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ROBUST UNBIASED TRANSFORMATIONS WITH CENSORING

DAMIEN BOUSQUET

Universit́e de Montpellier

Abstract. In the literature, there have been several papers about unbiased
estimation in presence of censoring. In this work, we generalise the doubly
robust unbiased transformation with censoring proposed byRubin and Van
der Laan and Suzukawa. We show it is the uniformly minimum variance un-
biased transformation with censoring. The new more generaltransformation
we obtain is also doubly robust and asymptotically normal.

1. Introduction. The search for unbiased estimators from quantities of interest is a central problem in statistics. In the
survival analysis field, the data are often censored. There are several types of censoring as described by the author in [7].
During the last decades, unbiased estimation in presence ofcensoring has received some attention in the literature. We
can cite as an illustration the works from the authors in [2, 3, 6, 10, 13, 14, 15]. Here, we are especially interesting with
the transformation given by the authors in [13, 14] under right random censoring.

In this work, we generalise a transformation proposed by Rubin and Van der Laan [13] and Suzukawa [14]. Our method
is general in the context of a right random censoring scheme.First, we describe all possible unbiased transformations
from some function which depends of the non observed random variable. Then, we fix this function in the procedure and
we search the existence of a minimum variance unbiased transformation in this class. We find a solution. When the non
observed random variable is real valued, this solution corresponds to the unbiased transformation proposed by the authors
in [13, 14]. We show that this transformation is the uniformly minimumvariance unbiased transformation. However, our
method is different from the method used by the author in [14] and our construction is general. When the non observed
random variable is vector valued, our approach is new. In this case also, we find a unique solution of minimum variance.
As shown in the sequel, this is equivalent to minimise the quadratic distance between the general transformation and the
objective function which depends of the non observed randomvariable. The transformation we obtain is doubly robust
and generalises the previous for real valued random variables. Our motivation to generalise the original procedure is by
example the following: how to estimate without bias the variance from a censored sample? To achieve this goal in the more
general non censored case, we need at least two observations[9]. So that our generalisation allows to estimate without
bias the variance in a censored sample. We also give a generalresult of doubly robust asymptotic normality. Indeed, we
make a link between the optimal transformation we find and thegeneral theory from U statistics [8].

This paper is organised as follows. In the Section2, we treat the case of one observation, that is to say the case of real
valued random variables. We do not any more contribution in this section. The results that are presented in this section
are contained in [13] and [14]. However, our procedure is different. This section prepares the generalisation from the
Section3. In the Section3, we present the general case for an arbitrary number of observations, that is to say for vector
valued random variables. Our contribution is to find the general solution in this case. The transformation we find is
constructed to be of minimum variance. Such it is the case. This transformation has another interesting property: it is
doubly robust. In the Section4, we give a result of asymptotic normality in the general case, by using the theory from U
statistics. In the last section, we give some perspectives.

In the sequel, all the reasonings can be written conditionally to any covariates. For the sake of simplicity, we present them
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without covariates.

2. The case of one observation. Let (Ω,A,P) be a probability space,Y,C : Ω → R be independent random variables,
T = min(Y,C),D = 1Y≤C , γ : R → R be a fixed borelian function,V1 = {(t1, t2) ∈ R

2 ; t1 ≤ t2} andV0 = R
2−V1.

We denote bySC : R → [0, 1] the survival function of the random variableC : Ω → R.

ASSUMPTION2.1. We suppose that for any real numberc, we have,

SC(c) = P(C > c) > 0

Under the Assumption2.1, let θ0 : R → R be a borelian function such that for any real numbery, the functionc 7→
1V0(y, c)θ0(c) is integrable with respect to the probability measurePC and for any real numbery,

θ1(y) =
1

SC(y)
[γ(y)−

∫

R

1V0(y, c)θ0(c)dPC(c)]

and for any(t, d) ∈ R× {0, 1},
UC,γ,θ0(t, d) = (1− d)θ0(t) + dθ1(t)

In the Proposition2.1, we describe in this case all possible unbiased transformations with censoring. The parameters that
are free are the borelian functionsγ, θ0 from R to R.

PROPOSITION 2.1. We suppose that the functionsy 7→
∫

R
1V0(y, c)|θ0(c)|dPC(c) and y 7→ SC(y)|θ1(y)| from R to

R are integrable with respect to the probability measurePY . Then, the random variablesUC,γ,θ0(T,D) : Ω → R and
γ ◦ Y : Ω → R are integrable with respect to the probability measureP and we have,

E[UC,γ,θ0(T,D)] = E[γ ◦ Y ]

We denote byC(R,R) the set of all continuous functions fromR to R and byΘ the set of all continuous functions
θ0 : R → R such that, for any real numbery, the functionc 7→ 1V0(y, c)θ0(c) from R to R is integrable with respect to
the probability measurePC and,

∫

R2

1V0(y, c)θ
2
0(c)dP(Y,C)(y, c) ∈ R≥0

∫

R

{ 1
√

SC(y)

∫

R

1V0(y, c)θ0(c)dPC(c)}2dPY (y) ∈ R≥0

∫

R2

1V1(y, c)θ
2
1(y)dP(Y,C)(y, c) ∈ R≥0

The random variableUC,γ,θ0(T,D) : Ω → R is square integrable with respect to the probability measureP, if and only
if, we have,

∫

R2

1V0(y, c)θ
2
0(c)dP(Y,C)(y, c) ∈ R≥0

∫

R2

1V1(y, c)θ
2
1(y)dP(Y,C)(y, c) ∈ R≥0

Therefore, if,
θ0 ∈ Θ
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we have,
E[U2

C,γ,θ0
(T,D)] ∈ R≥0

For anyθ0 ∈ C(R,R) such that for any real numbery, the functionc 7→ 1V0(y, c)θ0(c) from R to R is integrable with
respect to the probability measurePC and,

∫

R

{ 1
√

SC(y)

∫

R

1V0(y, c)θ0(c)dPC(c)}2dPY (y) ∈ R≥0

if,
∫

R

γ2(y)

SC(y)
dPY (y) ∈ R≥0

then we have,
∫

R2

1V1(y, c)θ
2
1(y)dP(Y,C)(y, c) ∈ R≥0

ASSUMPTION2.2. We suppose that the functiony 7→ γ2(y)
SC(y) fromR toR≥0 is integrable with respect to the probability

measurePY , so that the zero function is in the setΘ.

PROPOSITION2.2. Under the Assumption2.2, the subsetΘ fromC(R,R) is a vector subspace fromC(R,R).

LetN : Θ → R≥0 andχ : Θ → R≥0 be the following functions,

N : Θ → R≥0

θ0 7→ [
∫

R

1
SC(y){

∫

R
1V0(y, c)θ0(c)dPC(c)}

2
dPY (y) +

∫

R2 1V0(y, c)θ
2
0(c)dP(Y,C)(y, c)]

1
2

χ : Θ → R≥0

θ0 7→ E[U2
C,γ,θ0

(T,D)]

ASSUMPTION2.3. We suppose that there exist two continuous positive functionsfY : R → R>0 andfC : R → R>0

which are integrable with respect to the Lebesgue measure over R and such that for any borelianB ∈ B(R), we have,

PY (B) =

∫

R

1B(t)fY (t)dλ(t)

PC(B) =

∫

R

1B(t)fC(t)dλ(t)

Under the Assumption2.3, we have for any real numbert,

SY (t) = P(Y > t) > 0

SC(t) = P(C > t) > 0

In the Proposition2.3, we show that the applicationN defines a norm over the vector spaceΘ.

PROPOSITION2.3. Under the Assumption2.3, the functionN : Θ → R≥0 is a norm over the vector spaceΘ.

In the Proposition2.4, we show that the applicationχ from Θ to R≥0 is differentiable overΘ, and we compute its
differential.
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PROPOSITION2.4. Under the Assumptions2.2and2.3, the functionχ : Θ → R≥0 is differentiable overΘ, its differen-
tial is given by for any(θ0,H0) ∈ Θ2,

dθ0χ(H0) = 2

∫

R2

1V0(y, c)[{θ0(c)− θ1(y)}H0(c)]dP(Y,C)(y, c)

In the Proposition2.5, we show that the applicationχ from Θ to R≥0 is strongly convex with modulus2 overΘ, so that
this application is strictly convex. Our aim here is to minimise this application overΘ.

PROPOSITION2.5. Under the Assumptions2.2 and2.3, the functionχ : Θ → R≥0 is strongly convex with modulus2
overΘ.

In the Proposition2.6, we give a sufficient condition so that the applicationχ from Θ toR≥0 has a stationary point.

PROPOSITION2.6. Under the Assumptions2.2and2.3, for anyθ0 ∈ Θ such that the functiony 7→ θ21(y) fromR to R

is integrable with respect to the probability measurePY and,

θ0(c) =
1

SY (c)

∫

R

1V0(y, c)θ1(y)dPY (y)

we have,
dθ0χ = 0

Under the Assumption2.2, for any real numberc, the functiony 7→ 1V0(y, c)γ(y) from R toR is integrable with respect
to the probability measurePY , let under the Assumption2.3, η : R → R be the function such that for any real numberc,

η(c) =
1

SY (c)

∫

R

1V0(y, c)γ(y)dPY (y)

Under the Assumptions2.2 and2.3, for any real numbery, the functionc 7→ 1V1(c, y)
η(c)
S2
C
(c)

from R to R is integrable

with respect to the probability measurePC , letφ : R → R be the function such that for any real numbery,

φ(y) = γ(y)− SC(y)

∫

R

1V1(c, y)
η(c)

S2
C (c)

dPC(c)

ASSUMPTION 2.4. Let for any real numbery, γ+(y) = max{γ(y), 0}, γ−(y) = −min{γ(y), 0} and for any real
numberc,

η−(c) =
1

SY (c)

∫

R

1V0(y, c)γ
−(y)dPY (y)

η+(c) =
1

SY (c)

∫

R

1V0(y, c)γ
+(y)dPY (y)

We suppose that for any real numberc, the functiony 7→ 1V0(y, c)
∫

R
1V1(c

′, y) η−(c′)
S2
C
(c′)
dPC(c

′) is integrable with respect

to the probability measurePY and the functiony 7→ 1V0(y, c)
∫

R
1V1(c

′, y) η+(c′)
S2
C
(c′)
dPC(c

′) is integrable with respect to the

probability measurePY .

If the functionγ from R toR is bounded and,
∫

R

dPY (y)

SC(y)
∈ R≥0

then, the Assumption2.4 is verified.
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PROPOSITION2.7. Under the Assumptions2.2, 2.3and2.4, we have for any real numbert,

γ(t) = φ(t) +

∫

R

1V1(c, t)
dPC(c)

SY (c)

∫

R

1V0(y, c)
φ(y)

SC(y)
dPY (y)

Under the Assumptions2.2and2.3, letµ : R → R be the function such that for any real numbery,

µ(y) =
γ(y)

SC(y)
−

∫

R

1V1(c, y)
η(c)

S2
C(c)

dPC(c)

ASSUMPTION 2.5. We suppose that the functiony 7→ µ2(y) fromR to R is integrable with respect to the probability
measurePY .

Under the Assumptions2.2, 2.3and2.5, let θ00 : R → R be the function such that for any real numberc,

θ00(c) =
1

SY (c)

∫

R

1V0(y, c)µ(y)dPY (y)

ASSUMPTION2.6. We suppose that,
∫

R

dPY (y)

SC(y)
∈ R≥0

lim
t→+∞

SY (t)

SC(t)
= 0

PROPOSITION2.8. Under the Assumptions2.2, 2.3, 2.4, 2.5and2.6, we have for any real numbery,

θ01(y) = µ(y)

and if the functiont 7→ γ(t) fromR to R is piecewise continuous overR then, for any real numbert,

θ00(t) =
η(t)

SC(t)
−

∫

R

1V1(c, t)
η(c)

S2
C(c)

dPC(c)

PROPOSITION2.9. Under the Assumption2.2, we have,

E[γ2(Y )] ∈ R≥0

and for anyθ0 ∈ Θ,
V[UC,γ,θ0(T,D)] = E[{UC,γ,θ0(T,D)− γ(Y )}2] +V[γ(Y )]

In the Theorem2.1, we present the main result from this paragraph.

THEOREM 2.1. Under the Assumptions2.2, 2.3, 2.4, 2.5and2.6, if,

θ00 ∈ Θ

we have then for anyθ0 ∈ Θ such thatθ0 6= θ00,

V[UC,γ,θ0(T,D)] > V[UC,γ,θ00(T,D)]

which is equivalent to,
E[{UC,γ,θ0(T,D)− γ(Y )}2] > E[{UC,γ,θ00(T,D)− γ(Y )}2]
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In the Theorem2.2, we show that the transformation which minimises the variance is also robust.

THEOREM 2.2. LetY0, C0 : Ω → R be independent random variables and,

T0 = min(Y0, C0)

D0 = 1Y0≤C0

Then, under the Assumptions2.2, 2.3, 2.4, 2.5and2.6, if SC = SC0 or SY = SY0, and,

E[|UC,γ,θ00(T0,D0)|] ∈ R≥0

we have always,
E[UC,γ,θ00(T0,D0)] = E[γ(Y0)]

Whenγ = idR, we retrieve the transformation proposed by the authors in [13].

Let p ∈ N≥1 andn ∈ N≥1 such thatp+ 1 < n.

Suppose that our model is the following linear regression model [11],

Y = Xβ + ǫ

where the vectorY = (Y1, . . . , Yn) from Ω to R
n is the dependent variable, the fixed matrix of regressorsX =

(Xmj)1≤m≤n,0≤j≤p is such that for any integerm ∈ {1, . . . , n}, Xm0 = 1, β = (β0, . . . , βp) ∈ R
p+1 is a vector

of fixed parameters to be estimated andǫ = (ǫ1, . . . , ǫn) is an unknown noise composant, where the random variables
(ǫj)1≤j≤n from Ω to R are independent.

We make the following assumptions:
E[ǫ] = (0, . . . , 0)

there exists a positive real numberσ such that,
V[ǫ] = σ2In

and,
rank(X) = p+ 1

Consequently, the matrixX ′X from Mp+1,p+1(R) is an invertible matrix, where the notation′ refers to the transposed
matrix.

