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Abstract

We consider a controlled Schrédinger equation with a dipolar and a
polarizability term, used when the dipolar approximation is not valid.
The control is the amplitude of the external electric field, it acts non
linearly on the state. We extend in this infinite dimensional framework
previous techniques used by Coron, Grigoriu, Lefter and Turinici for
stabilization in finite dimension. We consider a highly oscillating con-
trol and prove the semi-global weak H? stabilization of the averaged
system using a Lyapunov function introduced by Nersesyan. Then it
is proved that the solutions of the Schrédinger equation and of the av-
eraged equation stay close on every finite time horizon provided that
the control is oscillating enough. Combining these two results, we get
approximate controllability to the ground state for the polarizability
system with explicit controls. Numerical simulations are presented to
illustrate those theoretical results.

Key words : Approximate controllability, Schrodinger equation, polariz-
ability, oscillating controls, averaging, feedback stabilization, LaSalle invari-
ance principle.

1 Introduction

1.1 Main result

Following [R] we consider a quantum particle in a potential V(z) and an
electric field of amplitude u(t). We assume that the dipolar approximation

is not valid (see [DBAY, DKAB]). Then, the particle is represented by its
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wave function (¢, z) solution of the following Schrodinger equation

O = (=B F V@)Y U@ +ut @y, xeD,
¢|8D = 07 .
with initial condition
¥(0,2) =¢°(x), = €D, (12)

where D C R™ is a bounded domain with smooth boundary. The functions
V,Q1,Q2 € C°(D,R) are given, Q) is the dipolar moment and Q2 the po-
larizability moment. For the sake of simplicity, we denote by L?, Hol and
H? respectively the usual Lebesgue and Sobolev spaces L?(D,C), H}(D,C)
and H?(D,C). The following well-posedness result holds (see [Ca]) by ap-
plication of the Banach fixed point theorem.

Proposition 1.1. For any ¢° € HXNH? and u € L? ([0, +00),R), the sys-

loc

tem (I1)-(I3) has a unique weak solution ¢ € C°([0, +o00), HiNH?). More-
over, for allt >0, [[¢(t,.)||r2 = ||¢°||12 and there ezists C = C(Q1,Q2) > 0
such that for any t > 0,

[0tz < 10|z o MR,
Let S = {¢ € L*D,C);||[¢|[z2= = 1} and (-,-) be the usual scalar
product on L?(D,C)

(f.9) = /D f(@)g@da, for f.g € L¥(D,C).

We consider the operator (—A + V) with domain Hj N H? and denote by
(Ak)ken+ the non decreasing sequence of its eigenvalues and by (¢ )gen+ the
associated eigenvectors in S. The family (¢ )ren+ is a Hilbert basis of L.
Our goal is to stabilize the ground state. As the global phase of the wave
function is physically meaningless, our target set is

C:={cp;ceCand|c| =1}, (1.3)

where ¢ := ¢1.

Let Jxg := {k > 2, (Q10, Pr) # 0} and Jy := {k: > 2:(Q10, dr) = 0}.
We assume that the following hypotheses hold.

Hypotheses 1.1.

i) Vk € Jy, (Q20, ¢r) # 0 i.e. all coupling are realized either by Q1 or Qq,

ii) Card(Jy) < oo i.e. only a finite number of coupling is missed by @1,
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ili) A\ —Ag # A\p — Ag for k,p,q > 1 such that {1,k} # {p,q} and k # 1,

Remark 1.1. The hypothesis i) is weaker than the one in [BN] (i.e. Jy = 0).
As proved in [N1| Section 3.4|, we get that generically with respect to Q1
and Q9 in C*°(D, R), the scalar products (Q1¢, ¢1) and (Q26, ¢i) are all non
zero. The spectral assumption i) does not hold in every physical situation.
For example, it is not satisfied in 1D if V' = 0. However, it is proved in [N1
Lemma 3.12] that if D is the rectangle [0, 1], Hypothesis 1.1 #4) hold gener-
ically with respect to V in the set G := {V € C®(D,R); V(x1,...,x,) =
Vi(z1) + -+ Vo(ay), with Vi € C*°([0,1],R)}.

As in [CGLT], we use a time-periodic oscillating control of the form

ultw) = a(v) + 5(w)sin (£). (1.4

Following classical techniques (see e.g. [SVM]) of dynamical systems in finite
dimension let us introduce the averaged system

104 tqy = ( - A+ V(x))wav + a(Vaw) Q1 (7)Yav
+ <a(7pav)2 + %ﬁ(wav)2> Q2(x)¢ava (15)

wav‘aD = O,

with initial condition

Yan(0, ) = ¥°. (1.6)
Let P be the orthogonal projection in L? onto the closure of Span {¢x; k > 2}
and 7 be a positive constant (to be determined later).

Our stabilization strategy relies on the following Lyapunov function (used in
[BN]) defined on S N HE N H? by

L0) = (A + V)Y + 1~ [, 6) 2 (17)
This leads to feedback laws given by
(thav(t,-)) = =kl (Yau (2, -)), B(Wav(t, ")) = g(I2(Yav(t,-)),  (1.8)
with £ > 0 small enough and
g € C*(R,R") satisfying g(z) = 0 if and only if z > 0, ¢ bounded, (1.9)
and for j € {1,2}, for z € H?,
L) =[-8+ V)P Q2 (-0 + V)P) — (@57 )(6.5)]. (110

We can now state the well-posedness of the averaged closed loop system

@3).
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Proposition 1.2. Let R > 0. There exists kg = ko (V,Q2, R) > 0 such that
for any v° € H2 N H N S with L(Y°) < R and k € (0, ko), the closed-loop

system (L3)-(L8)-(L8) has a unique solution 1., € C°([0,+00), H*> N HY).
There exists M > 0 such that

[aw ()2 < M, V> 0. (1.11)
Moreover, if AY® € H N H?, then A, € CO([0, +00), H} N H?).

