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Null controllability of Grushin-type operators
in dimension two

K. BEAUCHARD * P. CANNARSA | R. GugLIELMI

Abstract

We study the null controllability of the parabolic equation associated
with the Grushin-type operator A = 92+ \m|2“’8§ , (v > 0), in the rectangle
Q = (-1,1) x (0,1), under an additive control supported in an open
subset w of 2. We prove that the equation is null controllable in any
positive time for v < 1 and that there is no time for which it is null
controllable for v > 1. In the transition regime v = 1 and when w is a
strip w = (a,b) x (0,1),(0 < a,b < 1), a positive minimal time is required
for null controllability. Our approach is based on the fact that, thanks to
the particular geometric configuration of €2, null controllability is closely
linked to the one-dimensional observability of the Fourier components of
the solution of the adjoint system, uniformly with respect to the Fourier
frequency.

Key words: null controllability, degenerate parabolic equations, Carleman es-
timates

AMS subject classifications: 35K65, 93B05, 93B07, 34B25

1 Introduction

1.1 Main result
We consider the Grushin-type equation

Of —03f —|x[*0; f = u(t,z,y)lu(z,y) (t,2,y) € (0,00) X Q, 1
{ fit,z,y) =0 (t,z,y) € (0,00) x I, 1)

where Q := (—1,1) x (0,1), w C , and v > 0. Problem (1) is a linear control
system in which
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e the state is f,
e the control « is supported in the subset w.

It is a degenerate parabolic equation, since the coefficient of 85 f vanishes on
the line {x = 0}. We will investigate the null controllability of (1).

Definition 1 (Null controllability). Let T > 0. System (1) is null controllable
in time T if, for every fo € L*(QY), there exists u € L*((0,T) x Q) such that the
solution of

Of — 0% f — |x|278§f =u(t,z,y)l,(z,y) (t,z,y) € (0,T) x Q,
ft,z,y)=0 (t,z,y) € (0,T) x 092, (2)
f(071'7y):f0($,y) (xvy) €,

satisfies f(T,-,-) = 0.
System (1) 4s null controllable if there exists T > 0 such that it is null
controllable in time T.

The main result of this paper is the following one.
Theorem 1. Let w be an open subset of (0,1) x (0,1).
1. If v € (0,1), then system (1) is null controllable in any time T > 0.
2. Ify=1and w = (a,b) x (0,1) where 0 < a < b < 1, then there exists

T > % such that

e for every T > T* system (1) is null controllable in time T,

o for every T < T* system (1) is not null controllable in time T.
3. If v > 1, then (1) is not null controllable.

By duality, the null controllability of (1) is equivalent to an observability
inequality for the adjoint system

atg - 8%9 - |x|2vagg =0 (t,x,y) € (O?OO) X Q7 (3)
g(t,z,y) =0 (t,z,y) € (0,00) x ON.

Definition 2 (Observability). Let T > 0. System (3) is observable in w in time
T if there exists C > 0 such that, for every go € L*(Q2), the solution of

dhg — 039 — 2[5 =0 (t,z,y) € (0,T) x Q,
g(t,z,y) =0 (t,z,y) € (0,T) x 09, (4)
g(07xvy):go(xay) (I7y)€Q7

satisfies

T
/Ig(T,x,y)|2dwdy<C/ /Ig(t,x,y)l2dwdydt-
Q 0 w

System (3) is observable in w if there exists T > 0 such that it is observable
n w in time T

Theorem 2. Let w be an open subset of (0,1) x (0,1).

1. If v € (0,1), then system (4) is observable in w in any time T > 0.



2. Ify =1 and w = (a,b) x (0,1) where 0 < a < b < 1, then there exists

T > % such that

e for every T > T* system (4) is observable in w in time T,

o for every T < T* system (4) is not observable in w in time T.
3. If v > 1, then system (4) is not observable in w.

Remark 1. When v = 1, the geometric restriction on the control domain w
only affects our positive result. Indeed, Theorem 1 trivially implies that (1) fails
to be null controllable (if v = 1 and T is small) when w is any connected open
set at positive distance from the degeneracy region {z = 0}. It is also straight-
forward to observe that, if w contains a strip containing {x = 0}, then null
controllability holds for any v > 0 thanks to standard localization arguments
(see the Appendix).

1.2 Motivation and bibliographical comments
1.2.1 Null controllability of the heat equation

The null and approximate controllability of the heat equation are essentially well
understood subjects for both linear and semilinear equations, and for bounded
or unbounded domains (see, for instance, [15], [19], [21], [22], [23], [27], [31], [32],
[36], [39], [40], [45], [46]). Let us summarize one of the existing main results.
Consider the linear heat equation

Of —Af =u(t,x)l,(z) (t,x) € (0,T)xQ,
flt,z) =0 (t,x) € (0,T) x 99, (5)
f(0,2) = fo(x) T €Q,

where (2 is an open subset of R%, d € N*, and w is a subset of 2. The following
theorem is due, for the case d = 1, to H. Fattorini and D. Russell [20, Theo-
rem 3.3|, and, for d > 2, to O. Imanuvilov [29], [30] (see also the book [25] by
A. Fursikov and O.Imanuvilov) and G. Lebeau and L. Robbiano [32] (see also
[33]).

Theorem 3. Let Q) be a bounded connected open set with boundary of class C?
and w be a nonempty open subset of Q. Then the control system (5) is null
controllable in any time T > 0.

So, the heat equation on a smooth bounded domain is null controllable
e in arbitrarily small time;
e with an arbitrarily small control support w.

Recently, null controllability results have also been obtained for uniformly para-
bolic operators with discontinuous (see, e.g. [16], [4], [5], [42]) or singular ([43]
and [18]) coefficients.

It is then natural to wonder whether null controllability also holds for de-
generate parabolic equations such as (1). Let us compare the known results
for the heat equation with the results proved in this article. The first differ-
ence concerns the geometry of {2: a more restrictive configuration is assumed in



Theorem 1 than in Theorem 3. The second difference concerns the structure of
the controllability results. Indeed, while the heat equation is null controllable
in arbitrarily small time, the same result holds for the Grushin equation only
when degeneracy is not too strong (i.e. v € (0,1)). On the contrary, when de-
generacy is too strong (i.e. v > 1), null controllability does not hold any more.
Of special interest is the transition regime (v = 1), where the ‘classical’ Grushin
operator appears: here, both behaviors live together, and a positive minimal
time is required for the null controllability.

1.2.2 Boundary-degenerate parabolic equations

The null controllability of parabolic equations degenerating on the boundary of
the domain in one space dimension is well-understood, much less so in higher
dimension. Given 0 < a < b < 1 and « > 0, let us consider the 1D equation

Orw + az(xQ’Yamw) - u(ta zL’)]-(a,b) (l‘) ’ (tv iL’) € (07 OO) X (07 1) »

with suitable boundary conditions. Then, it can be proved that null control-
lability holds if and only if v € (0,1) (see [12, 13]), while, for v > 1, the best
result one can show is “regional null controllability”(see [11]), which consists in
controlling the solution within the domain of influence of the control. Several
extensions of the above results are available in one space dimension, see [1, 37]
for equations in divergence form, [10, 9] for nondivergence form operators, and
[8, 24] for cascade systems. Fewer results are available for multidimensional
problems, mainly in the case of two dimensional parabolic operators which sim-
ply degenerate in the normal direction to the boundary of the space domain, see
[14]. Note that, similarly to the above references, also for the Grushin equation
null controllability holds if and only if the degeneracy is not too strong.

