.
Furthermore,

L*:g—>’H:v'—><ZL}§7ivk) .
k=1 1<i<m

Then, using (14), we can rewrite the system of monotone inclusions (3) as a
monotone inclusion in 1C,

find (Z,v) € K such that (z—L*v,LT—7) € ((A+C)§, (B+D)§). (17)

Set
M: K=K: (z,v) — (—2+ Az,r + Bv)
S: K- K: (x,v) ~ (L*v,—Lx) (18)
Q:K—K: (x,v) = (Cx, Dv),

and for every n € N,

Q,: K- K:(x,v) — (Cpzx,D,v)
Un: K—-K: (:B,’U) — ((Uiynxi)lgigm, (Vk,nvk)lgkgs) (19)
V,.: K= K: (z,v) » U, (x,v) — (L*v, Lz).

Then, M and S are maximally monotone, and (15), (16) imply that @ is S-
cocoercive and hence it is maximally monotone [6, Example 20.28]. Therefore,
M + S + Q is maximally monotone [6, Corollary 24.4]. Furthermore, the
problem (17) reduces to find a zero point of M + S + Q. Note that 2 # &
implies that

zer(M + S + Q) # 2. (20)

We next derive from the condition (a) in Algorithm 3.1 that

= sup HUWH < +OO, and (VTL (S N) Un+1 E Un S ?a(’C)a (21)
neN
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and it follows from (13) and [19, Lemma 2.1(ii)] that, for every n € N and
every p := (z,v) € K,

m S
el = > el + 3 ol
i=1 ’
m
>3l 10; H+Z|\vk|\ Vi
<Z||xl|2+2||vk||2> i (10l Vil ™)

=llplI? (Uil = Vi 713 (22)

1<t < 1<k<

Note that (V,,)nen are self-adjoint, let us check that (V,,)nen are strongly
monotone. To this end, let us introduce

T,H—->G: z— (ZZl \/Vk)nLkJCCi)
1<k<s
(Vn € N) - (23)
RmQ—)Q:v»—)(MVLn_lvl,..., ‘@7n_lvs).
We note that, for every i € {1,...,m} and every n € N,
_ -1
(Ve e H;) (x| UZ-)n1 z) = <«/ in e | VUin > =\Uin z|*

Then, by using Cauchy-Schwarz’s inequality, for every n € N and every « € H,,
we have

||Tnm||2f; ZMLW?M
SZ(ZHmme )2
<3 (3 Ve T ) (S v

- (;nm“‘ )ZZHMLMM

=11i=1

‘ \Y Ui,n -

)

m
= Bn Nl (24)
i=1 ’
where we set

(Vn€N) By i= Zi H\/W,WLIM-\/W” :

k=11i=1

)
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which together with (11) imply that

1
(VYneN) (146,)8, = o (25)
Moreover,
° -1
(tneN)(weg) [Rul>=>"[IVVin wl’
k=1
=3 ol (26)
k=1 ’

Therefore, for every p := (x,v) € K and every n € N, it follows from (19),
(23), (25), (26) and (22), (12) that

(| Vup) = lIpllif: =2 (e | v)
S m 1
= |||P|||§;;1 - 22 <Z VVienLiii | /Vin 'Uk>
k=1 \i=1
-1
= Pl =2 (VI +608, Tuz | VL+0,)8,Rav)

T,
otz (M :
> [lpll? ( Nl 1+l Ry

\

S el? s
Z |||P|||§;;1 - <W + (14 0,)5n Z |/Uk;||%/k7lz>

k=1
On S 2 - 2
= 2 (el + Y el
m\i=1 Y k=1 "
> Galllplll®. (27)
In turn, (V,)nen are invertible, by [19, Lemma 2.1(iii)] and (12),

1
(vneN) V1| < oS 28 — e,

and by [19, Lemma 2.1(i)], (21), for every n € N,
U1 zU,=>U 2 U =V =V = Vo = VoL

n

Furthermore, for every p € K, we derive from [19, Lemma 2.1(ii)] that
_ _ 1 _
(viiplp) 2 (IVal el = ;|||p|||2, where p:=a™' +|S].  (28)

Altogether,
sup [V, M| <28—¢ and (VneN) Vi, =V, 'eP,K). (29)
neN
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Moreover, using [19, Lemma 2.1(i)(ii)] and (29), we obtain

(V(zn)new € KY) D Izl <400 & > llznllly=1 <400 (30)

neN neN
and
(V(za)nen €KY) > llznlll <400 & Y llzalllv, <+o0, (31)
neN neN
and
(Vp e K) sup p|llv, < +oo. (32)

Now we can reformulate the algorithm (10) as iterations in the space K. We
first observe that (10) is equivalent to

(i) Fori=1,...,m
1. Ufnl(:vzn = Piin) = 2oper Liihin = Cin(T1, -+ Tmon) €
—2i + Ai(pin — @in) + Cin — U ain

2. Tiny1 = Tin + Mn(Pin — Tin)
(ii) For k=1,...,s
1. V,;,} (vk,n - Qk,n) - Zﬁl Lk,i(xi,n - pi,n) - Sk,n(vl,n, cee ,Us,n) €

"% + Br(kn — bkn) = 2oimy Liipion + dion — Vi i bin
2. Vk,n+1 = Vkn + )‘n(Qk,n - Uk,n)'

(33)
Set

DPp = (Z1n, s Tomon, Vins - - - Usin)

Yp = DPins- s Pmons Qins - -+ Gsm)

an = (A1, Qmony Olny -« Dsn)

= (Ciny- s Cmm,din,y .- dsn)

d, = ((U,L-Trgai,n)lgigmu (ijébk,n)lﬁkﬁm)

b, :=(S+Vy,)a,+c,—d,.