We define X := {wo esn H& NH? Ay° € Hé N H2} the set of admissible
initial conditions. For an initial condition ¢° € X, we define the control

WE(0) 1=t () + B0l sin ( £). (112)
where 1), is the solution of (L3])-(L6)- (LS.

The main result of this article is the following one.

Theorem 1.1. Assume that Hypotheses [I1l hold. Let C, the target set, be
defined by (1.3). There exists ko = ko(V,Q2) > 0 such that for any k € ko,
for any s < 2 and for any Y° € Xy with 0 < L(Y°) < 1, there exist an
increasing time sequence (T, )nen in RY tending to +o00 and a decreasing se-
quence (€n)nen in R such that if ¢ is the solution of (11)-(L2) associated
to the control u® defined by (IL12) then for alln € N, if e € (0,¢,),

1
distyys (’l/]g(t, ),C) < Q—n, Vit € [TnaTn—f—l]-

Remark 1.2. Theorem [Tl gives the semi-global approximate controllability
with explicit controls of system ([I)). Hypotheses [[.T] are needed to ensure
that the invariant set coincides with the target set. The semi-global as-
pect comes from the hypothesis 0 < £()°) < 1 : by reducing v (in a way
dependant of +°), this condition can be fulfilled as soon as 9° ¢ C.

In Theorem [[I] there is a gap between the H* regularity of the initial
condition and the approximate controllability in H® with s < 2. The extra-
regularity is used in this article to prove an approximation property in H?
between the oscillating system and the averaged one (see Section B]). Weak-
ening this regularity assumption is an open problem for which an alternative
strategy is required. The last lost of regularity comes from the application of
a weak LaSalle principle instead of a strong one due to lack of compactness
in infinite dimension.

1.2 A review of previous results

In this section, we recall previous results about quantum systems with bi-
linear controls. The model (II]) of an infinite potential well was proposed by
Rouchon in |R] in the dipolar approximation (Q2 = 0). A classical negative
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result was obtained in [BMS| by Ball, Marsden and Slemrod for infinite di-
mensional bilinear control systems. This result implies, for system (L)) with
Q2 = 0, that the set of reachable states from any initial data in H2N H} NS
with control in L?(0,T) has a dense complement in H? N H} N S. However,
exact controllability was proved in 1D by Beauchard in [B] for V' = 0 and
Q1(r) = z in more regular spaces (H"). This result was then refined in [BL]
by Beauchard and Laurent for more general Q; and a regularity H>.

The question of stabilization is addressed in [BN] where Beauchard and
Nersesyan extended previous results from Nersesyan |[NI1|. They proved,
under appropriate assumptions on Q1, the semi-global weak H? stabilization
of the wave function towards the ground state using explicit feedback control
and Lyapunov techniques in infinite dimension.

However sometimes, for example in the case of higher laser intensities,
this model is not efficient (see e.g. |[DBA™| [DKAB]|) and we need to add a
polarizability term w(¢)?Q2(z)t in the model. This term, if not neglected,
can also be helpful in mathematical proofs. Indeed the result of [BN] only
holds if ()1 couples the ground state to any other eigenstate and then the
use of the polarizability enables us to weaken this assumption. Mathematical
use of the expansion of the Hamiltonian beyond the dipolar approximation
was used by Grigoriu, Lefter and Turinici in |[GLT, [T]. A finite dimension
approximation of this model was studied in [CGLT| by Coron, Grigoriu,
Lefter and Turinici. The authors proposed discontinuous feedback laws and
periodic highly oscillating feedback laws to stabilize the ground state. In this
article, we extend in our infinite dimensional framework their idea of using
(time-dependent) periodic feedback laws. We also refer to the book [Cor| by
Coron for a comprehensive presentation of the feedback strategy and the use
of time-varying feedback laws.

How to adapt the Lyapunov or LaSalle strategy in an infinite dimensional
framework is not clear because closed bounded sets are not compact so the
trajectories may lack compactness in the considered topology. In this direc-
tion we should cite some related works of Mirrahimi and Beauchard [BM], [M]
where the idea was to prove approximate convergence results. In this article,
we will use an adaptation of the LaSalle invariance principle for weak con-
vergence which was used for example in [BN] by Beauchard and Nersesyan.
There are other strategies to show a strong stabilization property. Coron
and d’Andréa-Novel proved in [CdAN] the compactness of the trajectories
by a direct method for a beam equation and thus the strong stabilization.
In [Coull, [Cou2| Couchouron gave sufficient conditions to obtain the com-
pactness in favorable cases where the control acts diagonally on the state.
Another strategy to obtain strong results is to look for a strict Lyapunov
function, which is an even trickier question, and was done for example in
[CdANB]| by Coron, d’Andréa-Novel and Bastin for a system of conservation
laws.

The question of approximate controllability has been addressed by var-
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ious authors using various techniques. In [N2|, Nersesyan uses a Lyapunov
strategy to obtain approximate controllability in large time in regular spaces.
In [CMSB]|, Chambrion, Mason, Sigalotti and Boscain proved approximate
controllability in L? for a wider class of systems using geometric control tools
for the Galerkin approximations. The hypotheses needed were weakened in
[BCCS] and the approximate controllability was extended to some H® spaces
in [BCC].

Explicit approximate controllability in large time has also been obtained
by Ervedoza and Puel in [EP| on a model of trapped ion, using different
tools.