1.2.3 Parabolic equations degenerating inside the domain

In [38], the authors study linearized Crocco type equations

Of + Ouf — Opuf = ult,z,v)1y(x,v) (t,x,v)€ (0,T)x (0,L) x (0,1),
f(t,z,0)= f(t,z,1) =0 (t,z) € (0,T) x (0,L),
f(t,0,0) = f(t, L,v) (t,v) € (0,T) x (0,1).

For a given open subset w of (0, L) x (0,1), they prove regional null controlla-
bility. Notice that, in the above equation, diffusion (in v) and transport (in x)
are decoupled.

In [3], the authors study the Kolmogorov equation

O f +v0,f — Opu f = u(t,z,v)1y,(z,v), (x,v)€ (0, 1)2 , (6)

with periodic type boundary conditions. They prove null controllability in ar-
bitrarily small time, when the control region w is a strip, parallel to the z-axis.
We note that the above Kolmogorov equation degenerates on the whole space
domain, unlike Grushin’s equation. However, differently from the linearized
Crocco equation, transport (in x at speed v) and diffusion (in v) are coupled.
This is why the null controllability results are also different for these equations.



1.2.4 Unique continuation and approximate controllability

It is well-known that, for evolution equations, approximate controllability can
be equivalently formulated as unique continuation (see [44]). The unique con-
tinuation problem for the elliptic Grushin-type operator

A= |20

has been widely investigated. In particular, in [26] (see also the references
therein) unique continuation is proved for every v > 0 and every open set w. For
the parabolic Grushin-type operator studied in this paper, unique continuation
holds for every v > 0, T' > 0, and any open set w C 2 (see Proposition 3).

1.2.5 Null controllability and hypoellipticity

It could be interesting to analyze the connections between null controllability
and hypoellipticity. We recall that a linear differential operator P with C*
coefficients in an open set {2 C R" is called hypoelliptic if, for every distribution
u in 2, we have
sing suppu = sing suppPu,

that is, v must be a C*° function in every open set where so is Pu. The following
sufficient condition (which is also essentially necessary) for hypoellipticity is due
to Hormander (see [28]).

Theorem 4. Let P be a second order differential operator of the form

.
P=> X’+Xo+c,
j=1
where Xy, ..., X, denote first order homogeneous differential operators in an open
set Q@ C R™ with C* coefficients, and ¢ € C*(Q). Assume that there exists n
operators among

Xj1> [Xj17Xj2]’ [Xju[ijvXj:s]]?"'v [Xjn[ijv[Xjaﬁ[“'vxjk]"']]]v

where j; € {0,1,...,r}, which are linearly independent at any given point in 2.
Then, P is hypoelliptic.

Hormander’s condition is satisfied by the Grushin operator A = 92 + |x\278§
for every v € N* (for other values of +, the coefficients are not C*°). Indeed, set

Xao)i= () Xato)= () ).
Then,

[thﬂuw)< 0 ),[XMMLXHK%y)<7W_2W%Q>,.”

a7t

Thus, if v = 1, Hérmander’s condition is satisfied with X; and [X;, X5]. In
general, if v > 1, v iterated Lie brackets are required.

Theorem 1 emphasizes that hypoellipticity is not sufficient for null controlla-
bility: Grushin’s operator is hypoelliptic Vv € N* but null controllability holds
only when v = 1.

A general result which relates null controllability to the number of iterated
Lie brackets that are necessary to satisfy Héormander’s condition would be very
interesting, but remains—for the time being—a challenging open problem.



1.2.6 Sensitivity to singular lower order terms

In [7], the authors study the Laplace Beltrami operator on a 2D-compact man-
ifold endowed with a 2D almost Riemannian structure. Under very general
assumptions, they prove that this operator is essentially selftadjoint. In the
particular case of the Grushin metric, their result implies that any solution of

1
Of — 0% —2*0}f — ~0,f =0, weRyeT

such that f(0,.,.) is supported in R* x T stays supported in this set. As a
consequence, with a distributed control as a source term in the right hand side,
supported in R} x T, this system is not null controllable. This example shows
that the control result studied in this article is sensitive to the addition of
singular lower order terms.

1.3 Structure of the article

Section 2 is devoted to general results about Grushin’s equation: well posedness
in Section 2.1, Fourier decomposition of solutions and unique continuation in
Section 2.2, dissipation rate of the Fourier components in Section 2.3.

Section 3 is devoted to the proof of the negative statements of Theorem
2, (and, equivalently, of Theorem 1), when v > 1 or v = 1 and T is small.
In Section 3.1 we present the strategy for the proof, which relies on uniform
observability estimates with respect to Fourier frequencies. Then, we show the
negative statements of Theorem 2, thanks to appropriate test functions to falsify
uniform observability, in Section 3.2 for v < 1 and in Section 3.3 for v = 1.

Section 4 is devoted to the proof of the positive statements of Theorem 1,
(and equivalently of Theorem 2) when v € (0,1) or v = 1 and T is large. In
Section 4.1 we prove a useful Carleman inequality for 1D heat equations with
parameters. In Section 4.2, we obtain observability for such equations, uniformly
with respect to the parameter. In Section 4.3, we prove Theorem 2 when vy > 1.
Then, in Section 4.4, we conclude the proof of Theorem 2.

Finally, in Section 5, we shortly outline some open problems related to this
paper. An appendix devoted to the case of {x = 0} C w completes the analysis.

2 Well posedness and Fourier decomposition

2.1 Well posedness of the Cauchy-problem

Let H := L?(Q2), and denote by (-,-) and || - ||z, respectively, the scalar product
and norm in H. Define the product

(f.9) = /Q (Fage + 227 f,g,) dudy (7)

e yrey A

for every f, g in C§°(Q), and set V = Cg°(Q) , where |f|y := (f, f)/2.
Observe that H}(Q2) C V C H, thus V is dense in H. Consider the bilinear
form a on V defined by

a(fvg):_(f7g) vagev (8)



Moreover, set
D(A) ={f € V:3c > 0such that |a(f,h)| < c||h||g YVh €V}, (9)
(Af,h) =a(f,h) VheV. (10)
Then, we can apply a result by Lions [35] (see also Theorem 1.18 in [44]) to

conclude that (A, D(A)) generates an analytic semigroup S(¢) of contractions
on H. Note that A is selfadjoint on H, and (10) implies that

Af =02f +1=[*05f  ae inQ.

So, system (2) can be recast in the form

{f’(t) =Af(t)+u(t) tel0,717, (11)
7(0) = fo,

where T'> 0, u € L*(0,T; H) and f, € H.

Let us now recall the definition of weak solutions to (11).
Definition 3 (Weak solution). Let T > 0, u € L*(0,T;H) and fo € H. A
function f € C([0,T); H) N L%(0,T;V) is a weak solution of (11) if for every
h € D(A) the function {f(t),h) is absolutely continuous on [0,T] and for a.e.
tel0,T]

LU0, ) = (7(0), AR) + {u(t), ) (12)

Note that, as showed in [34], condition (12) is equivalent to the definition of
solution by transposition, that is,

/[f(t*,x,y)go(t*,x,y) - fO(I7y)(p(Oa I,y)]dﬂ?dy

Q

t
://{f(atso+8§s0+|x|2m§@)+u1w¢}dxdydt

for every o € C%([0,T] x Q) and t* € (0,7).
Let us recall that, for every 7' > 0 and u € L?(0,7T; H), the mild solution of
(11) is defined as

f@®) =58 fo +/0 St —s)u(s)ds, tel0,T]. (13)

From [2], we have that the mild solution to (11) is also the unique weak solution
in the sense of Definition 3. The following existence and uniqueness result
follows.

