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ROBUST UNBIASED TRANSFORMATIONS WITH CENSORING

DAMIEN BOUSQUET
Universie de Montpellier

Abstract. In the literature, there have been several papers abouasetbi
estimation in presence of censoring. In this work, we géiserdéhe doubly
robust unbiased transformation with censoring proposeRutyin and Van
der Laan and Suzukawa. We show it is the uniformly minimuniavere un-
biased transformation with censoring. The hew more getienasformation
we obtain is also doubly robust and asymptotically normal.

1. Introduction. The search for unbiased estimators from quantities oféstds a central problem in statistics. In the
survival analysis field, the data are often censored. Therseveral types of censoring as described by the autha@t.in [
During the last decades, unbiased estimation in presencensbring has received some attention in the literature. We
can cite as an illustration the works from the authors2y3[ 6, 10, 13, 14, 15]. Here, we are especially interesting with
the transformation given by the authors I8] 14] under right random censoring.

In this work, we generalise a transformation proposed byifRabd Van der Laanlf3] and Suzukawal4]. Our method

is general in the context of a right random censoring schéiinst, we describe all possible unbiased transformations
from some function which depends of the non observed randorable. Then, we fix this function in the procedure and
we search the existence of a minimum variance unbiasedidrametion in this class. We find a solution. When the non
observed random variable is real valued, this solutionesponds to the unbiased transformation proposed by therauth

in [13, 14]. We show that this transformation is the uniformly minimyariance unbiased transformation. However, our
method is different from the method used by the authod#} ind our construction is general. When the non observed
random variable is vector valued, our approach is new. kdhse also, we find a unique solution of minimum variance.
As shown in the sequel, this is equivalent to minimise thedogiic distance between the general transformation and the
objective function which depends of the non observed randamable. The transformation we obtain is doubly robust
and generalises the previous for real valued random vagaklur motivation to generalise the original procedureyis b
example the following: how to estimate without bias theaace from a censored sample? To achieve this goal in the more
general non censored case, we need at least two observi8]oS® that our generalisation allows to estimate without
bias the variance in a censored sample. We also give a geastdt of doubly robust asymptotic normality. Indeed, we
make a link between the optimal transformation we find andytreeral theory from U statisticS][

This paper is organised as follows. In the Sectpnve treat the case of one observation, that is to say the ¢asalo
valued random variables. We do not any more contributiotis section. The results that are presented in this section
are contained in13] and [14]. However, our procedure is different. This section prepahe generalisation from the
Section3. In the SectiorB, we present the general case for an arbitrary number of wdtsmms, that is to say for vector
valued random variables. Our contribution is to find the gansolution in this case. The transformation we find is
constructed to be of minimum variance. Such it is the casé ffansformation has another interesting property: it is
doubly robust. In the Sectioh we give a result of asymptotic normality in the general chgeusing the theory from U
statistics. In the last section, we give some perspectives.

In the sequel, all the reasonings can be written conditiptalany covariates. For the sake of simplicity, we preshain

Keywords and phrasesisymptotic normality, bias, censoring, robustness, Ussi@tvariance
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2 DAMIEN BOUSQUET
without covariates.

2. Thecase of oneobservation. Let(£2,.A4,P) be a probability spacé;, C' : Q — R be independent random variables,
T =min(Y,C), D = ly<¢, v : R — R be afixed borelian functiod = {(t1,t2) € R?; t; <t} andVp = R?— V.
We denote byS¢ : R — [0, 1] the survival function of the random varialdé: 2 — R.

ASSUMPTIONZ2.1. We suppose that for any real numheme have,
Sc(e) =P(C >¢)>0

Under the AssumptioR.1, let 6, : R — R be a borelian function such that for any real numbethe functionc —
1y, (y, ¢)fp(c) is integrable with respect to the probability measBfeand for any real numbey,

0w = o) = [ 1w (aPe(o)

and for any(t,d) € R x {0, 1},

Ucy.0,(t,d) = (1 —d)bo(t) + db:(t)
In the PropositiorR.1, we describe in this case all possible unbiased transfarnstvith censoring. The parameters that
are free are the borelian functionst, from R to R.

PROPOSITION2.1. We suppose that the functiops— [ 1y, (y,¢)|0o(c)|dPc(c) andy — Sc(y)[61(y)| from R to
R are integrable with respect to the probability measiife. Then, the random variablésc - 4, (T, D) : & — R and
voY : 2 — R are integrable with respect to the probability measkrand we have,

E[Uc,,00(T, D)l = E[y o Y]

We denote byC(R,R) the set of all continuous functions froR to R and by© the set of all continuous functions
6y : R — R such that, for any real number the functionc — 1y (y, ¢)fo(c) from R to R is integrable with respect to
the probability measuré- and,

[ 00 Py 01 € Resg

/;{xﬁégaﬁlz;1wﬂyﬂﬂ90@ﬁdpc(6ﬂ2dPY(y)G]Rzo

[ 1 000y 0y 0:.6) € R

The random variabl&/c ., ,(7, D) :  — R is square integrable with respect to the probability mesBuif and only
if, we have,

|, 1060 0B 0By 0:.6) € R

[ 1 0000y oy 0:.6) € R

Therefore, if,
Oy € ©
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we have,
E[U%‘,wﬂo (T7 D)] € RZO

For anyf, € C(R,R) such that for any real number the functionc — 1y, (y, ¢)fp(c) from R to R is integrable with
respect to the probability measufe and,

/ (— / 11 (4. )0 () AP (c) ) 2dPy (y) € R
R R

Vo)
Jo

|1 0000y oy 0:.6) € R

()
Sc(y)

dPy (y) € Rxo

then we have,

ASSUMPTION2.2. We suppose that the functign— gz(é)) fromR to R is integrable with respect to the probability
measurePy, so that the zero function is in the $@t

PROPOSITION2.2. Under the AssumptioR.2, the subse® from C(R, R) is a vector subspace froi(R, R).

Let N : © — R>g andy : © — R>( be the following functions,
N: 6 — RZO
1
b0 = [fn 505 {a 1o (¥ 00()dPo()}2dPy (y) + fgo vy (y, I ()dPv:c (v, €]

X : e — RZO
bo — E[U%’77790(T7D)]

AssumPTION2.3. We suppose that there exist two continuous positive furfip : R — R-pand fc : R — R
which are integrable with respect to the Lebesgue measweeR\and such that for any boreliaB € B(R), we have,

Py (B) = /R Lo (®) fy ()dA(D)

Pe(B) = [ 160/ (N
R
Under the Assumptio.3, we have for any real numbeér
Sy(t)=PY >t) >0

Sc(t)=P(C>1t)>0

In the PropositiorR.3, we show that the applicatioN defines a norm over the vector spage
ProPOSITION2.3. Under the AssumptioR.3, the functionV : © — R is a norm over the vector spaé

In the Proposition2.4, we show that the applicatiog from © to R~ is differentiable over©, and we compute its
differential.
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ProPosITION2.4. Under the Assumptiorz2and?2.3, the functiony : © — R is differentiable ove®, its differen-
tial is given by for any(6y, Hy) € ©2,

dg, X (Ho) = 2 /R2 Ly, (y, ¢)[{0o(c) — 01(y) } Ho(c)|dP v, (y, ¢)

In the Propositior?.5, we show that the applicatiop from © to R is strongly convex with modulu over©, so that
this application is strictly convex. Our aim here is to miigmthis application ove®.

PrRoOPOSITION2.5. Under the Assumptior2and 2.3, the functiony : © — R is strongly convex with modulis
overo.

In the Propositior2.6, we give a sufficient condition so that the applicatipfrom © to R>( has a stationary point.

PROPOSITION2.6. Under the Assumptiorz2and2.3, for anyd, € © such that the functiop — 6%(y) fomR to R
is integrable with respect to the probability measife and,

! /R Ly, (y, ©)01 (y)dPy (y)

00(6) = SY(C)

we have,
dg,x =0

Under the AssumptioB.2, for any real numbet, the functiony — 1y, (v, ¢)y(y) from R to R is integrable with respect
to the probability measur®y, let under the Assumptio?.3, n : R — R be the function such that for any real number

n(e) = #() /R 11 (4. )1 (4)dPy (1)

Under the Assumption8.2 and2.3, for any real numbey, the functionc — 1y, (c,y)SZ(Z) from R to R is integrable
C

with respect to the probability measufe, let ¢ : R — R be the function such that for any real number

o) =100 = Setv) [ 1 en) el

ASSUMPTION 2.4. Let for any real numbey, v (y) = max{v(y),0}, v~ (y) = —min{y(y),0} and for any real
numbere,
1
_(¢) = 1 “(y)dP
n-(c) S (0 /R vo (¥, )7 (y)dPy (y)
1

nt(c) = ] / Ly, (y, 7 (y)dPy (y)

Sy (¢

We suppose that for any real numhegthe functiony — 1y, (y,c) [g 111 (¢, )’7* EC,)) dPc(c') is integrable with respect
C
to the probability measurgy and the functiory — 1y, (y,c) [ 1vi (¢, y) & "+(C ) dPc(c) is integrable with respect to the

SZ(c)
probability measuréPy .

If the function~ from R to R is bounded and,

dPy (y)
r Sc(y)

then, the Assumptio.4is verified.
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ProPOSITION2.7. Under the Assumptioria2, 2.3and 2.4, we have for any real numbey

10 =60+ [ 10 GD [ 10 2 ary )

Under the Assumption®.2and2.3, let . : R — R be the function such that for any real number

7(y) / n(c)
ply) = — [ lwi(cy dPc(c
( ) R Vl( )S%(C) ( )
ASSUMPTION2.5. We suppose that the functign— p2?(y) from R to R is integrable with respect to the probability
measurdPy .

Under the Assumption8.2, 2.3and2.5, let§) : R — R be the function such that for any real number

0(c) = f() /R 1y (4, ©)pu(y)dPy (1)

ASSUMPTIONZ2.6. We suppose that,

M€R>O

r Sc(y)
lim Sy(t)
t——+o0 Sc(t)

PROPOSITION2.8. Under the Assumptiora2, 2.3, 2.4, 2.5and 2.6, we have for any real number,

R (y) = u(y)

and if the functiont — ~(¢) from R to R is piecewise continuous ov& then, for any real number,

_ @) n(c)
B0 =gy~ e g e

PROPOSITION2.9. Under the Assumptio®.2, we have,
ER*(Y)] € Rxo

and for anyf, € O,
VUG, (T, D)] = E{Uc,6, (T, D) = 4(Y)}’] + V()]

In the Theoren®.1, we present the main result from this paragraph.
THEOREM2.1. Under the Assumptiors2, 2.3, 2.4, 2.5and 2.6, if,
00 € ©
we have then for an§, € © such thatdy # 69,
VUc,,00(T, D)] > V[Uc, g9 (T', D)]

which is equivalent to,
E[{Uc,0,(T, D) = 7(Y)}?] > E[{Uc, go(T, D) = 7(Y)}’]
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In the Theoren?.2, we show that the transformation which minimises the vagas also robust.
THEOREM2.2. LetYy,Cph : 2 — R be independent random variables and,

To = min(Yp, Cp)

Dy = 1y,<cy
Then, under the Assumptio®, 2.3, 2.4, 2.5and2.6, if Sc = S¢, or Sy = Sy,, and,

E[|Uc,60(To, Do)|] € R>o

we have always,
E[Uc,09(To, Do)] = E[(Y0)]

When~y = idr, we retrieve the transformation proposed by the author$3h [

Letp € N>; andn € N>; such thap + 1 < n.

Suppose that our model is the following linear regressiodenhfi 1],

Y=X(B+e¢
where the vecto’ = (Yi,...,Y,) from Q to R" is the dependent variable, the fixed matrix of regressors=
(Ximj)1<men.0<j<p IS SUch that for any integen € {1,...,n}, Xpo = 1, 8 = (Bo,..., ) € RP*'is a vector
of fixed parameters to be estimated ané (¢y,...,¢,) is an unknown noise composant, where the random variables
(€j)1< <, fromQ to R are independent.
We make the following assumptions:

E[e] = (07 70)

there exists a positive real numhesuch that,

Vie] = 0?1,

and,
rank(X)=p+1

Consequently, the matriX’X from M, ,+1(R) is an invertible matrix, where the notatidmefers to the transposed
matrix.

The ordinary least squares estimator frore= (5o, ..., 5,) when the vectoy = (y1,...,y,) € R" is totally observed
without censoring is given bﬁ(yl, ceyUn) = (X’X)_lX’y. From the Gauss and Markov theorem, it is the uniformly
minimum variance unbiased linear estimator from the ve6i@lso we have,

~

V[B(Y:,...,Y,)] = c2(X'X) "

As the noise composant is unknown, we do not know the value bet§ = X3 be the vector of predicted values and
¢ = y — 9 be the vector of the residuals. An unbiased estimator #dis given by,
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We are concerning with the unbiased estimation from theovetfrom RP*+! and the real number?, under random right
independent censorship. We denoteyby: (y1, ..., y,) the vector of the non observed values,d¥ (cy,...,¢,) the
vector from the censor, by = (¢1,...,t,) = (min(y1,c1),...,min(y,,c,)) the vector of eventually censored values
and byd = (dy,...,d,) = (1y,(y1,¢1), - - -, 1y (yn, cn)) the vector of the censoring indicators. We obseraedd and
we want to estimate without bias the vectband the real number?, from the data.

With the notations from this section, we have for any integsuch thatl < j < n,
E[UcpidRﬂo (T], DJ)] - E[Y]]
So that we have an unbiased transformation from the vegtathich isB{UChidRﬂO (t1,d1), ..., Uc, idr.00 (tnsdn) }

E(B3{Uc, idm.00(T1, D1); - - - Uc, idr.oo (Tn> Dn)}] = B

Now, our problem is to estimate without bias the real numisgr We suppose that for any borelian function :
R" — R, we have found an unbiased estimaton(71,...,T,, D1,..., D,) from the real numbeE[y(Y3,...,Y,)],
lety(y1, .- yn) = 7=p=1 21<j<n €, We would obtain so,

E[:U‘“/(Tlv s >Tn7 D17 s 7Dn)] = 02
This problem motivates the construction below.

Another way to proceed would be to consider conditional etgi@®n, however, it does not seem to lead to doubly robust
transformations.