1.3 Structure of this article

As announced in Section [T, we study the system (ILI) by introducing
a highly oscillating time-periodic control and the corresponding averaged
system. Section [2is devoted to the introduction of this averaged system and
its weak stabilization using Lyapunov techniques and an adaptation of the
LaSalle invariance principle in infinite dimension.

In Section B we study the approximation property between the solution
of the averaged system and the solution of (ILT)) with the same initial condi-
tion. We prove that on every finite time interval these two solutions remain
arbitrarily close provided that the control is oscillating enough. This is an
extension of classical averaging results for finite dimension dynamical sys-
tems.

Finally gathering the stabilization result of Section Pl and the approxi-
mation property of Section B we prove Theorem [I.1]in Section @l

Section [l is devoted to numerical simulations illustrating several aspects
of Theorem [LT and of the averaging strategy.

2 Stabilization of the averaged system

2.1 Definition of the averaged system

System (ILI)) with feedback law u defined by (L4)) can be rewritten as

0us(t) = 4v(t) + F (£.000))

ZZ)|BD = 0’

(2.1)

where the operator A is defined by D(A) := H?> N HE, Ay == (iA —iV )y

and

F(s,2) := —i(a(2) 4+ B(2)sin(s)) Q1z — i (a(z) + B(2) sin(s))? Qaz. (2.2)
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For any z, F\(.,z) is T-periodic (with here T' = 27). Following classical
techniques of averaging, we introduce F°(z) := %fOT F(t,z)dt. We can
define the averaged system associated to (2.I]) by

atwav = Awav + FO(T/Jav)7
wav‘aD = 0.

Straightforward computations of FO show that the system (23) can be
rewritten as (LH).

We show by Lyapunov techniques that we can choose o and g such that
the solution of the averaged system (Z3)) is weakly convergent in H? towards
our target set C.

(2.3)

2.2 Control Lyapunov function and damping feedback laws

Our candidate for the Lyapunov function, £, is defined in (7). It is
clear that £(1)) > 0 whenever ¢ € SN H{ N H? and that £(¥) = 0 if and
only if ¢ € C.

The main advantage of this Lyapunov function is that it can be used to
bound the H? norm. In fact, for any ¢ € SN H} N H?,

L) 2 2(=A + V)PPl 2 2aP)IR. - ¢ 2 JjaviE: - ¢,

where here, as in all this article, C is a positive constant possibly different
each time it appears. This leads to the existence of C' > 0 satisfying

19I5 < C(L+ L(¥), V¢ eSNHyNH. (2.4)

Remark 2.1. Although the idea of using a feedback of the form (L4 is
inspired by |[CGLT], the construction of the Lyapunov function and of the
controls is here different because we are dealing with an infinite dimensional
framework. We follow the strategy used in [N1l BN].

Choice of the feedbacks. dWe would like to choose the feedbacks o and
B such that for all ¢ > 0, —L(9a(t)) < 0 where 1, is the solution of

dt
(L3), [@T8).
If Avpyy(t) € HE N H? for all t > 0 then

%E(ww(t)) = 297Re[((—=A + V) POytpav, (—A + V) Pi)qy)]
— 2Re [<at7/)av, ¢> <¢, wav>]
- 27R6[<(_A + V)P (i — iV ey — i0Q1 %0y

—i(a® + %52)622%1)), (—A+ V) Ptgy)

_ QRQ[(Z'A%U — iV tpay — 1aQ gy — i(a® + %ﬁ2)Q2¢av, ®) (9, ¢av>].
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Then we perform integration by parts. As P commutes with (—A + V), V
is real and thanks to the following boundary conditions

(_A + V)Pwav\aD = wav\aD = ¢\8D =0,

we have
29Re[(=i(=A + V)2 P, (=2 + V) Piun)|
— 2Re (i = iV)Yav, 6) (6, V)]
= 29Re [(—N(—A + V) Py, V(—A + V)Pz/zav>]
+ 29Re [(—z’V(—A V) Piban, (—A + V)P¢av>]

42X\ Re [(z’zpw, ) (, wm)}
—0.

This leads to
L) = 200 0n () +2 (0?4 38) B O),  (25)

where I; is defined in (LI0).
In order to have a decreasing Lyapunov function we define the feedback laws
a and f as in (L8). Thus (2.5) becomes

£ (0) = 2 (K20~ kD) = 3Rg?(2) ) (2.

If we assume that we can choose the constant k& such that (1 — kl3) >0
for all t > 0 and if Av,,(t) € HE N H? then the feedbacks (L8) in system

(CH) lead to
CLwam) <0, viz0 @)

Well-posedness and boundedness proofs. Using the previous heuristic
on the Lyapunov function, we can state and prove the well-posedness of the
closed loop system (LLH])-(L8) globally in time and derive a uniform bound
on the H? norm of the solution. Namely, we prove Proposition

Proof of Proposition [I.2. By the explicit expression (LI0) of I2, we get for
any z € H?, |I5(2)| < f(||2||g2) where

f(x) = 1|QallLee +y (@ +|[V oo +A1) (|| Q2lc22+[V [ Loc || Q2] oo +A1 | Q2| L)
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Notice that f is increasing on RT. Let K := 2f< C(1+ R)) where C' is
defined by [24), ko := + and k € (0, ko).