Proposition 1. For every fo € H, T > 0 and u € L?(0,T; H), there exists a
unique weak solution of the Cauchy problem (11). This solution satisfies

POl < ol + VT llullz2o,rmy V€ [0,7]. (14)
Moreover, f(t) € D(A) and f'(t) € H for a.e. t € (0,T).

Proof: (14) follows from (13). Moreover, since S(-) is analytic, t — S(¢)fo
belongs to C*((0,T); H) N C°((0,T); D(A)), and t fo S(t — s)u(s)ds belongs
to H(0,T; H) N L?(0,T; D(A)). In particular f(t) € D(A) and f'(t) € H for
a.e. t € (0,T) (see, e.g., [6]). O



2.2 Fourier decomposition and unique continuation

Let us consider the solution of (4) in the sense of Definition 3, that is, the
solution of system (11) with w = 0. Since g belongs to C([0,T]; L3(2)), the
function y +— g(t,z,y) belongs to L?(0,1) for a.e. (t,z) € (0,T) x (—1,1), thus
it can be developed in Fourier series with respect to y as follows

gtz 9) = D gt 2)en(y), (15)
neN*
where
on(y) == V2sin(nmy) Vn e N*
and

1
gn(t,x) ::/ gt x,y)pn(y)dy V¥n € N*. (16)
0

Proposition 2. For every n > 1, g, is the unique weak solution of

Ogn — 02gn + (nm)?|z[g, =0 (t,z) € (0,T) x (—1,1),

gn(t» :l:]-) =0 te (OvT) ) (17)

gn(O,m) :gO,n(:E) HARS (_171)7

1
where go., € L?(—1,1) is given by gon(x) := / go(z, y)pn(y)dy.
0

For the proof we need the following characterization of the elements of V.
We denote by Li(Q) the space of all square-integrable functions with respect to
the measure du = |x|??dxdy.

Lemma 1. For every g € V there exist 0,9 € L*(Q), dyg € LE/(Q) such that

/Q (9(2,9)0:0(z, y) + |2[*7g(z, )0y (2, y)) dady
. / (Bag(z,9) + |20,9(2,v)) Sz, y)dady  (18)

for every ¢ € C§°(Q).

Proof: Let g € V, and consider a sequence (¢™),>1 in C§°(Q2) such that g" — g
in V, that is

/ [(g" — )2+ |z (g™ — g)?/] dxdy =0 asn— +oo.
Q
Thus, (9:9")n>1 is a Cauchy sequence in L*(Q) and (9,9")n>1 is a Cauchy

sequence in L2 (€2). So, there exist h € L*(Q) and k € L2(Q) such that 9,9" — h
in L?(Q) and d,¢" — k in L2(Q2). Hence,

/Q (" 0et + 227970y 0) dady = — /Q (00" + |27, 97 ) dedy

/ (906 + 2290y ) derdy - / (h + 2> k) dudy
Q Q



as n — +oo. This yields the conclusion with 0,9 = h and dyg = k. a

For any n > 1, system (17) is a first order Cauchy problem, that admits the
unique weak solution

Gn € C°([0,T); L3(—1,1)) N L23(0, T; Hy(—1,1))

which satisfies

S ([ atowia)

t [ [graltcppate) + a3, 0)0(0) | dz =0 19)

-1
for every v € H}(—1,1). |
Proof of Proposition 2: In order to verify that the nth Fourier coefficient of
g, defined by (16), satisfies system (17), observe that

gn(oa ) = gO,n(') ) gn(ta :t]-) =0 Vte (OaT)
and

g € CO([0,T); L(~1,1)) N L2(0, T3 HY(~1,1)).

Thus, it is sufficient to prove that g,, fulfills condition (19). Indeed, using the
identity (16), for all ¢» € H}(—1,1) we obtain, for a.e. ¢ € [0,T],

d 1 1
G ([ vte) & [ (oot 2lo220,0)

-1

1 1

Observe that Proposition 1 ensures g;(t,-) € L?(Q) and g(t,-) € D(A) for a.e.
€ (0,T). So, multiplying g, — Ag by h(x,y) = ¥(z)p,(y) € V and integrating
over () we obtain, for a.e. t € (0,T),

1 1
0= / / (9¢ — Ag)Ypndady
0 —1
1 1 1 1
= / / gippndady + / / (92¥an + |27 gytbion,y) dzdy
0o J-1 0 J-1

1 1 1 1
=/ / gtwndwdw/ / (92vbaon + (n7)?|x* gpoy ) dady ,  (21)
0 —1 0 —1

where (in the last identity) we have used Lemma 1. Combining (20) and (21)
completes the proof. O

Proposition 3. Let T > 0, v > 0, let w be a bounded open subset of (0,1) x
(0,1), and let g € C([0,T); H) N L*(0,T;V) be a weak solution of (3). If g =0
on (0,T) x w, then g =0 on (0,T) x Q.

Proof: Let € > 0 be such that w C (¢,1) x (0,1). By unique continuation for
uniformly parabolic 2D equation, we deduce that g = 0 on (0,7) x (¢,1) x (0,1).
Thus, g, =0 on (0,T) x (¢, 1) for every n € N*. Then, by unique continuation
for the uniformly parabolic 1D equation (17), we deduce that g, = 0 on (0,7") x
(—1,1) for every n € N*, O



2.3 Dissipation speed

Let us introduce, for every n € N*, v > 0, the operator A,, , defined on L?(—1,1)
by

D(A,) = H*NH{(-1,1), Ap~,p:=—¢"+ (nn)?|z|p. (22)

The smallest eigenvalue of A, . is given by

N {,fll [o(2)? + () Plal?o(@)?] do
n,y = Min :
f71 v(z)2dx

v € Hi(—1,1), U#O} . (23)

We are interested in the asymptotic behavior (as n — +o00) of A, ., which
quantifies the dissipation speed of the solution of (17).

Lemma 2. Problem

—v;’w(x) + (nﬁ)z|x|hvnﬂ($) = AnqyUnny(7) € (=1,1), (24)
Un~(£1) =0,

admits a unique positive solution with L?(—1,1)-norm one. Moreover, v,, - is
even.

Proof: Since (24) is a Sturm-Liouville problem, it is well-known that its first
eigenvalue is simple, and the associated eigenfunction has no zeros. Thus, we can
choose vy, , to be strictly positive everywhere. Moreover, by normalization, we
can find a unique positive solution satisfying the condition |lvn|[z2(~1,1) = 1.
Finally, v, , is even. Indeed, if not so, let us consider the function w(z) =
vn~(Jz]). Then, w still belongs to H}(—1,1), it is a weak solution of (24) and
it does not increase the functional in (23), i.e.

Sy [ @2 4 (2 ew@)?] de [ o, (@) + (m)2 a0 (@)2] de-

Ly w(a)?de - St s ()2da

The coefficients of the equation in (24) being regular, we deduce that w is a
classical solution of (24). Since ), 5 is simple, it follows vy, 5 (z) = vy, 4(|2z|). O

The following result turns out to be a key point of the proof of Theorem 1.

Proposition 4. For every v > 0, there are constants ¢, = c.(7y),c* = c¢*(y) > 0
such that ) )
N < Ay < C'nTH Vne N,

Proof: First, we prove the lower bound. Let 7, := n™. With the change of
variable ¢(z) = /Thp(Thz), we get

1
Any = inf { [ (@) + (nm)2laf10(2)?) da: 6 € O (=1,1), ol 2oy = 1

=17 inf{ I (&' W)? + 2P e(y)?) dy; ¢ € C2(=7n, ), 1l L2 (7 ry = 1

2
Z CiT),

10



where
Co = o {/ (¢ W) + T2y o)?) dys o € C2(R), ol oy = 1}

is positive (see [41] for the case of v = 1).