3. The general case. Let (2, A,P) be a probability space; € N>, Y1,...,Y,,C1,...,C, : © — R be random
variables such that the random vect®i, . .., Y;,) is independent from the random vectory,...,C,), I = {0,1}" —
{(1,...,1)} andv, (6;),; : R" — R be borelian functions. Let for any integgsuch thatl < j < n,

Tj = min(Yj, Cj)
Dj = ly;<q,
AsSSUMPTION3.1. We suppose that for arfyy, ..., c,) € R", we have,
5(017___700(01, cosCn) =P(Cy >c1,...,Cp >c¢y) >0

Let v, (0i);c1 : R" — R be borelian functions, such that for anyc I and for any(yi,...,y,) € R", the func-
tion (c1,...,¢n) = {Ili<j<n ly,, (yj,cj)}ﬂ-{min(yl,cl) ., min(y,, ¢,)} from R™ to R is integrable oveR™ with
respect to the probability measdﬂ»@c1 ), under the Assumptloa 1, let for any(y1,...,yn) € R",

01,..1) (W15 -5 Yn)
= : (1, Un)
Sy, sCn) (Y1se3Yn) Lyeesdn
ZiEI fR"{ngjgn IVij (yj7 CJ)}HZ{mln(yb 61)7 s ,min(yn, Cn)}dP(Ch...,Cn)(Cl? cee >Cn)]

and for any(ty, ..., ts,d1,...,d,) € R™ x {0,1}",
UC17---7Cn,’y,(9i)iel(t17"'7tn7d17"'7d Z H {dzj 1—-d 1 ZJ}] (tl,..., )

1€{0,1}" 1<j<n

In the PropositiorB.1, we describe all possible unbiased transformations witls@eng. The parameters that are free are
the borelian functions, (6;),; from R" to R.
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ProrPOsSITION3.1. We suppose that for anye I, the function

W55 9n) = Jgalllicjcn Ly, (Y5, ¢j) Y0i{min(y1, c1), ... ,min(y,, cn) }dPc, . oy (c1, .-, en) oM R™ to R is
integrable overR™ with respect to the probability measulPle v,.)- Then, the functiory from R" to R is integrable
over R" with respect to the probability measufey, .y, and we have,

E[U017”'7C7“%(9i)i61(Tl, e ,Tn, Dl, e ,Dn)] = E[’y(Yl, e ,Yn)]

As an illustration, for estimating without bias the variann a censored independent and identically distributedokgm
we can take for any. € N>, and any(yi,...,y,) € R",

2
’v(yl,--wyn):ﬁ{ > (yj—% > w) )

1<j<n 1<k<n

The random variabléJCl7___7Cnm(9i)i61(Tl, ....,Tn,Dy,...,D,) from Q to R is square integrable with respect to the
probability measur®, if and only if, we have for any € {0,1}",

/R2 { H Ly, (y5,¢;) 0 {min(y, c1), ..., min(yn, ca) }Py; . yi v Co) W1s - - Yns €1, - -, ) € Rg

1<j<n

We denote byC(R"™, R) the set of all functions fronR”™ to R that are continuous oveR™ and, by®© the set of all
elements(¢;),.; from C(R™, R )'” such that, for any(y1,...,y,) € R" and anyi € I, the function(cy,...,c,) —
{Ii<j<n Ly, (yj,¢) Y0i{min(y1, c1), ..., min(yn, c,)} from R™ to R is integrable oveR™ with respect to the proba-
bility measure!P’(C1 ¢, and,

/ { H 1\/ yj,c])}ﬂ {min(yy,c1),. 7min(ymCn)}d]P’(yl,,,,,Ymcl,,,,,cn)(yl,--.,yn7017---70n) € R>o
1<j<n

1
fR VSO WseUn)

X {Zzel fRn{HISJSn 1V2j (yj7 Cj)}ei{min(yla Cl)? v 7min(yn7 Cn)}d]P)(C1,...,Cn)(cl7 EER) Cn)}]zdP(Yl,...,Yn) € RZO

/1:{ S(C’l,...,C’n)(yla v 7yn)9(217m,1) (?Jh e Jyn)d]P)(Yl,...,Y;L)(yla cee 7yn) € RZO

We have for anyyy, ..., yn,c1,...,cn) € R™,

UC'1, 5Cny, ( {mln(y17cl) 7min(ynvcn)7lvl (y1761)7' . 71V1 (ynycn)}
= 226{0,1}"{H1gg§n 1sz (Yj, CJ)}Q?{min(yla c1)s- -, min(yn, cn)}
If,
(ei)ieI €0

then, the random variab[écl,m,onm(gi)id(Tl, ..., T, Dy, ..
probability measuré.

., Dy,) from Q to R is square integrable with respect to the
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For any (0;),c; € C(R",R)'I‘ such that for any(y1,...,y,) € R™ and any: € I, the function(cy,...,c,) —
{ITi<j<n ly,, (yj, ;) Y0i{min(yi, c1), ..., min(yn, c,)} from R™ to R is integrable oveR™ with respect to the proba-
bility measureP ¢, ¢, and,

1
I e

X{Ziel fR”{HlSan 1Vz'j (ij C])}el{mln(ylv 61)7 s >min(yn> Cn)}dP(C1,...,Cn)(Cl7 CR) Cn)}]2d]P)(Y1,...,Yn) € RZO

if,
72(y17 s 7yn)
R S(C1,niC) Y15 -3 Yn

)dP(Yl,...,Yn)(yh < Yn) € Rxo

then we have,

R S(C&,...,C’n)(ylv s 7yn)9(217___,1) (y17 s 7yn)d]P>(Y1,...,Yn)(y17 s 7yn) € RZO
ASSUMPTION 3.2. We suppose thal,...,0) € O, or equivalently, we suppose that the functien, ...,y,) —

72(y17---7yn) n el 1 ili
S i) fromR" to R is integrable with respect to the probability measiig; ..y, ).-

In the PropositiorB.2, we demonstrate under the Assumpt®B8, that the se® is a vector space.

PrROPOSITION3.2. Under the AssumptioB.2, the subse® from C(R", R)‘II is a vector subspace fro@(R", R)‘”.

Let N : © — R>g andy : © — R>( be the following functions,

N: © — RZO
(Qi)z’eI = { .
I S(Cy i) Y5eesYn) it Janlli<j<n L, (95,¢)}

x0;{min(y1,c1), ..., min(yy,, cn)}dP(Ch___Cn)(cl, o ,cn)]2dIP’(y17___,yn)(y1, ey Un)
+ > ier Jren {lli<j<n Ly, (yj,¢5)}

Xeg{min(ylﬂ Cl)? s 7min(yn7 Cn)}dP(Yl,...,Yn,Cl,...,Cn)(yla <oy Yns Cly e e 7Cn)
)2
x: O — R

(Hi)iGI = E[U%‘1~~~7Cn,%(9i)iel (T17 s 7Tn7 D17 v 7Dn)]

AssumMPTION3.3. We suppose that there exist some functifiss . y,) : R" — Rso and fi¢,...c,) : R" = Rxo
that are continuous oveR"™ and positive, integrable with respect to the Lebesgue measter R”, and such that for
anyB € B(R)®", we have,

P(Yl,---7yn)(B) = / 1B(t1> R 7t”)f(Y1,---7Yn)(t17 R ,tn)d/\n(tl, R ,tn)

n

]P)(C'h...,cn)(B) = / lB(th cee 7tn)f(01,...,0n)(t17 cee 7tn)d/\n(t1> cee 7tn)

n
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Under the AssumptioB.3, we have for anyt4,...,t,) € R",
S(y17___7yn)(t1, - ,tn) = ]P’(Yl >ty,... ,Yn > tn) >0

S(C1,...,Cn)(t1> coyty) =P(Cy > tq,...,Cp > ty) >0
In the Propositior8.3, we show that the applicatioN defines a norm over the vector spage

ProPOsSITION3.3. Under the AssumptioB.3, the application/V from © to R~ is a norm over the vector spaég

In the Proposition3.4, we show that the applicatiog from © to R~ is differentiable over©, and we compute its
differential.

ProPOSITION3.4. Under the Assumptior3.2 and 3.3, the applicationy from © to R is differentiable ove©, for
any (0;),c; € ©, we have,

d(ei)ieIX - L(e’i)iel
where for any(H;),; € ©,

Lo, {(Hi)jer}

=2{> e fR2n{H1§j§n 1Vij (y5,¢5)}

x0;{min(y1,c1), ... ,min(y,, cy) } H;{min(y1,c1), ..., min(yy,, Cn)}dP(Yl,...,Ymcl,...,cn)(yb e Yny Cly o5 Cn) }
=2 Jron 01,y W15 - 0n) Pier Tlicjcn 1, (055 ¢5)

x Hi{min(y1,c1), ..., min(yn, ¢u) }dPyv; y,.0n, 00 (Y15 -5 Yny €1y -+ Cn)

In the Propositior8.5, we show that the application from © to R is strongly convex with modulu over©, so that
this application is strictly convex. Our aim here is to mirgmthis application ove®.

PropoOsITION 3.5. Under the Assumption3.2 and 3.3, the applicationy from © to R>( is strongly convex with
modulus2 over©.

AsSsSUMPTION3.4. We suppose that the random variablés. .., Y,, C,...,C, fromQ to R are all independent.
In the Propositior8.6, we give a sufficient condition so that the applicatjpfrom © to R>( has a stationary point.

PROPOSITION3.6. Under the Assumptior&2, 3.3and3.4, for any(0;),.; € © such that for anyt,,...,t,) € R" and
anyi € I, the function(y, ..., y,) — {H1<]<n Lvo (W5 t5) 10,1 (tllly% “ .. tinyl=in) from R™ to R is integrable
with respect to the probability measurgy, .y, ) and the functlor(yl, ceyUYn) 9(17“.,1)@1, ...,yp) fromR"to R is
integrable with respect to the probability measiﬁ%gz1 LY,) and if,

Hi(tl, - ,tn)

/ { H 1VO y]? }9 1,...,1 (tllyl Zl tln - Zn)d]P)(Yh ,Yn)(yla"'ayn)

S(y17 LYn) tl,..., 1<i<n

then we have,

4, x = 0
We have that for anyH;),.; € © and anyi € I,

fRQn{ngjgn 1VLJ (y]7 CJ)}[HZ{mln(yh 01)7 s 7min(y7h Cn)} - 9(1,...,1) (y17 s 7yn)]

x Hi{min(y1,c1), ..., min(yy, Cn)}dP(Yl,...,Yn,Cl,...,Cn)(yla ey Yny Cly e ey Cp)
=0
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ProOPOSITION3.7. Under the AssumptioB.2, we have,
E[2(Y1,...,Y,)] € Rso
and for any(6;),.; € ©,

V[Ue,....cnm(0:),0;(T15 - - Tny D1,y ..., D)
=E{Uc,,..Com.00),0,(Tts - Tny D1, o, D) =y (Ye, o Y)Y 4+ V(Y -, V)]

AssumPTION3.5. We suppose that for anyc {0,1}" and any(t1, .. .,t,) € R", the function
i1, 1—iq

W un) = {Ti<jon o (s ) I Y5 - iy~ ') from R™ to R is integrable with respect to the probability
measureP(y, v, ), letforanyi € {0,1}" and any(t1,...,t,) € R",

ah—(tl""’tn) g (t / { H 1Vo Yj tj ol (tzll - 21’.” tln " Zn)dP(Yl, ,Yn)(yla"'7yn)
(Yq,.. ,Yn Lye-estl 1<j<n
1
ai,-l—(tlv s 7tn) = S (t { H 1VO ij (tzlly% 217 tln . Zn)d]P)(Yl, ,Yn)(ylv s 7yn)
(V1,0 Vo) (ELs oo T R™ 12i<n
where for any(ty, ..., t,) € R", we have,

v (t1, ..y tn) = —min{y(ty,...,t,),0}

Yty .. t) = max{y(ty, ..., t,),0}
We suppose that for ary,, ..., t,) € R™ and anyi € {0, 1} the function

1—iq 12)

1—i47 0y, (t u OO Ly i
(u17-.-7un) — [ngjgn{l\ﬁ(ujatj)} J] H1§]§nl{s2j( )}

probability measuré? ¢, . ¢,) and, the function

from R" to R>¢ is integrable with respect to the

. i1 1—iq in l—in
(ut, s un) = [[Th<jcn {Ina (uj,tj)}l_”]o‘ﬁ(t “1{52’ (i”);‘fl ) from R™ to Ry is integrable with respect to the
=/= 1<j<n J

probability measuré? ¢, . ¢, let,

w(te, ... ty) -
e T o e, (o) IS )
where for any(uy, ..., u,) € R", we have,
ai(ur, .., uy) = iy (ur, .. uy) — oy — (U1, ..., up)

We suppose that for anyy, ...,t,) € R™, anyi € {0,1}" and anyi’ € I, the function
Tlicion vy (usts)} i o1-if 170
(yl; L 7yn) —— VOL/_yjl ]L/ fR” H1<]<n {1‘/1 (u]7t‘7 y‘y )} ]
H1<J<n {SC (t ]y] ])}

. . l
1197 11(1*21) 1—iq iniy, in(1—il) 1-4
ai,f(t1 Y1 Uy yoeotn " Yn " up, n)

i 5 @ dP ..o (u1, .., u,) from R™ to R is integrable with respect to the
1<j<n W, \Uj -

probability méa_sur@(yl,m,yn) and the function

Ty ic Tvo (ust i 1l 17
(yla"'yyn) = — (13 J1 7’] fRn H1<]<n {1V1 (u,77tj yj )} ]
HlSan {SCj (t Y, )}
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L”lyf(l i, -0 ___Jilnihy;n(lfi%)u};in)
HlSJSn {S j(uj)}lizj
probability measureP(y, .y, . We suppose also that for art#, ...,t,) € R", anyi € {0,1}" and anyi’ € I, the

[hi<jcn v, (tic))

(7N +(t

dPc,,...cp) (U1, .. un) from R™ to R>o is integrable with respect to the

j {]._[1<j<n IVQ (ijmin(t]7c]))}
S(Yl ,,,,, Yn){min(tl701)7“'7min(tn7c”)} R” i 1= il. ZJ
[Ti<j<n {SC (min(t;,¢;)" Iy, )

i1(1— 21) 1 i1

function(cy, ..., cp) —

i 1= ZJ) 1_2J]0‘ .— (min(t1, c1)L1L1y .,mm(tmcn)"L”ym(1 iy W)

X fR" H1<J<" {1y (uj, min(t;, ;)" Y HlSJSn {S¢ j(uj)}liij
dP(cl,...,cn)(ul, . ,un)dP(yl’m’yn)(yl, ...,yn) fromR™ to R>¢ is integrable with respect to the probability measure
P,....c,) @nd, the function
1 ti, .
( ) H1<]<n V’ ( ’ c]) f {H1<j<n 1V0 (yj,mm(t],c]))}
ClyeeesCn) 2 Stvy,. Yn){mln(tl,cl), wmin(tn,cn)} JR® i 1= i
H1<]<n {SC (mln(t],c]) ]yj )}
i1 (1— 21) 1—iq
1

— 1—
i 1—4’ 1 ZJ . 7n.un(tn’cn)znznyl’ﬂ( Zn) 1 ’Ln)

X fRn H1<y<n {1v; (uj, min(t;, ;)" 7Y, 7) TTicjen {52 2. (u DY
dP(cy,...cn) (Ut - s un)dPry; v,y (W1, - -+, yn) from R™ to R is integrable with respect to the probability measure
Py,....cn)-

] = 4 (min(t1,e1)17y)

Under the Assumptiof3.4, if the functiony from R" to R is bounded and for any integgrsuch thatl < j < n, we
have,

)
eR
R SC](y) =0

then, the AssumptioB.5is verified.

Under the Assumption3.3and3.5, let for any: € I, 490 R"™ — R be the function such that for artys, ..., t,) € R",
we have,

eg(tlv"'vt )

1— n "
S(Y i) tl / { H 1Vo y]>t] }#(tlfyl Zl, tz 1 ‘ )dP(yl’ ,Yn)(yb --»yn)
1Y) T ’ 1<j<n

ASSUMPTION3.6. We suppose that the functiom, . .., y,.) — 12(y1, ..., y.) romR™ to R is integrable with respect
to the probability measur@y, v,

ASSUMPTION3.7. We suppose that for any integgsuch thatl < j < n,
dPy; (y)
R Sc;(y)

im Sy ()
t——4o0 SC]‘ (t)

S RZO

=0

We can give now in the Theorefl, the main result from this paragraph.