The local existence and regularity is obtained by a classical fixed point
argument : there exists 7% > 0 such that the closed loop system (3]
with initial condition (L) and feedback laws (L.§]) admits a unique solution
defined on (0,7*) and satisfying either T* = +o0 or T* < 400 and

lim sup||Ya, (t)|| g2 = +00.
t—=T*
We have

. K
E0alO)] < £ < £ (VE+L0) < 5,
thus, by continuity, |I2(%e(t))| < K for ¢ small enough.
Let

Tinaz :=sup{t € (0,T%); | I2(Vay(7))| < K,¥YT € (0,8)} .
We want to prove that Tp,.. = T* = +oc.

For all t € [0, Tyaz), we have (1—kIs(tay(t))) > 0, which implies (by ([2.8])),
L(tay(+)) is decreasing on [0, Tinqez). Estimate (2.4)) leads to

[Yaw ()2 < \/0(1 + L(Wan()) < A/CA+ LWO)), V€ [0, Thnaz)

(2.8)
Let us proceed by contradiction and assume that T, < T%. This implies
| I5(Yau (Tinaz))| = K. By definition of K,

aGul)] < £ (VEU+L00) £ 5 ¥ € 0. T

This is inconsistent with |I2(Yay (Timaz))| = K 80 Tinae = T and the solution
is bounded in H? when it is defined. As no blow-up is possible thanks to
[28) we obtain that T),q, = T* = +oo and thus the solution is global in
time and bounded.

Finally, taking the time derivative of the equation we obtain the announced
regularity. O

2.3 Convergence Analysis

In all this section we assume that k € (0, ky) where kg is defined in Propo-
sition with R = 1. The closed-loop stabilization for the averaged system
(L3) is given by the next statement.

Theorem 2.1. Assume that Hypotheses [I1 hold. If ¥° € Xy with 0 <
L(YY) < 1, then the solution 14, of the closed-loop system (L3)-(L8) with
initial condition (I.0) satisfies

Yaw(t) T C in H>
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We prove this theorem by adapting the LaSalle invariance principle to
infinite dimension in the same spirit as in [BN]|. This is done in two steps.
First we prove that the invariant set, relatively to the closed-loop system
(LH)-(T8) and the Lyapunov function L, is C. Here, Hypothesis [T is cru-
cial. Then we prove that every adherent point for the weak H? topology
of the solution of this closed-loop system is contained in C. This is due to
the continuity of the propagator of the closed-loop system for the weak H?
topology.

2.3.1 Invariant set

Proposition 2.1. Assume that Hypotheses[IT.1 hold. Assume that ¢° belongs
to SN HY N H? and satisfies (0, @) # 0. If the function t — L(1ay(t)) is
constant, then ¢° € C.

Proof. Thanks to (2.06), the fact that (1 — kl2(1au(t))) > 0 for all ¢ > 0 and
(C3) we get

Il[wav(')] 0, I2(¢av('))92 (12(¢av('))) =0 le. I2(wav(t)) >0, Vt>0.

By (L8) this implies that a(te(+)) = B(Yan(-)) = 0 and then 1), is solution
of the uncontrolled Schrodinger equation. So,

Yau(t) = Z e Nty ¢5)P;-
j=1

Recall that ¢ := ¢ is the ground state. Following the idea of [N1], we obtain
after computations and gathering the terms with different exponential term

I (Yan(t)) = Z P, j,k,Qp)e =Mt 4 Z P, j, Q1)

Jik>2 J€J 0
+ ) W0, 8,)(0, 00 (@16, B) (1 + yAT)e TN A,
J€J20

where P(4°, 4, k, Q) and ]g(wo,j, Q1) are constants. Then, by [N1, Lemma
3.10),

W0, ;) (6, 0°)(Q1j, B) (1 +yA3) =0, Vj € Jx.

Using the assumption (¢,¢°) # 0 and Hypotheses [T it comes that for all
J € Jzo, (¥, ¢;) = 0. This leads to

ban(t) = M0 9+ D> eV, )0y,

j€Jdo
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where by Hypotheses [L1] Jy is a finite set. By simple computations we
obtain,

L(Wan(®) =T (37 325(65, 0ONE, GN(=A + V)P(Qar), b))

kJEJo

+ 37 65, 00 (W0, M~ A + VIP(Qa), 65)e Bt

j€Jdo

— > (W0, 8,)(¢,4°)(Qay, p)e N

j€Jo

1%, 6)*(Q29,6)) = 0. (2.9)
There exists No € N* and (i )neo,...,np} Such that

{pn;n€{0,..., No}} ={£(A = Aj); (. 7) € Jo x (JoU{1})},

with po = 0 and p; # p if j # k. Thus, ([29) implies that for any n €
{0, ..., No}, there exists A, = A, (¥°,Q2) € C such that

No
Im(ZAjeiﬂft> >0, Vt>0. (2.10)
=0

Straightforward computations give

Bo= 37 (2050 P(Qacs 65)) — (00, 0) (@26, 6).

j€Jo

Thus, Im(Ag) = 0 and our inequality 2I0) can be rewritten as
No
Im(ZAjeZ“jt> >0, V>0,
j=1

with the p; being all different and non-zero. Then using the same argument
as in [CGLT], Proof of Theorem 3.1], we get that A; = 0 for j > 1 and then
using (Z9) in particular that the coefficient of e=**%~*! vanishes. It implies
(2, ¢;) = 0 for all j € Jy. Consequently, ¥° = (0, ¢)¢p. As 40, ¢ € S, we
obtain ¥° € C. O

2.3.2 Weak H? continuity of the propagator

We denote by U; (/") the propagator of the closed-loop system (L5)-
(L]]). We detail here the continuity property of this propagator and of the
feedback laws we need to apply the LaSalle invariance principle.
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Proposition 2.2. Let z, € SN H& N H? be a sequence such that z, — Zso
in H%. For every T > 0, there exists N C (0,T) of zero Lebesque measure
verifying for all t € (0,T)\N,

i) Up(zp) njoo Us(z00) in H?,

Z'Z') a(ut(zn)) n——>>oo a(ut(zoo)) and B(ut(zn)) n——>>oo ﬁ(ut(zoo))