Then, using the same argument as in [28, Egs. (3.22)—(3.35)], using (18), (19),
(33) yields

Vﬂ(pn - yn) - ann € (M + S)(yn - an) + San + Cp — dn

Vn € N
(vn € N) {pn+1—pn+An(yn—pn)-

For every n € N, we have

Vﬂ(pn _yn) - ann € (M+ S)(yn _an) +San +cp _dn

Sy, = (M + S+ Vn)*l ((Vn -Q,)p, — (S+V,)a, —c, + dn) +an
-1
sy, = (Id FVIYM £ S)) ((Id -v;'Q,)p, - V;lbn) tan

Yy =Ty iarss) ((Id —V;'Q,)p, - V;lbn) +an. (35)



14 Bing Coéng Vil

Therefore, for every n € N, (34) becomes

DPpt1 = Pn + /\n (Jan(M+S) (pn - szl(ann + bn)) +an — pn>' (36)
By setting, for every n € N,

M:K=K: (z,v) » M(z,v) + S(z,v),
P,:=1d-V;'Q, and P,:=1d-V;'Q,
E,=Q,-Q and Q,:=V_'E,,

e1n = Q,p, + Vb,

(37)

we have

(36) <~ pn+1 = p'n, + )\n (nglf\j(ﬁnpn - Vglbn) + Ay, — pn)

= (1= 2)py + Ady 157 (Pap,, — Vb)) + Anan
=(1-X\)p, + )\nJV;IM(Pnpn — el)n) + Anan (38)

= (1-\)p, + A (JV;IM(Pnpn —ern) + an). (39)

Algorithm (39) is a special instance of the variable metric forward-backward
splitting (9) with

(neN)pu = 1€ [ (26— )/ (sup ||vn1||>} (see (29)).

Note that M is maximally monotone, Q is 8-cocoercive, and (A, )nen in [g, 1].
Moreover, (29) and (20) show respectively that (8) and (7) are satisfied. There-
fore, in view of Theorem 2.1, it is sufficient to prove that (€1, )nen and (ep)nen
are absolutely summable in IC, i.e, we prove that

> lllewalll < +oo, (40)

neN

and
> lllaalll < +oc. (41)
neN

For every i € {1,...,m} and every k € {1,...,s}, since (a; n)nen, (Cin)nen

and (b n)nen and (di,n)nen are absolutely summable, we have

EAEDS (Z HESS ||bk,n|> < +os,
k=1

neN neN Ni=1

S llealll < 3 (Z leinll + 3 ||dk,n|) < too.
k=1

neN neN Ni=1
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Moreover, for every n € N, U,, € P,(K), it follows from [19, Lemma 2.1(iii)]
that ||U,'|| < a~!. Hence,

Dollldalll <@t Y lllanlll < +oo,

neN neN
Do lalll < o+ 1S Y Mllaalll + Y (lllealll + llldalll) < +oc.
neN neN neN

Therefore, (an)nen, (bn)nen, (€n)neny and (dy)nen are absolutely summable
in K. Next it follows from the conditions (b), (c¢) in Algorithm 3.1 and (29),
(27), (12) that, for every p := (x,v) € K and every q := (y,w) € K, and
every n € N,

11@.p - Qudllly, = {(@.p~ Qua | Va(Qup— Qua)))
- << nD — Enq | VﬁlEnp_ VglEnq»
<V IEnp — Engl|?
< (28— a>(|<cn _C)a— (C - Clyl?
(D~ DYy — (D, — D>w|2)
(28— a><2 1(Cim — C)T — (Con — CYyIP
=1
+ ) 1Sk = Sk)v = (Skin — Sk)w|2)
k=1
< (28— s><zmin|m S N w|2>
=1 k=1
s<2ﬂ—s><znin+an,n)|||p—q|||2
=1 k=1
< @B-e)! Zmiﬁznim)np—qnﬁvn
=1 k=1

m S

§(2B—8)2(Zﬁn+2nin>lllp adlZ..  43)

i=1

which implies that @Q,, is Lipschitz continuous (in the norm ||| - [llv,) with
respectively constant

25—5 Zlizn—i_znkn’
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that satisfies

Z K < +00. (44)
neN

Let p := (x,v) € zer(M + S + Q) and noting that (Vn € N) Q,,(5,w) = 0,

llevalllv, < 1Qupulllv, + IV balllv,

<1Q.p, — Quplllv. +1Q,p — Q.G ®)||lv,, + [V balllv,
fnlllpn = Plllv, + #alllp = E@)llv, + VL balllv,
fnlllp, = plllv., + salllp = G@)l[v, + [[|bnllly 1 (45)

IN

Since p € zer(M + S + Q), we have
(VYneN) p= nglﬁ(Pnp).