The ordinary least squares estimator fromβ = (β0, . . . , βp) when the vectory = (y1, . . . , yn) ∈ R
n is totally observed

without censoring is given bŷβ(y1, . . . , yn) = (X ′X)−1
X ′y. From the Gauss and Markov theorem, it is the uniformly

minimum variance unbiased linear estimator from the vectorβ, also we have,

V[β̂(Y1, . . . , Yn)] = σ2(X ′X)
−1

As the noise composant is unknown, we do not know the value ofσ. Let ŷ = Xβ̂ be the vector of predicted values and
ǫ̂ = y − ŷ be the vector of the residuals. An unbiased estimator fromσ2 is given by,

1

n− p− 1

∑

1≤j≤n
ǫ̂2j
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We are concerning with the unbiased estimation from the vector β fromR
p+1 and the real numberσ2, under random right

independent censorship. We denote byy = (y1, . . . , yn) the vector of the non observed values, byc = (c1, . . . , cn) the
vector from the censor, byt = (t1, . . . , tn) = (min(y1, c1), . . . ,min(yn, cn)) the vector of eventually censored values
and byd = (d1, . . . , dn) = (1V1(y1, c1), . . . , 1V1(yn, cn)) the vector of the censoring indicators. We observet andd and
we want to estimate without bias the vectorβ and the real numberσ2, from the data.

With the notations from this section, we have for any integerj such that1 ≤ j ≤ n,

E[UCj ,idR,θ0(Tj ,Dj)] = E[Yj]

So that we have an unbiased transformation from the vectorβ, which isβ̂{UC1,idR,θ0(t1, d1), . . . ,UCn,idR,θ0(tn, dn)},

E[β̂{UC1,idR,θ0(T1,D1), . . . ,UCn,idR,θ0(Tn,Dn)}] = β

Now, our problem is to estimate without bias the real numberσ2. We suppose that for any borelian functionγ :
R
n → R, we have found an unbiased estimatorµγ(T1, . . . , Tn,D1, . . . ,Dn) from the real numberE[γ(Y1, . . . , Yn)],

let γ(y1, . . . , yn) = 1
n−p−1

∑

1≤j≤n ǫ̂
2
j , we would obtain so,

E[µγ(T1, . . . , Tn,D1, . . . ,Dn)] = σ2

This problem motivates the construction below.

Another way to proceed would be to consider conditional expectation, however, it does not seem to lead to doubly robust
transformations.

3. The general case. Let (Ω,A,P) be a probability space,n ∈ N≥1, Y1, . . . , Yn, C1, . . . , Cn : Ω → R be random
variables such that the random vector(Y1, . . . , Yn) is independent from the random vector(C1, . . . , Cn), I = {0, 1}n −
{(1, . . . , 1)} andγ, (θi)i∈I : R

n → R be borelian functions. Let for any integerj such that1 ≤ j ≤ n,

Tj = min(Yj , Cj)

Dj = 1Yj≤Cj

ASSUMPTION3.1. We suppose that for any(c1, . . . , cn) ∈ R
n, we have,

S(C1,...,Cn)(c1, . . . , cn) = P(C1 > c1, . . . , Cn > cn) > 0

Let γ, (θi)i∈I : R
n → R be borelian functions, such that for anyi ∈ I and for any(y1, . . . , yn) ∈ R

n, the func-
tion (c1, . . . , cn) 7→ {

∏

1≤j≤n 1Vij (yj, cj)}θi{min(y1, c1), . . . ,min(yn, cn)} from R
n to R is integrable overRn with

respect to the probability measureP(C1,...,Cn), under the Assumption3.1, let for any(y1, . . . , yn) ∈ R
n,

θ(1,...,1)(y1, . . . , yn)

= 1
S(C1,...,Cn)(y1,...,yn)

[γ(y1, . . . , yn)

−∑

i∈I
∫

Rn{
∏

1≤j≤n 1Vij (yj , cj)}θi{min(y1, c1), . . . ,min(yn, cn)}dP(C1,...,Cn)(c1, . . . , cn)]

and for any(t1, . . . , tn, d1, . . . , dn) ∈ R
n × {0, 1}n,

UC1,...,Cn,γ,(θi)i∈I
(t1, . . . , tn, d1, . . . , dn) =

∑

i∈{0,1}n
[
∏

1≤j≤n
{dijj (1− dj)

1−ij}]θi(t1, . . . , tn)

In the Proposition3.1, we describe all possible unbiased transformations with censoring. The parameters that are free are
the borelian functionsγ, (θi)i∈I from R

n toR.
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PROPOSITION3.1. We suppose that for anyi ∈ I, the function
(y1, . . . , yn) 7→

∫

Rn{
∏

1≤j≤n 1Vij (yj, cj)}θi{min(y1, c1), . . . ,min(yn, cn)}dP(C1,...,Cn)(c1, . . . , cn) from R
n to R is

integrable overRn with respect to the probability measureP(Y1,...,Yn). Then, the functionγ fromR
n to R is integrable

overRn with respect to the probability measureP(Y1,...,Yn) and we have,

E[UC1,...,Cn,γ,(θi)i∈I
(T1, . . . , Tn,D1, . . . ,Dn)] = E[γ(Y1, . . . , Yn)]

As an illustration, for estimating without bias the variance in a censored independent and identically distributed sample,
we can take for anyn ∈ N≥2 and any(y1, . . . , yn) ∈ R

n,

γ(y1, . . . , yn) =
1

n− 1
{
∑

1≤j≤n
(yj −

1

n

∑

1≤k≤n
yk)

2

}

The random variableUC1,...,Cn,γ,(θi)i∈I
(T1, . . . , Tn,D1, . . . ,Dn) from Ω to R is square integrable with respect to the

probability measureP, if and only if, we have for anyi ∈ {0, 1}n,
∫

R2n

{
∏

1≤j≤n
1Vij (yj, cj)}θ

2
i {min(y1, c1), . . . ,min(yn, cn)}dP(Y1,...,Yn,C1,...,Cn)(y1, . . . , yn, c1, . . . , cn) ∈ R≥0

We denote byC(Rn,R) the set of all functions fromRn to R that are continuous overRn and, byΘ the set of all
elements(θi)i∈I from C(Rn,R)|I| such that, for any(y1, . . . , yn) ∈ R

n and anyi ∈ I, the function(c1, . . . , cn) 7→
{
∏

1≤j≤n 1Vij (yj, cj)}θi{min(y1, c1), . . . ,min(yn, cn)} from R
n to R is integrable overRn with respect to the proba-

bility measureP(C1,...,Cn) and,

∫

R2n

{
∏

1≤j≤n
1Vij (yj, cj)}θ

2
i {min(y1, c1), . . . ,min(yn, cn)}dP(Y1,...,Yn,C1,...,Cn)(y1, . . . , yn, c1, . . . , cn) ∈ R≥0

∫

Rn [
1√

S(C1,...,Cn)(y1,...,yn)

×{∑i∈I
∫

Rn{
∏

1≤j≤n 1Vij (yj, cj)}θi{min(y1, c1), . . . ,min(yn, cn)}dP(C1,...,Cn)(c1, . . . , cn)}]
2dP(Y1,...,Yn) ∈ R≥0

∫

Rn

S(C1,...,Cn)(y1, . . . , yn)θ
2
(1,...,1)(y1, . . . , yn)dP(Y1,...,Yn)(y1, . . . , yn) ∈ R≥0

We have for any(y1, . . . , yn, c1, . . . , cn) ∈ R
2n,

U2
C1,...,Cn,γ,(θi)i∈I

{min(y1, c1), . . . ,min(yn, cn), 1V1(y1, c1), . . . , 1V1(yn, cn)}
=

∑

i∈{0,1}n{
∏

1≤j≤n 1Vij (yj, cj)}θ
2
i {min(y1, c1), . . . ,min(yn, cn)}

If,
(θi)i∈I ∈ Θ

then, the random variableUC1,...,Cn,γ,(θi)i∈I
(T1, . . . , Tn,D1, . . . ,Dn) fromΩ toR is square integrable with respect to the

probability measureP.
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For any (θi)i∈I ∈ C(Rn,R)|I| such that for any(y1, . . . , yn) ∈ R
n and anyi ∈ I, the function(c1, . . . , cn) 7→

{∏1≤j≤n 1Vij (yj, cj)}θi{min(y1, c1), . . . ,min(yn, cn)} from R
n to R is integrable overRn with respect to the proba-

bility measureP(C1,...,Cn) and,

∫

Rn [
1√

S(C1,...,Cn)(y1,...,yn)

×{∑i∈I
∫

Rn{
∏

1≤j≤n 1Vij (yj, cj)}θi{min(y1, c1), . . . ,min(yn, cn)}dP(C1,...,Cn)(c1, . . . , cn)}]2dP(Y1,...,Yn) ∈ R≥0

if,
∫

Rn

γ2(y1, . . . , yn)

S(C1,...,Cn)(y1, . . . , yn)
dP(Y1,...,Yn)(y1, . . . , yn) ∈ R≥0

then we have,
∫

Rn

S(C1,...,Cn)(y1, . . . , yn)θ
2
(1,...,1)(y1, . . . , yn)dP(Y1,...,Yn)(y1, . . . , yn) ∈ R≥0

ASSUMPTION 3.2. We suppose that(0, . . . , 0) ∈ Θ, or equivalently, we suppose that the function(y1, . . . , yn) 7→
γ2(y1,...,yn)

S(C1,...,Cn)(y1,...,yn)
fromR

n toR≥0 is integrable with respect to the probability measureP(Y1,...,Yn).

In the Proposition3.2, we demonstrate under the Assumption3.2, that the setΘ is a vector space.

PROPOSITION3.2. Under the Assumption3.2, the subsetΘ fromC(Rn,R)|I| is a vector subspace fromC(Rn,R)|I|.

LetN : Θ → R≥0 andχ : Θ → R≥0 be the following functions,

N : Θ → R≥0

(θi)i∈I 7→ {
∫

Rn
1

S(C1,...,Cn)(y1,...,yn)
[
∑

i∈I
∫

Rn{
∏

1≤j≤n 1Vij (yj, cj)}
×θi{min(y1, c1), . . . ,min(yn, cn)}dP(C1,...,Cn)(c1, . . . , cn)]

2dP(Y1,...,Yn)(y1, . . . , yn)

+
∑

i∈I
∫

R2n{
∏

1≤j≤n 1Vij (yj, cj)}
×θ2i {min(y1, c1), . . . ,min(yn, cn)}dP(Y1,...,Yn,C1,...,Cn)(y1, . . . , yn, c1, . . . , cn)

}
1
2

χ : Θ → R

(θi)i∈I 7→ E[U2
C1,...,Cn,γ,(θi)i∈I

(T1, . . . , Tn,D1, . . . ,Dn)]

ASSUMPTION 3.3. We suppose that there exist some functionsf(Y1,...,Yn) : R
n → R>0 andf(C1,...,Cn) : R

n → R>0

that are continuous overRn and positive, integrable with respect to the Lebesgue measure overRn, and such that for
anyB ∈ B(R)⊗n, we have,

P(Y1,...,Yn)(B) =

∫

Rn

1B(t1, . . . , tn)f(Y1,...,Yn)(t1, . . . , tn)dλn(t1, . . . , tn)

P(C1,...,Cn)(B) =

∫

Rn

1B(t1, . . . , tn)f(C1,...,Cn)(t1, . . . , tn)dλn(t1, . . . , tn)
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Under the Assumption3.3, we have for any(t1, . . . , tn) ∈ R
n,

S(Y1,...,Yn)(t1, . . . , tn) = P(Y1 > t1, . . . , Yn > tn) > 0

S(C1,...,Cn)(t1, . . . , tn) = P(C1 > t1, . . . , Cn > tn) > 0

In the Proposition3.3, we show that the applicationN defines a norm over the vector spaceΘ.

PROPOSITION3.3. Under the Assumption3.3, the applicationN fromΘ to R≥0 is a norm over the vector spaceΘ.

In the Proposition3.4, we show that the applicationχ from Θ to R≥0 is differentiable overΘ, and we compute its
differential.

PROPOSITION3.4. Under the Assumptions3.2 and3.3, the applicationχ fromΘ to R≥0 is differentiable overΘ, for
any(θi)i∈I ∈ Θ, we have,

d(θi)i∈I
χ = L(θi)i∈I

where for any(Hi)i∈I ∈ Θ,

L(θi)i∈I
{(Hi)i∈I}

= 2{
∑

i∈I
∫

R2n{
∏

1≤j≤n 1Vij (yj, cj)}
×θi{min(y1, c1), . . . ,min(yn, cn)}Hi{min(y1, c1), . . . ,min(yn, cn)}dP(Y1,...,Yn,C1,...,Cn)(y1, . . . , yn, c1, . . . , cn)}
−2

∫

R2n θ(1,...,1)(y1, . . . , yn)
∑

i∈I
∏

1≤j≤n 1Vij (yj, cj)

×Hi{min(y1, c1), . . . ,min(yn, cn)}dP(Y1,...,Yn,C1,...,Cn)(y1, . . . , yn, c1, . . . , cn)

In the Proposition3.5, we show that the applicationχ from Θ to R≥0 is strongly convex with modulus2 overΘ, so that
this application is strictly convex. Our aim here is to minimise this application overΘ.

PROPOSITION 3.5. Under the Assumptions3.2 and 3.3, the applicationχ from Θ to R≥0 is strongly convex with
modulus2 overΘ.

ASSUMPTION3.4. We suppose that the random variablesY1, . . . , Yn, C1, . . . , Cn fromΩ to R are all independent.

In the Proposition3.6, we give a sufficient condition so that the applicationχ from Θ toR≥0 has a stationary point.