Proof. Proof of ii). We start by proving that if (2, )nen € HE N H? satisfy

Zn = Zeo in H? then a(z,) — a(zs) and B(zn) — B(zso). Thus ii)
n—o0 n—00 n—0o0

will be a simple consequence of 7). As proved in [BN] Proposition 2.2|, using

the fact that the regularity H3/2 is sufficient to define the feedback, we get

Ii(zn) — Ij(2), forj=1,2.

n—-+o0o

So by the design of our feedback,

o(zn) njoo a(200),  B(2n) njoo B(200).
Proof of ). The exact same proof as in [BN| Proposition 2.2| based on
extraction in less regular spaces, uniqueness property of the closed loop sys-
tem and taking into account the polarizability term leads to the announced
result. O

2.3.3 LaSalle invariance principle

We now have all the needed tools to prove Theorem 2.1

Proof of Theorem [Z. Consider ¥° € Xy with 0 < £(°) < 1. Thanks to
the bound (2.4), U; (") is bounded in H2. Let (t,)nen be a sequence of
times tending to 400 and 1s, € H? be such that Uy, (¢9) e o in H2.
We want to show that 1, € C.

We prove that a(U; (1)) = 0 and B(Ui(s)) = 0. Indeed, the func-
tion ¢ — a(U(¥?)) belongs to L*(0,+o0c) (because of (2.0) and (L)) so
the sequence of functions (¢ € (0,400) — a(Us,1+(¢")), tends to zero in
L?(0,400). Then by the Lebesgue reciprocal theorem there exists a subse-
quence (tn, )gen and N1 C (0,400) of zero Lebesgue measure such that

a(Z/{thk (T,ZJO)) k——>>oo 0, Vte (0, +OO)\N1

Let T' € (0,400). Using Proposition 2.2] there exists N C (0,T") of zero
Lebesgue measure such that

a(Upt,, (7)) 7 a(U(¥ss)),  VEE (0,T)\N.



3 APPROXIMATION BY AVERAGING 13

Hence, o(Us(1s)) = 0 for all ¢ € (0,7)\(N1 U N). The function ¢t —
o (U (1)) being continuous we get a(Uy(¢so)) = 0 for all ¢ € [0,T], and
this for all 7> 0. Finally (U (1)) = 0 for all t > 0.

The same argument holds for 8 as g : t — I (Ut(z/)o))gQ (IQ (Ut(¢0)))
belongs to L'(0,+00). Then by the proof of Proposition 2.2

g(ut+tnk (¢0)) k;——>>oo g(Ut(¢w)), vt € (O’ T)\N’

and §(Uy(¢so)) = 0 implies B(Uy (1)) = 0.
These two results lead to the fact that £ (U (o)) is constant.
By &7), L(¢s0) < L°) < 1 50 (Yoo, @) # 0. All assumptions of Proposi-
tion 2.1] are satisfied then ., € C.
This concludes the proof of Theorem 2] and the convergence analysis of

@3). O

3 Approximation by averaging

The method of averaging was mostly used for finite-dimensional dynam-
ical systems (see e.g. [SVM]). The concept of averaging in quantum control
theory has already produced interesting results. For example, in [MSR] the
authors make important use of these averaging properties in finite dimension
through what is called in quantum physics the rotating wave approximation.
The main idea of using a highly oscillating control is that if it is oscillating
enough the initial system behaves like the averaged system. We extend this
concept in our infinite dimensional framework : we prove an approximation
result on every finite time interval. More precisely we have the following
result.

Proposition 3.1. Let [s,L] be a fived interval and ¥° € Xy with 0 <
L) < 1. Let g be the solution of the closed loop system (I3),(138)
with initial condition 1, (s,) = YV, For any 6 > 0, there exists g > 0 such
that, if 1. is the solution of ({I1l) associated to the same initial condition
Ye(s,-) = ¢° and control uf(t) defined by (I13) with ¢ € (0,e¢) then

Hwa(tv ) - wav(ta )HH2 < 5, Vt € [S, L].

Remark 3.1. Notice that the controls a and 8 were defined using the averaged
system in a feedback form but the control u® used for the system (1) is
explicit and is not defined as a feedback control.

Remark 3.2. Due to the infinite dimensional framework, we are facing regu-
larity issues and cannot adapt directly the strategy of [SVM].

Proof. We define for (t,z,%2) € R x H? x H?,

F(t,z 2) == —i(a(Z) + B(2)sin(t)) Qiz — i (a(Z) + B(Z)sin(t))? Qaz. (3.1)
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Notice that thanks to ([2.2)) for any (¢,z) € R x H?,
F(t,z,2) = F(t,2). (3.2)

With these notations the considered system (L) with control (ILI2) and
initial condition v.(s,-) = ¥ can be rewritten as

0ue) = Avt) 4 F (00,00
%@D = 07

where 1), is the solution of the closed-loop system ([L5]) with initial condition
wav(& ) = 1/}0'
Denoting by T4 the semigroup generated by A, we have for any ¢t > s,

50y =Tt =+ [ Tae = 1 (L), vl
Vao(t) = Ta(t — s)y¥ + /: Ta(t — 7)F° (au(1))dr

This implies for any ¢ > s,

:TA(t —7) [F (g,%vm) _ o (qpm,(T))] dT(

/stTA(t—T){ < e (7)), T/Jav(T)> —F<g,¢av(7)>}d7‘

[V (t) = Yaw ()] 12 <

H2

]

(3.3)
We study separately the two terms of the right-hand side of ([B.3)).