Hence, for each n € N, since J,-13; and P,, are nonexpansive with respect

to the norm ||| - |||y, by Lemma n2.2(b) and Lemma 2.3, we have

Ty 157 (Pupy — €10) = Plllv, = 17y -1 57 (Pupy — €1,0)
—Jy -1 (Pup)lllv,
<|llp, = plllv. + lllenlllv,
which and (38) imply that
Prsr = plllv., < ][0 =) (pn = 2)|l]1
+ A0 (Jyz 157 (Prpn = e10) = D)l + [[[Ananllly,
< (1= 20+ 20l = plly, + lllewalllv.,
+ [ Ananllly,
< A+ &)lllp, —plllv, + an, (46)
where

(VneN) an:=ralllp = E@)llv, +|[|[ballly-1 +l|anll]y, - “7)

Noting that (32), (31), (30) and (43), (42), we have

Z ap < +00. (48)

neN

Therefore, we derive from (46) and (Vn € N) V,, = V,,4; that
(VW eN) ||ppsr = 2llly,,, < QO+ r)lllp, = plllv, +an,  (49)
and hence, by [35, Lemma 2.2.2],

sup [[|p,, — plllv, < +o0, (50)
neN
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which and (45),(44),(48), (43), (30), (31), (32) imply that

> llernlllv, < +oc. (51)

neN

Therefore, (40) and (41) are proved.
(a): By Theorem 2.1(a), p,, = P € zer(M + S + Q).
(b)(c): By Theorem 2.1(b) and (c),

which implies that, for every i € {1,...,m} and every k € {1,...,s},

{Ci(xl,ny ce ,ZCmyn) — Oi(fl, . ,Tm) — O,

Sk(vl_,n, ceey vsyn) — Sk(ﬁl, ce ,55) — 0.
Moreover, by (a), we obtain, for every i € {1,...,m}, z; , — T; and for every
ke{l,...,s}, vkn — Ug. Therefore, the conclusions follow from the definition

of the demiregular operators.
(d)(e): The conclusions follow from our assumptions and the definition of
the demiregular operators. a

4 Application to Coupled System of Monotone Inclusions in
Duality

We provide an application to coupled system of monotone inclusions. Our
problem formulation covers not only a wide class of monotone inclusions and
duality frameworks in the literature (see [9,13,14,23,24,28,29,31,32,36-40]
and the references therein), and coupled system of monotone inclusions unified
in [1], but also a wide class of minimization formulations, in particular, in
the multi-component signal decomposition and recovery; see [1,41,42] and the
references therein.

Problem 4.1 Let m and s be strictly positive integers, and let vy be in
10, +o0]. For every i € {1,...,m}, let (H;, (- |-)) be a real Hilbert space, let
zi € H;, let A;: H; = H; be maximally monotone, let C;: Hi X... X Hpy — H;
be such that for every @ := (z;)1<i<m and y := (yi)1<i<m In H1 X ... X Hypy,

D (wi—yi | Caw = Ciy) > w0 Y [|Co — Ciy|)*. (52)

i=1 =1

For every k € {1,...,s}, let (G, (- | -)) be a real Hilbert space, let r, € G, let
Dy: G = G be maximally monotone and vg-strongly monotone for some vy,
in ]0, +00[, let Bi: Gr = Gi, be maximally monotone. For every i € {1,...,m}
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and every k € {1,...,s},let Ly ;: H; — G, be a bounded linear operator. The
primal inclusion is to find Z := (T1,...,Tm) in Hq X ... X H,y, such that

z1 € A1 + ZLZJ <(Dk ] Bk)(ZLk,iii — Tk>> + Cix
k=1 =1

(53)

Zm € AmTm + Z L;;m <(Dk O Bk) < Z Lk,iTi — ’I”k>) + C,x.
=1

k=1

We denote by P the set of solutions to (53). The dual inclusion is to find
71 € G1,...,Us € G such that

(3 := (zi)1<i<m € (Hi)1<i<m)

s m
z21 — Z Lz,lvk € Aix1 + Chz ZLLixi —r € Bl_lﬁl + Dl_lﬁl
k=1 1=1
and < :
s m
Zm — Z L};mﬁk € A, + Chrx, Z Lgx; —rs € B;lﬁs + D;lﬁs.
k=1 i=1
(54)

The set of solutions to (54) is denoted by D.

Remark 4.1 In Problem 4.1, there are two types of coupling. The first one is
the smooth coupling modeled by (C;)1<i<m. The second one is the non-smooth
coupling involving the parallel sums modeled by the second terms in (53). The
frameworks in [30] and [34] consider respectively non-smooth coupling and
smooth coupling only. The condition on (C;)1<i<m is relaxed to be monotone
and Lipschitzian in [34] but the algorithm proposed has an additional forward
step even when (C})1<i<m are restricted to be cocoercive. This double coupling
model can be easily solved by using our duality framework.