PROPOSITION3.6. Under the Assumptions3.2, 3.3and3.4, for any(θi)i∈I ∈ Θ such that for any(t1, . . . , tn) ∈ R
n and

anyi ∈ I, the function(y1, . . . , yn) 7→ {∏1≤j≤n 1V0(yj, tj)}θ(1,...,1)(ti11 y1−i11 , . . . , tinn y
1−in
n ) fromR

n to R is integrable
with respect to the probability measureP(Y1,...,Yn) and the function(y1, . . . , yn) 7→ θ2(1,...,1)(y1, . . . , yn) fromR

n to R is
integrable with respect to the probability measureP(Y1,...,Yn) and if,

θi(t1, . . . , tn) =
1

S(Y1,...,Yn)(t1, . . . , tn)

∫

Rn

{
∏

1≤j≤n
1V0(yj , tj)}θ(1,...,1)(ti11 y1−i11 , . . . , tinn y

1−in
n )dP(Y1,...,Yn)(y1, . . . , yn)

then we have,
d(θi)i∈I

χ = 0

We have that for any(Hi)i∈I ∈ Θ and anyi ∈ I,
∫

R2n{
∏

1≤j≤n 1Vij (yj, cj)}[θi{min(y1, c1), . . . ,min(yn, cn)} − θ(1,...,1)(y1, . . . , yn)]

×Hi{min(y1, c1), . . . ,min(yn, cn)}dP(Y1,...,Yn,C1,...,Cn)(y1, . . . , yn, c1, . . . , cn)

= 0



ROBUST UNBIASED TRANSFORMATIONS WITH CENSORING 11

PROPOSITION3.7. Under the Assumption3.2, we have,

E[γ2(Y1, . . . , Yn)] ∈ R≥0

and for any(θi)i∈I ∈ Θ,

V[UC1,...,Cn,γ,(θi)i∈I
(T1, . . . , Tn,D1, . . . ,Dn)]

= E[{UC1,...,Cn,γ,(θi)i∈I
(T1, . . . , Tn,D1, . . . ,Dn)− γ(Y1, . . . , Yn)}2] + V[γ(Y1, . . . , Yn)]

ASSUMPTION3.5. We suppose that for anyi ∈ {0, 1}n and any(t1, . . . , tn) ∈ R
n, the function

(y1, . . . , yn) 7→ {
∏

1≤j≤n 1V0(yj , tj)}γ(ti11 y1−i11 , . . . , tinn y
1−in
n ) fromR

n toR is integrable with respect to the probability
measureP(Y1,...,Yn), let for anyi ∈ {0, 1}n and any(t1, . . . , tn) ∈ R

n,

αi,−(t1, . . . , tn) =
1

S(Y1,...,Yn)(t1, . . . , tn)

∫

Rn

{
∏

1≤j≤n
1V0(yj, tj)}γ−(ti11 y1−i11 , . . . , tinn y

1−in
n )dP(Y1,...,Yn)(y1, . . . , yn)

αi,+(t1, . . . , tn) =
1

S(Y1,...,Yn)(t1, . . . , tn)

∫

Rn

{
∏

1≤j≤n
1V0(yj, tj)}γ+(ti11 y1−i11 , . . . , tinn y

1−in
n )dP(Y1,...,Yn)(y1, . . . , yn)

where for any(t1, . . . , tn) ∈ R
n, we have,

γ−(t1, . . . , tn) = −min{γ(t1, . . . , tn), 0}

γ+(t1, . . . , tn) = max{γ(t1, . . . , tn), 0}
We suppose that for any(t1, . . . , tn) ∈ R

n and anyi ∈ {0, 1}n, the function

(u1, . . . , un) 7→ [
∏

1≤j≤n {1V1(uj , tj)}
1−ij ]

αi,−(t
i1
1 u

1−i1
1 ,...,t

in
n u

1−in
n )

∏
1≤j≤n {S2

Cj
(uj)}1−ij

from R
n to R≥0 is integrable with respect to the

probability measureP(C1,...,Cn) and, the function

(u1, . . . , un) 7→ [
∏

1≤j≤n {1V1(uj , tj)}
1−ij ]αi,+(t

i1
1 u

1−i1
1 ,...,t

in
n u

1−in
n )

∏
1≤j≤n {S2

Cj
(uj)}1−ij

from R
n to R≥0 is integrable with respect to the

probability measureP(C1,...,Cn), let,

µ(t1, . . . , tn)

=
∑

i∈{0,1}n
(−1)

n−
∑

1≤j≤n ij

∏
1≤j≤n {SCj

(tj)}ij
∫

Rn [
∏

1≤j≤n {1V1(uj, tj)}
1−ij ]αi(t

i1
1 u

1−i1
1 ,...,t

in
n u

1−in
n )

∏
1≤j≤n {S2

Cj
(uj)}1−ij

dP(C1,...,Cn)(u1, . . . , un)

where for any(u1, . . . , un) ∈ R
n, we have,

αi(u1, . . . , un) = αi,+(u1, . . . , un)− αi,−(u1, . . . , un)

We suppose that for any(t1, . . . , tn) ∈ R
n, anyi ∈ {0, 1}n and anyi′ ∈ I, the function

(y1, . . . , yn) 7→
{
∏

1≤j≤n 1V0 (yj ,tj)}
∏

1≤j≤n {SCj
(t

i′
j
j y

1−i′
j

j )}
ij

∫

Rn [
∏

1≤j≤n {1V1(uj , t
i′j
j y

1−i′j
j )}

1−ij
]

αi,−(t
i1i

′
1

1 y
i1(1−i′1)

1 u
1−i1
1 ,...,t

ini′n
n y

in(1−i′n)
n u

1−in
n )

∏
1≤j≤n {S2

Cj
(uj)}1−ij

dP(C1,...,Cn)(u1, . . . , un) from R
n to R≥0 is integrable with respect to the

probability measureP(Y1,...,Yn) and, the function

(y1, . . . , yn) 7→
{
∏

1≤j≤n 1V0 (yj ,tj)}
∏

1≤j≤n {SCj
(t

i′
j
j y

1−i′
j

j )}
ij

∫

Rn [
∏

1≤j≤n {1V1(uj , t
i′j
j y

1−i′j
j )}

1−ij
]
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αi,+(t
i1i

′
1

1 y
i1(1−i′1)

1 u
1−i1
1 ,...,t

ini′n
n y

in(1−i′n)
n u

1−in
n )

∏
1≤j≤n {S2

Cj
(uj)}1−ij

dP(C1,...,Cn)(u1, . . . , un) from R
n to R≥0 is integrable with respect to the

probability measureP(Y1,...,Yn). We suppose also that for any(t1, . . . , tn) ∈ R
n, any i ∈ {0, 1}n and anyi′ ∈ I, the

function(c1, . . . , cn) 7→
∏

1≤j≤n 1V
i′
j

(tj ,cj)

S(Y1,...,Yn){min(t1,c1),...,min(tn,cn)}
∫

Rn

{∏1≤j≤n 1V0 (yj ,min(tj ,cj))}
∏

1≤j≤n {SCj
(min(tj ,cj)

i′
j y

1−i′
j

j )}
ij

×
∫

Rn [
∏

1≤j≤n {1V1(uj ,min(tj, cj)
i′jy

1−i′j
j )}

1−ij
]
αi,−(min(t1,c1)

i1i
′
1y

i1(1−i′1)

1 u
1−i1
1 ,...,min(tn,cn)ini′ny

in(1−i′n)
n u

1−in
n )

∏
1≤j≤n {S2

Cj
(uj)}1−ij

dP(C1,...,Cn)(u1, . . . , un)dP(Y1,...,Yn)(y1, . . . , yn) from R
n to R≥0 is integrable with respect to the probability measure

P(C1,...,Cn) and, the function

(c1, . . . , cn) 7→
∏

1≤j≤n 1V
i′
j

(tj ,cj)

S(Y1,...,Yn){min(t1,c1),...,min(tn,cn)}
∫

Rn

{
∏

1≤j≤n 1V0 (yj ,min(tj ,cj))}
∏

1≤j≤n {SCj
(min(tj ,cj)

i′
j y

1−i′
j

j )}
ij

×
∫

Rn [
∏

1≤j≤n {1V1(uj ,min(tj, cj)
i′jy

1−i′j
j )}

1−ij
]
αi,+(min(t1,c1)

i1i
′
1y

i1(1−i′1)

1 u
1−i1
1 ,...,min(tn,cn)ini′ny

in(1−i′n)
n u

1−in
n )

∏
1≤j≤n {S2

Cj
(uj)}1−ij

dP(C1,...,Cn)(u1, . . . , un)dP(Y1,...,Yn)(y1, . . . , yn) from R
n to R≥0 is integrable with respect to the probability measure

P(C1,...,Cn).

Under the Assumption3.4, if the functionγ from R
n to R is bounded and for any integerj such that1 ≤ j ≤ n, we

have,
∫

R

dPYj(y)

SCj
(y)

∈ R≥0

then, the Assumption3.5 is verified.

Under the Assumptions3.3and3.5, let for anyi ∈ I, θ0i : Rn → R be the function such that for any(t1, . . . , tn) ∈ R
n,

we have,

θ0i (t1, . . . , tn) =
1

S(Y1,...,Yn)(t1, . . . , tn)

∫

Rn

{
∏

1≤j≤n
1V0(yj , tj)}µ(ti11 y1−i11 , . . . , tinn y

1−in
n )dP(Y1,...,Yn)(y1, . . . , yn)

ASSUMPTION3.6. We suppose that the function(y1, . . . , yn) 7→ µ2(y1, . . . , yn) fromR
n toR is integrable with respect

to the probability measureP(Y1,...,Yn).

ASSUMPTION3.7. We suppose that for any integerj such that1 ≤ j ≤ n,
∫

R

dPYj(y)

SCj
(y)

∈ R≥0

lim
t→+∞

SYj(t)

SCj
(t)

= 0

We can give now in the Theorem3.1, the main result from this paragraph.

THEOREM 3.1. Under the Assumptions3.2, 3.3, 3.4, 3.5, 3.6and3.7, if,

(θ0i )i∈I ∈ Θ

we have then for any(θi)i∈I ∈ Θ such that(θi)i∈I 6= (θ0i )i∈I,

V[UC1,...,Cn,γ,(θi)i∈I
(T1, . . . , Tn,D1, . . . ,Dn)] > V[UC1,...,Cn,γ,(θ0i )i∈I

(T1, . . . , Tn,D1, . . . ,Dn)]
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this is equivalent to,

E[{UC1,...,Cn,γ,(θi)i∈I
(T1, . . . , Tn,D1, . . . ,Dn)− γ(Y1, . . . , Yn)}2]

> E[{UC1,...,Cn,γ,(θ0i )i∈I
(T1, . . . , Tn,D1, . . . ,Dn)− γ(Y1, . . . , Yn)}2]

We demonstrate that the transformation we have introduced in the Theorem3.1 is robust. This result is presented in the
Theorem3.2.

THEOREM 3.2. LetY 0
1 , . . . , Y

0
n , C

0
1 , . . . , C

0
n : Ω → R be independent random variables and for any integerj such that

1 ≤ j ≤ n,
T 0
j = min(Y 0

j , C
0
j )

D0
j = 1Y 0

j ≤C0
j

Then, under the Assumptions3.2, 3.3, 3.4, 3.5, 3.6 and3.7, if for any integerj such that1 ≤ j ≤ n, SCj
= SC0

j
, or for

any integerj such that1 ≤ j ≤ n, SYj = SY 0
j

, and,

E[|UC1,...,Cn,γ,(θ0i )i∈I
(T 0

1 , . . . , T
0
n ,D

0
1, . . . ,D

0
n)|] ∈ R≥0

we have always,
E[UC1,...,Cn,γ,(θ0i )i∈I

(T 0
1 , . . . , T

0
n ,D

0
1 , . . . ,D

0
n)] = E[γ(Y 0

1 , . . . , Y
0
n )]

In the proposition3.8, we demonstrate that for anyn1, n2 ∈ N≥1 such thatn1 ≤ n2, the optimal transformation for
n = n2 generalises the optimal transformation forn = n1.

PROPOSITION3.8. If it existq ∈ N≥1 such thatq ≤ n, an applicationτ from{1, . . . , q} to {1, . . . , n} which is injective
over{1, . . . , q}, and a functionǫ : Rq → R such that for any(t1, . . . , tn) ∈ R

n, we have,

γ(t1, . . . , tn) = ǫ(tτ(1), . . . , tτ(q))

then we have for any(t1, . . . , tn) ∈ R
n and any(d1, . . . , dn) ∈ {0, 1}n,

UC1,...,Cn,γ,(θ0i )i∈I
(t1, . . . , tn, d1, . . . , dn) = UCτ(1),...,Cτ(q),ǫ,(θ

0
i )i∈I

(tτ(1), . . . , tτ(q), dτ(1), . . . , dτ(q))

4. Asymptotic normality. When the base function is a U statistic, the corresponding optimal transformation can be
also viewed as a U statistic. Indeed, if the applicationγ is symmetric, then the corresponding optimal transformation is
also symmetric and can be used as a kernel to construct the U statistic. This result is demonstrated in the Proposition4.1.
Therefore, many results from the theory of U statistics [8] apply to the optimal transformation.

Here, we present a result of doubly robust asymptotic normality for the optimal transformation we have introduced in the
Section3. This result is presented in the Theorem4.1, it is derived from the theory of U statistics [4].

For anyr ∈ N≥1, we denote bySr the set of all permutations from{1, . . . , r} to {1, . . . , r}.

Let r ∈ N≥1 and(Y j
1 , . . . , Y

j
n )1≤j≤r, (C

j
1 , . . . , C

j
n)1≤j≤r be independent random variables.