First step :  We show the existence of C' > 0 such that for any t > s, for
any € > 0,

| [ a0 [F (Gt iato)) = (Letatr)] ] ,
< C/: [[6:(7) = ()] d
By ([22),3J), it comes that for any 7 > s, for any ¢ > 0,

B (2020, t0(7)) = F (L0
~i (aWarl7) + BWar(T)sin (£)) Q1 [0e(r) = Yuu(7)]
~ i (altbun) + B sin (2))” Q2 [(r) ~ ()]

(3.4)
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As g, is bounded in H?, using (L8) and (LI0O) we get the existence of
M7 > 0 such that for all 7 > s,

|(thaw (T))] + [B(thav (7)) < M. (3.5)

As [sin (Z) | < 1, we get the existence of C' > 0 independent of & such that
for any 7 > s, for any € > 0,

1 (2, 0e0), Yan(0) = F (£, van(7) |

Then the contraction property of T4 implies (3.4).
Second step :  We show that there exists C' > 0 satisfying for all ¢ € [s, L],
for any € > 0,

2 < O[T —va (D] - (36)

H /: Ta(t = 7) [F (L 6a() - @) ar||  <ce @)

We follow computations on the semigroup 74 done in [HL]. For (¢,v) €
R+ x C1([s, L], H?), we define U and H by

Ut () : = /0 (F(r,0()) - FO@(-)))dr,
H(t,v) : = d,U(t,v)v,

where v is the time derivative of v.
Notice that the T-periodicity of F(-,v) and the definition of F© imply that
U(-,v) is also T-periodic.

Lemma 3.1. As ¥4, € CY([s, L], H} N H?), we have for any t € [s, L), for
any € > 0,

/StTA(t —7) [F (;ww(ﬂ) _ Fo(%(T))] dT:
v <§’¢“”(t)> — eTalt = U (2 a0(s)

t t
+5A/ Ta(t = 1)U (£, Yaulr)) d7 = g/ Ta(t = 1)H (£, vu(r)) dr.
S S
Proof. The proof is done in [HL, Lemma 2.2] . O
We study separately each term of the previous right-hand side.
o With k = ||, we have £ — kT € [0,T] and by periodicity

U <£7¢(w(t)> _ /Ot/E <F(7-’ wav(t)) _ Fo(wav(t))>d7'
t/e—kT
- / / (F(r,an(®) = FO(@au(1)) ) dr.
0
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As 14, is bounded in H? and a(v4y), 3(¥ay) are bounded there exists My > 0
such that

1E(7, Yo ()l 2 < Mo, ||F®($au(t) |52 < Ma, V7 >0,V > s.

This leads to

o (Lvmio) |

The same computations lead to

t/e—kT
- < / 2ModT < 2MsT, VYVt > s,Ve > 0.
0

HTA(t U (S,wav(s)) Hm < 2M,T, Vit > s,¥e> 0.

Then,

< (e, Vt>s,Ve>0.

HeU <£,wav(t)> +eTu(t — s)U (S’W(S)) ‘ 2
(3.8)

e By switching property,

A [ Tt =0 (b)) ar = [ Tt = )40 (o)) o
and for any t € [s, L], for any & > 0
a0 (L) =4 [ (PG vat) - )]
_ /0 T ARG banlt) — AF(an(8))]

By definition of F and F° we have

AF(t,2) = —i(a(z) + B(2)sin(t)) A(Q12) — i(a(2) + B(2) sin(t))* A(Q22),

AFY(2) = —ia(2) A(Q12) — i (a(z)2 + %ﬁ(z)2> A(Qq2).
By regularity hypothesis on Q1, Qs and V there exists C' > 0 such that

1A@12) |l < CllAZ||H2,  [[A(Q22)] |52 < CllAZ]|g2-

Thus thanks to Proposition and the bound [B.5) on a(ty,) and S(¥ey),
we get the existence of M3 > 0 satisfying

AF (7, a0 ()|l 12 < Ms,  [JAF? (a0 (D))lz < Ms,  ¥7 2 0,¥t € [s, L],
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So, for any t € [s, L], for any ¢ > 0,
quently , there exists C' > 0 such that

‘AU(ﬁ,qb(w(t))HHQ < 2M3T. Conse-

HEA/: Ta(t — 1)U (g,w(w(ﬂ) dTHm < Ce, Vtel[s,L],Ve>0. (3.9)

e For the last term we need to estimate H (ﬁ, wav(t)). We have
t t
H <g,1/1av(t)> =d,U (gﬂ/&w(ﬂ) -8t¢av(t)

- /Ot/a_HT <dvF(T, Yav) -0y — dFO(¢av)-at7,Z)aU>dT.