Algorithm 4.1 Let a € ]0,400[ and, for every i € {1,...,m} and every
ke {l,...,s}, let (Uin)nen be a sequence in Po(H;) and let (Vi n)nen be a
sequence in Py (Gr). Set f := min{vg,v1,...,vs}, and let € € 10, min{1, 8}],
let (An)nen be a sequence in [e,1]. Let (xi0)i<i<m € Hi X ... X Hy and
(Vk,0)1<k<s € G1 X ... x Gs. Then, iterate, for every n € N,

(i) Fori=1,...,m

1otin = 22:1 Lzyﬂ)k,n +Cin(T1n, - s Tmn) + Cin

2. pin = Ju, A, (ﬂfzn —Uin(tin — Zz)) + ain

3. Yion = 2pz,n — Tin

4. T nt1 = Tim + A (Din — Tin) (55)
(ii) For k=1,...,s

1. Wk,n = Z;il Lk,iyi,n - Sk,nvk,n - dk,n

2. qk,n = Jvk,anzl ('Uk,n + Vk,n(wk,n - Tk)) + bk,n

3. Vk,n+1 = Vk,n + An(qk,n - vk,n)y
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where, for every i € {1,...,m} and every k € {1,...,s}, the following condi-
tions hold.

(a) (Vn € N) U;ni1 = Uiy and Vi i1 = Vi, and

Hi= Sug{”Ul,nH, R ||Um1n||7 H‘/l,n”, ey ||‘/Sﬂl||} < +o0.
ne

(b) (Cin)nen are operators from Hi X ... X Hy, to H; such that
(b1) (C;,n—Ci)nen are Lipschitz continuous with respective constants (Kin)nen
€10, 4o00[ satisfying
Z Rin < 400.

neN

(b2) There exists § € Hi X ... X H,, not depending on i such that
(VTL € N) Oi1n§ =(;s.

(c) (gk,n)nGN are operators from Gy, to Gi such that

(c1) (Skm — D Ynen are Lipschitz continuous with respective constants
(Mk,n)nen € 0, +00[ satisfying

Z Ne,n < +00.

neN

(c2) There exists W := (W;)1<j<s € G1 X ... X G5 not depending on k such
that

(Vn € N) §k7nmk = Dk_lwk.

(d) (ain)nen and (¢in)nen are absolutely summable sequences in H,;.
(e) (bin)nen and (din)nen are absolutely summable sequences in Gy.

Corollary 4.1 Suppose that P # & and there exists Ly, ;, # 0, for some ig in
{1,...,m} and kg in {1,...,s}, and (12) is satisfied. For everyi € {1,...,m}
and every k € {1,...,s}, let (Tin)nen and (Vg n)nen be sequences generated
by Algorithm 4.1. Then, the following hold for some (T1,...,Tm) € P and
(v1,...,0s) € D.

(a) (Vie{l,...,m}) xin —T; and (Vk € {1,...,8}) vgn — Tk.
(b) Suppose that the operator (z;)1<i<m > (Cj(Xi)1<i<m)1<j<m 1S demiregu-

lar (see Lemma 2.1 for special cases) at (Ty,...,Tm), then (Vi € {1,...,m})
Tin — Ti.

(c) Suppose that D;l is demiregular (see Lemma 2.1 for special cases) at U,
for some j € {1,...,s}, then v;, — ;.

(d) Suppose that there exists j € {1,...,m} and operator C: H; — H; such
that (V(z:)1<i<m € (Hi)i<i<m) Cj(21,...,2m) = Cz; and C is demiregu-
lar (see Lemma 2.1 for special cases) at T;, then z; ., — T;.
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Proof. Set g := min{w1,...,vs} and define
(Vke{l,....s}) Sk:Gix...xGs—Gr: (v1,...,0s) = Do, (56)

Then, for every v := (vk)1<k<s In G1 X ... X G5 and every w := (wg)1<k<s i
g1 X ... x Gs, we obtain

S S

Z (v —wy, | Spv — Spw) = Z (v —wy | Dy oy — D;lek>
k=1 k=1

S
>y || Dy ok — D g |

k=1
> o Y ||Dy o, = Dy Mg |
k=1
= o Y |Skv — Spw]?, (57)
k=1

which shows that (2) is satisfied. Note that the conditions (a), (b), (d), and (e)
in Algorithm 4.1 are the same as in Algorithm 3.1. Let us check the condition
(c) in Algorithm 3.1. For every n € N, define

(VkEe{l,...,8}) Skn:G1x...xGs— Gg: (v1,...,0s) ’—>§k,nvk- (58)

Since (gkn - Dk_l)neN are Lipschitz continuous with respective constants

(Mk,n )nen, for every v := (vg)i<k<s In G1 X ... X Gs, w = (Wg)1<k<s N
G1 X...x G, and every n € N, k € {1,..., s}, we have

[(Skin = Si)v = (St — Si)w|? = (S — Dy vk — (S — Dy Hwiel|?

< 0 llor — wi)?
S
<N > Moy —wjl®
=1

= ienllv — w|.

Moreover, it follows from (56), (58) and the condition (¢2) in Algorithm 4.1
that

(Vn S N)(k S {1, e S}) Sk)nm = §;€)nmk = D;lmk = S,w.