Now, we prove the upper bound in Proposition 4. For every k > 1 let us
consider the function ¢i(x) := (1 — k|z|)*, that belongs to H}(—1,1). Easy
computations show that

1 1 1
2 1
[ oarde= oo [ hlardo =2k, [ P = 2ek 12,
—1 —1 -1

where

1 1 1
c(v) = (27+1 TSy 27+3)'
Thus, Ay 4 < fa (k) := 3[k? + (mn)2c(y)k=27] for all k > 1. Since f, - attains
its minimum at k = é(fy)nﬁ, we have \,, , < fnﬁ(]}) — C’(’y)n%. 0O

3 Proof of the negative statements of Theorem 2
The goal of this section is the proof of the following results:

o ify=1,wC(a,1)x(0,1) for some a >0 and T < %, then system (4) is
not observable in w in time T,

e if v > 1 and T > 0, then system (4) is not observable in w in time 7.

Without loos of generality, one may assume that w = (a,b) x (0,1) with
0<a<b<l

3.1 Strategy for the proof

Let g be the solution of (4). Then, g can be represented as in (15), and we
emphasize that, for a.e. ¢t € (0,7) and every —1 < a; < by <1,

%) by
/ gltr)Pdrdy =3 [ lon(t.0)Pds
(a1,b1)x(0,1) n=1"v01

(Bessel-Parseval equality). Thus, in order to prove Theorem 2, it is sufficient to
study the observability of system (17) uniformly with respect to n € N*.

Definition 4 (Uniform observability). Let 0 < a < b < 1 and T > 0. System
(17) is observable in (a,b) in time T uniformly with respect to n € N* if there
exists C > 0 such that, for every n € N*, gy, € L?(—1,1), the solution of (17)

satisfies
1 T b
[ laropac<c [ [ g,
—1 0 a

System (17) is observable in (a,b) uniformly with respect to n € N* if there
exists T > 0 such that it is observable in (a,b) in time T uniformly with respect
ton € N*.
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The negative parts of the conclusion of Theorem 2 follow from the result
below.

Theorem 5. Let 0 < a < b< 1.

L Ify=1and T < %, then system (17) is not observable in (a,b) in time
T uniformly with respect to n € N*,

2. If vy > 1, then system (17) is not observable in (a,b) uniformly with respect
to n € N*.

The proof of Theorem 5 relies on the use of appropriate test functions that
falsify uniform observability. This is proved thanks to a well adapted maximum
principle (see Lemma 3) and explicit supersolutions (see (28)) for v > 1, and
thanks to direct computations for v = 1.

3.2 Proof of Theorem 5 for v > 1

Let v € [1,4+00) be fixed and T' > 0. For every n € N*, we denote by A, (instead
of A, ~) the first eigenvalue of the operator A, ., defined in Section 2.3, and by
vy, the associated positive eigenvector of norm one, which satisfies

—op(x) + [(nm)?|2[*" = ApJon(z) =0, e (-1,1), neN*,
vp(£1) =0, v, >0,
lvnllp2(=1,1 = 1.

Then, for every n > 1, the function
gn(t, ) == v, (x)e ! V(t,z) e R x (—1,1),
solves the adjoint system (17). Let us note that

1
/ gn (T, x)2dx = e 2T
1

T rb 1 — e=2\T b
/0 /gn(t,w)2dxdt:T/ v ()% dz .

So, in order to prove that uniform observability fails, it suffices to show that
e2AnT

An

b
/ v (2)%dz — 0 when n — +00. (25)

The above convergence will be obtained comparing v,, with an explicit superso-
lution of the problem on a suitable subinterval of [—1, 1].

Lemma 3. Let 0 < a <b< 1. For every n € N*, set

= (o) ) 20

and let W,, € C?([xn, 1],R) be a solution of

—Wy(2) + [(nm)22®Y = A\ ]Wi(2) 20, € (zq,1),
Wo(1) >0, (27)
W (2n) < —y/FnAn -

12



Then there ezists n, € N* such that, for every n > n,,

b b
/Un(m)2dac</ W, (x)%dz .

Proof: First, observe that, thanks to Proposition 4, x, — 0 as n — +o0.
In particular, there exists n, > 1 such that x,, < a for every n > n.. Now,
let us prove that |v],(z,)] < \/ZnA, for all n > n,. Indeed, by Lemma 2, we
have v, (z) = v,(—z), thus v}, (0) = 0. Hence, thanks to the Cauchy-Schwarz
inequality and the relation [|v,, | z2(—1,1) = 1,

el = | [ etoas| = | [ m s A lunoyas
< ([ tomPls - a,p2as) - ([ ontoras) " Vi

Furthermore, we claim that v,(z) < W,(x) for every x € [z,,1], n = n..
Indeed, if not, there would exist x. € [x,, 1] such that

(Wy, — vp)(z4) = min{(W,, — v,)(z);x € [zn,1]} <O.

Since (W,,—v,,)(1) = 0 and (W,, —v,,)(z,) < 0, we have z, € (z,,1). Moreover,
the function W,, — v,, has a minimum at x,, thus (W, — v,)'(z«) = 0 and
(W, — vp)"(x4) = 0. Therefore,

_(Wn - Un)//(x*) =+ [(rm)Z‘m*Fv - )‘n](Wn - Un)(l'*) <0,

which is a contradiction. Our claim follows and the proof is complete. o

In order to apply Lemma 3, we need an explicit supersolution W, of (27) of
the form »
W (z) = Cpe #n® " (28)

where Cp,, iy, > 0. Notice that, in particular, W, (1) > 0.

First step: let us prove that, for an appropriate choice of i, the first inequality
of (27) holds. Since

W;z(x) = —pn(y + 12" Wy (),

Wl (@) = [=pny(y + D277+ i (y + 1)%22 W (2)
the first inequality of (27) holds if and ouly if, for every = € (z,, 1),

[(nm)? — i (v + 1)*J2®7 + py(y + D2’ ™ = Ay (29)
In particular, it holds when
nw
n < 30
Hn S (30)
and
[(nm)? — g (v + 1] + pny(y + 12~ > A (31)

Indeed, in this case, the left hand side of (29) is an increasing function of z. In
view of (26), and after several simplifications, inequality (31) can be recast as

L7 (T
Hn S y+1 An '

13




So, recalling (30), in order to satisfy the first inequality of (27) we can take

oy o= min 4 T 0 () o (32)
" vy +1 An '

For the following computations, it is important to notice that, thanks to (32)
and Proposition 4, for n large enough u,, is of the form

fin = C1(y)n. (33)

Second step: let us prove that, for an appropriate choice of C,,, the third
inequality of (27) holds. Since

Wi(@n) = —Cupin(y + Daje o’
the third inequality of (27) is equivalent to

1
Aneun al,;yl«#

Cp >

Nl=

(v + Dpnn

Therefore, it is sufficient to choose

1
N, elnint

o (34)
(v + Dpnan

N

Third step: let us prove condition (25). Thanks to Lemma 3, (28), (33) and
(34), for every n > n.,

AT b AT b 2T
3 / v (2)?dx < y / W (x)?dr < y Wo(a)?
)t
- 22T (2 -2mat® . 2T 42 g2un " et
Ao " Ao (v 4+ 122
By identities (26), (33) and Proposition 4, we have
)T < Oy () VYn € N* |
thus 22T b 205 (7)
n 2y
e / vn(2)?da < eQn(%TfCl(ry)al-M)Lm. (35)
Mo O+ e
Since 7 > 1, we deduce from Proposition 4 that
An
— =0 as n— +oo.
n

So, for every T' > 0, there exists ny > n, such that, for every n > ny,

An 1
?T —Ci(y)art < _501 (v)a'™ . (36)

Then, inequality (35) yields condition (25) (since the term that multiplies the
exponential behaves like a rational fraction of n).