Using (L8) and (LI0), we have for any v,w € C%([s, L], Hi N H?),
da(v).w = —kdL (v).w,  dB(v)w = ¢ (Io(v))dLy(v).w, (3.10)
where,
dI;(v).w = Im |7 {(—=A + V) P(Qw), (~A + V) Pv)
+ (= + V)P(Q0), (~A + V) Pw)
— (Qw, 8)(@:v) = (Qv,6)(6,w)] .
Finally, we have

dy F(t,v).w = —i(a(v) + B(v) sint)Qrw — i(da(v).w + dB(v).wsint)Q v

—i(a(v) + B(v) sint)?Qow — 2i(a(v) + B(v) sint)(da(v).w + dB(v).wsint)Qov,
(3.11)

and

dF(v).w = —ia(v)Qrw — ida(v).wQiv — i <a(v)2 + 35(0)2) Qaw
—i(2a(v)da(v).w + B(v)dB(v).wsint)Qav. (3.12)

By Proposition 2] dytba, € CO([0,+00), HE NH?) so there exists My > 0
such that
Hatwav(t)HHQ < M4, Vt € [S, L]

Hence the same computations as previously lead to the existence of C' > 0
satisfying

|[da(ay (1))-Orthan (8)] + [dB(av () -Oetban ()| < C, Vi€ [s, L],
and thus by BI1),[BI2), for any ¢ € [s, L], for any 7 > 0,

1doF (7, Pau (1))-O¢tban (8)|| 2 + [|AF (Y (t))-Otban (t) | 2 < C.
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As a consequence,

HH (;%Jﬂ) Hm <OT, Vrels L],Ve >0,

and then,

He/: Ta(t —7)H (g,wav(ﬂ) HHQdT < (CLT)e. (3.13)

We are now able to deal with the remaining term of the right-hand side of
B3). Gathering inequalities (B.8), (B9) and [B.I3) in Lemma 3.1l we obtain
that there exists C' > 0 such that inequality (3.7]) holds.

Third step :  Putting together (B.3)), (3.4]) and (B.7) we obtain that there
exists C' > 0 such that for any ¢ € [s, L], for any € > 0,

t
[62(t) = than(®)|lzr2 < Ce +C / 42(7) — thau (1) | g2l

Hence Gronwall’s lemma implies
[[1=() = Yau ()| 2 < Cee?C™) < (Ce“E)e, Wt € [s, L],

. . : o
and Proposition B.1]is proved with g = CoCT—5) - O

Remark 3.3. The proof we used is fundamentally based on the boundedness
of Athgy(t) on [s,L] and on Gronwall’s lemma so it cannot be extended
directly to an infinite time interval [s, +00).

4 Explicit approximate controllability

The solution 1), of the averaged system (LLH]),([L.8]), can be driven in the
H? weak topology to the target set C. The solution . of the system (L))
associated to the same initial condition, with control u®, stays close to ¥4,
on every finite time interval provided that the control is oscillating enough.
Gathering these two results we prove Theorem [L1]

Proof of Theorem Il We consider s < 2 fixed.
By Theorem 21| we can construct an increasing time sequence (7},)nen
tending to +oo such that for any n € N,

. 1
dlStHs (’l/]av(t),C) < W’ Vit > Tn (41)

Using Proposition B on the time interval [0, 7},+1] we then construct a
decreasing sequence (&, )nen such that for any n € N,

be (£) = b (8) |15 < 2n—1+1 Wt € [0, Tpa], Ve € (0,6,).  (4.2)



5 NUMERICAL SIMULATIONS 19

Then (£1),[2) imply that
1
Vn e N, distys(¥.(t),C) < o0 Vt € [Ty, Thy1], Ve € (0,6,),

which is the statement of Theorem [I.11 O

5 Numerical simulations

This section is dedicated to numerical simulations of system (L.I]). First, we
detail how we approximate the solutions of (L) and (L5]). Then, we check
the validity of the implemented code. Finally, we illustrate different aspects
of Theorem [Tl and of the averaging property, Proposition 3.1l

5.1 Settings

In all what follows, we set D = [0,1]. As the potential V' will vary in
this section, the eigenelements of —A 4V are denoted ¢ 1 and Agy. Any
function ¢ € L2((0,1),C) is approximated by its first M modes

M
Y(t) = Y wr(t)eny.
k=1

The unknown eigenvectors ¢y, v are approximated in the following way
N
Pk, v =~ Z a?sﬁk,o-
j=1
The equality (—=A + V)or v = A,y kv leads to BdF = )\kyak with
ak = (a]f, - ,alfv)t’ B = diag()\l,o, e 7)‘N,0) + (<V(Pi,07 (‘Oj70>)1§i,j§N'

Notice that Ao = (km)? and pro = v/2sin(kn) are explicit. The scalar
products are approximated by the Matlab function quadl. The eigenele-
ments af and Ak, v are then approximated by the Matlab function eig.

5.2 Approximation of ¢. and v,
Let

HO = diag()\ly, . 7)\M,V)7 Hn = (<Q"(Pi7V7(P]'7V>)1§i7j§M’ n e {1,2}.

It follows that the feedback laws (LI0) are approximated, for X € RM and
j€{1,2}, by

L(X): = Im<7(H0(0, (H;X)a, ..., (H;X)a)")' (Ho(0,73, . .., 737))

- (HjX)190_1> ;
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leading to
a(X) = -k (X), B(X):=—min(l2(X),0).

Thus, if we define X, X. € RM systems (1)) and (L5) are approximated
by

d
i Xe = (Ho + ue(t)Hy + u-(t)*Ho) X, (5.1)
and
.d 2 1 2
Z&Xav = (Ho + (X)) Hy + (o (Xav) + 5ﬁ(Xm,) VH2) X 0, (5.2)

where ug (t) = a(Xa (1)) + B(Xao(t)) sin(t/e). Equations (51)) and (5.2)) are
solved numerically (simultaneously) using Euler method with a time step d¢
and a Strang splitting method.