Hence, the condition (c) in Algorithm 3.1 is also satisfied. Furthermore, the
algorithm (10) reduces to (55) where By, is replaced by B;, . Next, since P # @,
we derive from (53) that, for every k € {1,...,s}, there exists Ty € Gy such
that

U € (Dk u Bk)(Z Lk,ifi — T;g) & ZLk,ifi — T € B;lﬁk + D;lﬁk, (59)
=1 =1
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and

(Vie{l,...,m}) =z — > Lj W€ ATi+Ci(T1,....,Tm),  (60)

k=1
which show that 2 # & and D # @. Inversely, if (Z1,...,ZTm,V1,...,0s) € 2,
then the inclusions (59) and (60) are satisfied. Hence (71,...,7s) € D and
(T1,...,Tm) € P. Therefore, the conclusions follow from Theorem 3.1. a

5 Application to Minimization Problems

We provide applications to minimization problems involving infimal convolu-
tions, composite functions and couplings. In the classic setting, the coupling
is often modeled by the constraints of the form

(Vke{1,...,s}) > Lrizi € Dy,
i=1

where (Dy)1<k<s are nonempty, closed and convex subsets of Gi. The degree
of violation of each hard constraint is measured by ¢p,. However, due to the
imprecise prior information or unmodeled dynamics in the data formation
process, there are inaccuracies in the definition of the several sets in the family
(Dk)1<k<s- Therefore, instead of coupling by hard constraints, some authors
use soft constraints by forcing Z;il Ly ;x; to be close to Dy. This forcing is
often measured by distance functions. This strategy was used in [41]. Here we
follow the approach of [30], we use the parallel sums to model the coupling but
we separate the smooth components and they are modeled by a differentiable
function ¢ € Io(H1 X ... X Hp).

Problem 5.1 Let m and s be strictly positive integers. For every ¢ € {1,...,m},
let H; be a real Hilbert space, let z; € H,;, let f; € Iy(H;). For every
k € {1,...,s}, let G; be a real Hilbert space, let r, € Gy, let £ € I'h(Gy)
be vg-strongly convex function, for some vy € 10,400, let gr € IH(Gr). For
every i € {1,...,m} and every k € {1,...,s},let Ly ;: H; — Gj, be a bounded
linear operator. Let ¢: Hq X ... X H,;, — R be convex differentiable function
with vy ! Lipschitz continuous gradient. The primal problem is to

m

minimize Z (fiws) = (@i | z3) ) + Z (kO gi) (Z Ly iz; — Tk)
i=1

r1€H1, . ;T EHm

i=1 k=1
"1‘90(&61, . ,.’L‘m),
(61)
under the assumption that there exists T := (Z1,...,ZTy) such that, for every

ie{l,...,m},

Z Ly ;T — Tk) + Vip(x), (62)

j=1

Zi € 8f1(fl) + i Lz,i o (8€k O agk) o (
k=1
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where V¢ is the ith component of the gradient Vi, and the dual problem is
to

m S
minimize O ; (2 — L7 v )
01€G1,...,0:€Gs (cp (;f1)>( ’ ; B ) cicm

30 (6500 + i 00) + (o | 1) )
k=1
(63)

In the case when the infimal convolutions are absent, Problem 5.1 often appears
in the multi-components signal decomposition and recovery problems; see [1,
8,41] and the references therein.

Ezxample 5.1 Some special cases of this problem are listed in the following.

(a) In the case when ¢: (@1,...,Zm) — > v, hi(x;), where, for every i in
{1,...,m}, h;: H; — R is a convex differentiable function with T;l-
Lipschitz continuous gradient, for some 7; € ]0, +oco[, Problem 5.1 reduces
to the general minimization problem [30, Problem 5.1] which covers a wide
class of the convex minimization problems in the literature.

(b) In the case when ¢: (z1,...,%,) — 0 and, for every k € {1,...,s},
Uk = g0y and g is a convex differentiable function with 7, !_Lipschitz
continuous gradient, for some 7, € ]0,+oo[, Problem 5.1 reduces to [41,
Problem 1.1].

(¢) In the case when m = 1, Problem 5.1 reduces to [27, Problem 4.1] which
was also studied in [24,28].

Algorithm 5.1 Let a € ]0,400[ and, for every i € {1,...,m} and every
ke {l,...;s}, let (Uin)nen be a sequence in Po(H;) and let (Vi n)nen be a
sequence in Py (Gr). Set S := min{vy,v1,...,vs}, and let ¢ € |0, min{1, B},
let (An)nen be a sequence in [e,1]. Let (xi0)1<i<m € Hi X ... X Hy and
(Vk,0)1<k<s € G1 X ... x Gs. Then, iterate, for every n € N,

(i) Fori=1,...,m
Ltin =351 Lj Ukn + Vien (@10, o Tmn) + Cin

U}
2. Pin ‘= pI"OXf;’n (xi,n - Ui,n (ti,n - Z’L)) + a;n
3. Yin = 2pi,n — Tin
4. Tin+l ‘= Tin + /\n(pl,n - xi,n) (64)
(ii) For k=1,...,s
Lowgp =370 Liitin — Vikn (Vkn) — din

-1

V,
2. qk,n = prong’n (Uk,n + Vk,n(wk,n - ’f‘k)) + bk,n
3. Vk,n+1 = Vk,n + )\n(qk,n - ’Uk,n)a

where, for every i € {1,...,m} and every k € {1,...,s}, the following condi-
tions hold.
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(a) (Vn S N) Ui,nJrl - Ui,n and Vk,nJrl ~ Vk,n; and

Hoi= Sug{”Ul,nH, R ||Um1n||7 H‘/l,n”, ey ||‘/Sﬂl||} < +o0.
ne

(b) (¢on)nen are differentiable functions in Io(H1 X ... X Hy,) such that
(b1) (Vipn — Vio)nen are Lipschitz continuous with respective constants
(Kin)nen € 10, +00[ satisfying

Z Kin < 400.

neN

(b2) There exists § € Hi X ... X H,, not depending on i such that
(Vn e N) Vion(3) = Vip(3).