14



3.3 Proof of Theorem 5 for v =1

In this section, we take v = 1 and keep the abbreviated forms A, , v, for
Anyy s Un,y introduced in Section 2.3. Moreover, given two real sequences oy, > 0
and 8, > 0, we write «;, ~ 3, to mean that lim, a,, /8, = 1.

With the above notation in mind, we have the following result.

Lemma 4. Let a and b be real numbers such that 0 < a <b< 1. Then
Ap ~ T (37)

and

b —a’nmw
9 e
/a vn(x)*dx San i (38)

as n — +00.

When T < %2, we can easily deduce from the above lemma that (25) holds;
thus, system (17) is not observable in (a,b) uniformly with respect to n € N*.

Proof of Lemma 4: The proof relies on the explicit expression

M

x

e 2

of the first eigenvector of the harmonic oscillator on the whole line, i.e.,

G”( )+a:2G( ) =G(x) re€R
Jp G(x)?dx = 1.

First step: Let us construct an explicit approzimation, ky,, of v,. Fix e > 0

with

14+ (1—¢€)? > 242, (39)
and let § € C*°(R) be such that
O(£1)=1 and supp(d) C(—1—¢e—-14+€e)U(l—¢€1l+e¢). (40)
Define

bula) = VIO = e 200 ey,

where Cy, > 0 is such that ||k,||z2(_1,1) = 1. Note that C2 = Cp, .1 +Ch 2+ Chr 3
le = \/ﬁf,ll einﬂIQdI =1+0 (e_

where
n2:\f€7mf1 0(x de
Cnis = =2v/me™F [1) "5 f(a)de = O(y/me™ ¥ (HH029%)),

Thus,
Cp =1+ O(y/ne F1+1=]), (41)

We have

{ i

E) 72) %k, (z) = nrk,(x) + E,(2), ze(-1,1),
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where

E,(z) := \%;é% (0" (z) — (nm2)*0(x) + nmb(z)] .

Second step: Let us prove (37). As in the proof of Proposition 4, we have
An = nw. Moreover,

An < / [k, () + (n7z)%ky (2)?] do = mr—i—/ ky(z)Ey, (z)dx

which proves (37).

Third step: Let us prove that
7(121’7/71'

b
ky(x)?dx ~ .
_/a (z)°dw 2am\/n

Indeed, the left-hand side of (42) is the sum of three terms ([;)1¢;<3, that
satisfy, thanks to (41)

(42)

1 by/nm R e—a nm e—a2n7r
I = — Vdy= ——+ —_—
= e L 2aw¢ﬁ+o< nt )
—nTm b
I = \/5672/ 0(z)*dx = O(y/ne™""),
C'V’L a
2 /me= "5 [° _ _nm B
I3 = _\/;?L/a e nﬂmze(l‘)dl‘zo(\/ﬁe g [1+(1 5)2]).

So, (42) follows thanks to (39).

Fourth step: Let us prove that
S —nm

lvn = knllZ2 11y = O(nZe™T), (43)

which ends the proof of (38). Let A,, be the operator defined by
D(A,) = H*NHy(—1,1),  Anp(x) = —¢"(z) + (n7z)?p(z) ,

and let (M) en- be its eigenvalues, with associated eigenvectors (v},);en-, that
is, A,v) = Mov). We have k,, = Py zjvd, where z; = (Ep,vl)/(M, — nr) for
all j > 2. Thus,

(oo}
2 —nmw
ZZJQ < CHE’GH%2(—1,1) =O0(n2e™"")

=2

[

and

We can then recover (43) since ||v, — kn||2L2(_1 p=@0- 21)? + Z;iz Z3. O
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4 Proof of the positive statements of Theorem 1

The goal of this section is the proof of the following results:
o if v € (0,1), then system (1) is null controllable in any time 7' > 0,

e ify=1and w = (a,b) x (0,1), with 0 < a < b < 1, then there exists
T; > 0 such that system (1) is null controllable in any time 7' > T} or,
equivalently, system (3) is observable in w in any time 7" > T.

The proof of these results relies on a new global Carleman estimate for
solutions of (17), stated and proved in the next section.

4.1 A global Carleman estimate

For n € N*, we introduce the operator
2
Prgi=or—55+ (nm)?|z[*7g.

Proposition 5. Let v € (0,1] and let a,b € R be such that 0 < a < b < 1
Then there exist a weight function B € C*([—1,1];R%) and positive constants
C1,Co such that for every n € N*, T > 0, and g € C°([0,T); L?(—1,1)) N
L?(0,T; HY(—1,1)) the following inequality holds

_ MB(x)
G fo f— (t(il“wt (t,x | + t(TMBt )s‘g (t,x |2)6 HT=9) dxdt

9 Ve 9 _ MpB(=) (44)
< S Pagle e t>dxdt+f0 fa ayel(t @) Pe” 0 dudt

where M := Comax{T + T? nT?}.

Remark 2. In the case of v € [1/2,1], our weight 8 will be the classical one
(see (46), (47), (48) and (49)). On the other hand, for v € (0,1/2) we will follow
the strategy of [1, 10, 37], adapting the weight 8 to the nonsmooth coefficient
|z|>7 (see (46), (47), (48), (77) and (78)).

Proof of Proposition 5: Without loss of generality, we may assume that
b < 1. Let a’,b" be such that a < a’ < b < b. All the computations of the proof
will be made assuming, first, g € H(0,T; L?(—1,1))NL*(0, T; H>*N H(-1,1)).
Then, the conclusion of Proposition 5 will follow by a density argument.

First case: |y € [1/2,1] | Consider the weight function
_ Mp(x)

(t,z) € (0,T) x R, (45)

where 3 € C?([—1,1]) satisfies

B=1on(-1,1), (46)
|8’ >0o0n [-1,d|U b, 1], (47)
g'(1)>0, p'(-1)<o0, (48)
B" <0on[-1,d]U[¥,1] (49)
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and M = M(T,n, ) > 0 will be chosen later on. We also introduce the function

2(t, ) = g(t, x)e” "), (50)
that satisfies
e “Png=Piz+ Pyz+ P3z, (51)
where
Piz:= —% + (g —a2)z + (nm)?|z|P 2z, Pz = 6t - 2@,;% , (52)
Pz = —ay,z.

We develop the classical proof (see [25]), taking the L?(Q)-norm in the identity
(51), then developing the double product, which leads to

1
/ <P12P2,z |P32|2> dxdt g/ le™P,g|*dxdt (53)
Q 2 Q
where @ := (0,T) x (—1,1) and we compute precisely each term, paying atten-

tion to the behaviour of the different constants with respect to n and 7.

Terms concerning faﬁz: Integrating by parts, we get

0%z 0z 0z 0%z z |2
/ W&d wdt = 3&6 8t8x / 2dt/ x‘ dedt =0, (54)

because 0;z(t,£1) = 0 and z(0) = 2(T") = 0, which is a consequence of assump-
tions (50), (45) and (46). Moreover,

2,
/ g 2204,,c dxdt / ‘8 ‘ Qppdrdt
z

+/OT (ag;(t,l)‘gi(t,l)’ —ag(t,—1) gz(t —1)‘ )dt. (55)

Terms concerning (o; — a2)z: Again integrating by parts, we have
0z 1
(o — )z—dmdt (e — )|z dadt . (56)
Q ot 2 Jq

Indeed, the boundary terms at ¢ = 0 and ¢ = T vanish because, thanks to (50),
(45), (46),

1 —M 2 2
¢ ]Qet(T_t) ‘M(T - Zt)ﬁ + (MB ) | : ‘g|
tends to zero when ¢t — 0 and ¢ — T, for every x € [—1,1]. Moreover,
2 0z 2 2
=2 [ (¢ — af)zap—dxdt = | [(ar — af)o]s|z|*dedt, (57)
Q Oz Q

thanks to an integration by parts in the space variable.