PROPOSITION4.1. If the applicationγ : Rnr → R is such that for anyτ ∈ Sr and any(t11, . . . , t
1
n, . . . , t

r
1, . . . , t

r
n) ∈

R
nr,

γ(t11, . . . , t
1
n, . . . , t

r
1, . . . , t

r
n) = γ(t

τ(1)
1 , . . . , tτ(1)n , . . . , t

τ(r)
1 , . . . , tτ(r)n )
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and for any integerj such that1 ≤ j ≤ r,
S
(Y j

1 ,...,Y
j
n )

= S(Y 1
1 ,...,Y

1
n )

S
(Cj

1 ,...,C
j
n)

= S(C1
1 ,...,C

1
n)

then we have,

UC1
1 ,...,C

1
n,...,C

r
1 ,...,C

r
n,γ,(θ

0
i )i∈I

(t11, . . . , t
1
n, . . . , t

r
1, . . . , t

r
n, d

1
1, . . . , d

1
n, . . . , d

r
1, . . . , d

r
n)

= UC1
1 ,...,C

1
n,...,C

r
1 ,...,C

r
n,γ,(θ

0
i )i∈I

(t
τ(1)
1 , . . . , t

τ(1)
n , . . . , t

τ(r)
1 , . . . , t

τ(r)
n , d

τ(1)
1 , . . . , d

τ(1)
n , . . . , d

τ(r)
1 , . . . , d

τ(r)
n )

The theorem4.1 is a key result, we show the doubly robust asymptotic normality of the optimal transformation in the
general case.

Let γ : Rnr → R be the function such that for any(t11, . . . , t
1
n, . . . , t

r
1, . . . , t

r
n) ∈ R

nr, we have,

γ(t11, . . . , t
1
n, . . . , t

r
1, . . . , t

r
n)

= 1
Γ(r+1)

∑

τ∈Sr γ(t
τ(1)
1 , . . . , t

τ(1)
n , . . . , t

τ(r)
1 , . . . , t

τ(r)
n )

Letm ∈ N≥r andψ(m,n,r) : Rnm → R be the function such that for any(t11, . . . , t
1
n, . . . , t

m
1 , . . . , t

m
n ) ∈ R

nm, we have,

ψ(m,n,r)(t11, . . . , t
1
n, . . . , t

m
1 , . . . , t

m
n ) =

(

m

r

)−1
∑

1≤j1<···<jr≤m
γ(tj11 , . . . , t

j1
n , . . . , t

jr
1 , . . . , t

jr
n )

Let (Y j
1

0
, . . . , Y

j
n
0
)
j≥1, (C

j
1

0
, . . . , C

j
n
0
)
j≥1 be independent random variables such that for anyj ∈ N≥1, we have,

S
(Y j

1

0
,...,Y

j
n
0
)
= S

(Y 1
1

0
,...,Y 1

n
0)

S
(Cj

1

0
,...,C

j
n
0
)
= S

(C1
1
0
,...,C1

n
0)

Let for any integerk such that1 ≤ k ≤ n and anyj ∈ N≥1,

T
j
k

0
= min(Y j

k

0
, C

j
k

0
)

D
j
k

0
= 1

Y
j
k

0≤Cj
k

0

We suppose that,

E[U2
C1

1 ,...,C
1
n,...,C

r
1 ,...,C

r
n,γ,(θ

0
i )i∈I

(T 1
1
0
, . . . , T 1

n
0
, . . . , T r1

0, . . . , T rn
0,D1

1
0
, . . . ,D1

n
0
, . . . ,Dr

1
0, . . . ,Dr

n
0)] ∈ R≥0

Let gY 1
1 ,...,Y

1
n ,...,Y

r
1 ,...,Y

r
n ,C

1
1 ,...,C

1
n,...,C

r
1 ,...,C

r
n,γ

: Rn × {0, 1}n → R be the function such that for any
(t1, . . . , tn, d1, . . . , dn) ∈ R

n × {0, 1}n, we have,

gY 1
1 ,...,Y

1
n ,...,Y

r
1 ,...,Y

r
n ,C

1
1 ,...,C

1
n,...,C

r
1 ,...,C

r
n,γ

(t1, . . . , tn, d1, . . . , dn)

= E[UC1
1 ,...,C

1
n,...,C

r
1 ,...,C

r
n,γ,(θ

0
i )i∈I

(t1, . . . , tn, T
2
1
0
, . . . , T 2

n
0
, . . . , T r1

0, . . . , T rn
0,

d1, . . . , dn,D
2
1
0
, . . . ,D2

n
0
, . . . ,Dr

1
0, . . . ,Dr

n
0)]

Let σY 1
1 ,...,Y

1
n ,...,Y

r
1 ,...,Y

r
n ,C

1
1 ,...,C

1
n,...,C

r
1 ,...,C

r
n,γ

be the following non negative real number,

σ2
Y 1
1 ,...,Y

1
n ,...,Y

r
1 ,...,Y

r
n ,C

1
1 ,...,C

1
n,...,C

r
1 ,...,C

r
n,γ

= V[gY 1
1 ,...,Y

1
n ,...,Y

r
1 ,...,Y

r
n ,C

1
1 ,...,C

1
n,...,C

r
1 ,...,C

r
n,γ

(T 1
1
0
, . . . , T 1

n
0
,D1

1
0
, . . . ,D1

n
0
)]
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THEOREM 4.1. Under the Assumptions3.2, 3.3, 3.4, 3.5, 3.6 and3.7, if for any j ∈ N≥1, S(Cj
1 ,...,C

j
n)

= S
(C1

1
0
,...,C1

n
0)

andS
(Y j

1 ,...,Y
j
n )

= S(Y 1
1 ,...,Y

1
n ) or, for anyj ∈ N≥1, S(Y j

1 ,...,Y
j
n )

= S
(Y 1

1
0
,...,Y 1

n
0)

andS
(Cj

1 ,...,C
j
n)

= S(C1
1 ,...,C

1
n)

, and

σY 1
1 ,...,Y

1
n ,...,Y

r
1 ,...,Y

r
n ,C

1
1 ,...,C

1
n,...,C

r
1 ,...,C

r
n,γ

> 0, we have always for any real numberu,

limm→+∞ P(
√
m

rσ
Y 1
1
,...,Y 1

n ,...,Y r
1
,...,Y r

n ,C1
1
,...,C1

n,...,Cr
1
,...,Cr

n,γ

×{UC1
1 ,...,C

1
n,...,C

m
1 ,...,Cm

n ,ψ
(m,n,r),(θ0i )i∈I

(T 1
1
0
, . . . , T 1

n
0
, . . . , Tm1

0, . . . , Tmn
0,D1

1
0
, . . . ,D1

n
0
, . . . ,Dm

1
0, . . . ,Dm

n
0)

−γ(Y 1
1
0
, . . . , Y 1

n
0
, . . . , Y r

1
0, . . . , Y r

n
0)} ≤ u)

= φ(u)

where the functionφ fromR to [0, 1] is the cumulative distribution function of a random normal variable with mean zero
and variance one.

5. Perspectives. In this paper, we have generalised the construction of a doubly robust unbiased transformation pro-
posed by Rubin and Van der Laan [13], and of minimum variance, as shown by Suzukawa [14], from the case of real
valued random variables to the case of vector valued random variables. Using a result from Hoeffding [4] about U statis-
tics, we have proved the asymptotic normality of the optimaltransformation we have introduced. From a theoretical point
of view, our problem is solved and it can be viewed as a starting point for further more applied results. Indeed, this work
raises new questions. How to use these transformations actually? What would be the impact of substituting the theoretical
distribution by the Kaplan and Meier estimator [5], on the bias? Is the asymptotic normality of the resulting estimators is
then preserved? What about others properties of U statistics? In a work in progress, we investigate these questions.

APPENDIX A: PROOFS FROM THE SECTION 2

Proof of Proposition 2.1

For any(t, d) ∈ R× {0, 1}, we have,

|UC,γ,θ0(t, d)| = (1− d)|θ0(t)|+ d|θ1(t)|
∫

R2 |UC,γ,θ0{min(y, c), 1V1(y, c)}|dP(Y,C)(y, c)

=
∫

R
{
∫

R
1V0(y, c)|θ0(c)|dPC(c)}dPY (y) +

∫

R
SC(y)|θ1(y)|dPY (y)

Also we have,
∫

R2

|UC,γ,θ0{min(y, c), 1V1(y, c)}|dP(Y,C)(y, c) ≥
∫

R

|γ(y)|dPY (y)

So that the random variableUC,γ,θ0(T,D) from Ω to R is integrable with respect to the probability measureP and the
functionγ from R to R is integrable with respect to the probability measurePY . Moreover,

E[UC,γ,θ0(T,D)] = E[γ(Y )]

Proof of Proposition 2.2

Let α ∈ R, θ0 ∈ Θ andµ0 = αθ0, we have,
∫

R

γ2(y)

SC(y)
dPY (y) ∈ R≥0

∫

R

{ 1
√

SC(y)

∫

R

1V0(y, c)αθ0(c)dPC(c)}2dPY (y) ∈ R≥0
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Therefore,
∫

R2

1V1(y, c)µ
2
1(y)dP(Y,C)(y, c) ∈ R≥0

Hence,
µ0 ∈ Θ

Let θ0, β0 ∈ Θ andµ0 = θ0 + β0, we have,
∫

R

γ2(y)

SC(y)
dPY (y) ∈ R≥0

∫

R

{ 1
√

SC(y)

∫

R

1V0(y, c)θ0(c)dPC(c)}2dPY (y) ∈ R≥0

∫

R

{ 1
√

SC(y)

∫

R

1V0(y, c)β0(c)dPC(c)}2dPY (y) ∈ R≥0

So that,
∫

R

[
1

√

SC(y)

∫

R

1V0(y, c){θ0(c) + β0(c)}dPC(c)]2dPY (y) ∈ R≥0

Hence,
µ0 ∈ Θ

As 0 ∈ Θ, this concludes the proof.

Proof of Proposition 2.3

We have for anyλ ∈ R and anyθ0 ∈ Θ,
N(λθ0) = |λ|N(θ0)

Let θ0 ∈ Θ such that,
N(θ0) = 0

As we suppose that the random variablesY andC from Ω to R are absolutely continuous with respect to the Lebesgue
measure with positive and continuous densities, we have,

θ0 = 0

Let θ0, β0 ∈ Θ, we have,

{N(θ0 + β0)}2 − {N(θ0) +N(β0)}2
=

∫

R

1
SC(y){

∫

R
1V0(y, c){θ0(c) + β0(c)}dPC (c)}2dPY (y) +

∫

R2 1V0(y, c){θ0(c) + β0(c)}2dP(Y,C)(y, c)

−{
∫

R

1
SC(y){

∫

R
1V0(y, c)θ0(c)dPC(c)}

2
dPY (y) +

∫

R2 1V0(y, c)θ
2
0(c)dP(Y,C)(y, c)}

−{
∫

R

1
SC(y){

∫

R
1V0(y, c)β0(c)dPC(c)}

2
dPY (y) +

∫

R2 1V0(y, c)β
2
0 (c)dP(Y,C)(y, c)}

−2N(θ0)N(β0)
= 2

∫

R

1
SC(y){

∫

R
1V0(y, c)θ0(c)dPC(c)

∫

R
1V0(y, c)β0(c)dPC(c)}dPY (y)

+2
∫

R2 1V0(y, c)θ0(c)β0(c)dP(Y,C)(y, c)

−2N(θ0)N(β0)

≤ 2[
∫

R

1
SC(y){

∫

R
1V0(y, c)θ0(c)dPC(c)}

2
dPY (y)

∫

R

1
SC(y){

∫

R
1V0(y, c)β0(c)dPC(c)}

2
dPY (y)]

1
2

+2[
∫

R2 1V0(y, c)θ
2
0(c)dP(Y,C)(y, c)

∫

R2 1V0(y, c)β
2
0 (c)dP(Y,C)(y, c)]

1
2

−2N(θ0)N(β0)
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Also we have,

{[
∫

R

1
SC(y){

∫

R
1V0(y, c)θ0(c)dPC(c)}

2
dPY (y)

∫

R

1
SC(y){

∫

R
1V0(y, c)β0(c)dPC(c)}

2
dPY (y)]

1
2

+[
∫

R2 1V0(y, c)θ
2
0(c)dP(Y,C)(y, c)

∫

R2 1V0(y, c)β
2
0 (c)dP(Y,C)(y, c)]

1
2 }

2

−{N(θ0)N(β0)}2
= 2[

∫

R

1
SC(y){

∫

R
1V0(y, c)θ0(c)dPC(c)}

2
dPY (y)

∫

R

1
SC(y){

∫

R
1V0(y, c)β0(c)dPC(c)}

2
dPY (y)

×
∫

R2 1V0(y, c)θ
2
0(c)dP(Y,C)(y, c)

∫

R2 1V0(y, c)β
2
0 (c)dP(Y,C)(y, c)]

1
2

−
∫

R

1
SC(y){

∫

R
1V0(y, c)θ0(c)dPC(c)}

2
dPY (y)

∫

R2 1V0(y, c)β
2
0 (c)dP(Y,C)(y, c)

−
∫

R

1
SC(y){

∫

R
1V0(y, c)β0(c)dPC(c)}

2
dPY (y)

∫

R2 1V0(y, c)θ
2
0(c)dP(Y,C)(y, c)

≤ 0

Therefore,
{N(θ0 + β0)}2 ≤ {N(θ0) +N(β0)}2

N(θ0 + β0) ≤ N(θ0) +N(β0)

This concludes the proof.