(c) (Zk,n)neN are differentiable functions in I'y(Gr) such that
(c1) (Vlkn — Vi )nen are Lipschitz continuous with respective constants
(Mk,n)nen € 0, +00[ satisfying

Z Nk,n < +00.

neN

(c2) There exists W := (W;)1<j<s € G1 X ... X Gs not depending on k such
that _
(Vn S N) V&M(Ek) = VEZ(EIC)

(d) (ain)nen and (¢in)nen are absolutely summable sequences in H,;.
(e) (ben)nen and (din)nen are absolutely summable sequences in Gy.

Corollary 5.1 Suppose that there exists Ly, i, # 0, for some ig € {1,...,m}
and ko € {1,...,s}, and (12) is satisfied. For every i € {1,...,m} and every
ke {1,...,s}, let (zin)nen and (Vgn)nen be sequences generated by Algo-
rithm 5.1. Then, the following hold for some solution (Ty,...,Tm) to (61) and
(T1,...,Ts) to (63).

(a) (Vie{l,...,m}) xin —T; and (Vk € {1,...,8}) vgn — Tk.
(b) Suppose that ¢ is defined as in Example 5.1(a) and h; is uniformly convex

at T, for some j € {1,...,m}, then z;, — T;.

c) Suppose that 0% is uniformly convex at U;, for some j € {1,...,s}, then
S that 03 i ) ly t 7, j 1 th
Vjn — Uj.

Proof. Set

R (65)

(VZ S {1, e m}) A; = 8f1 and C; := VZ‘QD, Oi,n = Vﬂpn
(Vk € {1,...,s}) Bp:=0gx and Dy :=0l, Skn=Vln.

Then, it follows from [6, Theorem 20.40] that (A;)1<i<m, (Bk)i<k<s, and
(Dk)1<k<s are maximally monotone. Moreover, (C1,...,Cy,) = Vo is vp-
cocoercive [43,44]. Since, for every k € {1,...,s}, £ is v-strongly convex,
Ol is vg-strongly monotone. Therefore, every condition on the operators in
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Problem 2.1 is satisfied. Since, for every k € {1,..., s}, dom/; = Gk, we next
derive from [6, Proposition 24.27] that

(VkE {1,...,8}) 0, O gx) = Ogi, O Oy, = By, O Dy. (66)

Let ‘H and G be defined as in the proof of Theorem 3.1, and let L, z and r be
defined as in (14), and define

f:H —]—00, ool @ >oiv, filwi)
9:G — ]—00, +oo[: v 377 gr(vk)
0: G —]—00,+00[: v Y 1y lilvk).

Observe that [6, Proposition 13.27],

ffry— Zf;‘(yl), g v Zg}:(vk), and (v ZEZ(Uk).
k=1

i=1 k=1
We also have

(O0g:v— i(fk O gk)(vk).

k=1

Then, the primal problem becomes
mi;lierﬁize fl@)—(z|z)+({Og)(Lx—7r)+ o(x), (67)
and the dual problem becomes
mir;ienglize (O f)z— L)+ (v)+g"(v)+(v]|r). (68)

Then, by (62), T = (T1,...,Tm) is a solution to (53), i.e., for every i in
{1,...,m},

Zi € (9fz(fl) + Z L,’;y((&ﬂk O 8gk) (Z Ly ;T — T‘k>) + Vi(p(i).
k=1 j=1
Then, using (65), (66), [6, Corollary 16.38(iii)], [6, Proposition 16.8],
0€d(f+(-12)@) +L (00 g)(LT~7)) +Ve(@).  (69)
Therefore, by [6, Proposition 16.5(ii)], we derive from (69) that

0e0(f+(12)+{DgL: —1)+v)@).
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Hence, by Fermat’s rule [6, Theorem 16.2] that & is a solution to (67), i.e,
T is a solution to (61). We next let T be a solution to (54). Then, using [6,
Theorem 15.3] and (5),

—re —L((af FV) Mz - L*E)) +(89)"'(®) + (00)~ (%)
- _L(a( F4o)(z— L*m) + 89" (T) + 00" (T)
- _L(a( F O (z — L*E)) + 8g™ (%) + O (7). (70)
Therefore, by [6, Proposition 16.5(ii)], we derive from (70) that
0c a((sp* Of)z—L*) + 0 +g" + (| r>)(m.

Hence, by Fermat’s rule [6, Theorem 16.2] that T is a solution to (68), i.e, T is
a solution to (54). Now, in view of (4), algorithm (64) is a special case of the
algorithm (55). Moreover, every specific condition in Corollary 4.1 is satisfied.
(a): It follows from Corollary 4.1(a) that (z1m,...,Zmmn) = (T1,---Tm)
which solves the primal problem (61), and that (vip,...,vsn) = (T1,...,Ts)
which solves the dual problem (63).
(b)(c): The conclusions follow from Corollary 4.1(c)(d) and Lemma 2.1(b).
ad

Remark 5.1 Here are some remarks.