THEOREM3.1. Under the Assumptiors2, 3.3, 3.4, 3.5, 3.6and 3.7, if,
(67);er € ©

we have then for angf;),; € © such that(6;),.; # (69),;,

V[Ue,..Com0:);e;(Ths s Tny Duy oo, D)) > V[UCL...,CW%(@?)ZH(Tlﬂ cois Ty, Dy, ..., Dy)]
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this is equivalent to,

E[{U017~~~,Cn,%(9i)i€1(T17 ... ,Tn, Dl, . ,Dn) - ’Y(Yl, .. 7Yn)}2]
2
> E[{Uch___7c7“%(9?)i61 (Tl, . o ,Tn, Dl, oo 7Dn) - "}/(Yl, . o 7Yn)} ]

We demonstrate that the transformation we have introdutéidei TheorenB.1is robust. This result is presented in the
Theorem3.2

THEOREM3.2. LetY?,....Y9 C? ... ,CY: Q — R be independent random variables and for any integsuch that
I1<j<mn,
0 v0 A0

T; = min(Y;, Cy)

Then, under the AssumptioB8<, 3.3, 3.4, 3.5, 3.6and 3.7, if for any integer; such thatl < j < n, S¢; = Sco, or for
J
any integerj such thatl < j <n, Sy, = Syo, and,
J

EHUCl,...,Cmfy,(G?)iGI(T10> s ,TS, D?v s ng)” € Rxo

we have always,
E[UCL...,C’H,V,(G?)Z.Q(T107 s TO D?? s 7D2)] = E[’Y(Yl()? s 7Y7?)]

s tno

In the proposition3.8, we demonstrate that for any;,n; € N>; such thatn; < n», the optimal transformation for
n = ny generalises the optimal transformation fo& n;.

PROPOSITION3.8. Ifitexistg € N>; such thay < n, an applicationr from{1,...,¢}to{1,...,n} whichis injective
over{l,...,q}, and a functiore : R? — R such that for any(ty,...,t,) € R", we have,

’7(751, ce ,tn) = E(t’r(l)w .. >tT(q))

then we have for anft, ..., t,) € R" and any(dy,...,d,) € {0,1}",

Ui (09),, (1o tns s dn) = Ug, 0 609),, (Er(1) - o Er(g)s dr)s -+ drg))
4. Asymptotic normality. When the base function is a U statistic, the correspondirignap transformation can be
also viewed as a U statistic. Indeed, if the applicatioils symmetric, then the corresponding optimal transforomats
also symmetric and can be used as a kernel to construct thegiktist This result is demonstrated in the Proposidah
Therefore, many results from the theory of U statistB]sapply to the optimal transformation.

Here, we present a result of doubly robust asymptotic natyrfalr the optimal transformation we have introduced in the
Section3. This result is presented in the Theordm, it is derived from the theory of U statisticd]|

For anyr € N>, we denote by, the set of all permutations frofi,...,r}to{1,...,r}.
Letr € N>y and(Y/, ..., Vi) ;. (C1,...,C), ;- be independent random variables,
PROPOSITION4.1. If the applicationy : R™ — R is such that for any- € S, and any(t},... ¢t} ... #],... t) €

RnT o
V) =W g0 o)

n



14 DAMIEN BOUSQUET

and for any integey such thatl < j < r,
S,y = S0 v
Sci...ciy = S(ctch)
then we have,
(H, oo th, ot dh L dh L d)

AR A U AL SO AL (A U A SRUY" (AN ALL))

UC%,...,C}L,...,C{,...,C;,y,(@?)iel

- UC%,...,C}L,...,C{,...,C;"L,%(G?) e PR o

i€l

The theoremd.1is a key result, we show the doubly robust asymptotic notgnali the optimal transformation in the
general case.

Lety : R™ — R be the function such that for arfy:, ..., tL, ..., ¢, ..., ") € R"", we have,

(ot t)

7(1 7(1 T(r T(r
= it Tres v O )

Letm € N>, andy(™™7) : R — R be the function such that for artyt, ..., t.,... 7, ..., t7) € R™™, we have,

-1
m o~ ] i -7" -7"
zp(m’"’r)(t%,...,t}”...,’f"”,...,t;’f):<r> S )

1<j1 << jr<m
0 0 0 0 . .
Let(Y{ ...,V )j>15 cy,...,C ), be independent random variables such that forjaayN=1, we have,

S o0, =S

0 0
7%, T R0y

(0{07”'70%0) == S(Cllo,...,C}LO)

Let for any integek such thatl < £ <n and anyj € N>,

S

T} =min(Y{ ,C}")
i0
Jo
Dk - 1YIgOSCiO
We suppose that,
(o, o Dl DY DO Dr%)) € Ry

i€l

2
E[Ucllv70717,770’1’«770127W7(6?)

oy Clocoorcon g - R {0,1}" — R be the function such that for any
(t1,... tn,d1,...,d,) € R" x {0,1}", we have,

Let ng,...,Y,%,...,YT Y,,;‘,Cl Cc1

9Y11,...,Ynl,...,Y{,...,Yg,cll,...,C,g,...,c;,...,cg,7(751, vy tnydy, . dy)
— 20 20 0 0
_E[Ucl e or 077277’(9?) I(t17"'7t7l7T1 7"'7Tn ,...,T{ ,...,T;{ 3

1o 1o ic

di,...,d,D?° ..., D2° .. D0 .. Droy

Letoy vi..vr..vrch..ch..cr.cr e the following non negative real number,

shnoen s dn YR 1y

10

2 _ 10 10 10
Oy Y Y, Yr O Cl c;,...,c;ﬁ—V[lel,...,Ynl,...,Y{,...,Yg,cll,...,C,g,...,C{',...,cgﬁ(Tl oo Ty s Dy Dy )]

e



ROBUST UNBIASED TRANSFORMATIONS WITH CENSORING 15

THEOREMA4.1. Under the Assumptiors.2, 3.3, 3.4, 3.5, 3.6and3.7, if for any j € N1, S(CJ ciy = S(Clo c10)
1o 1
andsy; Y = = S(yp,..yy on foranyj € N>y, S(Yﬂ...,Yé) = S(Yllo’m’yr}o) andS(Cl’ iy =Sct...cp)»and
Oyl Y YT Yy Ol O Cr,Cn iy > 0o We have always for any real number
lim P Vi
oo (”’yll ,,,,, Ve YT YO Oy c;‘ ,,,,, o
U T Tlo TmO TmO Dlo Dlo DmO DmO
X{ 011’ 7n7 7C{n7 7me(7nn7)(90) 1(1 g ey n oyt 1 gy dp 5 1 s> n oyt 1 PRI n )
0 0
(YL, ., Y) ,...,Y{O,...,Y;O)} < )
= ¢(u)

where the functio from R to [0, 1] is the cumulative distribution function of a random normatigble with mean zero
and variance one.

5. Pergpectives. In this paper, we have generalised the construction of algaobust unbiased transformation pro-
posed by Rubin and Van der Laab3], and of minimum variance, as shown by Suzukadd],[from the case of real
valued random variables to the case of vector valued randorables. Using a result from Hoeffding][about U statis-
tics, we have proved the asymptotic normality of the optitrexdsformation we have introduced. From a theoreticaltpoin
of view, our problem is solved and it can be viewed as a stagwint for further more applied results. Indeed, this work
raises new questions. How to use these transformationallg@WWhat would be the impact of substituting the theosgtic
distribution by the Kaplan and Meier estimatét,[on the bias? Is the asymptotic normality of the resultiatgineators is
then preserved? What about others properties of U stafstica work in progress, we investigate these questions.
APPENDIX A: PROOFS FROM THE SECTION 2

Proof of Proposition 2.1

For any(t,d) € R x {0, 1}, we have,
U060t d) = (1 = d)[6o ()] + d]6:1(2)]

fR2 ‘Ucﬁfﬂo {min(y7 C)? 1y, (ya )}’d]P) YC (ya )
= Jr{Jg v (. ©)|0o (c)|dPc(c )}dPY +fR Sc(y)|61(y)|dPy (y)

Also we have,
[ Ve {min(y.0) 13 (1 D Py () > [ w)Iapy (o

So that the random variabléc - 4, (T, D) from € to R is integrable with respect to the probability measkrand the
function~ from R to R is integrable with respect to the probability meastye Moreover,

E[UC,’Y,GO (T7 D)] = E[’Y(Y)]

Proof of Proposition 2.2

Leta € R, 0y € © andpuy = afy, we have,

7 (y)
/R So(y) dPy (y) € Rx>o

/ 11 (4, €)afo ()dPe ()} 2dPy (1) € R

b
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Therefore,
/R Jn (y, )i (y)dP . (y. ¢) € Rxg

Hence,
o € O

Letty, By € © andugy = 0y + By, we have,

7 (y)
/R So(y) dPy (y) € R>o

/ 1y (4, €)80 ()P () }2dPy (1) € Rso

1
/R{ VSel(y) Jr
/R Wﬁ /R 145 (4. ) Bo(€)dPe (c) ) 2dPy (y) € R

/ W / 11 (9, €){B0(c) + fo(c) }dPe ()] dPy () € R

o € O

So that,

Hence,

As 0 € 0, this concludes the proof.

Proof of Proposition 2.3
We have for any\ € R and any, € O,
N(Mo) = AN (6o)
Let#, € O such that,
N(y) =0

As we suppose that the random variablfesndC' from Q2 to R are absolutely continuous with respect to the Lebesgue
measure with positive and continuous densities, we have,

0p=0
Let by, By € ©, we have,

{N (60 + Bo)}* = {N(6) + N(Bo)}*
= r #(y){fR Ly, (y, €){0o(c) + Bo(c )}d]P’C(C)} Py (y) + g 1o (4, {00 (c) + Bo() Y dPy.c) (. )
~{Jr 5o Ur 1o (¥, ©)bo (c)dPc(c )Y APy (y) + Jge v (y. )03 ()dPy.c) (y. )}
—~{fr 5257 U 1 (4, B0 () dPo () dPy (y) + [z 1w (4, ©)B ()dP v ) (v, )}
—2N(90) (Bo)

2fR Sc {fR Ly, (y; ¢)fo(c)dPc (¢ fR Ly, (y, ¢)Bo(c)dPc(c) ydPy (y)
+2 e v ( y, c)fo(c)Bo(c)dP v, 0y (v, )
—2N(60)N (o)
< 2[ g 5257 L 16 (4: b0 () dBe() Y dPy (9) [ 527 L 1vo (v, €)Bo(c)dPe ()} dPy (y)]

+2[fR2 1V0(yvc)02( )dP(YC' y,c fR2 1Vo Yy, c )BO( )dP(Y,C)(yvc)]
—2N(6o)N(Bo)

[SIES

[SIES
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Also we have,

D=

(U 5257 110 (1 DB0(P A APy (1) fig 5L v (85 VB (P (c) 2Py ()]
+[fR2 1V0(yvc)92( )dP(YC Yy, C fRz 1Vo Yy, c )ﬁo( )d]P) YC’)(yv )]1}

—{N(6o)N (50)}”

= 2{ o 52k U 100 D0 ()P0 APy (0) iy s Ui 1301 )B0(e) P () Py (1)

X Jr2 1v (1, )05 (¢)dP(y.c) (4, ¢) [ge 1vo y, )35 (c)dPry.c) (v, C)]
- Jr #(y){fR 1y, (y, ©)00(c)dPc (c) Y dPy (y) [ge Ly, (y, ©) B3 () Py, ey (y, ¢)

~ Jie sy U 16 (6B ()P () By (3) fign 1y (4. OBy (. )
<0

Therefore,
{N (60 + B0)}* < {N(6o) + N(Bo)}’
N (0o + Bo) < N(0o) + N(bo)
This concludes the proof.

Proof of Proposition 2.4

Let6y, Hy € ©, we have for anyy, c) € R?,

U%’,*y,@o-i—HO{min(yv C)v Ly, (yv )} UC e 60{min(yv C)v Ly, (yv C)}
= v (y, )i () = 02()} + Lno (9, ©)[{60(c) + Ho(e)}* — 03 (c)]
= Ly (y, i (y) — 01 (y)} + Ly (y, ©){260(c) + Ho(c)} Ho(c)

where for anyy € R,

() = o) = [ 16 HB0(0) + Ho(e)}aPe )]

We have,
SceW){nily) — i (v)} + [rl( Y) vy (y, ¢)Ho(c)]dPc (c)
=5 (y)[{m( ) — Hl(y Hu (y)+91( )} 4+ (=2)01(y)Sc(y){m(y) — 01(y)}]
= Sc(y) [ (y) — 61y

As the functiony — S (y) {13 (y ) — 62(y)} from R to R is integrable with respect to the probability measBireand
the functiony — Sc(y)[u1(y) — 01(y)]* from R to R is integrable with respect to the probability measBye it follows
that the functiony, c) — 1v; (y, ¢)01(y) Ho(c) from R to R is integrable with respect to the probability measBe ),
we have,
JrlSc(y {ul( ) = 03 () HdPy (1) + Jra(=2)01(y) 1y (v, ©) Ho(c)|dP v,y (y: )
= Jr ScW)p(y) — 91(y)]2dPY( )

We can put,
Loo(H0) =2 | 103 )80(0) = 64 (1) () dPryc (0
We have,
Jr2 UZn 00+ 11, {min(y, ¢), 1v; (y, ¢) Py, 0y (y, ) — g2 UZ, % {min(y, ), 1v; (y, ¢) }dPy,cy (y, ¢) — Lo, (Ho)

= Jr2 Wi (y, O HG ()dP (v, (y, ©) + [ Sc(y)lu ( ) = 01(y))dPy (y)
= {N(Ho)}*
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The functionH, — Ly, (Hop) from © to R is linear. Finally, the functiory from © to R is differentiable ove® and
for anyd, € ©, we have,

dgyx = L,

Proof of Proposition 2.5

Lett € [0,1] andby 1,602 € O, we have,
UC,'y,(l—t)9071+t9072 - (1 - t)U077790,1 + tUCﬁ/ﬂo,z

2 2 2 2
{1 =Ucn001 +tUcn60.1 =1 =) Ue 0., + U000, =t =) (Ucy001 — Uciy,002)

2 2 2 2
{(1 - t)Ucv'YveO,l + tUCv'YveO,Q} = (1 - t)UC,’y,GOJ + tUC,’y,@o,z - t(l - t)UC,0,9071—9072

Therefore,
X{(1=1)00.1 + 1002} = (1 — t)x(00.1) + tx(00,2) — t(1 = )E[UZ 0.9, , gy, (T> D))

X{(1 = )01 + 0o} = (1 t)x(B01) + tx(B0.2) — t(1 — ){N(6o,1 — b0.2)}”
This concludes the proof.

Proof of Proposition 2.6

Letn : R — R be the function such that for any real numher

10 = [ e (6000 {Bo(e) =01 ()P0 (0.