Proof of Proposition 2.4

Let θ0,H0 ∈ Θ, we have for any(y, c) ∈ R
2,

U2
C,γ,θ0+H0

{min(y, c), 1V1(y, c)} −U2
C,γ,θ0

{min(y, c), 1V1(y, c)}
= 1V1(y, c){µ21(y)− θ21(y)}+ 1V0(y, c)[{θ0(c) +H0(c)}2 − θ20(c)]
= 1V1(y, c){µ21(y)− θ21(y)}+ 1V0(y, c){2θ0(c) +H0(c)}H0(c)

where for anyy ∈ R,

µ1(y) =
1

SC(y)
[γ(y)−

∫

R

1V0(y, c){θ0(c) +H0(c)}dPC(c)]

We have,
SC(y){µ21(y)− θ21(y)}+

∫

R
[(−2)θ1(y)1V0(y, c)H0(c)]dPC(c)

= SC(y)[{µ1(y)− θ1(y)}{µ1(y) + θ1(y)} + (−2)θ1(y)SC(y){µ1(y)− θ1(y)}]
= SC(y)[µ1(y)− θ1(y)]

2

As the functiony 7→ SC(y){µ21(y) − θ21(y)} from R to R is integrable with respect to the probability measurePY and
the functiony 7→ SC(y)[µ1(y)− θ1(y)]

2 fromR toR is integrable with respect to the probability measurePY , it follows
that the function(y, c) 7→ 1V0(y, c)θ1(y)H0(c) from R to R is integrable with respect to the probability measureP(Y,C),
we have,

∫

R
[SC(y){µ21(y)− θ21(y)}]dPY (y) +

∫

R2 [(−2)θ1(y)1V0(y, c)H0(c)]dP(Y,C)(y, c)

=
∫

R
SC(y)[µ1(y)− θ1(y)]

2dPY (y)

We can put,

Lθ0(H0) = 2

∫

R2

1V0(y, c)[{θ0(c)− θ1(y)}H0(c)]dP(Y,C)(y, c)

We have,
∫

R2 U
2
C,γ,θ0+H0

{min(y, c), 1V1(y, c)}dP(Y,C)(y, c) −
∫

R2 U
2
C,γ,θ0

{min(y, c), 1V1(y, c)}dP(Y,C)(y, c)− Lθ0(H0)

=
∫

R2 1V0(y, c)H
2
0 (c)dP(Y,C)(y, c) +

∫

R
SC(y)[µ1(y)− θ1(y)]

2dPY (y)

= {N(H0)}2
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The functionH0 7→ Lθ0(H0) from Θ to R is linear. Finally, the functionχ from Θ to R≥0 is differentiable overΘ and
for anyθ0 ∈ Θ, we have,

dθ0χ = Lθ0

Proof of Proposition 2.5

Let t ∈ [0, 1] andθ0,1, θ0,2 ∈ Θ, we have,

UC,γ,(1−t)θ0,1+tθ0,2 = (1− t)UC,γ,θ0,1 + tUC,γ,θ0,2

{(1 − t)UC,γ,θ0,1 + tUC,γ,θ0,2}2 = (1− t)U2
C,γ,θ0,1

+ tU2
C,γ,θ0,2

− t(1− t)(UC,γ,θ0,1 −UC,γ,θ0,2)
2

{(1 − t)UC,γ,θ0,1 + tUC,γ,θ0,2}2 = (1− t)U2
C,γ,θ0,1

+ tU2
C,γ,θ0,2

− t(1− t)U2
C,0,θ0,1−θ0,2

Therefore,
χ{(1 − t)θ0,1 + tθ0,2} = (1− t)χ(θ0,1) + tχ(θ0,2)− t(1− t)E[U2

C,0,θ0,1−θ0,2(T,D)]

χ{(1 − t)θ0,1 + tθ0,2} = (1− t)χ(θ0,1) + tχ(θ0,2)− t(1− t){N(θ0,1 − θ0,2)}2

This concludes the proof.

Proof of Proposition 2.6

Let η : R → R be the function such that for any real numberu,

η(u) =

∫

R2

1]−∞,u](c)1V0(y, c){θ0(c) − θ1(y)}dP(Y,C)(y, c)

We have,
η′(u) = 0

So that there exists a real numberk such that for anyu ∈ R, we have,

η(u) = k

As,
lim

u→−∞
η(u) = 0

we have,
k = 0

So that for anyu ∈ R,
η(u) = 0

Finally,
η = 0

For anyu ∈ R, we have,
∫

R2

1]−∞,u](c)1V0(y, c){θ0(c)− θ1(y)}dP(Y,C)(y, c) = 0
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We denote byG0 the set of all subsets]−∞, u] from R, when the real numberu is inR and byG the set of all elements
B fromB(R) such that,

∫

R2

1B(c)1V0(y, c){θ0(c) − θ1(y)}dP(Y,C)(y, c) = 0

We have,
R ∈ G

LetB1, B2 ∈ G such thatB1 ⊂ B2 andB = B2 ∩ (R−B1), we have,
∫

R2

1B1(c)1V0(y, c){θ0(c)− θ1(y)}dP(Y,C)(y, c) = 0

∫

R2

1B2(c)1V0(y, c){θ0(c)− θ1(y)}dP(Y,C)(y, c) = 0

Also we have,
1B = 1B2 − 1B1

Therefore,
∫

R2

1B(c)1V0(y, c){θ0(c) − θ1(y)}dP(Y,C)(y, c) = 0

B ∈ G

Let (Bm)m≥0 be a sequence of elements fromG such that for any non negative integerm, we have,

Bm ⊂ Bm+1

and letB = ∪m≥0Bm, we have for any non negative integerm,
∫

R2

1Bm(c)1V0(y, c){θ0(c)− θ1(y)}dP(Y,C)(y, c) = 0

For any fixed real numberx, we have,
lim

m→+∞
1Bm(x) = 1B(x)

Moreover, for any non negative integerm, we have for any(y, c) ∈ R
2,

|1Bm(c)1V0(y, c){θ0(c)− θ1(y)}| ≤ |1V0(y, c){θ0(c)− θ1(y)}|

and,
∫

R2

|1V0(y, c){θ0(c)− θ1(y)}|dP(Y,C)(y, c) ∈ R≥0

With the dominated convergence theorem, we have,
∫

R2

1B(c)1V0(y, c){θ0(c) − θ1(y)}dP(Y,C)(y, c) = 0

Therefore,
B ∈ G
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Finally, the subsetG from P(R) is aλ system [1].
For any real numberu, we have,

∫

R2

1]−∞,u](c)1V0(y, c){θ0(c)− θ1(y)}dP(Y,C)(y, c) = 0

G0 ⊂ G

Moreover, the subsetG0 from P(R) is aπ system [1], so that by the monotone class theorem [1], we have,

σ(G0) ⊂ G

As σ(G0) = B(R), we have,
G = B(R)

For any real numberx, let x+ = max(x, 0) andx− = −min(x, 0), letH0 ∈ Θ, the function
(y, c) 7→ {1V0(y, c)H0(c)}+ from R

2 to R is non negative overR2, we have for any(y, c) ∈ R
2,

{1V0(y, c)H0(c)}+ = 1V0(y, c)H
+
0 (c)

There exists a non decreasing sequence from non negative step functions(wm)m≥0 from R toR≥0 such that for any real
numberc, we have,

H+
0 (c) = lim

m→+∞
wm(c)

By the reasoning above, we have for any non negative integerm,
∫

R2

1V0(y, c){θ0(c)− θ1(y)}wm(c)dP(Y,C)(y, c) = 0

and for any(y, c) ∈ R
2,

|1V0(y, c){θ0(c) − θ1(y)}wm(c)| ≤ 1V0(y, c)|θ0(c)− θ1(y)|H+
0 (c)

As the function(y, c) 7→ 1V0(y, c){θ0(c) − θ1(y)} from R
2 to R is square integrable with respect to the probability

measureP(Y,C), and the function(y, c) 7→ 1V0(y, c)H
+
0 (c) from R

2 to R is square integrable with respect to the proba-
bility measureP(Y,C), we have that the function(y, c) 7→ 1V0(y, c)|θ0(c)− θ1(y)|H+

0 (c) fromR
2 toR is integrable with

respect to the probability measureP(Y,C). With the dominated convergence theorem, we have so,
∫

R2

1V0(y, c){θ0(c) − θ1(y)}H+
0 (c)dP(Y,C)(y, c) = 0

Similarly, we have,
∫

R2

1V0(y, c){θ0(c) − θ1(y)}H−
0 (c)dP(Y,C)(y, c) = 0

So that,
∫

R2

1V0(y, c){θ0(c)− θ1(y)}H0(c)dP(Y,C)(y, c) = 0

Therefore for anyH0 ∈ Θ,
dθ0χ(H0) = 0

dθ0χ = 0

This concludes the proof.

We require technical results, they are presented in the LemmasA.1 andA.2.
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LEMMA A.1. For anya ∈ R, let γa : R → R be the function such that for any real numbert,

γa(t) = 1]a,+∞[(t)

andηa : R → R be the function such that for any real numberc,

ηa(c) =
1

SY (c)

∫

R

1V0(y, c)γa(y)dPY (y)

Then for any real numbery, the functionc 7→ 1V1(c, y)
ηa(c)
S2
C
(c)

from R to R is integrable with respect to the probability

measurePC , letφa : R → R be the function such that for any real numbery,

φa(y) = γa(y)− SC(y)

∫

R

1V1(c, y)
ηa(c)

S2
C(c)

dPC(c)

We suppose that the functiony 7→ 1
SC(y) fromR to R≥0 is integrable with respect to the probability measurePY , then

for any real numberc, the functiony 7→ 1V0(y, c)
φa(y)
SC (y) fromR toR is integrable with respect to the probability measure

PY and for any real numbert, the functionc 7→ 1V1 (c,t)

SY (c)

∫

R
1V0(y, c)

φa(y)
SC (y)dPY (y) fromR toR is integrable with respect

to the probability measurePC , if,

lim
t→+∞

SY (t)

SC(t)
= 0

we have then,

γa(t) = φa(t) +

∫

R

1V1(c, t)
dPC(c)

SY (c)

∫

R

1V0(y, c)
φa(y)

SC(y)
dPY (y)

Proof
We have for any(c, t) ∈ R

2,
0 ≤ ηa(c) ≤ 1

0 ≤ 1V1(c, t)
ηa(c)

S2
C(c)

≤ 1

S2
C(t)

So that the functionc 7→ 1V1(c, t)
ηa(c)
S2
C
(c)

fromR toR is integrable with respect to the probability measurePC . We suppose

that the functiony 7→ 1
SC(y) from R to R is integrable with respect to the probability measurePY , we have for any real

numbery,
φa(y)

SC(y)
=

γa(y)

SC(y)
−

∫

R

1V1(c, y)
ηa(c)

S2
C(c)

dPC(c)

for any real numberu,

1V0(y, u)|
φa(y)

SC(y)
| ≤ 1

SC(y)
+ |

∫

R

1V1(c, y)
ηa(c)

S2
C(c)

dPC(c)|

As 0 ≤ ηa(u) ≤ 1, we have,

1V0(y, u)|
φa(y)

SC(y)
| ≤ 1

SC(y)
+

∫

R

1V1(c, y)

S2
C(c)

dPC(c)

1V0(y, u)|
φa(y)

SC(y)
| ≤ 1

SC(y)
+ { 1

SC(y)
− 1}
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and for any real numbert,

|1V1(u, t)
SY (u)

∫

R

1V0(y, u)
φa(y)

SC(y)
dPY (y)| ≤

1V1(u, t)

SY (u)

∫

R

1V0(y, u)|
φa(y)

SC(y)
|dPY (y)

|1V1(u, t)
SY (u)

∫

R

1V0(y, u)
φa(y)

SC(y)
dPY (y)| ≤

1

SY (t)

∫

R

[
1

SC(y)
+ { 1

SC(y)
− 1}]dPY (y)

|1V1(u, t)
SY (u)

∫

R

1V0(y, u)
φa(y)

SC(y)
dPY (y)| ≤

1

SY (t)
[{
∫

R

2
dPY (y)

SC(y)
} − 1]

Thus for any real numbert, the functionc 7→ 1V1 (c,t)

SY (c)

∫

R
1V0(y, c)

φa(y)
SC (y)dPY (y) from R to R is integrable with respect to

the probability measurePC . Let ra : R → R be the function such that for any real numbert,

ra(t) = −SC(t)
∫

R

1V1(c, t)
ηa(c)

S2
C(c)

dPC(c) +

∫

R

1V1(c, t)
dPC (c)

SY (c)

∫

R

1V0(y, c)
φa(y)

SC(y)
dPY (y)

For any real numberc, we have,

ηa(c) =
SY {max(a, c)}

SY (c)

As the functionc 7→ ηa(c) from R toR is continuous overR, the functiont 7→
∫

R
1V1(c, t)

ηa(c)
S2
C
(c)
dPC(c) fromR toR is

differentiable overR. Moreover, the functiont 7→ φa(t) has only one point of discontinuity overR, so that the function
t 7→

∫

R
1V1(c, t)

dPC (c)
SY (c)

∫

R
1V0(y, c)

φa(y)
SC(y)dPY (y) from R toR is differentiable overR. For any real numbert, we have,

r′a(t) = fC(t)

∫

R

1V1(c, t)
ηa(c)

S2
C(c)

dPC(c)− SC(t)
ηa(t)fC(t)

S2
C(t)

+
fC(t)

SY (t)

∫

R

1V0(y, t)
φa(y)

SC(y)
dPY (y)

SY (t)r
′
a(t)

fC(t)
= SY (t)

∫

R

1V1(c, t)
ηa(c)

S2
C(c)

dPC(c) −
SY (t)ηa(t)

SC(t)
+

∫

R

1V0(y, t)
φa(y)

SC(y)
dPY (y)

Also we have,
∫

R

1V0(y, t)
φa(y)

SC(y)
dPY (y) =

∫

R

1V0(y, t)
1

SC(y)
{γa(y)− SC(y)

∫

R

1V1(c, y)
ηa(c)

S2
C (c)

dPC(c)}dPY (y)

Therefore ift ≤ a, we have,
∫

R

1V0(y, t)
φa(y)

SC(y)
dPY (y) =

∫

R

1V0(y, a)
dPY (y)

SC(y)
−

∫

R

1V0(y, t)

∫

R

1V1(c, y)
ηa(c)

S2
C(c)

dPC(c)dPY (y)

SY (t)r′a(t)
fC(t)

= SY (t)SY (a)
∫

R
1V1(c, t)

dPC(c)
SY (c)S2

C
(c)

− SY (a)
SC(t)

+
∫

R
1V0(y, a)

dPY (y)
SC(y) −

∫

R
1V0(y, t)

∫

R
1V1(c, y)

ηa(c)
S2
C
(c)
dPC(c)dPY (y)

Hence we have,

d
SY (t)r′a(t)

fC (t)

dt

= −fY (t)SY (a)
∫

R
1V1(c, t)

dPC(c)
SY (c)S2

C
(c)

+ SY (t)SY (a)
fC(t)

SY (t)S2
C
(t)