(a) Sufficient conditions, which ensure that the condition (62) is satisfied, are
provided in [30, Proposition 5.3]. For instance, if (61) has at least one
solution and (71, ...,7s) belongs to the strong relative interior of E defined
by

{ “ (Vi€ {1,...,m}) x; € dom f;
(ZLk,ixi — ’Uk) : .
P 1<k<s (VE € {1,...,s}) vg € dom gi + dom ¢},
(b) Inthe case when m = 1, the algorithm (64) reduces to [24, Eq.(5.26)] where
the connections to existing work are available.

6 Multi-dictionary Signal Representation

Dictionaries have been used in the variational signal processing problems [45,
Section 4.3]. Let us recall that a sequence of unit norm vectors (ox)rex C H
(@ # K C N) is a dictionary with dictionary constant w in ]0, +oo] if

(VzeH) D [a|ow) | < pll=)®

keK

Then, the dictionary operator is defined by
F:H—P(K): ze ((x]ox)kex (71)
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and its adjoint is

. f2(K) — H: (wk)keK — Zwkok.
kek

Dictionary extends the notion of orthonormal bases and frames which play
a significant role in the theory of signal processing. It is mainly due to their
ability to efficiently capture a wide range of signal features; see [1,46-48] and
the references therein. The focus of this section is to explore the information
of the original signals (Z;)1<;<m which are assumed to be available on the co-
efficients of dictionaries (((Z; | 0i,5))1<i<m ) ek and close to (soft constraints)
nonempty, closed and convex subsets (C;)1<i<m modeling their prior infor-
mation. The rest of the information available will be modeled by potential
functions (f;)1<i<m (hard constraints). Furthermore, the data-fitting terms
are measured by non-smooth functions.

Problem 6.1 Let H be a real Hilbert space, let m and s be strictly positive
integers such that s > m, let v € |0, +00|, and let K be a nonempty subset of
N. For every i € {1,...,m}, let G; := ¢*(K), let f; € Io(H), let (0; ;)jex be a
dictionary in ‘H with associated dictionary operator F; and dictionary constant
Wi, let (¢; ;) jex be a sequence in I'h(R) such that (V5 € K) ¢; ; > ¢; ,(0) = 0,
let C; be a nonempty closed convex subset of H. For every k € {m+1,..., s},
let Vi be a real Hilbert space, let 1, € Vg, let S be in ]0,+oo]. For every
ie{l,...,m}and every k € {m+1,...,s}, let Ry ;: H; — Vi be a bounded

linear operator. Set C' := X i—1Ci. The primal problem is to

minimizeH Z filz) + Z Z¢i,j(<$i | 0i,5))
i=1

T1EH,...,.zmE

i=1 jeK
+ Z Brl|lre — ZRk,ﬂi + vdo(xq,. .. ,xm)2/2
k=m+1 i=1
(72)
and the dual problem is to
P - 1 2 *> < * > * )
minimize oc;, +—| - af; - F& — Ry v
(51)~~~7£7n;1}7n+17~~~,1)3)€W ; <( 27” || ) f g k:;‘rl k,
22 &)+ 3 (el
k=1j€eK k=m+1
(73)

where W is defined by

51 S £2(K)7 .. 75777, S KQ(K)v
W= {(517'-'7§mvvm+17"'7’05) : Um-l-legm-l-la"'avsegsu }
va+1|| S ﬂerlv ) Hvs” S ﬂsa
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Lemma 6.1 Problem 6.1 is a special case of Problem 5.1 with ¢ := vyd% /2
and vy 1=y, and

(k,i) € {1,...,m}?) z; :== 0,Gy, := L2(K),r, := 0 and {}, := {0}
(Vke{l,...,m}( e{1,...,m}) L;; := F; and Ly,; := 0 otherwise,
(Vk € {L,....m}) gi: (2(K) = ]—00, +00] : & = 3k Pj(Ek,s)s
(Vke{m+1,...,8}) Gk := Vi, bi := 1oy and gr. == Bi| - ||,
(Vke{m+1,...,s})(Vie{l,...,m}) Ly := Ry.

(74)

Proof. Let us note that, by [6, Corollary 12.30], ¢ is a convex differentiable
function with

(Vz € (Hi)i<i<m) Ve(x)=y(x - Pex) =v(z; — Po;zi)1<i<m.  (75)

Since Id — P¢ is firmly nonexpansive [6, Proposition 4.8], Vi is y-cocoercive.
Next, for every k € {1,...,s}, G is a real Hilbert space and ¢ € I(Gk)
and by [12, Example 2.19], gx € I5(Gx). Hence the conditions imposed on the
functions in Problem 5.1 are satisfied. Now we have

(Vo € Gr) (b O gr)(v) = Jnf (le(w) + gr(v —w)) = gr(v).  (76)

Therefore, in view of (71) and Lemma 6.1, for every i € {1,...,m} and every
x; € H, we have