5.3 Validation

We now prove the validity of the implemented code. The eigenvectors ¢y, v
are approximated by N = 50 modes. We take, as a test case, V(z) :=
(r —1/2)?, Q1(z) := 2? and Qz(z) := x. The considered initial condition is
Y0 = %801,\/ + %9023/. The value of the oscillating parameter is € = 1073.
The parameter  is chosen such that £(¢°) = 3/4. We compute the discrete
Lyapunov function for the averaged system and the H® norm (with s = 1.8)
to the ground state for both the oscillating and the averaged system. The
time scale is [0,7] with T' = 1000 and a time step dt = 1073, For M = 5,
we get the results presented in Figure [

‘‘‘‘‘‘‘‘‘‘

Figure 1: Lyapunov function of the averaged system (left). H® norm to
the ground state (right) for the averaged system (continuous line) and the
oscillating system (dashed line).

As expected, we observe the convergence of the Lyapunov function to 0. The
solutions of (B.J) and (B.2) are driven to the ground state (up to a global
phase). To validate the simulations, we have also tested the code for M = 10
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and M = 20. We obtained the same asymptotic behaviour and the same
values for the Lyapunov function and the H® distance to the target.

As the approximate controllability uses the fact that the controls are oscil-
lating, the time step d¢ cannot be taken large with respect to the oscillating
parameter €. For ¢ = 1073, we obtain the same results with d¢ = 1073
and dt = 10~%. However, instabilities appear on the oscillating system for
dt = 1072, Thus, in all what follows the time step will be chosen smaller

than . We now present several simulations to illustrate various aspects of
Theorem [T 11

5.4 Influence of the initial condition

For every other initial condition tested, the asymptotic behaviour is the
same. We present here the results for the same parameters as in Figure [l
but with the initial condition ° = %@17\/ + %tpg,v + ﬁ(p&v. In this case,
the stabilization of the averaged system is slower and we computed it for
T = 5000.

Lyapunov function of

Figure 2: Lyapunov function of the averaged system (left). H® norm to
the ground state (right) for the averaged system (continuous line) and the
oscillating system (dashed line).

We observe the same asymptotic behaviour as in Figure [I1

5.5 Averaging strategy

We present numerically the influence of the oscillating parameter . First,
we consider the same potential, dipolar and polarizability moments as in
Figure [l We compute the discrete H® norm (for s = 1.8) to the ground
state (up to a global phase) and the discrete H? norm of X,, — X.. Figure
Blis obtained with e = 1072 while Figure @ is obtained with ¢ = 10~4. Both
are computed with a time step dt = ¢ and final time T" = 500.
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Figure 3: H® norm to the ground state (left) for the averaged system (contin-
uous line) and the oscillating system (dashed line). H? gap from the average
(right).

H2 distance between g and u

Figure 4: H® norm to the ground state (left) for the averaged system (contin-
uous line) and the oscillating system (dashed line). H? gap from the average
(right).

For a fixed parameter ¢, we observe that the H? distance between the
solution of (II]) and the solution of (LH) with the same initial condition does
not increase as the time goes to infinity but rather tends to a limit value.
This limit value is of the same order of magnitude as . We observe that

Xao(T) = X002 _ o
D) = Yo (D)l

This validates numerically the results of Proposition B.1] and indicates that
this averaging property should be valid on an infinite time horizon.

The same behaviour has been obtained with other parameters. We
present here the simulations with Q1(z) := cos(z) and Q2(x) := cos(2z),
inspired by the physical situation of alignment dynamic of a HCN molecule
as in [DKAB]. Figure[His obtained with e = 1073 while Figure []is obtained
with € = 107%. Both are computed with a time step d¢t = ¢ and final time
T = 1000 (as the stabilization process seems slower in this case).
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o0 100 200 00 400 500 600 700 800 900 1000 0 10 200 300 400 500 600 700 800 90 1000
TTTTT Time

Figure 5: H® norm to the ground state (left) for the averaged system (contin-
uous line) and the oscillating system (dashed line). H? gap from the average
(right).

Figure 6: H® norm to the ground state (left) for the averaged system (contin-
uous line) and the oscillating system (dashed line). H? gap from the average
(right).

Remark 5.1. Although the time scales at stake in these simulations can seem
very large, one has to remember that the Schrédinger equation is considered
in atomic unity.

6 Conclusion, open problems and perspectives

In this article we have defined explicit oscillating controls that drive the
solution of our system arbitrarily close to the ground state provided that the
control is oscillating enough and the time is large enough. To achieve this
we have used and developed tools from the theory of finite dimension dy-
namical systems and applied them to the considered Schrédinger equation.
We managed by adding a mathematically and physically meaningful term
to weaken the previous assumptions on the coupling realized by this model.
The assumptions that were made are proved to be generic with respect to the
functions determining the system (potential, dipolar and polarizability mo-
ments). The results presented should be generalizable to a compact manifold
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with the Laplace-Beltrami operator. We performed numerical simulations to
illustrate the approximate controllability. This gives numerical bounds on
the time scale and on the values of the oscillating parameter needed to drive
any initial condition arbitrarily close to the ground state.

A challenging question would be to prove an approximation property of
the averaged system on an infinite time interval [s, +00). This would lead
to approximate stabilization to the ground state. Based on the numerical
simulations, this result seems to hold. Unfortunately the tools developed here
are really based on the finite time interval and cannot be extended directly.
In [BI], Beauchard and Laurent proved the local exact controllability in H>
around the ground state for the system (L)) in the dipolar approximation
(i.e. Q2 = 0) under some coupling assumptions in one dimension. If one
manages to extend their result to the system (L)) with suitable assumptions
on (Y2, this may lead to a global exact controllability result around the ground
state, at least for the one dimensional case. The main difficulty would be
to obtain the approximate convergence in the same functional setting as
their local exact controllability result and with coherent assumptions on the
polarizability moment.

Acknowledgements : The author would like to thank K. Beauchard for
having interested him in this problem and for fruitful discussions.
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