We have,
7' (u) =0
So that there exists a real numliesuch that for any: € R, we have,
n(u) =k
As,
W2 ) =0
we have,
k=0
So that for any: € R,
n(u) =0
Finally,
n=>0

For anyu € R, we have,
/R2 10,0 ()15 (y, ©){00(c) — 01(y) }dP (v, (y, ) = 0
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We denote by the set of all subsels— oo, u] from R, when the real numberis in R and byG the set of all elements
B from B(R) such that,

[, 15010000 {B0le) 1)} Py 3. ) =0

We have,
RedG

Let By, B, € G such thatB; C B, andB = B N (R — By), we have,

[ 1,001 (0 )60(e) — 0300}y o) = 0

[ 1200010 0 )60() — B30}y (0. ) = 0

Also we have,
1p =1, —1p,

Therefore,
[, (0 0. 0){00(e) = 0By . ) =0
Bed
Let (Bm)mZO be a sequence of elements fréfrsuch that for any non negative integer we have,

Bm C Bm+1

and letB = U,,>0B,,, we have for any non negative integey

[ 1511000 {B0(e) 1)} Pyc ) =0

For any fixed real numbet, we have,

Gim 1p,(2) =1p(z)

Moreover, for any non negative integer, we have for anyy, c) € R?,

118, () v, (y, ){bo(c) — O1(y) }| < [1v; (y, c){0o(c) — 01 (y)}]
and,
[ 1500 H80(0) = 1) HPey ) (3:) € Resg
With the dominated convergence theorem, we have,

[ 150100 0. 0H80(0) = 01 ()} () =0

Therefore,
Bed
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Finally, the subset from P(R) is a\ system 1].
For any real numbeu, we have,

[ s 1. 0){Bo(e) = 1 )Py 3. ) =0

GypCcG
Moreover, the subsét, from P(R) is ar system 1], so that by the monotone class theoreth fve have,
o(Gy) C G
Asc(Gy) = B(R), we have,
G = B(R)
For any real numbet, letz™ = max(z,0) andz~ = —min(z, 0), let Hy € ©, the function

(y,¢) — {1y, (y,c)Ho(c)}* from R? to R is non negative oveR?, we have for anyy, c) € R?,

{1y, (y, ) Ho(0)} " = 1y, (y, ¢) Hy (c)

There exists a non decreasing sequence from non negaf/isttions(w,,),,~, from R to R such that for any real
numberc, we have,

Hi(e)= lm_wp(c)

By the reasoning above, we have for any non negative integer
/R 10 (5 ) {00(¢) = 01(9) Y ()dP(y. 0y (. ©) = 0

and for any(y, ¢) € R?,

[1vs (y, ©){Bo(c) — 01(y) hwm(c)| < 1y, (y, €)lfo(c) — O1(y)|H (c)

As the function(y, c¢) — 1y, (y,c){fo(c) — 01(y)} from R? to R is square integrable with respect to the probability
measurePy ), and the functior(y, c) — 1y, (v, c)Hy (c) from R? to R is square integrable with respect to the proba-
bility measurePy. ), we have that the functiofy, ¢) — 1y (y, )60 (c) — 01(y)|Hy (c) from R? to R is integrable with
respect to the probability measufg,, ). With the dominated convergence theorem, we have so,

[, 1000 00(0) = 0 O (.) =0
Similarly, we have,

[ 136 180(0) = 1)} (B0 (3.) =0
So that,

[ 000 (80(6) = ) O 30 (3:6) = 0

Therefore for anyH, € O,
doyX(Hp) =0

dg,x =0
This concludes the proof.

We require technical results, they are presented in the LasAnd andA.2.
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LEMMA A.1l. Foranya € R, lety, : R — R be the function such that for any real number

7(1(75) = 1]a,+oo[(t)
andn, : R — R be the function such that for any real numlegr
© = 5o L 16 aln)dBy )
Tla - SY(C) R VO y7 fYa y Y y

Then for any real numbey, the functionc — 1y, (¢, y) "“((C)) from R to R is integrable with respect to the probability

measureP, let ¢, : R — R be the function such that for any real number

a(€)
S¢(c)

We suppose that the functign— 5 ( 5 from R to R> is integrable with respect to the probability measiie, then

ba(t) = 7a(y) — Sc () /R 1 ()22l ()

for any real number;, the functiony — 1y, (y, ¢ )S ((y)) from R to R is integrable with respect to the probability measure

1\/1 (C t

Py and for any real numbet, the functionc —
to the probability measurBg, if,

fR 1y, (y, ¢ ) (( ))d]P’y( ) from R to R is integrable with respect

Sy (¢)
A S

alt) = da®) + /R Iy (c,t)dPC(C) /R 1 (4, ) ba(y) Py (1)

=0

we have then,

Sy (c) Sc(y)

Proof
We have for anyc,t) € R?,

0 <17afc) <1

Na(c) 1
0<1n(ct) <

FSE(e) T OSE()
So that the functior — 1V1 (c,t) ’7“(( )) from R to R is integrable with respect to the probability measige We suppose
that the functiory — ( y from R to R is integrable with respect to the probability measBire we have for any real
numbery,

$a(y) _ Yaly) _ c 1a(c) c
S = ety V) g2 el

ol < oo | [

for any real numbet,

As0 < n,(u) <1, we have,

¢a(y) 1 1\/1 (C, y)
$a(y) 1 1
1V0(y7u)‘50(y)‘ — SC( ) {SC'( ) 1}
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and for any real numbet

1V1 (U, t) ¢a(y) 1V1 (u7 t) (ba(y)
| S5 () Alw(%@ C(y)d]P’y(?/)\S Sy (0) /Rlvo(y,u) Sc(y)‘dpy(y)
$a(y)

M w) Ze 1 1 -
’ S50 /Rl\/o(f% )Sc y)d]P’y(?/)\ < ()/[50( )+{ (y) 11]dPy ()
’m(u,t)/Rl () e a(y )dpy( ) < {/ dIPy(y)}_l]

Sy (u) Sc(y) SY (y)
Thus for any real numbet the functionc — 1V1 (Ct fR 1y (y,c ) dIPy( ) from R to R is integrable with respect to
the probability measur@q. Letr, : R — R bet e function such t?lat for any real number

_ ey 1ale) o p@Pc(e) )
ralt) = =St [ (e g e + [ 0SS [ 1m0l

For any real numbet, we have,

Sy {max(a,c)}
Sy (¢)
As the functionc — 7,(c) from R to R is continuous oveR, the functiont — [ 1v; (c, t)gg—((cc))dIPC(c) fromRtoR is
C

differentiable ovelR. Moreover, the function — ¢,(t) has only one point of discontinuity ov&, so that the function

t— Jg lvi(et) dgf(c Jr I (y,c )Sc((y)) dPy (y) from R to R is differentiable oveR. For any real numbefr, we have,

o) = folt) [ 1aen 1(9) b (e) — Sty leBIe) | fc“)) JRE ¢al¥) 1p, ()

Na(c) =

5%(0) S%(t) Sy (t Sc(y)
20RO )15 gy — SO0 6uly)
0 = Sy (t) /R Lvi(e,t) S%(C)d]P’c( ) Sen) T /R v (v, 1) g - (y)d]P’y(y)

Also we have,

6u(0) 1 mle)
10 G w) = [ 1) g 0ulo) et [ 1) g Pt} by (o)

Therefore ift < a, we have,

[t ngeare = [ a5 - [ 1w [ 1en Bl ec@m, o)

Sc(y) Sc(y)
Sy (H)rg (1)
= Sy (t)Sy (a) [g v (e, t)5 ()032( =0

+ Jr v (v, a )dgg(;y Jo o (W, t) Jg (e, y) g5 ))ch(C)dpy(y)

Hence we have,
dsy(t)(n;(f)
- —fY( a) Ju i () 55850 + Sy (DSy (@) 5155 — 9080 1 [ 1 (e )
=0

(e)fy (1)
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Also we have,

Sy {max(a,c)}
Sy (¢)S%(c)

Sy{max(a o)}
c(c)

2
Na(C) Sy {max(a,c)} Sy {max(a,c)}
| mlen s (o PelIdPy () = [ mitea ) APele) + /R (e, ) g S (o

2
na(c) _ Sy (a)
fu b GGG = [ (e

| en g dac@myi = [ 1)

5 dPc(c)dPy (y

dPc(c)

dPc(c) + /1\/0( )g Egdﬂ”c()

(0 _Svl@) o Sy (0
1) g5 BBy () = G~ Svta) + [ afea) g apeto
As we suppose,
lim Sy (t =0
t—+00 S (t)

an integration by parts gives,

[ e i Do = 0- 200 4 [ 1y 0.0
f R

S&(c) Sc(a) So(y)
Therefore,
o Y@Orat) oo oY () 2 — By )
Jim 2080 05y @)+ [ 1) G+ 500 - [ 1o T <0

Hence for any real numbersuch that < a, we have,
ra(t) =0
Moreover,

lim 7,(t) =0

t——o0

So that for any real numbeérsuch that < a, we have,
rq(t) =0

We have for any real numbesuch that > a,

6ul0) Py (y) (0
J gy = [ 1w G~ [ s [ 1nien g ety m)

Sy ()74 (t)
fc (t)

- SY( )SY fR 1V1 c a)% +SY fR a,t] C ())
v (t)

C

—5ei + Jr (vt )dPY —Je (1) Jr (e y) 3 i o Pc(c)dPy (y)
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Hence we have,

Sy (), (t)
d fc(’g

= —fy(t)Sy(a) [g 1vi(c,a) sydifég)(c) + SYS(‘?{f - () Jg Lan( dPC((c)) SYSQC)

+ L Ll 1y (e 1) 2 >ch< ) fy(2)
= —fy (H)Sy(a) [ (e, >% + Jr v (c.0) g5 dPe() fy (1)
—fy(t) Jg Yagle dpc(c + Jg Lag )52((c dPc(c )fY()

dPqo(c dPqo(c
= —fy(t)Sy(a) fg 1w (e, a)ﬁ% + Sy (a) Jg (e, ) 575555, r ()
=0

fo(t)
(t)

Also we have, dPc(c) Sy (t) Sy (t)
clc v(t y(t
Sy(t)/Rl}mt}(C) S%(C) o Sc(t) - _Sc(a)

Therefore,
Sy ()ra(t)
t—+4o0 fc(t)
So that for any real numbersuch that > a, we have,

=0

r(t) =0
Moreover,
rqe(a) =0
As the functiont — r,(t) from R to R is continuous at the real point for any real numbet such that > a, we have,

Finally for any real numbet, we have,

Therefore,

) =00+ [ 1) G [ 10§Dy )

This concludes the proof.

LEMMA A.2. Forany borelianB € B(R), letyg : R — R andnp : R — R be the functions such that for any real
numbert,

vB(t) = 15(t)

1
t) = 1 t P
na(t) 0 /R vo (y, )8 (y)dPy (y)
Then for any real numbet, the functionc — 1V1(c,t)g§—((c)) from R to R is integrable with respect to the probability
C C

measureP, letop : R — R be the function such that for any real number

60(t) = 5(0) = Set) [ 1o G ape(o
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We suppose that the functign— #(y) from R to R is integrable with respect to the probability measiite, then

for any real number;, the functiony — 1y (v, )¢B Eyg from R to R is integrable with respect to the probability measure
vi (e,

Py, and for any real numbet, the functiorne — s )t fR 1y (y, ¢ ) E ;dPy( ) from R to R is integrable with respect
to the probability measur®- and if,
Sy(t)
t—lggloo Sc(t) =0

we have then,

1) = 000 + [ 100G [ 10 gD )

Proof
We have for any(c,t) € R?,

(c)
¢p : R — R be the function such that for any real number

So that the functiore — 1y, (c,t) %5 © from R to R is integrable with respect to the probability meashye, let
C

C
65(0) = 8(0) — Sc(t) [ (e, 2D dec(o)
R Se(c)
We suppose that the functign— 5o ( ) from R to R is integrable with respect to the probability measBye we have

for any real numbey, W) W) ©
¢sly) _ vBlYy) oy 1Ble .
Se0) B Ju eGPl

for any real numbeu,

1y 220 < Scl(y) RO R e

As0 < np(u) <1, we have,

and for any real numbet

‘1V1(u,t)/ 1‘/0(y,u)¢B(y)d]P’y(y)\ < 1V1(u’t)/ Ly, (y, u) (bB(y)\d]P’Y(y)
R R

Sy (u) Sc(y) Sy (u) Sc(y)
Ly, (u,t) ¢B(y) 1 1 1
el [ ey >\_Sy()/[50( g0 — Dy ()

dIP’Y (y
)

1y, () o5(y)
Sy ) /Rl%(y’”)sc(y)dp
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Thus for any real numbef, the functionc +— l‘sf;—((cc)t) Jr 1o (y,¢) ﬁggg dPy (y) from R to R is integrable with respect

to the probability measur.. For any elemenB € B(R), we say that it verifies the properfy if we put for any real
numbert,

vB(t) = 15(1)

15(0) = 5o [ 1o )Py ()
60(t) = 5(0) = Se) [ 1o BT ape(o

we have,

10() = 0n(0) + [ (e G [ 10 2B Py )

We denote by, the set of all subsets:, +oo[ from R when the real number is in R and byG the set of all borelian
B from B(R) that verify the propertyP, following the LemmaA.1, we have,

GypCcG
Let By, By € G such thatB; C By, we have,
B=DByN (R — Bl)

We have for any real number
15(t) = 1p,(t) — 15,(?)
As the sum of two integrable functions is an integrable fiomcand the integral is linear, we have,

BeG
Let (B.),,>o be a sequence of elements fréisuch that for any non negative integer
By, C By
Let B = Uy,>0Bm, we have for any real numbet
Gim 1p,(2) =1p(z)
so that by the dominated convergence theorem, we have,
Bed
For any non negative integet, let B,,, =] — m, +o0o[, we have,
B, €G
By, C By

lim 1p, (z)=1gr(z)=1

m—-+00

Hence,
RedG
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Therefore, the subsét from B(R) is a\ system []. Moreover, the subset, from B(R) is a subset fronds, it is also a
« system [], so that by the monotone class theoretf) yve have,

O‘(GQ) cG

Aso(Gp) = B(R), we have,
G = B(R)

This concludes the proof.