Ek O gk (ZL;”:EZ ) :291-(1:‘1-%)
=33 6i((wi | 0ig)) (77)

i=1 jeK

m

k=1

We derive from (77), Lemma 6.1 and (76) that (61) reduces to (72). For every
ke {m+1,...,s}, let Bg(0;8%) be the closed ball of Y, center at 0 with
radius Sg. Using [6, Example 13.3(v)], [6, Proposition 13.27] and [6, Example
13.23], we obtain

(Vk € {m+ 17 ) S}) QZ = (ﬂk” : H>* = LBk(O;ﬂk))

(Vi€ {l,...om}) gc (Gog)iex = D 7, (78)
jeK
and
o =oc+ (- P/2) ol =oc+-17/27) = (oc, + - 17/(2v)). (79)
=1
Moreover,

oo (3 5) =3 (oo + 1 1) & 1) (50)

=1
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We derive from (77), Lemma 6.1, (78), (79) and (80) that (63) reduces to (73).
d
Lemma 6.1 allows to solve Problem 6.1 by Algorithm 5.1. More precisely,

we have the following algorithm.

Algorithm 6.1 Let € € |0, min{1,~v}[, let (A, )nen be a sequence in [e, 1], let
(Vi)1<i<s+m be a finite sequence in [e, +oo[ such that

(27 —¢) <1 =D S vimimei Y > '7i'7m+k|Rk,i||2> >x, (81
=1

i=1 k=m+1
where
X IR 0 )
For every i € {1,...,m}, let ((in,j)jex)nen be a sequence in R such that
S D i l? < 4o, (82)
neN |/ jeK

let (ain)nen be a absolutely summable sequence in H. Fix (z;0)1<i<m 0
Hi X ... X Hp, and for every i € {1,....m}, fix (&0,)jex in (2(K) and
(Vk,0)m+1<k<s M Gmi1 X ... X Gs. Then, iterate, for every n € N,

(i) Fori:=1,....m

1. ti,n = ZjEK gi,n,joi,j + ZZ:m-}-l Rzﬁivk,n + '-Y(xz,n - PCiIi,n)
2.Din = Pprox., ¢ (xm - %‘tz‘,n) + a;n

3. Yin = 2pi,n — Tin

4. Tip+1 = Tin + A Din — Tin)

(i¢) For k=1,...,m

For every j € K

ety = Eknyj T /\n(pFOX»Yqua;,j (ki + Ymak W | 0k 5))
+k g — §k,n,j)

(iti) For k=m+1,...,s

Lowin = 3500 RiiYin

Bie (Vi + Yimt k(Wi — Tk))

— vk1n>.
max {Bka Vkn + Yk (W — T) H}

2. Vk,n+1 = Vk,n + )\n (

Corollary 6.1 Suppose that (72) has at least one solution and (0, ...,0,7m41,
.,7s) belongs to the strong relative interior of E defined by

(Vi e {1,...,m}) z; € dom f;

{(ZLM%—U;@) : Q (Vk e {1,...,m}) v € F2(K), gi(vg) < +00 },
i=1 1<k<s (Vke{m+1,...,s}) vk € Wi
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where Ly, ; is defined in Lemma 6.1. Let (T1n, - - -, Tm.n)neN and (E1n, - Emons

Um41,ms- -5 Us,n)neN be sequences generated by Algomthm 6.1. Then, the fol-

lowmg holdfor some solution (Ty, ..., Tm) to (72) and (€, ..., &, Vmit, - - -, Vs)
to (73).

(@) (T1n5-- - Tmn) = (T1s- o, Tm). B

(b) (517717 s 75771,77.5 Um+1,mny---> vsyn) - (517 s 5€m76’m+15 e 755)'

(c) If C; = {0}, for some j € {1,...,m}, then x,, — T;.

Proof. For every i € {1,...,m} and every j € K, we have ¢} ; > ¢7,(0) =
Therefore, we derive from (78) and [6, Proposition 23.31] that

(V€ = (&)jex € *(K))  prox,. & = (proxy, &)jex- (84)
Next, for every k € {m+1,..., s}, using (78) again, we have
(Vo € Gr)  prox,- v = Pp, (0,6,)v = Brv/ max{ Bk, [[v]|}. (85)

In view of (84), (85), (75) and the definition of ((Lg,;)1<k<s)1<i<m i Lemma
6.1, the algorithm (83) is a special case of (64) with

Ui,n =% Id7

Vin = Tm Id7
(Vn e N)(Vi € {1,...,m})(Vk € {1,...,s}) ki = Ymtk
¢in=0 and dg, =0,

bin = (Qin,j)jek.

Moreover, we derive from (82) that the sequences ((b;n)nen)i<i<m are abso-
lutely summable, and from (81) that (12) holds. Finally, since (61) has at least
one solution and (0,...,0,7m41,...,7s) belongs to the strong relative interior
of E, as mentioned in Remark 5.1(a) that (62) holds. To sup up, every spe-
cific condition of Algorithm 5.1 and Corollary 5.1 is satisfied. Therefore, the
conclusions follow from Corollary 5.1(a)(b).

]

7 Conclusions

We have introduced a flexible duality framework to unify various duality frame-
works involving cocoercive operators in the literature, and provided new ap-
plications beyond the state-of-the art. The problem of choosing the metrics at
each iteration for the concrete problems in image processing is open.
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