− SY (a)fC (t)
S2
C
(t)

+
∫

R
1V1(c, t)

ηa(c)
S2
C
(c)
dPC(c)fY (t)

= 0
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Also we have,
∫

R2

1V1(c, y)
ηa(c)

S2
C(c)

dPC(c)dPY (y) =

∫

R2

1V1(c, y)
SY {max(a, c)}
SY (c)S2

C(c)
dPC(c)dPY (y) =

∫

R

SY {max(a, c)}
S2
C(c)

dPC(c)

∫

R2

1V1(c, y)
ηa(c)

S2
C(c)

dPC(c)dPY (y) =

∫

R

1V1(c, a)
SY {max(a, c)}

S2
C(c)

dPC(c) +

∫

R

1V0(c, a)
SY {max(a, c)}

S2
C(c)

dPC(c)

∫

R2

1V1(c, y)
ηa(c)

S2
C(c)

dPC(c)dPY (y) =

∫

R

1V1(c, a)
SY (a)

S2
C(c)

dPC(c) +

∫

R

1V0(c, a)
SY (c)

S2
C(c)

dPC(c)

∫

R2

1V1(c, y)
ηa(c)

S2
C(c)

dPC(c)dPY (y) =
SY (a)

SC(a)
− SY (a) +

∫

R

1V0(c, a)
SY (c)

S2
C(c)

dPC(c)

As we suppose,

lim
t→+∞

SY (t)

SC(t)
= 0

an integration by parts gives,
∫

R

1V0(c, a)
SY (c)

S2
C(c)

dPC(c) = 0− SY (a)

SC(a)
+

∫

R

1V0(y, a)
dPY (y)

SC(y)

Therefore,

lim
t→−∞

SY (t)r
′
a(t)

fC(t)
= 0− SY (a) +

∫

R

1V0(y, a)
dPY (y)

SC(y)
+ SY (a)−

∫

R

1V0(y, a)
dPY (y)

SC(y)
= 0

Hence for any real numbert such thatt ≤ a, we have,

r′a(t) = 0

Moreover,
lim

t→−∞
ra(t) = 0

So that for any real numbert such thatt ≤ a, we have,

ra(t) = 0

We have for any real numbert such thatt ≥ a,
∫

R

1V0(y, t)
φa(y)

SC(y)
dPY (y) =

∫

R

1V0(y, t)
dPY (y)

SC(y)
−

∫

R

1V0(y, t)

∫

R

1V1(c, y)
ηa(c)

S2
C(c)

dPC(c)dPY (y)

SY (t)r′a(t)
fC(t)

= SY (t)SY (a)
∫

R
1V1(c, a)

dPC(c)
SY (c)S2

C
(c)

+ SY (t)
∫

R
1]a,t](c)

dPC(c)
S2
C
(c)

−SY (t)
SC(t) +

∫

R
1V0(y, t)

dPY (y)
SC(y) −

∫

R
1V0(y, t)

∫

R
1V1(c, y)

ηa(c)
S2
C
(c)
dPC(c)dPY (y)
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Hence we have,

d
SY (t)r′a(t)

fC(t)

dt

= −fY (t)SY (a)
∫

R
1V1(c, a)

dPC(c)
SY (c)S2

C
(c)

+ SY (t)fC (t)
S2
C
(t)

− fY (t)
∫

R
1]a,t](c)

dPC(c)
S2
C
(c)

− SY (t)fC (t)
S2
C
(t)

+ fY (t)
SC(t) −

fY (t)
SC(t) +

∫

R
1V1(c, t)

ηa(c)
S2
C
(c)
dPC(c)fY (t)

= −fY (t)SY (a)
∫

R
1V1(c, a)

dPC(c)
SY (c)S2

C
(c)

+
∫

R
1V1(c, a)

ηa(c)
S2
C
(c)
dPC(c)fY (t)

−fY (t)
∫

R
1]a,t](c)

dPC(c)
S2
C
(c)

+
∫

R
1]a,t](c)

ηa(c)
S2
C
(c)
dPC(c)fY (t)

= −fY (t)SY (a)
∫

R
1V1(c, a)

dPC(c)
SY (c)S2

C
(c)

+ SY (a)
∫

R
1V1(c, a)

dPC(c)
SY (c)S2

C
(c)
fY (t)

= 0

Also we have,

SY (t)

∫

R

1]a,t](c)
dPC(c)

S2
C(c)

− SY (t)

SC(t)
= −SY (t)

SC(a)

Therefore,

lim
t→+∞

SY (t)r
′
a(t)

fC(t)
= 0

So that for any real numbert such thatt ≥ a, we have,

r′a(t) = 0

Moreover,
ra(a) = 0

As the functiont 7→ ra(t) from R to R is continuous at the real pointa, for any real numbert such thatt ≥ a, we have,

ra(t) = 0

Finally for any real numbert, we have,
ra(t) = 0

Therefore,

γa(t) = φa(t) +

∫

R

1V1(c, t)
dPC(c)

SY (c)

∫

R

1V0(y, c)
φa(y)

SC(y)
dPY (y)

This concludes the proof.

LEMMA A.2. For any borelianB ∈ B(R), let γB : R → R andηB : R → R be the functions such that for any real
numbert,

γB(t) = 1B(t)

ηB(t) =
1

SY (t)

∫

R

1V0(y, t)γB(y)dPY (y)

Then for any real numbert, the functionc 7→ 1V1(c, t)
ηB(c)
S2
C
(c)

from R to R is integrable with respect to the probability

measurePC , letφB : R → R be the function such that for any real numbert,

φB(t) = γB(t)− SC(t)

∫

R

1V1(c, t)
ηB(c)

S2
C(c)

dPC(c)
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We suppose that the functiony 7→ 1
SC(y) fromR to R≥0 is integrable with respect to the probability measurePY , then

for any real numberc, the functiony 7→ 1V0(y, c)
φB(y)
SC (y) fromR toR is integrable with respect to the probability measure

PY , and for any real numbert, the functionc 7→ 1V1 (c,t)

SY (c)

∫

R
1V0(y, c)

φB(y)
SC (y)dPY (y) fromR toR is integrable with respect

to the probability measurePC and if,

lim
t→+∞

SY (t)

SC(t)
= 0

we have then,

γB(t) = φB(t) +

∫

R

1V1(c, t)
dPC(c)

SY (c)

∫

R

1V0(y, c)
φB(y)

SC(y)
dPY (y)

Proof
We have for any(c, t) ∈ R

2,
0 ≤ ηB(c) ≤ 1

0 ≤ 1V1(c, t)
ηB(c)

S2
C(c)

≤ 1

S2
C(t)

So that the functionc 7→ 1V1(c, t)
ηB (c)
S2
C
(c)

from R to R is integrable with respect to the probability measurePC , let

φB : R → R be the function such that for any real numbert,

φB(t) = γB(t)− SC(t)

∫

R

1V1(c, t)
ηB(c)

S2
C(c)

dPC(c)

We suppose that the functiony 7→ 1
SC(y) from R to R is integrable with respect to the probability measurePY , we have

for any real numbery,
φB(y)

SC(y)
=
γB(y)

SC(y)
−

∫

R

1V1(c, y)
ηB(c)

S2
C(c)

dPC(c)

for any real numberu,

1V0(y, u)|
φB(y)

SC(y)
| ≤ 1

SC(y)
+ |

∫

R

1V1(c, y)
ηB(c)

S2
C(c)

dPC(c)|

As 0 ≤ ηB(u) ≤ 1, we have,

1V0(y, u)|
φB(y)

SC(y)
| ≤ 1

SC(y)
+

∫

R

1V1(c, y)

S2
C(c)

dPC(c)

1V0(y, u)|
φB(y)

SC(y)
| ≤ 1

SC(y)
+ { 1

SC(y)
− 1}

and for any real numbert,

|1V1(u, t)
SY (u)

∫

R

1V0(y, u)
φB(y)

SC(y)
dPY (y)| ≤

1V1(u, t)

SY (u)

∫

R

1V0(y, u)|
φB(y)

SC(y)
|dPY (y)

|1V1(u, t)
SY (u)

∫

R

1V0(y, u)
φB(y)

SC(y)
dPY (y)| ≤

1

SY (t)

∫

R

[
1

SC(y)
+ { 1

SC(y)
− 1}]dPY (y)

|1V1(u, t)
SY (u)

∫

R

1V0(y, u)
φB(y)

SC(y)
dPY (y)| ≤

1

SY (t)
[{
∫

R

2
dPY (y)

SC(y)
} − 1]
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Thus for any real numbert, the functionc 7→ 1V1 (c,t)

SY (c)

∫

R
1V0(y, c)

φB(y)
SC (y)dPY (y) from R to R is integrable with respect

to the probability measurePC . For any elementB ∈ B(R), we say that it verifies the propertyP if we put for any real
numbert,

γB(t) = 1B(t)

ηB(t) =
1

SY (t)

∫

R

1V0(u, t)γB(u)dPY (u)

φB(t) = γB(t)− SC(t)

∫

R

1V1(c, t)
ηB(c)

S2
C(c)

dPC(c)

we have,

γB(t) = φB(t) +

∫

R

1V1(c, t)
dPC(c)

SY (c)

∫

R

1V0(y, c)
φB(y)

SC(y)
dPY (y)

We denote byG0 the set of all subsets]u,+∞[ from R when the real numberu is in R and byG the set of all borelian
B fromB(R) that verify the propertyP, following the LemmaA.1, we have,

G0 ⊂ G

LetB1, B2 ∈ G such thatB1 ⊂ B2, we have,

B = B2 ∩ (R−B1)

We have for any real numbert,
1B(t) = 1B2(t)− 1B1(t)

As the sum of two integrable functions is an integrable function and the integral is linear, we have,

B ∈ G

Let (Bm)m≥0 be a sequence of elements fromG such that for any non negative integerm,

Bm ⊂ Bm+1

LetB = ∪m≥0Bm, we have for any real numberx,

lim
m→+∞

1Bm(x) = 1B(x)

so that by the dominated convergence theorem, we have,

B ∈ G

For any non negative integerm, letBm =]−m,+∞[, we have,

Bm ∈ G

Bm ⊂ Bm+1

lim
m→+∞

1Bm(x) = 1R(x) = 1

Hence,
R ∈ G
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Therefore, the subsetG fromB(R) is aλ system [1]. Moreover, the subsetG0 fromB(R) is a subset fromG, it is also a
π system [1], so that by the monotone class theorem [1], we have,

σ(G0) ⊂ G

As σ(G0) = B(R), we have,
G = B(R)

This concludes the proof.

Proof of Proposition 2.7

There exists(wm)m≥0 a non decreasing sequence from non negative step functions fromR toR≥0 such that for any real
numbery, we have,

γ+(y) = lim
m→+∞

wm(y)

By the LemmaA.2, we have for any non negative integerm,

wm(t) = φm(t) +

∫

R

1V1(c, t)
dPC(c)

SY (c)

∫

R

1V0(y, c)
φm(y)

SC(y)
dPY (y)

where for any real numbery, we have,

φm(y) = wm(y)− SC(y)

∫

R

1V1(c, y)
ηm(c)

S2
C(c)

dPC(c)

and any real numberc,

ηm(c) =
1

SY (c)

∫

R

1V0(y, c)wm(y)dPY (y)

For any real numbery and any non negative integerm, we have,

|1V0(y, c)wm(y)| ≤ 1V0(y, c)γ
+(y)

and by the Assumption2.2, we have,

η+(c) =
1

SY (c)

∫

R

1V0(y, c)γ
+(y)dPY (y) ∈ R≥0

The dominated convergence theorem gives, for any real number c,

η+(c) = lim
m→+∞

ηm(c)

Moreover, for any non negative integerm, we have,

ηm(c) ≤ ηm+1(c)

Hence for any(c, y) ∈ R
2, we have,

|1V1(c, y)
ηm(c)

S2
C(c)

| ≤ 1V1(c, y)
η+(c)

S2
C(c)

As we have,
∫

R

1V1(c, y)
η+(c)

S2
C (c)

dPC(c) ∈ R≥0
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it follows by the dominated convergence theorem that,
∫

R

1V1(c, y)
η+(c)

S2
C (c)

dPC(c) = lim
m→+∞

∫

R

1V1(c, y)
ηm(c)

S2
C(c)

dPC(c)

Let for any real numbery,

φ+(y) = γ+(y)− SC(y)

∫

R

1V1(c, y)
η+(c)

S2
C(c)

dPC(c)

we have,
φ+(y) = lim

m→+∞
φm(y)

Also, we have,
∫

R

dPY (y)

SC(y)
∈ R≥0

∫

R

γ2(y)

SC(y)
dPY (y) ∈ R≥0

Hence,
∫

R

|γ(y)|
SC(y)

dPY (y) ∈ R≥0

∫

R

γ+(y)

SC(y)
dPY (y) ∈ R≥0

For any non negative integerm, we have for any(c, c′, t, y) ∈ R
2,

|1V0(y, c)
wm(y)

SC (y)
| ≤ γ+(y)

SC(y)

|1V0(y, c)
∫

R

1V1(c
′, y)

ηm(c
′)

S2
C(c

′)
dPC(c

′)| ≤ 1V0(y, c)

∫

R

1V1(c
′, y)

η+(c
′)

S2
C(c

′)
dPC(c

′)

As we have,
∫

R

1V0(y, c)

∫

R

1V1(c
′, y)

η+(c
′)

S2
C(c

′)
dPC(c

′)dPY (y) ∈ R≥0

and,
1V1(c, t)

SY (c)
≤ 1

SY (t)

we obtain,
∫

R

1V1(c, t)
dPC(c)

SY (c)

∫

R

1V0(y, c)
φ+(y)

SC(y)
dPY (y) = lim

m→+∞

∫

R

1V1(c, t)
dPC (c)

SY (c)

∫

R

1V0(y, c)
φm(y)

SC(y)
dPY (y)

Hence, we have for any real numbert,

γ+(t) = φ+(t) +

∫

R

1V1(c, t)
dPC(c)

SY (c)

∫

R

1V0(y, c)
φ+(y)

SC(y)
dPY (y)

By a similar reasoning, we have,

γ−(t) = φ−(t) +
∫

R

1V1(c, t)
dPC(c)

SY (c)

∫

R

1V0(y, c)
φ−(y)
SC(y)

dPY (y)
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where for any real numbery, we have,

φ−(y) = γ−(y)− SC(y)

∫

R

1V1(c, y)
η−(c)

S2
C(c)

dPC(c)

and for any real numberc,

η−(c) =
1

SY (c)

∫

R

1V0(y, c)γ
−(y)dPY (y)

Finally, we have,

γ(t) = φ(t) +

∫

R

1V1(c, t)
dPC(c)

SY (c)

∫

R

1V0(y, c)
φ(y)

SC(y)
dPY (y)

This concludes the proof.