Proof of Proposition 2.7

There exists{wm)mzo a non decreasing sequence from non negative step functmmdsz to R > such that for any real
numbery, we have,
T(y) = lim wn(y)

m——+00

v

By the LemmaA.2, we have for any non negative integer

wn®) = om0+ [ (e GoS [ 105 dPy )

where for any real numbey, we have,

on) = () = Se0) | 1) ()

and any real number,
1

(0) = 503 /R 116 (1, €)tm (4)dPy (1)

For any real numbey and any non negative integer, we have,
1y, (vs wm (y)] < 1wy (y, €)™ ()
and by the AssumptioB.2, we have,

1

n4(c) = 500 /R Ly (y, 07" (y)dPy (y) € Rxo

The dominated convergence theorem gives, for any real numbe

n(c) = lim ny(c)

m——+00

Moreover, for any non negative integer, we have,

M (€) < mta(c)

Hence for any(c,y) € R?, we have,

~—
~—

+(c
ele

N (¢
SZ(c

3

‘1V1 (Cay) ’ < 1V1 (C7 y)

n

~—
~

As we have,

1+(c)
/R 1y, (¢, y) Sg © dPc(c) € Rxg
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it follows by the dominated convergence theorem that,

[ it 9 pe() = tm [ (e 9
R

SC( ) m——+oo R

Let for any real numbey,

o1 (y) =77 (y) — Sc(y) /R 1y, (¢,y) n+(z)

we have,

¢+(y) = lm dm(y)

m——+00

Also, we have,
dPy (y)
r Sc(y)

()
/R So(y) dPy (y) € Rx>o

€ RZO

Hence,
Iv(y)l
Se(y)

/ SCE ) ) € Rxo

For any non negative integet, we have for anyc, ¢, t,y) € R?,

dPy (y) € Rx>o

wm(y), _ 77 (®)
1oty | = Sot)

) [ 1v1<c’,y>ggﬁjidpc<a>| < 14:0) [ 10 B

S2.(c)

As we have,
1 / 77+(C/) /
Vo (y7 C) 1V1 (C >y) S2.(c d]PC(C )d]P)Y(y) € RZO
R R C(C )
and,
1\/1 (C, t) < 1
Sy(c) - Sy(t)
we obtain,

dPc(c) b+ (y) L
/R 1V1(c,t)m /R 1y, (y, ¢)=—=%dPy (y) = lim 1y, (¢, t)

Sc(y) m—+co Jg
Hence, we have for any real number

- dPc(c) .
70 =00+ [ @G5S [ 100

By a similar reasoning, we have,

V(1) = 6 () + /R 1v1<c,t>d;’%(<;) /R 1v0<y,c>§;—§yy§dpy<y>

b+ (y)
Sc(y)

dPc(c)
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where for any real numbey, we have,

0-) =7 () = Sct0) [ V(e G Sl

and for any real numbe,

10 = 5o L el )Py )

10 =60) + [ 10 GES [ 1 g ey )

Finally, we have,

This concludes the proof.

Proof of Proposition 2.8

For any real numbef, we have,

()
(1) 0]
Y(t) — Sc(t)u Jr v (e, £)00 (¢)dPc (c)
—9(8) = 600) — Jo s (e:) EEE [ 1 (3. ) £ Py (1)
=(t) — ()
=0
Therefore,
07(t) = u(t)
Also,

Y(t) = Sc ()09 (t) — [g 1w (c, t)90( JdPc(c)

= 50(0) o 13 (0 ) S8 P (0) — i L e, RN )

=0
As the functionu — ~(u) from R to R is piecewise continuous ov&, the functiont — 7(¢) from R to R is continuous
overR, by differentiating the precedent equality with respedhivariablet, we obtain,

=St [ 1) PR )+ Set) gy folt) — B0 et =0

Thus,

() = g~ [ ) B Pt

Proof of Proposition 2.9

Letd, € ©, we have,

{Ucp00(T. D) = 4(Y)}?*] + V[v(Y)]
= E[UZ,4,(T. D)] + E[y*(Y)] = 2E[Ucy.0, (T, D)y (Y)] + E[y*(Y)] — E2[y(Y)]
=E[U2, 4, (T, D)] + E[y*(Y)] = 2E[y*(Y)] + E[y*(Y)] - E*[y(Y)]
=E[U2,, 4, (T, D)] — E2[y(Y)]
[ (T, D)]
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Proof of Theorem 2.1

Indeed, the applicatiog from © to R is strictly convex ove® and by the Propositio®.8, if §) € ©, it has a stationary
point atf, = A9, so that it is the unique minimum from the applicatigrover© [12].

Proof of Theorem 2.2

Let,
do = 60
and for any real numbet
u(t) = Sy (H0(2) + /R 1vi (1, )0 (1) dPy (1)

We have,
W (t) = —fr®)01(t) + fy(£)67(t) =0
So that there exists € R such that for any real numberwe have,

p(t) =z
When the real numbertends to minus infinity, we obtain,
z = / 09 (y)dPy (y)
R

By the Propositior2.6, with Hy = 1, we have so,

Forany(t,d) € R x {0,1}, we have,
Ucy8(td) = Uy pugo(t, 1 = d)

This concludes the proof.

APPENDIX B: PROOFS FROM THE SECTION 3

In the general case from the Secti®rihe reasoning for the proofs is the natural extension ofése for one observation
from the Sectior?.

Proof of Proposition 3.1
Forany(yi,...,Yn,c1,...,cn) € R?", we have,

Ucy,.Cu(0:),e Amin(yr, 1), - ..o min(yn, ), vy (Y1, 1), - -5 1va (Yns en) }
= Zie{o,l}n{nlgjgn 1Vz']~ (ij C])}Hl{mln(ylv 61)7 s >min(yn> Cn)}

|UC1,...,Cn,’y,(ei)iel{min(yl7 Cl)? s ,min(yn, Cn)7 1V1 (yh 61)7 B 1V1 (yna Cn)}|
= Zie{0,1}"{H1§j§n 1Vi]- (Y5, i) HOi{min(y1, c1), . .., min(yn, cn) }|
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EHUCL...,Cnm(@i)ieI(Tl’ coisTyny Dy, ..., Dy)]

= fR2n |U01,...,C'n,—y,(ﬁz-)iel{min(yl7 c1), .., Min(Yn, ¢n), Iy, (Y1,c1)5- -5 Ly, (Yn, cn) }H
APy, Y i) YL+ -+ 5 Yns €Ly oo 5 Cr)

= fR% [zz‘e{o,n"{nlgg‘gn 1Vij (yja cj)}w,-{min(yl, c1), .-+, Min(yn, cn) ]

APy, Yu,ChyoosC) (U5 5 Uns €Ly e 5 Cr)

= fRn [Zie{o,l}” fRn{ngjgn 1Vij (yj7 Cj)}wi{min(yl’ Cl)’ ce ’min(ym CTL)HdP(C&,...,Cn)(Clv SR Cn)]
dPeyy,. vy W1y 5 Yn)

= fRn(S(Cl,...,Cn)(yla'”7yn)’9 (yla"'uyn)’

+ Ziel[fRn{ngjgn 1sz (Ys CJ)}‘H {mln(yl, c1), ..., min(yn, Cn)}HdP(Cl,...,Cn)(Cla o))
dPry; .y W15 Yn)

> [an 1S, on) W yn)0a, 1y (Y1, - -5 Un)

+ Ziel[fRn{ngjgn 1Vij (ij Cj)}ei{min(ylv Cl)v s 7min(ym Cn)}]dP(C1,...,C'n)(Clv s ’Cn)|
dPyy,. vy W15 5 Yn)

= Jrn YW1 Y|Py vy (W15 Yn)

Consequently, the functiopfrom R" to R is integrable with respect to the probability measiifg, .y, ) and we have,

E[Ucl,...,cn,'y,(ei)iel (T17 s 7Tn7 D17 v 7DTL)] = E[W(Ylv s 7YTL)]

Proof of Proposition 3.2

Leta € R, (0:);c1, (Bi)icr € © @and(p;);c; = «(0;);o1, We have,

YY1, .-, Yn)
R S, C) (Y15 -3 Yn

)d]P)(YL---,Yn) (yl, . ,yn) S RZ(]

(0] . .
fR NN T Eiel[fRn{ngjgn1\/2j(@/yvcj)}

x0i{min(y1, c1), ..., min(yn, cu) }dP e, .. ¢, (c1, - - - ,cn)])]zdIP’(yl,m,yn)(yl, ..., yn) € R>o
Therefore,

/ { H 1V1 yJ7CJ)}Iu (y17 "7yn)d]P)(Y1, LY, Ch,.. n)(ylv"')y?hch "7CTL) GRZO
1<j<n

Hence,
(Hi)ic1 € ©

Let (1i);er = (0i);er + (Bi);er We have,

V(Y15 Yn)
R" S(Cl,...,cn)(yla < Un

fRn[\/S(cl """ cln)(yh ) (Zzel fR”{H1<3<n 1Vz (y],c])}H {min(yy, c1), ..., min(yn, c,)}
d]P’(cl, ,cn)(Ch )PPy vy (W5 -+ Yn) € R
5 (
]

)d]P)(YL---,Yn) (y17 oo 7yn) S RZO

ZZEI fR"{Hl<j<n ; (yj’ Cj)}ﬁi{min(yla 61)7 cee 7min(yn7 Cn)}
dP(Cl,...,cn)(Cl, S )]) 2dPry; . vy (s 7yn) € Rx>g
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So that,

fRn[\/Swl 01 NOTISY (Zz’el[fRn{H1gjgn 1Vij (y5, ;) HO{min(yr, 1), - .., min(yn, cn) }

+/8i{min(y17 Cl)7 v 7min(yn7 cn)}]d]P)(Cl,,,,,Cn)(ch v 7Cn)])]2d]P)(Y1,...,Yn)(y17 v 7yn) € RZO
Therefore,

{ 1V1 (y]7 Cj)}:u2(y17 s 7yn)d]P)(Y1,...,Yn,Cl,...,C’n)(y17 sy Yns Cly e e 7CTL) € RZO
R2n
1<j<n

Hence,

(Hi)ic1 € ©
As 0 € O, this concludes the proof.

Proof of Proposition 3.3

We have for anyA € R and any(#;),.; € ©,

N{AO:)jery = INN{(0i)jer}

Let (6;);c; € © such that,

N{(ei)iel} =0
As the random vectorgls, ..., Y,) and(Cy,...,C,) from 2 to R™ have a continuous positive density with respect to
the Lebesgue measure oRF, it follows that,

(Hi)iel =0
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Let (6;);c1, (Bi);e1 € ©, we have,

N{(0:) ;e + (/Bil)ieI}2
— R S(Cl ,,,,, C7l)(y17"'7yn)
x[0;{min(yy,c1), . ..
d]P)(Yl,...,Yn)(yla v 7yn)

+ ZieI fR2n{H1§j§n 1V@-j (yj,¢i)}
X [0;{min(y1,c1), ...
dPvi,. Vo C1poo ) (Y15 - - -
—(; ! [

R"™ Scy,....0n) W1ssUn)

x6;{min(yy,c1),.
+ e fRQn{H1<]<n Ly, (Yj, CJ)}

x0;{min(yy,c1), .

— [N{(6:);e1} + N{(B:)er}]”

7yn7cla"'7cn)

,min(y,, ¢y)} + Bi{min(yy, 1), ...

mm(yn,cn)} dP(vy,. Y Crro o) (Y15 - -

> e fRn{Hl§j§n 1Vz~j (yj. i)}

,min(yn, )} + Bi{min(yr, 1), ..., min(yn, cu) HdPc, . o (e, - -

’ min(yn, Cn)}]2

Diel fRn{H1gjgn 1Vij (yj,ci)}

min(yTw cn)}d]P)(Cl,,,,,Cn) (Clu v 7cn)]2dP(Y1,...,Yn)(y17 v 7yn)

7Cn))

yYny Cly - vt

1
fR" S(C1,eesOn) (Y15 ,yn) 2iel fR"{H1§J§" 1Vj (Y5, i)}

,,,,,

x Bi{min(y1,c1), ..., min(yn, cn) }dPc, . o (et, - - -
+ZZGI fRQn{H1<]<n 1% (yj. ¢}
X Bi{min(y1,c1),. mln(ynycn)} APy, Yy C) Y15 - - -

—2N{(6i)ieI}N{(ﬂi)2€I}

= 2(Jg» Sy cn)(yL 1 et Jonllli<jcn v

,,,,,

cn)]2dP(Y1,...,Yn) (y17 oo 7yn)

,Cn))

yYns CLy - -

5, (W5, ¢i)}

)
><6 {min(yl,cl) ,in (Y, ¢) }dP (e, 7Cn)(cl,..., cn)]

ZGI fR7l{H1<]<n 1% (yj.¢i)}
Xﬁz{mln(yl, c1), - mln(yn, ) Pcy .o (ets -,
+2(Q et fR2n{H1§jgn 1‘@ (yj,¢5)}
x@;{min(yy,c1), ..., min(y,, ¢,)}Bi{min(y1, c1), ...
APy, Y CrCo) W15 5 Yns €1y -5 Cn))

—2N{(0:);cr N (Bi)ier y

By the Cauchy and Schwarz inequality, we have,

> iel fRn{ngjgn 1

,,,,,

><6 ;{min(y, cl)
X[Dier fRn{H1§j§n 1Vij (yj>ci)}
x fi{min(yy, cl),l. .
< {fR” Sy, c7l)(y17---,yn)[

x@;{min(yy,c1),. ..

1
x fR” Sy, cn)(yl,...,yn)[
Xﬁi{min(yla Cl), ..

C”)]dP(Yl,---7Yn)(y17 e

min(yn, Cn)}d]P(Cl,...,Cn)(Cla ..

,MiN (Y, cn) P, oy (ct, - - -
> iel fRn{ngjgn 1‘@ (yj,¢5)}
,in(Yn, c) }P oy oy (Cts o
> et fRn{H1gjgn 1Vij (yj,¢5)}

, min(yy, Cn)}dp(cl,___,(}n)(cl, .

+Yn))

’ min(ynv Cn)}

vi, (95, ¢) )

, Cn)]

7Cn)]dP(Y1,...,Yn)(ylv s ,yn)

5 Cn)]2d]P>(Y1,...,Yn) (yl, e

cn)]zdP(Yh...,Yn) (y17 e 7yn)

D=

2 Yn)}

33
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and for anyi € I,

JreAlli<j<n 1vi, (05, ¢)}0s{min(ys, 1), ..., min(yn, ¢n) }Bi{min(ys, ¢1), ..., min(yn, cn)}
dP(yh___,ymCL___,cn)(y1, e s Uns Cly e ey Cn)

< [JrenlTTi<j<n v, (w5, ¢5) 307 {min(y, c1), ..., min(yn, ca) }

dP(Yl,...,Yn,Cl,...,Cn)(?le ey Yn,Cly .- ,Cn)

x fRZn{H1§j§n 1Vij (Yj, cj)}ﬁiz{min(yh 1), min(Yn, cn)}

1
dP(Yl,...,Yn,C1,...,Cn)(ylv <oy Yn,C1y - 7Cn)] 2

Since for any non negative real numbgts, ), ., and(b),,,q, we have by the Cauchy and Schwarz inequality, for any

q €N,
2
{ Z Vambn} < { Z am H Z b }
1<m<q 1<m<q 1<m<q
we have so,
({fRn Sy Cnl)(y17,,,7yn) e fRn{H1§j§n 1V@-j (yj,c)}
x0;{min(y1, 612, cemin (Y, )P, oy (e ) PAPyy vy (W Yn)
X fRn Sy Cn) ULy [> e fRn{ngjgn 1Vij (yj. i)} 1
x Bi{min(y1, 1), ..., min(yn, cn)YdP(c, oy (ct, - )2 dPys vy (W1, - - Yn) } 2
+ Vietlfren Al li<jzn 1vi, (47, ¢5) 107 {min(ys, c1), . .., min(yn, cn)}
dP(Yl7---7YruCl7---7cn) (yl, ceesYny,Cly e ,Cn)
X fRZn{ngan 1Vij (yj7 cj)}/Biz{min(ylv c1), ..., min(yn, Cn)}
1
d]P)(Yl,...,Yn,Cl,...,Cn) (y17 . 27yn7 Cly. - ,Cn)]§)2
< [N{(0);er FN{ (Bi) et }]
Therefore,

N{(Qi)iel + (ﬁi)ieI}Z - [N{(Hi)iel} + N{(BZ)ZEI}]z <0
N{(0i)ie1 + (Bi)ier} < N{(0i)jer} + N{(Bi)ier}
This concludes the proof.