Terms concerning (nm)?|z|>7z: First, since z(0) = 2(T) = 0,
/ (nm)? |x|272 d:vdt / dt/ nm)?|z|? |z2dzdt = 0. (58)
Q
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Furthermore, thanks to an integration by parts in the space variable,
20127 0z 2 2| 12y 2
=2 [ (nm)*|x| zawa—daﬁdt = [ [n*m%|x|* ag).2°dadt . (59)
Q z Q

Combining (53), (54), (55), (56), (57), (58) and (59), we conclude that

1 1
/ 2] = 5 (a0 = a2 + (@ = aD)asle + n*w o] a)s — 502, fdedt

+/0T (am(t,l) gz(t 1)’ —ag(t,—1) gi(t’_l)r) dt

82 2 —« 2

- ‘—‘ Qggpdadt < [ |e”“Ppg|dxdt. (60)

Q!0 Q
In view of (48), we have a,(t,1) > 0 and a,(t, —1) < 0, thus (60) yields
2 L 221127
1P{ - 200 — )+ (o — 02)aale — o, + P (oo, fdudt
2

f/ ’% Qppdrdt < / le™® ,,,g|2dxdt. (61)

Q!0x Q

Now, in the left hand side of (61) we separate the terms on (0,7) x (a’,0’) and
those on (0,T) x [(—1,a’) U (¥',1)]. One has

— QU (t, ) > tg“lﬁ{[t Vr e [-1,d']U[V,1], t € (0,T),
A (62)
|egs (8, 2)| < 0T —1) Vz € [d, V], t € (0,T),
where C; = C1(f) := min{— [3"( );z € [-La UV, 1]} is positive thanks to

the assumption (49) and Cy = Cy(f) := sup{|ﬁ”( );x € [a’,V']}. Moreover,

1 1 1
2(at — )i+ [(or — al)agle — 50492090 = W{Mﬂ@ﬂ —T? - 3t%)
2 " 2 t(T — t)BHZ
+M?| (2t = T)(B"B +267) — —F"—

_ 311 012

5 }3M55}.

Hence, owing to (47) and (49), there exist m; = my(8) > 0 C5 = C3(5) > 0
and Cy = Cy(8) > 0 such that, for every M > M; and t € (0,7,

1 2 1, C3 M3 , ,
_ _ . > - _
Z(at « )t + [(o — @) ag]s Zam > [t E Vo € [-1,a'|U b, 1],
1 2 1, C4IMS ;4
— — (o — o oy — o) o — — < ——  Vr €
2( t )t [( t ac) fr:]z 9 x| N [t(T t)]3 [a vb] (63)

where
My = My(T, B) = my (B)(T +T?). (64)
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Using (61), (62) and (63), we deduce, for every M > M,

T

/ / CM 1022

0 t(T —t) | 0x

(=1,a")U(¥’,1)
T 3
CsM 2, ot )
' Gl e | dade

(—=1,a)u(b’,1)

/ / {Czt 82‘ +(tgf‘t))3|22 (W)Q[le%x]wzﬂ dadt
+/Q|e“ g 2dadt.  (65)

Moreover, for every x € (—1, 1), we have

M(n
(T

0571
t(T —t)

where C5 = C5(8) = w2 max{2y|z[*7 8 (z)| + |=[*"|8"(z)|;x € [-1,1]} is
finite because 2y — 1 > 0. Let My = My(T,n,3) be defined by

[(nm)? lal® e o] = lzwgn ()28 (@) +al " ()| <

From now on, we take

M = M(T,n, B) := Comax{T + T%nT?} (67)

where

Cy = C3(f) := max {ml; SCCZ}
so that M > M; and Ms (see (64) and (66)). From M > M, we deduce that

Cs M3
2M|a|? < 3
‘(nﬂ—) HLU| am]z| S 2[t(T—t)]3 V(t,l') €Q.

We have

[ (S s )

(—1,a")U(b’,1)

<[ [ (sl ) e

+/ le=*P,g|*dxdt, (68)
Q

where Cs = C4(8) := C4 + C3/2. Since for every € > 0

ClM @—a 2+C37]\4'3‘ |2
(T —t)lox =9 2(t(T—t))3 9
71 M Cs g 2 2
> — - =2 _ )
- (1 1+6) T —t) ‘5 ‘ (T —1))3 ( 2 eCr(8') >|9| (69)
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Hence, choosing
Cs

e=¢f)i= ———,
)= 1.
from (68), (69) and (50) we deduce that

[ (f”” 5ol + e >

(=1,a")U(V’, 1)

3 2
3
+ / e~ PglPdedt, (70)
Q

where 07 = C7(ﬁ) = [1 — 1/(1 + 6)]01, Cg = Cg(ﬁ) = 202 and Cg = Cg(ﬁ) =
Ce + 2Cy sup{B’(z)? : z € [a’,V']}. So, adding the same quantity to both sides,

3] 412
/ ( C?M ‘ ‘ Cng) 6_2ad$dt < / |e—a ng|2dxdt
o Ox (H(T —1))3

3 2
/ / (C”M 91 +3 C“)M ‘a ’) e~2dxdt, (71)

where Cqg = Clo(ﬁ) :=Cgs +C7 and Cq1 = 011(6) = Cy + 03/4 Let us prove
that the third term of the right hand side may be dominated by terms similar
to the other two. We consider p € C*°(R;R ) such that 0 < p <1 and

p=1lon (aV), (72)
p=0on (—-1,a)U(b,1). (73)
We have

oo gyt = [ [ 58 i) 2w

Integrating by parts with respect to time and space, we obtain

19(g%) pe 2 Y A T 20y T—2t Coa
/Qz ot t(T—t)dxdt_/Q2|g| P\ = T am=pne)¢ WU

and

9?2 —2a —2a | g2

S dwdt = / S ‘g‘ dudt

Y (p" —4p oy + p(4a? — 20,)) dzdt . (74)
0 2t(T —1t) * o '

Thus,

/79 gpe dxdt>/ pe g\
0 "I T — 1) “Jo (T —t) |0

|g|2 —2e 1" / 2 1 2t
= —4 +pl4as — 20, — 2000 — ——— .
2t(T 0 p p oz +p | 4dag, Qe o t(T 0 dxdt. (75)
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Therefore,

M
// Cio g‘ e 2% dudt

2a
< / ClOMp \6 20 dudt < / Py CloMgpe CMgpe =
QT —1)10 —1)

CIOIM |g|26_2a 17" / 2 T -2t
SOEL () —4p 402 — 2045 — 204 — —— | | dadt
+/Q ar—1 O P o\t -2 “yr—n))*

M3 2 2«
/\P gl%e 2admdt+// 12 |g| 22 L gt

for some constant Ci2 = Ci2(8,p) > 0. Combining (71) with the previous
inequality, we get

C’?M C3M3|g‘2 —2a
/Q< ‘a ‘ T =y )¢
31,2
/2|e Pyl dacdt—i—/ / C1aM \g| _2adxdt7 (76)

where C13 = C13(8, p) := C11 + C12. Then, the global Carleman estimates (44)
holds with

min{C7; C3/4}
max{2; 013} ’

Second case: The previous strategy does not apply toy € (0,1/2)
because the term (n7)?[|z|*Yay]. (that diverges at = = 0) in (65) can no longer
be bounded by (t(cqf% (which is bounded at « = 0). Note that both terms are
of the same order as M3, because of the dependence of M with respect to n in
(67). In order to deal with this difficulty, we adapt the choice of the weight g
and the dependence of M with respect to n.