Proof of Proposition 2.8

For any real numbert, we have,

µ(t) =
φ(t)

SC(t)

γ(t)− SC(t)µ(t)−
∫

R
1V1(c, t)θ

0
0(c)dPC(c)

= γ(t)− φ(t)−
∫

R
1V1(c, t)

dPC (c)
SY (c)

∫

R
1V0(y, c)

φ(y)
SC (y)dPY (y)

= γ(t)− γ(t)
= 0

Therefore,
θ01(t) = µ(t)

Also,
γ(t)− SC(t)θ

0
1(t)−

∫

R
1V1(c, t)θ

0
0(c)dPC(c)

= SC(t)
∫

R
1V1(u, t)

η(u)
S2
C
(u)
dPC(u)−

∫

R
1V1(c, t)θ

0
0(c)dPC(c)

= 0

As the functionu 7→ γ(u) fromR toR is piecewise continuous overR, the functiont 7→ η(t) fromR toR is continuous
overR, by differentiating the precedent equality with respect tothe variablet, we obtain,

−fC(t)
∫

R

1V1(u, t)
η(u)

S2
C(u)

dPC(u) + SC(t)
η(t)

S2
C(t)

fC(t)− θ00(t)fC(t) = 0

Thus,

θ00(t) =
η(t)

SC(t)
−

∫

R

1V1(u, t)
η(u)

S2
C(u)

dPC(u)

Proof of Proposition 2.9

Let θ0 ∈ Θ, we have,

E[{UC,γ,θ0(T,D)− γ(Y )}2] + V[γ(Y )]
= E[U2

C,γ,θ0
(T,D)] + E[γ2(Y )]− 2E[UC,γ,θ0(T,D)γ(Y )] + E[γ2(Y )]− E

2[γ(Y )]

= E[U2
C,γ,θ0

(T,D)] + E[γ2(Y )]− 2E[γ2(Y )] + E[γ2(Y )]− E
2[γ(Y )]

= E[U2
C,γ,θ0

(T,D)]− E2[γ(Y )]

= V[UC,γ,θ0(T,D)]
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Proof of Theorem 2.1

Indeed, the applicationχ fromΘ toR≥0 is strictly convex overΘ and by the Proposition2.8, if θ00 ∈ Θ, it has a stationary
point atθ0 = θ00, so that it is the unique minimum from the applicationχ overΘ [12].

Proof of Theorem 2.2

Let,
φ0 = θ01

and for any real numbert,

µ(t) = SY (t)θ
0
0(t) +

∫

R

1V1(y, t)φ0(y)dPY (y)

We have,
µ′(t) = −fY (t)θ01(t) + fY (t)θ

0
1(t) = 0

So that there existsx ∈ R such that for any real numbert, we have,

µ(t) = x

When the real numbert tends to minus infinity, we obtain,

x =

∫

R

θ01(y)dPY (y)

By the Proposition2.6, withH0 = 1, we have so,

µ(t) = E[γ(Y )]

For any(t, d) ∈ R× {0, 1}, we have,
UC,γ,θ00(t, d) = UY,µ,φ0(t, 1− d)

This concludes the proof.

APPENDIX B: PROOFS FROM THE SECTION 3

In the general case from the Section3, the reasoning for the proofs is the natural extension of thecase for one observation
from the Section2.

Proof of Proposition 3.1

For any(y1, . . . , yn, c1, . . . , cn) ∈ R
2n, we have,

UC1,...,Cn,γ,(θi)i∈I
{min(y1, c1), . . . ,min(yn, cn), 1V1(y1, c1), . . . , 1V1(yn, cn)}

=
∑

i∈{0,1}n{
∏

1≤j≤n 1Vij (yj, cj)}θi{min(y1, c1), . . . ,min(yn, cn)}

|UC1,...,Cn,γ,(θi)i∈I
{min(y1, c1), . . . ,min(yn, cn), 1V1(y1, c1), . . . , 1V1(yn, cn)}|

=
∑

i∈{0,1}n{
∏

1≤j≤n 1Vij (yj , cj)}|θi{min(y1, c1), . . . ,min(yn, cn)}|
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E[|UC1,...,Cn,γ,(θi)i∈I
(T1, . . . , Tn,D1, . . . ,Dn)|]

=
∫

R2n |UC1,...,Cn,γ,(θi)i∈I
{min(y1, c1), . . . ,min(yn, cn), 1V1(y1, c1), . . . , 1V1(yn, cn)}|

dP(Y1,...,Yn,C1,...,Cn)(y1, . . . , yn, c1, . . . , cn)

=
∫

R2n [
∑

i∈{0,1}n{
∏

1≤j≤n 1Vij (yj, cj)}|θi{min(y1, c1), . . . ,min(yn, cn)}|]
dP(Y1,...,Yn,C1,...,Cn)(y1, . . . , yn, c1, . . . , cn)

=
∫

Rn [
∑

i∈{0,1}n
∫

Rn{
∏

1≤j≤n 1Vij (yj, cj)}|θi{min(y1, c1), . . . ,min(yn, cn)}|dP(C1 ,...,Cn)(c1, . . . , cn)]

dP(Y1,...,Yn)(y1, . . . , yn)

=
∫

Rn(S(C1,...,Cn)(y1, . . . , yn)|θ(1,...,1)(y1, . . . , yn)|
+
∑

i∈I[
∫

Rn{
∏

1≤j≤n 1Vij (yj , cj)}|θi{min(y1, c1), . . . ,min(yn, cn)}|]dP(C1 ,...,Cn)(c1, . . . , cn)])

dP(Y1,...,Yn)(y1, . . . , yn)

≥
∫

Rn |S(C1,...,Cn)(y1, . . . , yn)θ(1,...,1)(y1, . . . , yn)

+
∑

i∈I[
∫

Rn{
∏

1≤j≤n 1Vij (yj , cj)}θi{min(y1, c1), . . . ,min(yn, cn)}]dP(C1,...,Cn)(c1, . . . , cn)|
dP(Y1,...,Yn)(y1, . . . , yn)

=
∫

Rn |γ(y1, . . . , yn)|dP(Y1,...,Yn)(y1, . . . , yn)

Consequently, the functionγ from R
n toR is integrable with respect to the probability measureP(Y1,...,Yn) and we have,

E[UC1,...,Cn,γ,(θi)i∈I
(T1, . . . , Tn,D1, . . . ,Dn)] = E[γ(Y1, . . . , Yn)]

Proof of Proposition 3.2

Let α ∈ R, (θi)i∈I, (βi)i∈I ∈ Θ and(µi)i∈I = α(θi)i∈I, we have,

∫

Rn

γ2(y1, . . . , yn)

S(C1,...,Cn)(y1, . . . , yn)
dP(Y1,...,Yn)(y1, . . . , yn) ∈ R≥0

∫

Rn [
α√

S(C1,...,Cn)(y1,...,yn)
(
∑

i∈I[
∫

Rn{
∏

1≤j≤n 1Vij (yj, cj)}
×θi{min(y1, c1), . . . ,min(yn, cn)}dP(C1,...,Cn)(c1, . . . , cn)])]

2dP(Y1,...,Yn)(y1, . . . , yn) ∈ R≥0

Therefore,
∫

R2n

{
∏

1≤j≤n
1V1(yj , cj)}µ2(y1, . . . , yn)dP(Y1,...,Yn,C1,...,Cn)(y1, . . . , yn, c1, . . . , cn) ∈ R≥0

Hence,
(µi)i∈I ∈ Θ

Let (µi)i∈I = (θi)i∈I + (βi)i∈I, we have,

∫

Rn

γ2(y1, . . . , yn)

S(C1,...,Cn)(y1, . . . , yn)
dP(Y1,...,Yn)(y1, . . . , yn) ∈ R≥0

∫

Rn [
1√

S(C1,...,Cn)(y1,...,yn)
(
∑

i∈I[
∫

Rn{
∏

1≤j≤n 1Vij (yj , cj)}θi{min(y1, c1), . . . ,min(yn, cn)}
dP(C1,...,Cn)(c1, . . . , cn)])]

2dP(Y1,...,Yn)(y1, . . . , yn) ∈ R≥0

∫

Rn [
1√

S(C1,...,Cn)(y1,...,yn)
(
∑

i∈I[
∫

Rn{
∏

1≤j≤n 1Vij (yj, cj)}βi{min(y1, c1), . . . ,min(yn, cn)}
dP(C1,...,Cn)(c1, . . . , cn)])]

2dP(Y1,...,Yn)(y1, . . . , yn) ∈ R≥0
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So that,
∫

Rn [
1√

S(C1,...,Cn)(y1,...,yn)
(
∑

i∈I[
∫

Rn{
∏

1≤j≤n 1Vij (yj, cj)}[θi{min(y1, c1), . . . ,min(yn, cn)}
+βi{min(y1, c1), . . . ,min(yn, cn)}]dP(C1 ,...,Cn)(c1, . . . , cn)])]

2dP(Y1,...,Yn)(y1, . . . , yn) ∈ R≥0

Therefore,
∫

R2n

{
∏

1≤j≤n
1V1(yj , cj)}µ2(y1, . . . , yn)dP(Y1,...,Yn,C1,...,Cn)(y1, . . . , yn, c1, . . . , cn) ∈ R≥0

Hence,
(µi)i∈I ∈ Θ

As 0 ∈ Θ, this concludes the proof.

Proof of Proposition 3.3

We have for anyλ ∈ R and any(θi)i∈I ∈ Θ,

N{λ(θi)i∈I} = |λ|N{(θi)i∈I}

Let (θi)i∈I ∈ Θ such that,
N{(θi)i∈I} = 0

As the random vectors(Y1, . . . , Yn) and(C1, . . . , Cn) from Ω to R
n have a continuous positive density with respect to

the Lebesgue measure overR
n, it follows that,

(θi)i∈I = 0
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Let (θi)i∈I, (βi)i∈I ∈ Θ, we have,

N{(θi)i∈I + (βi)i∈I}
2 − [N{(θi)i∈I}+N{(βi)i∈I}]

2

=
∫

Rn
1

S(C1,...,Cn)(y1,...,yn)
[
∑

i∈I
∫

Rn{
∏

1≤j≤n 1Vij (yj , cj)}
×[θi{min(y1, c1), . . . ,min(yn, cn)}+ βi{min(y1, c1), . . . ,min(yn, cn)}]dP(C1,...,Cn)(c1, . . . , cn)]

2

dP(Y1,...,Yn)(y1, . . . , yn)

+
∑

i∈I
∫

R2n{
∏

1≤j≤n 1Vij (yj, cj)}
×[θi{min(y1, c1), . . . ,min(yn, cn)}+ βi{min(y1, c1), . . . ,min(yn, cn)}]2
dP(Y1,...,Yn,C1,...,Cn)(y1, . . . , yn, c1, . . . , cn)

−(
∫

Rn
1

S(C1,...,Cn)(y1,...,yn)
[
∑

i∈I
∫

Rn{
∏

1≤j≤n 1Vij (yj, cj)}
×θi{min(y1, c1), . . . ,min(yn, cn)}dP(C1,...,Cn)(c1, . . . , cn)]

2dP(Y1,...,Yn)(y1, . . . , yn)

+
∑

i∈I
∫

R2n{
∏

1≤j≤n 1Vij (yj, cj)}
×θi{min(y1, c1), . . . ,min(yn, cn)}2dP(Y1,...,Yn,C1,...,Cn)(y1, . . . , yn, c1, . . . , cn))

−(
∫

Rn
1

S(C1,...,Cn)(y1,...,yn)
[
∑

i∈I
∫

Rn{
∏

1≤j≤n 1Vij (yj, cj)}
×βi{min(y1, c1), . . . ,min(yn, cn)}dP(C1,...,Cn)(c1, . . . , cn)]

2dP(Y1,...,Yn)(y1, . . . , yn)

+
∑

i∈I
∫

R2n{
∏

1≤j≤n 1Vij (yj, cj)}
×βi{min(y1, c1), . . . ,min(yn, cn)}2dP(Y1,...,Yn,C1,...,Cn)(y1, . . . , yn, c1, . . . , cn))

−2N{(θi)i∈I}N{(βi)i∈I}
= 2(

∫

Rn
1

S(C1,...,Cn)(y1,...,yn)
[
∑

i∈I
∫

Rn{
∏

1≤j≤n 1Vij (yj , cj)}
×θi{min(y1, c1), . . . ,min(yn, cn)}dP(C1,...,Cn)(c1, . . . , cn)]

×[
∑

i∈I
∫

Rn{
∏

1≤j≤n 1Vij (yj , cj)}
×βi{min(y1, c1), . . . ,min(yn, cn)}dP(C1,...,Cn)(c1, . . . , cn)]dP(Y1,...,Yn)(y1, . . . , yn))

+2(
∑

i∈I
∫

R2n{
∏

1≤j≤n 1Vij (yj , cj)}
×θi{min(y1, c1), . . . ,min(yn, cn)}βi{min(y1, c1), . . . ,min(yn, cn)}
dP(Y1,...,Yn,C1,...,Cn)(y1, . . . , yn, c1, . . . , cn))

−2N{(θi)i∈I}N{(βi)i∈I}

By the Cauchy and Schwarz inequality, we have,
∫

Rn
1

S(C1,...,Cn)(y1,...,yn)
[
∑

i∈I
∫

Rn{
∏

1≤j≤n 1Vij (yj, cj)}
×θi{min(y1, c1), . . . ,min(yn, cn)}dP(C1,...,Cn)(c1, . . . , cn)]