Proof of Proposition 3.4
Let (6;),c1. (Hi);er € ©, we have for anyys, ..., yn.c1,...,¢,) € R?",

Uél,,,,,Cn7~/7(€i+Hi)ieI{min(y17 1)y min(yYn, cn), Lvy (Y1, ¢1)5 -+ 5 1vy (Yn, n) }

_Uél,...,cn,w,(ei)iel{min(yh 1)y, min(Yn, n), Iva (Y1, ¢1)5 -+, 14 (Yns n) }

= {ITi<jcn i W5 ) WP s yn) = 03 (01 yn)}

+ 2 el licj<n v, (w5, ¢5) (03 + Hy)*{min(y1, c1), ..., min(y,, cn)} — 02{min(yy, 1), .., min(yn, cs)}]
= {ITi<jcn Wi Wy )P sy un) = 03 (01 yn)}

+ 2 el licj<n v, (w5, ¢5) }(20; + Hi){min(yy, c1), - .., min(yn, cn) }Hi{min(yy, ¢1), ..., min(yn, ¢n) }]

where for any(yi, ..., yn) € R",

,U(yh e 7y{b)
= 5y, Cn) WLryn) (1, )

- Ziel fRn{HISQSn 1VzJ (y]7 c])}(ei + Hl){mln(yla Cl), s 7min(yn7 cn)}d]P)(Cl,...,Cn) (Cla s ,Cn)]
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We have,

S0y Wts - Y)W yn) = 00 (W yn)}

— Jrr (=200, 1y (Y15 U)o ier T i< j<n L, (yj, ¢j) Y Hi{min(y, ¢1), ..., min(yn, ¢)}]
dP(Cl,...,Cn)(Ch ‘e ,Cn)

= S(01,. o)Wty Y P s yn) = 04 11 )}

—29(1,...,1)(311, s ,yn)S(Ch Chn) (y1, e ayn){M(L L1 (yh ey Un) — 9(1,...,1)(@/1, cyUn)}
=Sen,o) Wy, )W, Yn) — 9(17..., YY1, un)}

XA,y W1y yn) F 0y W Yn) = 200 (Y1, Yn) }

= 5(01,...7cn)(y1, oy B W) = 00 (W)}

As the function(y1, ..., yn) = Sicy,..c0) (Y1, - - - Y)Yy yn) — 0(21’.“71)(;(/1, ..., yn)} from R™ to R is inte-
grable with respect to the probability measiig, .y, ) and the function

(Y1, yn) = Siey,.on W1, - - ,yn){u(l, W ym) = 0w - yn) ) fromR™ to R is integrable with
respect to the probability measufg, . y,), it follows that the function

(y17 -y Yn,s C1y - Cn) = 9( )(ylv s 7yn)[ZZEI{H1<j<n 1V (yj7 CJ)}H {mln(yla Cl) 7min(yn7 Cn)}] is inte-
grable with respect to the probablhty meastie, .y, cy,...00) we have,

Jron {H1<j<n Lo () Hi (W, oym) = 00 W ) AP v 0nCo) (U1 -+ Yns €1y Cn)
- fRQn 9(1 1)(3/1, ce ’yn){ZieI{rhgjgn 1V¢j (Y5, cj) YHi{min(y1, c1), ..., min(yn, cn) }}]

APy, o Cur ) W5 e o5 Yny €Ly ooy C)

= Jrn SCroony W1s -y i, W yn) = O W Yn) PPy, vy (YL, Yn)

Let,

Lo, o, {(Hi)jer}

=2{> i1 fR27l{H1§j§n 1Vij (yj,¢j)}

x0;{min(y1,c1), ... ,min(y,, cy) } H;{min(yy, c1), ..., min(y,, Cn)}dp(yl7___7)/7“017___70”)(yl, e Yny Cly o5 Cn) }
—2 fRzn 1,...,1 )(ylw'wyn)zielnlgjgn 1Vij (y5,¢5)

XHi{min(yla 1)y in(Yn, ) }dP v, yion, ) (Y155 Yns €Ly e Cn)

We have,

Jrzn %1’ Cour, (05 Hi ZEI{mim(yl, 1)y, min(yn, cn)y vy (y1,¢1)s ooy 1vy (Yny cn)
dPy, . Y .. ,Cn)(yh ey Uns Clye e Cp)
r2n Uy o (6 {mm(yhcl) cymiN(Yn, ¢n), va (Y1, €1), - -5 v (Y, n) }
d]P’(y17”'73/7“017”'7Cn)(yl, ey Yn,Cly - Cn)
~Lgy),  A(Hi)jer}
= Jranl zeI{H1<]<n Ly, (yj,cj)}HQ{min(thl),---,min(l/mCn)}]dP(Yl,...,Yn,cl,...,cn)(yl,---,ymCl,---,Cn)

+ fRn (Cq,....Cn y17 e 7yn){lu’ 1,...,1 (y17 e 7yn) - 9(1,...,1) (y17 s 7yn)}2dP(Y1,...,Yn) (yb cee 7yn)
= [N{(Hi) 1}

The application(H;);c; — Lg,),_ {(Hi);c} from © to R is linear. So that the applicatiopfrom © to R is differen-
tiable over®, and for any(¢;),.; € ©, we have,

d(ei)ieIX = L(ei)iel
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Proof of Proposition 3.5

Lett € [0,1], (0:);c1, (Bi);er € © and,

(1i)ier = H(0i)icr} + (1 = ){(Bi)icr}

Forany(ty,...,t,) € R", we have,

M(th v 7tn) = te(l,...,l)(tla v 7tn) + (1 - t)/B(l,...,l) (t17 v 7tn)

Therefore,

U2

Cl7~'2'7c’n777(lu’i)i61 2

= tUCl,--~7Cm%(9i)ieI + (1 B t)Ucl""’C”’%(Bi)iEI

_t(l - t){Ucly~~~7Cn77v(€i)i€I o Ucl""’C"’%(Bi)iEI}

4772 2 2

- tUCl,--~7Cm%(9i)iel T (1 o t)Uclv"'vcan:(Bi)iEI N t(l B t)Ucl""’Cn’o’(ei_ﬁi)ia
Consequently,

XH(0)ier} + (1= D{(B)ier] = tx{(0)ser} + (1= XA (Biier} — 11 = IN{(6: — Bi)jer 1

This concludes the proof.

Proof of Proposition 3.6

Leti € Tandn : R™ — R be the function such that for arfy, ..., u,) € R", we have,

(g, ..., Up)
= Jren{lli<j<n 1vi, (w55 ¢j) HOi{min(yy, c1), ... min(yn, cn)} = 0,y (W1, - - yn)]
X [li<jen Yoo {min(y;, ¢;) }dP v, v, 01,..00) (Y15 -+ Yns Cls o o5 Cn)

We have,
n(ut, ..., un) _— o
= Jrendllicjzn i, (Wi )} 0i (i e i en™™) = Oy (s - Un))]

U
X Hlﬁjgn 1]—oo,uj}(y;1 Cj Y )d]P)(Yl,...,KL,C'l,...,Cn) (y17 sy YnsC1y e 7CTL)
0
m(lﬂ, e ,Un)
i 1—i; 1=ty ;15 1=ij

= {H1gjgn Yj(uj)fcj (uj)}fRn'{HISan 1Vij (l/j Us s Cj Uy )}

X [ei(ulv .. 1 5 un) - Q(l,...,l) (y%_“uzll? T ’yi—lvlu%n)]

Ticicn{fy, T W) FE (i) bdAn(yy eyl ey

J J
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We have,

1 L L
fRn{HISQSn 1VzJ (yj Zjuzjac;; u] ZJ)} X [oi(uly e 7un) - 9(1,...,1)(yi Zlulll7 oo 7y}L Znuizn)]
T—i; i L
ngjsn{fyj 2 (yj)fZCJ'] (Cj)}d)\n(y% “62117 . 7yrlL MLC;L”)
1—i; ds i 1—is
= 9i(ula-.ia@n)fR@{H1§jgn 1Vij (yj Z]U;J=C;Juj Z])}
L . ) .
[l<jentfy, "W f5,(e)}dN(yy e sy el
N i L
_ fRn{Hlﬁjﬁn 1Vz'j (yj Zyu;ﬂ , C;J uj ‘ZJ)‘}Q(L“,,l)(yl 112/11, - ,y}L Znu:{b)
icsenlfy, ") I8, ()M (yl €, yh—inci)
= 0i(u1, ... un) [Ty <5< {S¢, (1) Sy; (u;) ™} L o
_ ngjgn{scj (’LLj)Z] } fRn{Hlﬁjﬁan‘:O 1V0 (yj7 Uj)}e(l’_“’l) (yl_ilu?, R 7y}L_Z7lu?/ZL)
ngjgn,ijzo{fyj (yj)}d/\”_zlgjgvl ij (yla R ,yn)
= HlSan{SCj ()" 0 (s -y un) H1§j§n,ij:0{SYj (u;)}
SIS i
_ fRn{ngan,ijZO 1V0 (yj, uj)}H(Lm’l) (yl Zluzll, .. ,y,lL Znu;{b)
ngjgm'jzo{ij (yj)}d/\n—Zlgjgn i W1, yn)]

As we have,

O ) o
= Sm yn)l(uh...,un) fRn{ngjgn Ly, (Y55 uj)}e(l,...,l)(uzllyl_llv e 7u%ny}z_ln)dP(Yl,...,Yn)(y17 ey Yn)

,,,,,

1 . .
S(Yl """ Yn)(“17~~~7“n) fR"{HISan,i]:O 1V0 (yj, Uj)}e(l’...71)(u’11y1 Zl’ .. 7uilnyyll Zn)

ngjgn,ijzlo e (yj)d)\n—Zlngnij (Y15, Yn) _— ' '
= Thics<ni;—0 5%, () fRn{H1gj§n,ij:0 vy (yg,ui) Y0, (ut'yy gy ™)
<jsniij=

ngjgn,ij:o ij (yj)dAn—zlgjgnij (Y1, Yn)

1<5<n,i;=1 SYj (uz)

we obtain, 5
Ul
_— o Up) =0
8U1"'8UH(U1’ y U )
Therefore, there exists a functién : R"~! — R such that for anyus, ..., u,) € R""!, we have,
on
_— coup) =k Yoy Up
OU2---8un(u1’ , Un) 1 (u2 Un)
Also,

0
8u2--7-78un(u1"1?"’u”) 1—is 1 1—i; i i 1—ij
= Tlacjcn v, (Wi S, 7 ()} Jr Yoo Wi e Mg 1, (1 o Tag e vy (9 70 ¢y 7))

i1 1—1 1—4 ; . .
x[Oi(yr ey ua, ) = 0y (v Py )]

ngjgn{f)l/j_ij (W) S, () Ayt ety yn e E () fo ™ (e)dA (it er™™)
When the real number; tends to minus infinity, we obtain,
k1=0
So that for any(uy, . .., u,) € R", we have,

on

m('dl,...,un) =0
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Therefore, there exists a functién : R"~! — R such that for anyuy, us, ..., u,) € R"!, we have,

o
8u3 cee 8un

When the real number; tends to minus infinity, we obtain,

(ulv s 7un) = k2(u17u37' B >un)

ko =0
So that for any(uy, ..., u,) € R", we have,
n
_— . =0
augu'aun(u17 7un)
Finally, by continuing this reasoning, we obtain,
0
a—L(ul"" 7un) =0
In the same way, for any integgrsuch thatl < j < n — 1, we have,
0
a—:j(ul,...,un) =0
Hence, there exists a real numldesuch that for anyu, ..., u,) € R", we have,

n(ut, ..., uy) =k

When the real number; tends to minus infinity, we obtain,

k=0
Thus,
n=20
For any(uq,...,u,) € R", we have,
Jran{Tli<jcn Lvi, (W5, ) }Oi{min(yy, c1), .., min(yn, en)} = 01,1 (W15 -5 yn)]
X HISan 1]_oo7uj]{min(yj, Cj)}d]P)(Yl,...,Yn,Cl,...,Cn)(yla ey Yny Cly e ey Cp)
=0
Letus,...,u, be real numbers, we denote by the set of all elements— oo, u] from B(R), when the real number

is in R, and byG the set of all element® from B(R)) such that,

JreeAlli<j<n Lvi, (W55 ) HO{min(ys, e1), ... min(yn, )} = 0,1y (y1, - )]
x1p{min(yr, c1)} [locj<n Yoo imin(y;. ¢;) }dPry; v, 01,.0C) (Y15 - -+ Yns €1y i)
=0

We have,
RedG

Let By, By € GG such thatB; C Bs and,
B=DByN (R — Bl)
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We have,
fRzn{ngjﬁn 1Vij (y]’ CJ)}[el{mln(yb 61)7 cee ,min(yn, Cn)} - 9(1,...,1) (yh cee 7yn)]
x1p {min(y1, 1)} [Tocjcn ooy imin(y;, ¢;) }dPy; v, c1, i) Ws - -+ Yns C1s ooy Cn)
=0
fR2n{H1§j§n 1Vij (l/jy cj)}[ﬁi{min(yl, 1), .., min(yn, cn)} — 9(1,...,1)(1/17 s Yn)]
x1p, {min(y1, c1)} [To<j<pn Yooy dmin(y;, ) }dPr; v, 01,nCo) (Ws - -+ Yns €y ee ey Cn)
=0
Also,
lp =1, —1pB,
So that,

JreeAlli<j<n Lvi, (W5, ) HO{min(ys, c1), .. o min(yn, )} = 0, 1)1, - )]
x1p{min(yy,c1)} stjgn 1]_m7uj}{min(yj, Cj)}dP(Yl,...,Yn,Cl,...,Cn)(l/la ey Uns Cly e ey Cn)
=0
Bed
Let (By,),,>o be a sequence of elements fréisuch that for anyn € N, we have,

Bm C Bm+1

Let,
B = UmEOBm

We have for anyn € N,

fR2n{H1§j§n 1Vij (Y5, ¢j) HO:{min(yr, e1), ... min(yn, ¢n)}t — 01, 1) (Y1, - - -5 yn)]
Xle{min(ylv Cl)} H2§j§n 1]—oo,uj]{min(yj7 Cj)}dP(Yl,...,Yn,Cl,...,Cn)(ylv s Yny Cly ey CTL)
=0

For any real number, we have,

Gim 1p,(2) =1p(z)