Let 3 € C'([-1,1]) N C?([-1,0) U (0,1]) be such that

C1 =Ci(B) =

8" <0on[-1,0)U(0,a']UW,1] (77)

and f has the following form on a neighborhood (—e, ¢) of 0

x) =Co— / sign(s)[s|7 +Cids  Va € (—e,), (78)
0

where Cy, C; are large enough to ensure that 8(z) > 1, and sign(s)|s|>? +C; > 0
on (—e,¢€). Notice that

—/sign(z)|z> 4+ C; Vo € (—e€,€), (79)
thus 8" diverges at x = 0. Performing the same computations as in the previous

case, we get to inequality (61). Notice that one obtains (59) even if v € (0,1/2):
the boundary terms vanish and z ~— |z|??~1 is integrable at x = 0. Then, owing
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o (47) and (77), there exist m; = mq(8) > 0, C3 = 1/2 and Cy = Cy4(S) > 0
such that, for every M > M; and t € (0,T),

| . »
2(041&—04 )t+[( -« )ax]m_iaﬂcac
3
> oM @I e LU0V,
and
’ B %(at —ap)+ (e — af)au]e — %aix < m Vo € [d, V],

where My = M, (T, ) is defined by (64). In view of (61) and (77), for every
M = Ml;

T CsM
(T - ))

</ / plal *(t%M»?" o | e

-y [ / f’/<|x|27aw>wz|2dxdt. (30)

18" (2)] B’ (x)? 2> + (nﬂ)2(|x27al)w|z|2} dudt

0
(=1,a")U(b’,1)

Moreover,
(0ol )a] = (1) o [rsign(a) a8 (a) + o8 o)
C
< 5T - M)(| 227 @) + 218" @)]) Ve (<1,0)U(0,1),

where C5 = 72(2y + 1).

From now on, we take
M = M(T,n, B) := Coymax{T + T? nT?}, (81)

where

Co = Co(p) := max {ml, i}

and A = A(B) is a (small enough) constant, that will be chosen later on. From
M > nT?/\, we deduce that, for every z € (—1,0) U (0, 1),

2
()2 0)a] € [ (a1 )]+ o718 @)

where Cg = Cg(7y) > 0. Let us verify that, for A = A(5) > 0 small enough and
for every z € (—1,0) U (0,a’) U (¥, 1), we have

(t(CTAﬁ\)4)3|| 5<>I<4(tc( ))wm(),
6 29| R 37” ’xQ
a7 @< e @18 @)

23



or, equivalently, for every x € (—1,0) U (0,a’) U (¥, 1),

X < L1819 @) -
036(3:)2-

C’()'/\2|JL‘|2’Y <

The second inequality is easy to satisfy for A = A(8) small enough, because
|8’| > 0on [—1,d'|U[V,1]. Thanks to (79), for every x € (—e¢,€),

B'(x)* = sign(@)[a[* +C1

S0
B ()8 () = yl=[*7.
Therefore, for every = € (—¢,€) \ {0}, the first inequality in (82) is equivalent to

C.
CeA? < f%

which is trivially satisfied when A\ = A(8) is small enough. Moreover, the first

inequality of (82) holds for every x € [-1, —¢] U [e,a’] U [V, 1] when A = A(f) is
small enough, since |8”3’| > 0 on this compact set. Finally, we have

03 1 / 2 2
/ / m\ﬂ ()] B'(2)? |2 [*dadt
oM S 27| dadt,  (83)

(—1,a")U(b’,1)
<[ LT s

where Cs5 = C5(8) > 0. Since the function |3”[(3’)? is bounded from below by
some positive constant on [—1,a’] U [0/, 1], we also have

/ . / ﬁ;wd dxdt

1,a)u(y,1)
CQ 82’ C5 2
—_— dzxdt, 4
<[ [ [R5 ] . o0
where Cg = Cg(8) > 0. The rest of the proof goes as for v € [1/2, 1]. O

4.2 Uniform observability

The Carleman estimate of Proposition 5 allows to prove the following uniform
observability result.

Proposition 6. Let v € (0,1) and let a,b € R be such that 0 < a < b < 1.
Then there exists C > 0 such that for every T > 0, n € N*, and go , € L*(—1,1)
the solution of (17) satisfies

! 1+T L
/ gn(T, 2)%dx < T2 / / gn(t,x)?dzdt.
—1
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Let us recall that explicit bounds on the observability constant of the heat
equation with a potential are already known.

Theorem 6. Let —1 < a < b < 1. There exists ¢ > 0 such that, for every
T>0,a, Be€L>®((0,T)x(-1,1)), go € L?>(—1,1), the solution of

Org — 029+ BOrg+ag=0 (t,z)€[0,T] x (-1,1),

g(t,+1) = 0 te o],

g(O,x) = go(ﬂl‘) T € (_17 )’

satisfies

1 T b
[l s < centiel=isio) [7 g, o) dade,
0 a

-1
where H(T,A,B) :=1+ = + TA+ A*3 + (1+T)B>.
For the proof of the above result we refer to [22, Theorem 1.3] in the case of
B =0, and to [15, Theorem 2.3] for 8 # 0. The optimality of the power 2/3 of
Ain H(T, A, B) has been proved in [17].
Proposition 6 may be seen as an improvement of the above estimate (rela-
tively to the asymptotic behavior as n — +00), in the special case of (17).

Proof of Proposition 6: We derive an explicit observability constant from
the Carleman estimate of Proposition 5. For ¢ € (T'/3,21/3), we have

4 1 9
<

o < X
T2 " (T —1t) 2772
and

1 1
/ g(T,x)zdxg/ g(t,x)zdx(f)‘"%.
~1 —1

Thus,

3 * 1
e S - Lo /

T b
5 g(T,2)*dx < Cg/ / g(t, x)*dzdt
T -1 0 a

where §* := max{8(z) : z € [-1,1]}, B« := min{f(z) : z € [-1,1]} and
C3 := max{z®e~P-*}. Using the inequality M > Co[T + T?] and Proposition 4,
we get

1 2 T b
/ 9(T, 2)2dz < CqT2ecr 7z —c2n 7T / / g(t, z)?dxdt (85)
0 a

-1
for some constants ¢y, c2,Cyq > 0 (independent of n, T" and g).

First case: n <1+ % Then, M = Co(T + T?) thus
1 ) T b
/ g(T,z)*dr < C4T260162(1+T> / / g(t, x)*dxdt.
—1 0 a
Second case: n > 1+ % Then, M = ConT?. The maximum value of the

function x — c¢1Cox — CQ.I'%T on (0,+00) is of the form 03T7% for some
constant ¢s > 0 (independent of T'). Thus,

1 ity T b
/ g(T,x)%dx < C)T%eT 7 / / g(t,z)*dxdt.
0 a

-1
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This gives the conclusion. a

In the case of v = 1, we also have the following result.

Proposition 7. Assume v = 1. Let a,b € R be such that 0 < a < b < 1. Then
there exists Ty > 0 such that, for every T > Ty, system (17) is observable in
(a,b) in time T uniformly with respect to n € N*.

Proof: One can follow the lines of the previous proof until (85). Then, for
n > 1+ 7, we have M = ConT?. Thus,

1 T b
/ g(T,x)%dr < C4T26[01C2_02T]"/ / g(t, x)*dadt.
-1 0 a

This proves Proposition 7 with T := ¢1Ca/ca. O

4.3 Construction of the control function for v € (0,1)

The goal of this section is the proof of null controllability in any time T > 0 for
v € (0,1). Our construction of the control steering the initial state to zero is
the one of [5], which is in turn inspired by [32] (see also [33]).