Moreover, for anym € N, we have for anyyi, ..., yn,c1,-..,cn) € R,

{TTi<j<n 1vi, (s, ¢i) HOK{min(ys, 1), - min(yn, en)} = O,y (Wi, - -5 yn))]
x1p,, {min(y1, 1)} Tlo<jcp 11— o0, {min(y;, ¢;) }|
< ’{ngjgn 1Vij (Y5, ¢j) HOi{min(y1, c1), . .., min(yn, cn)} — 0,0y, - +Yn)]
X H2§j§n 1]—oo,uj]{min(ij i)}
Also,
fR2n ’{ngjgn 1Vij (yja cj)}[Hi{min(yl, c1), -, min(yn, ¢y} — 9(1,...,1)(?417 oy Yn)]
X [lacjcn J—ooudmin(y;, ¢;) HdP s . vo,C1,nCo) (Y15 - - - s Uns €155 Cn) € Rixg
The dominated convergence theorem gives,

fR2n{H1§j§n 1Vij (l/jy cj)}[Hi{min(yl, c1), ..., Min(yn, cn)} — 9(1,...,1)(3/17 s Yn)]

x1p{min(yy,c1)} stjgn 1]_m7uj}{min(yj, Cj)}dP(Yl,...,Yn,Cl,...,Cn)(l/la e s Uns Cly e ey Cn)
=0
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Thus,

Bed
Consequently, the subsétfrom P(R) is a\ system [].
For any real numbet;, we have,

fRQn{ngjgn 1VzJ (y]7 C])}[el{mln(yb 61)7 s ,min(yn, Cn)} - 9(1,...,1) (yh s 7yn)]

X 1]—oo,u1]{min(y17 Cl)} H2S]S” 1]—oo,uj]{min(yj7 cj)}dP(Yl,...,Yn,Cl,...,Cn)(y17 ey YnyCly ey Cn)
=0

GyCG

The subset from P(R) is aw system 1], so that by the monotone class theoretf) fve have,

O'(GQ) cdqd
Aso(Gp) = B(R), we have,

G = B(R)
For any real numberss,, ..., u, and anyB € B(R), we have therefore,

fRQn{HlSan 1Vij (y]7 C])}[el{mln(yh 61)7 cee ,min(yn, Cn)} - 0(1,...,1)(3/17 cee ,yn)]
X 1B{min(y17 Cl)} HZS]SN 1]—Oo,u]'}{min(yj7 Cj)}d]P)(Yi,...,Yn,Cl,...,Cn)(y17 -y Yn,Cly e ,Cn)
=0

By a similar reasoning, we have that for affyy, ..., B,) € B(R)",

fR2n{H1§j§n 1Vij (Y5, ¢j) HO:{min(y, e1), ... min(yn, ¢n)} — 01,1y (W1, - -5 yn)]
X ngjgn 1, {min(y;, Cj)}dP(Yl,...,YmCl,...,Cn)(yla e s Uns Cly e ey Cn)

=0

Hence, by a similar reasoning, we have that for &y B(R)®",

Jran{Tli<jcn Lvi, (W5, ) }Oi{min(yy, c1), .., min(yn, en)} = 01,1 (W15 -, yn)]
x1p{min(yy,c1),. .., min(y,, Cn)}dP(Yl,...,Yn,Cl,...,Cn)(y17 ey Yny Cly e ey Cp)
=0

Given that any borelian non negative function frétfi to R, is a non decreasing limit of a sequence from step functions
from R" to R>(, and decomposing a function following its non positive @artl its non negative part, it follows by the
dominated convergence theorem, as in the Propostti@rthat for any(H;),.; € © and anyi € I, we have,

fR2n{H1§j§n 1Vij (Y5, ¢j) HO:{min(yr, e1), ... min(yn, ¢n)} — 01, 1)W1, - -5 yn)]
x Hi{min(yi,¢1), ..., min(y,, cn)}d]P’(yl7”',Yn701,”"0n)(yl, e Uns Cly e ey Cr)
=0

Therefore, for any ;) ; € ©,
d((’i)i@X{(Hi)z’eI} =0
d(ei)ieIX =0
This concludes the proof.



ROBUST UNBIASED TRANSFORMATIONS WITH CENSORING
Proof of Proposition 3.7
Let (6;),c; € ©, we have,

E{Uc,..Com @), (Thr- - Tns D1y, D) = v(YVi, - Y)Y 4 V(- Vo))

_E[UCL A Corns(00),c (T, Ty, D, . D))+ E[R2(Yy, ...,

_E[Uch Corns(00),c (T1,... Ty, Dy, D)+ E[R2(Yy, ...,
—2E[y (Yl,.-.,Y)]+E[72(Y1,---,Yn)]—Ezh(Yl,---,Yn)]
=E[UZ, . A Curns(0),c (Tl,...,Tn,Dl,...,Dn)]—E2[fy(Y1,...,Yn)]
= V[UCL,,,7C%%(92)Z_€I(Tl, ..,T,,Dy,...,Dy,)]

Proof of Proposition 3.8

In this case, we have for anye {0,1}" and any(ty,...,t,) € R,

O[('PY) (tb s 7tn)

(2

T 1 ZT T 1 ZT
= ! fR7l{Hl<j<n 1V0 (y]7 )}6( 7—((11) (1)7 s 7t7_((qq))y (q) (q))d]P)(Yl’ LY (yl, e

Stvy,..., Yn)(th ot 1 "
7(1) ir(1) ir(a), 1=ir(q)
S0y >>(t7<1)7 tr(a)) fR”{H1<J<q 1vo (45 tr )}E( ""’tr(qq) va ")

,,,,,

d]P)( .,.(1),..., T(q))(yh s 7yq)
= oty ()

where,
iy = (i‘l'(l)7 cee 7iT(q)) € {0, 1}(]

. )
_2E[U01,...,Cn,’y (0i);e1 (T17 ooy Iy Dy, 7Dn)/7(yi7 s 7Yn)] ]Eh/z(ylv cee 7Yn)] - E2[7(Y17 cee
: Y,

2 Yn)

41
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We have,

p (.. t) -
(—1)"~ 21<j<n iy o\ )(tlll 1*11 ety iny

— 1—i;
= Lietoy" .-, 150, 5 4R Thsjen {ha (s 43} i Mhicj<n (52, (a5 (e (U1

(e) ) @, i)
P Gy Uy b)Yy )

H1§j§n {Séj (uj)}liij

—" Yi1<j<n iy

= ity oo,y Jro T {1 (g, 4)Y 712

d]P)(O17 ,Ch )(ul, .. ’LLn)

B (—1 )" Y1<i<n iy 1—i
- ZZG{O 1} ]._[1<]<n {SC (t }] H1<J<n7.]¢7—({17 7q} {SC t] 1}
O T(l)ul RO AC r<q>)

. ) 1—i.(; Yy (1) T(q)
X JRa Mi<jcq (v (ugstry)} 0] ooy (52 ()} T(g) AP(C, (y),sCr) (UL - - - , Ug)
) 7(5)
Z ( 1)q Zl<]<q 7(5) ( 1)” a- Zl<]<ng€7’({1 ,,,,, ab) " L5

1€{0,1}" Hl<]<n J€T({1,..,q}) {S ) 1}1 ?
H1<J<q {SCT(])(tT(J))} () H1<]<n igr({1,....,q}) {SC (t5)}" 'y ) ) c; (t;
(©) (47 (1) 1 TP (D) ﬂq)ul (@)

1—i, (s o\t it
X qu[HISJSq {Lvi (uj )} 0] l'ht)‘< 1{ S% (ug)(;) @) AP (Cy 1y,.en ) (W15 -+ 5 Ug)
=79 ( )

[(_1)”*“2199,&7({1 ,,,,, a}) Y 0 st — 1y
o {8c; (t)3 HH1si<njgr({lL,...a}) L Sc; (tg

(e) 1—iq iq 1—ig
(tT(l) ,...,tT(q)uq )

H1g3gq {SCT(J') (uj)}liij

H1<j§n,j€7'({1
—1)7" 21<i<q iy

X q

Zze{o 1} [li<j<q {SCT(J)(tT( )}

d]P)(CT(l),...,CT(q))(u17 e ’uq)

,,,,,

qu H1<j<q {1‘/1 (u], T(]))}l_ZJ]

_117,

o ( 1—12
= icjzngr(1,.ap) Zieqo, 1}[{sc orlsmm -1

77 Jralllicjcq {11 (uj b))} 1=

€ 1—1 ] 1—1
()(7—(1) 17"'7t:—q(q) q ZQ)

ngjéq {S¢ Crih) (uj)}liij

—1)7" 21<i<qly

X ZZG{O 1}9 Tz,

d]P)(CT(l)v---vCT(q))(u17 o ,Uq)

=2

1Sc, ;) (tr )

(e) 1—iq Zq 1— Zq
i etfyua )

[Ticj<q {2 Cr i) (ua)} i

_l)fI*Zl<j<q J
. q
26{071} ngqu {SCT(]) (tT(J) } J
o) (1)
tT(l)’ P ,tq—(q))

fR‘I H1<]<q {1V1 (u]7 T(]))}l_ij]

1-
= Sy Y)(t17 tn) fRn{Hl<]<n 1Vo( )}M(V)(tll Zl tln 1 Z7L)dIED(YL ,Yn)(yl’ "7yn)

,,,,,

_ T()llf() ir(q), 1=ir(q)
= Sy Yn)(tlv tn) fRn{H1<]<n 1Vo( 27 )},u(e) (t.r(ll) Yra) ' yee ,t.r(qq) Y7 ! )dP(Yl,...Xn)(yla ey Un)

Sy 1y T(q))( (1)t (q)) L i L

1r(1 7(1 T i
% JealTlcjcq 1o (0 ) O 0y 0D g™ " D)y vy W 0)
= 9107. © (tT(1)7 cee 7t7'(q))
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We have for any(ty, ... ,t,) € R™ and any(dy, ...,d,) € {0,1}",

Ul (@9), (1, st i)
= Yoy Mhsyeadd) 1 = d)) 753000 <t1, ctn)

= icfo,1}" [H1<J<n{d”(1— DTN (s tg)

= Yoo Tiejeg{dyyy (1 = deg)) N0V (b, i)

= UCT@),..., T(q)@(gg)id(tﬂl), N L dT(l), o ,dT(q))

This concludes the proof.

LEMMA B.1. LetB,...,B, € B(R)andy: R" — R be the function such that for arfy,, ...,t,) € R", we have,

Yt tn H 1, (t;)

1<j<n
Then, the Assumptidh5is verified and under the Assumptiddigand3.7, for any(¢,...,t,) € R", we have,
9?1,...,1)@17 costn) =ty o ty)
Proof of LemmaB.1

For anyi € I, we have so,

st oovt) =TT {5y [ 1000615, 075 ~0)aBy, ()}

1<j<n SYJ (tj)

Therefore,
,U(tlw")tn)
- —1)" Z1<J<n J 1—4 az(t ul ,t;”u% Z”)
= Xieo1y" 11, (50, o reTligysn (i (g, 5) 0] H1<J<1n{s Sy P01y (15 0n)
_ (-1 )” 21<]<n J 1 ” 1—i; fR 1V0 yt u' )IB (tjyl Kl )dPY( )dP
R {Sc, (1 i Lhizjen Jr (v (1)) Sy, (17w ) T en 152, (0} &)

- 1—i Jr W (' ~)1p, (thy' ~)dPy, (y)
= [licj<n 2icqony m JeAlv(u,ty)} = OS (Jtiulfi){égf(u)}l—i —dPc, (u)
J
15, (t;) Jr vy (y:u)1p; (y)dP ()
- Hl<]<n|:si (t) fR 1V1 U, s ) L Vosyj(u)gz () Y d]P’C ( )]
J

_ ¢j (t )
=Ilicj<n 56,

where for any integej such thatl < j < n, we have for any real numbey

Ja v (y,w) 15, (y)dPy, (y)
Syj (U)S%j (u) dPCj (u)

65(t) = 15, (t) — Sc, (1 /R v (u, )

Therefore, for anyty, ..., t,) € R", we have,

X tlJ 1—ij
At =TT 15 [0 1y w.t) Y ) e, ()
J Cj

1<j<n



44 DAMIEN BOUSQUET
and for any(y1, . ..,y,) € R", we have,

fRn{ngjgn 1V1 (yj7 Cj)}:u{min(yh Cl)? v 7min(yn7 Cn)}d]P)(CL...,C'n)(Cl? s ,Cn)

+ Zie{o,l}"—{(l,...,l)} fRn{ngjgn 1Vij (yj7 Cj)}@?{min(yh Cl)? s 7min(ym Cn)}d]P(Cl,...,Cn)(Cl? s ,Cn)
= Jrrlli<j<n Wi (5, ¢5) h{min(yr, 1), - .., min(yn, ¢a) P, ..oy (€1, -+ 5 Cn)

+ X ic0.1y {1} Jre Al li<j<n 1, (yj, i) 109wt er™ “,---,yf«il e Py oy (et en)

JlL

Ly, (yj:¢5) i; 1—ijy 951{( ) 7}
= Zie{&l}n f n ngjgn{s J j 1— 7. fR 1V0 y7 jj 7 J) - y]i,Jl i ]y 1.4 d]PYJ (y)}dp(cl,...,cn)(cl7 o 7CTL)
5 (W Soi{lyje; 7) Ty}

v(y], i; ¢{(yJ11)Jy11}
_ N 2_7 1 J 1 21 J
ZZG{O 1} H1<j<nfR Sy }(yjjcl i fR Vo y Y; )S {(y/ T LJ)Jyl 7

_ Ly, (y5,¢) 211¢r{(ycl)211}
- H1<j<n ZZE{O 1} fR{W fR 1VO Y, yj )S;j{(y;clfi)iylfi}d]?y} (y)}dPCJ (C)

1 )
= Tli<j<n fR{ 0 i 1o (0, )2 APy, ()}l (0
1 )
+ fl3EEs levo y ;) St By, () P, (c)]
1 )
H1<]<n fR{ 2 yj fR Ly, (y, ¢) ¢J(?))d]P’yJ( )}d]P’cj(c) + ¢ (y;)]

dPy, (y)}dPc; (c)

By the LemmaA.2, we have for any integer such thatl < j <mn,

) = [ 188 [ ity ey, 1)) () + 05 0)

Hence,

fRn{ngjgn 1V1 (y]7 CJ)},U{HIID(yl, Cl)v s 7min(yn7 Cn)}dP(C’1,...,C’n)(Clv s 7Cn)
+ Zie{O,l}"—{(l,...,l)} fRn{ngjgn 1Vij (yj7 cj)}Q?{min(yl, Cl)a S 7min(yn7 Cn)}d]P)(CL...,Cn)(Clv s ,Cn)
= ’7(2/17 s 7yn)

So that,
0(1 )(ylauyn)zu(yhuyn)

LEMMA B.2. LetB € B(R)®"andy : R" — R be the function such that for arfy, ..., t,) € R", we have,
Y1y tn) = 1p(t1, .o tn)
Then, the Assumptidh5is verified and under the Assumptiddig and3.7, for any (¢4, . ..,t,) € R", we have,
0.yt tn) = p(te, o tn)

Proof of LemmaB.2

We denote by7, the set of all element®; x --- x B,, from B(R)®", when the elementBy, ..., B, are inB(R), and
by G the set of all element® from B(R)®" such that if for any(ty, ... ,t,) € R",

’y(tl,... 7tn) = 1B(t17--- 7tn)

then we have,
0?1,...71)(t17 v 7tn) = M(tl, A 7tn)
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We have,
R"e G
Let By, By € GG such thatB; C Bs and,
B=DByN (R — Bl)

We have,
1p=1p, —1p,

So that by the linearity of the integral,
BeG

Let (By,.),,>o be a sequence of elements fréisuch that for anyn € N, we have,
Bm C Bm+1

Let,
B = UmEOBm

For any non negative integet and any(z1, ..., z,) € R", we have,
1B, (z1,...,xy) < 1p(z1,...,2,)

m1—1>I—‘,n-oo 1Bm($17 s >xn) = 1B($17 s 7$n)

The dominated convergence theorem gives,
BeG

Consequently, the subs@tfrom P(R") is a\ system 1].
We have,
GoC G

The subseG, from P(R") is aw system 1], so that by the monotone class theoretf fve have,
O‘(GQ) cG

As o (Gy) = B(R)®", we have,
G = B(R)®"

This concludes the proof.
LEMMA B.3. Under the Assumptiors4, 3.5and 3.7, we have then for anft,,...,t,) € R",

9?1,...71)(t17 v 7tn) = N(tl, e 7tn)

Proof of LemmaB.3

There exists a non decreasing sequefcg),,,~, from non negative step functions froR"™ to R>( such that for any

(y1,-..,yn) € R™, we have,

m——+00

v
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Forany(ty,...,t,) € R", let for any non negative integet,

fm(t1s - tn)
21<J<7L g

— (_
- Zie{o,l}n HlSjS” {SC

1—iq 1—in

—q . . til . ,t
o T (s (g, 1)} 0] 2oty ul

)
Ty BB 7 () (- )
- = J

and,

ai,—l—,m(tl) cee 7tn) = / { H 1VO Yjs t] }wm(tyily% Zl) cee tzn v Zn)d]P)(Yh LYn) (yb .. 7yn)
S(Ylv---vyn tl’ te 7 1<j<’n

/L+(t17"'7tn)
1\ El<]<n J —i1 in,, 1— ’Ln)

= (=1 1—ij ch+(t “1 oot
ZZE{O 1} H1<]<n{SC (t }] fRn H1<]<n {1V1(u]7 )} ] HlS]Sn {ng(uj)}l 7

So that by the LemmB.2, we have for any non negative integerand any(yi, ..., y,) € R",

dP(C’l,...,C’n)(ulv e ,un)

S(Cl,...,cn)(yla v 7yn),um(y17 v 7yn) - wm(y17 v 7yn)
+ et Jro i<y i, (5 €300 dmin(y, 1), - min(yn, en) }P(oy e (e1s -5 o)
=0

where for anyi € I and any(t4, . ..,t,) € R", we have,

tl / { H 1VO yj7tj }/Lm(tzlly% “7"' tln N Zn)d]P)(Yl, ,Yn)(ylv"'vyn)

91+m(t1,...,tn) S
1yeeey n : 1<j<n

By the Assumptior8.5, we have,
pa (1, oty) = Hm pp(ty, ..., tn)

m——+00

9?,4_(751,...,75”):"11_1)%1 92+m(t1y --ytn)

where for any(t, ..., t,) € R", we have,

1 n n
02+(t17 o ,tn) = S t / { | | 1V0 Yj, tj },u_|_(t’11y1 Zl, tl 1 L )dP(Yl, LYn) (yl, .. ,yn)
(Yl,...,Yn Lye-est 1<j<n

Also we have for anyy,...,y,) € R",

S(Cl,...,Cn)(yh cee 7yn)lu’+(y17 cee ,yn) - /7+(y17 cee 7yn)
+ et Jro T i<y<n 1vi, (5, €) 307 {min(yr, 1), . .., min(yn, ea) }dP (e, o, (C1s- - s cn)
=0

In the same way, we obtain,

S(Cl,,,,,cn)(yh cee 7yn)ﬂ—(yl7 v 7yn) - ’Y_(yla v 7yn)
+ ZiEI fRn{HIS]Sn 1VzJ (yj7 c])}Qg_{mln(yl, Cl), .. 7min(yn7 Cn)}d]P)(Cl,m,Cn)(Cl, o ,Cn)
=0
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where for any(ty, . ..,t,) € R",

i (b ot)
21<J<n g

— (_
— Zie{o,l}n HlSjS” {SC

1—in

. Ly (g, )} 7] St ettt
fR H1<]<n{ i (ug,t5)} ] ngjgn{scj( e

(tl -1y

)d]P)(Cl, 7Cn)(u1, ‘e ,un)

1 n n
97(2],—(t17 s 7tn) = S t / { H 1Vo Yj, t] }:u (tzllyl Zl) tl 1 ' )d]P(Yl, Yy) (yb . 7yn)
(Yl,...,Yn Lye-est 1<j<n

So that for any(y1, ...,y,) € R",

S(Cl,...,Cn) (y17 s 7yn)u(y17 s 7yn) - fY(yla s 7yn)
+ ZiGI fRn{HIS]Sn 1VzJ (yj7 C])}Hzo{mln(yh Cl)7 R 7min(y7h Cn)}d]P)(Cl,...,Cn)(ch ceey Cn)
=0

Therefore for anyt¢y, ..., t,) € R", we have,

This concludes the proof.

Proof of Theorem 3.1

The proof results from the Lemni&a3, the applicationy from © to R is strictly convex ove®, differentiable ove©,

and the eIemer(ﬂ?)iel from © is a stationary point, so that it is the unique minimum from éipplicationy over© [12].

Proof of Theorem 3.2

Let for anyi € I,
¢ 0(1 11,y l—ip)
and for any(ty,...,t,) € R", let,

¢(t1, ... ,tn)
= Sty (s 7tn)9?0,...,0) (t1,. .. tn)
+ 3 ic0.03 {10} Jre Al li<j<n Wiy, (W5, 1) boa{min(ys, £1), - . min(yn, ) bP oy v, (815 - - Un)

We have for any integéf such thatl < k& < n,

O(t1, ... tn) -
= Zie{o,l}" fRn{ngjgn 1V1—ij (Yj tj)}gg)l_il,,,,,l_in)(y%_zltzll7 ce 7y}z_int%n)dp(Yl,...,Yn)(?le ey Yn)
= Zie{o,l}”,ik:O fRn Iy, (l/k>tk){H1<j<n]¢k Viei, (y],ty)}

<O iy T T e s ’““tﬁf, YT APy, oy (YY)

+Zz€{0 13" ip= 1fRn Lvq yk7tk){Hl<j<n]7$k 1V1 ij (y]7 )}

1—ip 1tlk 1 k+1t2k+1

0(1_7;17“.71_%)(2/1 th“ e Y g k—1> t, yk+ k10 7yrlz_intizn)d]P)(Yl,...,Yn)(ylv v >yn)
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Let: € I such that;, = 0, we have,

Jr i Wi )T i << e 1V17¢j (y5t5)}
ey 1—i%_1 ,in_ L—igqr i i i
Xe?l—il,...,l—in)(y% Tt =yk—21k 1t;fk—11=yk=yk+21k+lt2i1lv sy )
Xf(Yl,...,Yn) (y17 cee 7yn)d)\n(y17 cee 7yn)
= Jrzn 1vi (ks t )T Ti<j<n jn Ly, (vj t)}
1

1—iq i I=ip_1 ik—1 T=ip41 ik+1 T—ip i
S(Yl ,,,,, Yn)(y1 ty v Y 1 tk,1 7yk7ykf1' tk+1 e Yn ntnn)

1_ . .
v (2 k) Ticjam otk 16 (250 9 Z]t;?}. 1—i
[V 1—1i ; 1—%n_1 %1 -1 5. 1—1; 1. le+1 g s . 1—in 5
xp({y1 0y 2t Ay T 2 Yk Y T 2y} T )
Xf(Yl,...,Yn) (y17 s 7yn)f(Y1,...,Yn)(Z17 ceey Zn)dAQTL(ylv s Yns 1y e e ZTL)
= fRanl Ly, (yk7tk){H1§j§n,j7ék 1V17ij (yﬁtj)}
1
X

1—iy,iq Tt 1 ik—1 141 Tkt 1—in 4in
S(Yl ,,,,, Y 1 Yg1o Yn)(yl t1 s Y1 tk,1 Y1 tk+1 s Yn tn )

1—i; i
{ngjgn,j;ék 1V0(Zj7yj t] )} - -
1—i1 410179 4y 1—dp_q iyt %=1 iy O P s S N Y] 1—ir pin Y 1 =in _;
Xlu’({yl 751 Zl 3ty {yk_l tk_l Zk_l 7yk7 {yk;_l,_l tk.l,_l zk+1 Yt {yn ntnn} Znn)
Xf(yl,,,,,yn)(yh ce 7yn)f()ﬁ,...,Yk,l,YkH,...,Yn)(2’17 sy Bk—1) Rk41y - - - 7Zn)
d)‘2n—1(y17 ey Yny Ry e ey Z—1, 2k+17 R 7Zn)

d
dtr fRn Lv; (U tk){H;gjgn,j;éf 1'V1—ij'(yj7 tj)} - ‘
Xy teay (0 T T e T T )
Xf(Yl,...,Yn) (y17 v 7yn)d)\n(y17 v 7yn)
= fRznfz {H1§j§n,j7sk 1V17ij (yj.t5)}

1
X — - . . '
1—iqy 4iq I=tp—1 tk—1  1=ip41 ik41 1—in 4in
S(Yl ,,,,, Y15 Ykg10 Yn)(yl' [ RTRE t Y1 tk?Jrl yeYn ti')

1—i; i,
{H1gjgn,j7ék 8% (Zjayj t; )} . -
1—iy yigy 101 gy 1—ig_q ig—1q "~ %=1 ip—1 I R T e R N YR 1—ipin 1 1=%n i
xp({y Y At Ay T Ze 1otk AUk b Zp1s o W Y )
Xf(Yl,...,Yn) (yl, ey Yk—1, T, Yk+15- - - 7yn)f(Y1,...,Yk,l,Yk+1,...,Yn)(zla sy Rk—1y Rk+1y - - - 7zn)
d)\2n—2(y17 s Y1 Yk+1y -5 Yny By oo s Bk—1 Rk415 - - - 7zn)
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Let: € I such that;, = 1, we have,

fRn v, (Y, tk){H1gjgn,j7ék 1V17¢j (5. t5)}

i T—o T 1—ip P L
Xe?l_il,,,,71_in) (yl 21t7117 e 7yk_7ik 1t2k_11 ) tka yk+21k+1t;gk_i117 e 7y717, Znt;lln)
Xf(Yl,...,Yn)(ylv s 7yn)dATL(y17 s ,yn)

= Jrzn 1vo Wk t){Ili<j<n,jrr Ly, (v5:t5)}
1

1—1iy 4iq 1= 1 k1 1= 41 ket 1—ip, i
S(Yl ,,,,, Yn)(yl Yy 2% 7tk7yk‘+1‘ tk+1 yeeoYn )

1—ij 15
X1y (Zkatk){nlgjgn,j;ék 1V0(Zj7yj 'ty )1} ' .
I e S 1—40_1 ip_ —lk—1 4p._ 1—1 n —lk+1 i y1—1 ;
xp({y 0} Al T 5 2k W Gt ey )
Xf(Yl,...,Yn)(ylv s 7yn)f(Y1,...,Yn) (Z17 ce 7zn)dA2n(y17 s Yny R1 - 7ZTL)

= fRanl 1Vo(zk7tk){1_[1§j§n,j7ék 1V17¢j (ijtj)}
1
X

1—1iy 441 T=tp 1 k-1 =41, 0k41 1—in yin
S(Y1 ,,,,, Yoo 1Y 10 Yn)(yl' by % Y1 tk+1 s Yn ")

1—1; 15
{Ihi<jcnmn o (2595 1))} . o
1—iqiqqy =% 4 1—ip_1 g1y 17 %=1 i 1—i ip U1 g iy 1=in
xp({on " Ay T EP TS (T T EIE RIS (Tl S
Xf(Yl,...,Kl)(zlv s 7zn)f(Y1,...,Yk,1,Yk+1,...,Yn) (y17 e Yk—15Yk41 - - - 7yn)
d)\2n—1(y17 s Ye—15Yk+15 - - -3 Yns 21y - - 72n)

%k fRn v, (Y tk){H1gjgn,j;£k 1V17¢j (5. t5)}
Xe?l—ih---,l—z’n)(yl Ty 1t;fk—11=tk=yk+21k+lt;ck:11= Y )
Xf(Yl,...,Yn) (y17 cee 7yn)d)\n(y17 cee 7yn)
- fR2n*2{H1§j§n7j;£k 1V17ij (ij tj)}
1
X

1—iq i I=ip_1 ik—1  1=ip41 tk41 1—ip 4in
S(Y1 ,,,,, Y1 Y5415 Yn)(yl t1 s Y1 tk,1 Y1 tk+1 s Yn tn )

1—ij i
{ngjgn,j;ék 1V0(Zj7yj t] )} - -
1—ip i 170 gy I—igq g1yt~ %—1 g1 =gy g1y "7 e+ iy 1—ippin 1 1=tn i
X:u’({yl tl } Zl 3oy {yk_l tk_l Zk_l 7tk7 {yk+1 tk-l,-l Zk-l,-l 3t {yn ntnn} Znn)
X F(VeyYo) (Z15 s 21 by Zht s -+ o5 20) Fve o Yie Yt Vo) (UL o+ Y15 Ukt 15 - - - Yn)
d)\2n—2(y17 ooy Y—15Yk+15 - - -5 Yns Z1y - o 5 R—15 Rk415 - - - 7Zn)

Consequently,

oY B
a—tk(tl,...,tn) —O

Therefore, there exists € R such that for anyty, ..., t,) € R", we have,
1/J(t1,...,tn) =T

When the real numbets, . .., ¢, tend to minus infinity, we have,

T = /];{n 9?1,“.71) (y17 v 7yn)d]P(Y1,...,Yn) (y17 e 7yn)
Using the PropositioB.6, with for anyi € I, H; = 1, we have,
¢(t17 cee 7tn) = E[W(Ylv cee 7Yn)]
Finally, we have for anyty, ..., t,,d,...,d,) € R" x {0,1}",

Ucl7~~~7cn7’%(9?)i61(t1’ e ,tn, dl, e ,dn) - UY1,...,Yn,1/J,(¢i) (tl, e ,tn, 1-— dl, ceey 1-— dn)

i€l

This concludes the proof.
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APPENDIX C: PROOFS FROM THE SECTION 4

Proof of Proposition 4.1

s Ymo

We have for any(ti,... tL, ... ¢, ...

1 1
oi(th, . otk g,l...,t;)

= . 1 k k
S e Wb ¥ vy B o oot) fR’"{Hlﬁﬁﬁn,lSkSr Vo (yw J)}
-1 -1 -1 -1 . . . .
141, 110 1in, 11— i rl—i? ir o rl—il
Xyt tyr ety Ty, ety T Ty ”)dP(Yll,...,K},...,Y{',

1 1
,u(tl,...,tn,..., 71’,...,75;)
_1)7”*E1<j<n,1<k<r- l?

- Zie{o,l}’"

1
[Ti<j<ni<w<r {Sck (t;?)} J
J

-1 -1 -1 -1 . .
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This concludes the proof.

Proof of Theorem 4.1
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The end of the proof is a direct consequence of the The@&rand the Propositiod.1, and of a result from Hoeffding
[4] about U statistics.
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