For n € N*, we define ¢, (y) := v2sin(nry) and H, = L*(—1,1) ® @,
which is a closed subspace of L*(Q). For j € N, we define E; := ®,,<0; H, and
denote by Ilg; the orthogonal projection onto Ej.

Proposition 8. Let vy € (0,1), and let a,b,c,d € R be such that 0 <a <b<1
and 0 < ¢ < d < 1. Then there exists a constant C' > 0 such that for every
T >0, every j € N*, and every go € E; the solution of (4) satisfies

14y T

c(2i+T7 T=~
/g(T,%y)dedySTQe <2 i >/ /g(t7x7y)2dxdydt
Q

0 w
where w := (a,b) x (c,d).

For the proof of Proposition 8 we shall need the following inequality obtained
in [32] (see also [33]).

Proposition 9. Let ¢,d € R be such that ¢ < d. There exists C > 0 such that,
for every L € N* and (bg)1<k<r € RE,

L d| L
Z |bx|* < €CL/ Zbkwk(y)
k=1 ¢ k=1

Proof of Proposition 8: Let (go,n)1<n<2i € L*(—1, 1)¥ be such that

2
dy.

o
90(x,9) =D gon(®)pn(y) -

Then the solution of (4) is given by
27
gtz y) =Y gn(t, 2)en(y)
n=1
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where, for every n € N*, g, is the solution of (17). Applying Propositions 6
and 9, and recalling that (¢, )nen+ is an orthonormal sequence of L2(0,1), we
deduce

Jo9(T,z,y)?dedy = Z I gn(T,2)2d

<T ( ) 2; I fb gn(t, 2)2dzdt

2

oo 15
< T2 ( ) fo f f (t,z)pr(y)| dydzdt
14y
cl2/+1™ 1=
=T2 ( W) fOT fw g(t,z,y)*dzdydt
where the constant C' may change from line to line. O

Let T > 0 and fo € L*(Q). We now proceed to construct a control u €
L?(0,T; L?(Q2)) such that the solution of (2) satisfies f(7,-) = 0. Fix p € R
with

1 —v
0<p<—r 86
A (86)

and let K = K(p) > 0 be such that K 72 2777 = T. Let (a;);jen be defined
by

ao—O
aj+1:a/j+2Tja ]207

where T := K277 for every j € N. We now define the control u in the following
way. On [a;, a; + Tj], we apply a control u such that IIg; f(a; + T},-) = 0 and

lull L2 (ay,0;+15:22(2)) < Cjllf(az, )2
where, in view of Proposition 8,

¢ = (1 )

Observe that, in light of (14),

1f(a; +Tj )20y < (L +V/T;C) £ (a5, ) |2

Then, on the interval [a; + T}, a;j11] we apply no control in order to take advan-
tage of the natural exponential decay of the solution, thus obtaining

£ (aje1s )2 < e 75| flaj + Ty, )lr2e)

where A, is defined in (23). Combining the above inequalities, we conclude that

I f(aj+1, )20 < exp (Z [In(1 + /TiCx) — C(2F) 1+7Tk}) | foll2(e) -

k=1

The choice of p ensures that the sum in the exponential diverges to —oo as
j — +oo, forcing f(T,-) = 0. The fact that u € L?(0,T; L*(f2)) can be checked
by similar arguments. |
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4.4 End of the proof of Theorems 1 and 2

Let w be an open subset of (0,1) x (0,1). There exists a,b,c,d € R with
0<a<b<l1,0<c<d<1suchthat (a,b) x (¢,d) Cw.

The first (resp. third) statement of Theorem 2 has been proved in Section 4.3
(resp. Section 3); let us prove the second one.

Let us consider v = 1 and w = (a,b) x (0,1). From Proposition 7, we deduce
that (3) is observable in w in any time T' > T;. From Theorem 5, we deduce that
for any time T < “2—2, (3) is not observable in w in time 7. Thus, the quantity

T :=inf{T > 0; system (3) is observable in w in time T }
is well defined and belongs to [%, +00). Clearly, observability in some time Ty
implies observability in any time 7' > T}, so

e for every T' > T*, (4) is observable in w in time T,

e for every T' < T*, (4) is not observable in w in time 7.

5 Conclusion and open problems

In this article we have studied the null controllability of the Grushin type equa-
tion (1), in the rectangle Q = (—1,1) x (0, 1), with a distributed control localized
on an open subset w of (0,1) x (0,1). We have proved that null controllability:

e holds in any positive time, when degeneracy is not too strong, i.e. v €
(0,1),

e holds only in large time, when v = 1 and w is a strip parallel to the y-axis,
e does not hold when degeneracy is too strong, i.e. v > 1.

Null controllability when v = 1, T' is large enough, and the control region
w is more general is an open problem. When v = 1, it would be interesting to
characterize the minimal time 7™ required for null controllability and possibly
connect it with the associated diffusion process. We conjecture that 7" = %-.

The technique of this paper should possibly extend to higher dimensional
cylindrical domains of the form (—1,1) x (0,1)™. However, the generalization
of this result to other muldimensional configurations (including = € (—1,1)",

y € (0,1)™ with m,n > 1) or boundary controls, is widely open.
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A The case when {r =0} Cw

In this appendix we briefly explain why null controllability holds when degen-
eracy occurs inside the control region. Consider the control system

Of — 0% f — |x|27(“)§f =u(t,z,y)lu(z,y) (t,x,y) € (0,T) x Q
ft,z,y) =0 (t,xz,y) € (0,T) x 00 (87)
f(07x7y):f0(x’y) (x,y)eQ

with w = (—a,a) x (0,1), 0 < a < 1. Fix b € (0,a) and choose cut-off functions
& € C®R), i=0,1,2, such that 0 <& <1 and

St+&a+&L=1

o(x)=1 if|z| <b, &(z)=0 if|z|>a
&(x)=0 fz<b, &a)=1 ifz>a
&Hlx)=1 fz<—a, &x)=0 ifz>-b

(88)

Let w1 = (b,a) x (0,1) and let Q; = (b,1) x (0,1). There exists a control
uy € L2((0,T) x Q1) such that the solution f; of

8tf - 6%][‘ - “T|276§f = U1(t,$,y)1w1 (QT,y) (thay) € (OaT) x
ft,2,y) =0 (t,2,y) € (0,T) x 8
f(oaxay):f()(xvy) (CE,ZJ) te

satisfies f1(T,-) = 0 on €. Similarly, let we = (—a, —b) x (0,1) and let up €

L2((0,T) x Q3), where Qy = (—1,—b) x (0, 1), be such that the solution f5 of
8tf - agf - \x|278§f = uQ(t,x,y)1w2(x7y) (t,m,y) € (OvT) X Q2
ft,z,y) =0 (t,x,y) € (0,T) x 08q
f(oaxay):fo(x7y) (l‘,y) EQQ

satisfies f2(T,-) = 0 on Q. Finally, let Qg = (—a,a) x (0,1) and let fy be the
solution of

atf - agf - |£L“2’Ya§f =0 (t,x,y) € (OaT) X Q0
flt,z,y)=0 (t,x,y) € (0,T) x 9
f<07x7y) :€0($)f0(aj?y) (xvy) eSIO-
Then
Tt
T
satisfies (87) for a suitable control u, as well as f(T,-) =0 on €.

f(ta x)Z/) = gl(x)fl(tvxvy) + 52(x)f2(tvx’y) +

fO(tv'xay)
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