×[
∑

i∈I
∫

Rn{
∏

1≤j≤n 1Vij (yj , cj)}
×βi{min(y1, c1), . . . ,min(yn, cn)}dP(C1,...,Cn)(c1, . . . , cn)]dP(Y1,...,Yn)(y1, . . . , yn)

≤ {
∫

Rn
1

S(C1,...,Cn)(y1,...,yn)
[
∑

i∈I
∫

Rn{
∏

1≤j≤n 1Vij (yj, cj)}
×θi{min(y1, c1), . . . ,min(yn, cn)}dP(C1,...,Cn)(c1, . . . , cn)]

2dP(Y1,...,Yn)(y1, . . . , yn)

×
∫

Rn
1

S(C1,...,Cn)(y1,...,yn)
[
∑

i∈I
∫

Rn{
∏

1≤j≤n 1Vij (yj , cj)}
×βi{min(y1, c1), . . . ,min(yn, cn)}dP(C1,...,Cn)(c1, . . . , cn)]

2dP(Y1,...,Yn)(y1, . . . , yn)}
1
2
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and for anyi ∈ I,
∫

R2n{
∏

1≤j≤n 1Vij (yj, cj)}θi{min(y1, c1), . . . ,min(yn, cn)}βi{min(y1, c1), . . . ,min(yn, cn)}
dP(Y1,...,Yn,C1,...,Cn)(y1, . . . , yn, c1, . . . , cn)

≤ [
∫

R2n{
∏

1≤j≤n 1Vij (yj, cj)}θ
2
i {min(y1, c1), . . . ,min(yn, cn)}

dP(Y1,...,Yn,C1,...,Cn)(y1, . . . , yn, c1, . . . , cn)

×
∫

R2n{
∏

1≤j≤n 1Vij (yj, cj)}β
2
i {min(y1, c1), . . . ,min(yn, cn)}

dP(Y1,...,Yn,C1,...,Cn)(y1, . . . , yn, c1, . . . , cn)]
1
2

Since for any non negative real numbers(am)m≥0 and(bm)m≥0, we have by the Cauchy and Schwarz inequality, for any
q ∈ N,

{
∑

1≤m≤q

√

ambm}
2
≤ {

∑

1≤m≤q
am}{

∑

1≤m≤q
bm}

we have so,

({
∫

Rn
1

S(C1,...,Cn)(y1,...,yn)
[
∑

i∈I
∫

Rn{
∏

1≤j≤n 1Vij (yj , cj)}
×θi{min(y1, c1), . . . ,min(yn, cn)}dP(C1,...,Cn)(c1, . . . , cn)]

2dP(Y1,...,Yn)(y1, . . . , yn)

×
∫

Rn
1

S(C1,...,Cn)(y1,...,yn)
[
∑

i∈I
∫

Rn{
∏

1≤j≤n 1Vij (yj , cj)}
×βi{min(y1, c1), . . . ,min(yn, cn)}dP(C1,...,Cn)(c1, . . . , cn)]

2dP(Y1,...,Yn)(y1, . . . , yn)}
1
2

+
∑

i∈I[
∫

R2n{
∏

1≤j≤n 1Vij (yj, cj)}θ
2
i {min(y1, c1), . . . ,min(yn, cn)}

dP(Y1,...,Yn,C1,...,Cn)(y1, . . . , yn, c1, . . . , cn)

×
∫

R2n{
∏

1≤j≤n 1Vij (yj, cj)}β
2
i {min(y1, c1), . . . ,min(yn, cn)}

dP(Y1,...,Yn,C1,...,Cn)(y1, . . . , yn, c1, . . . , cn)]
1
2 )2

≤ [N{(θi)i∈I}N{(βi)i∈I}]
2

Therefore,
N{(θi)i∈I + (βi)i∈I}2 − [N{(θi)i∈I}+N{(βi)i∈I}]2 ≤ 0

N{(θi)i∈I + (βi)i∈I} ≤ N{(θi)i∈I}+N{(βi)i∈I}
This concludes the proof.

Proof of Proposition 3.4

Let (θi)i∈I, (Hi)i∈I ∈ Θ, we have for any(y1, . . . , yn, c1, . . . , cn) ∈ R
2n,

U2
C1,...,Cn,γ,(θi+Hi)i∈I

{min(y1, c1), . . . ,min(yn, cn), 1V1(y1, c1), . . . , 1V1(yn, cn)}
−U2

C1,...,Cn,γ,(θi)i∈I
{min(y1, c1), . . . ,min(yn, cn), 1V1(y1, c1), . . . , 1V1(yn, cn)}

= {∏1≤j≤n 1V1(yj, cj)}{µ2(y1, . . . , yn)− θ2(1,...,1)(y1, . . . , yn)}
+
∑

i∈I{
∏

1≤j≤n 1Vij (yj, cj)}[(θi +Hi)
2{min(y1, c1), . . . ,min(yn, cn)} − θ2i {min(y1, c1), . . . ,min(yn, cn)}]

= {
∏

1≤j≤n 1V1(yj, cj)}{µ2(y1, . . . , yn)− θ2(1,...,1)(y1, . . . , yn)}
+
∑

i∈I{
∏

1≤j≤n 1Vij (yj, cj)}[(2θi +Hi){min(y1, c1), . . . ,min(yn, cn)}Hi{min(y1, c1), . . . ,min(yn, cn)}]

where for any(y1, . . . , yn) ∈ R
n,

µ(y1, . . . , yn)
= 1

S(C1,...,Cn)(y1,...,yn)
[γ(y1, . . . , yn)

−∑

i∈I
∫

Rn{
∏

1≤j≤n 1Vij (yj , cj)}(θi +Hi){min(y1, c1), . . . ,min(yn, cn)}dP(C1,...,Cn)(c1, . . . , cn)]
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We have,

S(C1,...,Cn)(y1, . . . , yn){µ2(y1, . . . , yn)− θ2(1,...,1)(y1, . . . , yn)}
−
∫

Rn(−2)θ(1,...,1)(y1, . . . , yn)[
∑

i∈I{
∏

1≤j≤n 1Vij (yj , cj)}Hi{min(y1, c1), . . . ,min(yn, cn)}]
dP(C1,...,Cn)(c1, . . . , cn)

= S(C1,...,Cn)(y1, . . . , yn){µ2(y1, . . . , yn)− θ2(1,...,1)(y1, . . . , yn)}
−2θ(1,...,1)(y1, . . . , yn)S(C1,...,Cn)(y1, . . . , yn){µ(1,...,1)(y1, . . . , yn)− θ(1,...,1)(y1, . . . , yn)}
= S(C1,...,Cn)(y1, . . . , yn){µ(1,...,1)(y1, . . . , yn)− θ(1,...,1)(y1, . . . , yn)}
×{µ(1,...,1)(y1, . . . , yn) + θ(1,...,1)(y1, . . . , yn)− 2θ(1,...,1)(y1, . . . , yn)}
= S(C1,...,Cn)(y1, . . . , yn){µ(1,...,1)(y1, . . . , yn)− θ(1,...,1)(y1, . . . , yn)}2

As the function(y1, . . . , yn) 7→ S(C1,...,Cn)(y1, . . . , yn){µ2(y1, . . . , yn) − θ2(1,...,1)(y1, . . . , yn)} from R
n to R is inte-

grable with respect to the probability measureP(Y1,...,Yn) and the function

(y1, . . . , yn) 7→ S(C1,...,Cn)(y1, . . . , yn){µ(1,...,1)(y1, . . . , yn)− θ(1,...,1)(y1, . . . , yn)}2 fromR
n toR≥0 is integrable with

respect to the probability measureP(Y1,...,Yn), it follows that the function
(y1, . . . , yn, c1, . . . , cn) 7→ θ(1,...,1)(y1, . . . , yn)[

∑

i∈I{
∏

1≤j≤n 1Vij (yj, cj)}Hi{min(y1, c1), . . . ,min(yn, cn)}] is inte-
grable with respect to the probability measureP(Y1,...,Yn,C1,...,Cn), we have,

∫

R2n [{
∏

1≤j≤n 1V1(yj , cj)}{µ2(y1, . . . , yn)− θ2(1,...,1)(y1, . . . , yn)}]dP(Y1,...,Yn,C1,...,Cn)(y1, . . . , yn, c1, . . . , cn)

−
∫

R2n [(−2)θ(1,...,1)(y1, . . . , yn){
∑

i∈I{
∏

1≤j≤n 1Vij (yj, cj)}Hi{min(y1, c1), . . . ,min(yn, cn)}}]
dP(Y1,...,Yn,C1,...,Cn)(y1, . . . , yn, c1, . . . , cn)

=
∫

Rn S(C1,...,Cn)(y1, . . . , yn){µ(1,...,1)(y1, . . . , yn)− θ(1,...,1)(y1, . . . , yn)}2dP(Y1,...,Yn)(y1, . . . , yn)

Let,

L(θi)i∈I
{(Hi)i∈I}

= 2{∑i∈I
∫

R2n{
∏

1≤j≤n 1Vij (yj, cj)}
×θi{min(y1, c1), . . . ,min(yn, cn)}Hi{min(y1, c1), . . . ,min(yn, cn)}dP(Y1,...,Yn,C1,...,Cn)(y1, . . . , yn, c1, . . . , cn)}
−2

∫

R2n θ(1,...,1)(y1, . . . , yn)
∑

i∈I
∏

1≤j≤n 1Vij (yj, cj)

×Hi{min(y1, c1), . . . ,min(yn, cn)}dP(Y1,...,Yn,C1,...,Cn)(y1, . . . , yn, c1, . . . , cn)

We have,
∫

R2n U
2
C1,...,Cn,γ,(θi+Hi)i∈I

{min(y1, c1), . . . ,min(yn, cn), 1V1(y1, c1), . . . , 1V1(yn, cn)}
dP(Y1,...,Yn,C1,...,Cn)(y1, . . . , yn, c1, . . . , cn)

−
∫

R2n U
2
C1,...,Cn,γ,(θi)i∈I

{min(y1, c1), . . . ,min(yn, cn), 1V1(y1, c1), . . . , 1V1(yn, cn)}
dP(Y1,...,Yn,C1,...,Cn)(y1, . . . , yn, c1, . . . , cn)

−L(θi)i∈I
{(Hi)i∈I}

=
∫

R2n [
∑

i∈I{
∏

1≤j≤n 1Vij (yj, cj)}H
2
i {min(y1, c1), . . . ,min(yn, cn)}]dP(Y1,...,Yn,C1,...,Cn)(y1, . . . , yn, c1, . . . , cn)

+
∫

Rn S(C1,...,Cn)(y1, . . . , yn){µ(1,...,1)(y1, . . . , yn)− θ(1,...,1)(y1, . . . , yn)}2dP(Y1,...,Yn)(y1, . . . , yn)

= [N{(Hi)i∈I}]
2

The application(Hi)i∈I 7→ L(θi)i∈I
{(Hi)i∈I} from Θ to R is linear. So that the applicationχ from Θ to R≥0 is differen-

tiable overΘ, and for any(θi)i∈I ∈ Θ, we have,

d(θi)i∈I
χ = L(θi)i∈I
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Proof of Proposition 3.5

Let t ∈ [0, 1], (θi)i∈I, (βi)i∈I ∈ Θ and,

(µi)i∈I = t{(θi)i∈I}+ (1− t){(βi)i∈I}

For any(t1, . . . , tn) ∈ R
n, we have,

µ(t1, . . . , tn) = tθ(1,...,1)(t1, . . . , tn) + (1− t)β(1,...,1)(t1, . . . , tn)

Therefore,
U2
C1,...,Cn,γ,(µi)i∈I

= tU2
C1,...,Cn,γ,(θi)i∈I

+ (1− t)U2
C1,...,Cn,γ,(βi)i∈I

−t(1− t){UC1,...,Cn,γ,(θi)i∈I
−UC1,...,Cn,γ,(βi)i∈I

}2
= tU2

C1,...,Cn,γ,(θi)i∈I
+ (1− t)U2

C1,...,Cn,γ,(βi)i∈I
− t(1− t)U2

C1,...,Cn,0,(θi−βi)i∈I

Consequently,

χ[t{(θi)i∈I}+ (1− t){(βi)i∈I}] = tχ{(θi)i∈I}+ (1− t)χ{(βi)i∈I} − t(1− t)[N{(θi − βi)i∈I}]2

This concludes the proof.

Proof of Proposition 3.6

Let i ∈ I andη : Rn → R be the function such that for any(u1, . . . , un) ∈ R
n, we have,

η(u1, . . . , un)
=

∫

R2n{
∏

1≤j≤n 1Vij (yj, cj)}[θi{min(y1, c1), . . . ,min(yn, cn)} − θ(1,...,1)(y1, . . . , yn)]

×∏

1≤j≤n 1]−∞,uj]{min(yj , cj)}dP(Y1,...,Yn,C1,...,Cn)(y1, . . . , yn, c1, . . . , cn)

We have,
η(u1, . . . , un)

=
∫

R2n{
∏

1≤j≤n 1Vij (yj , cj)}[θi(y
i1
1 c

1−i1
1 , . . . , yinn c

1−in
n )− θ(1,...,1)(y1, . . . , yn)]

×∏

1≤j≤n 1]−∞,uj ](y
ij
j c

1−ij
j )dP(Y1,...,Yn,C1,...,Cn)(y1, . . . , yn, c1, . . . , cn)

∂η
∂u1···∂un (u1, . . . , un)

= {
∏

1≤j≤n f
ij
Yj
(uj)f

1−ij
Cj

(uj)}
∫

Rn{
∏

1≤j≤n 1Vij (y
1−ij
j u

ij
j , c

ij
j u

1−ij
j )}

×[θi(u1, . . . , un)− θ(1,...,1)(y
1−i1
1 ui11 , . . . , y

1−in
n uinn )]

∏

1≤j≤n{f
1−ij
Yj

(yj)f
ij
Cj
(cj)}dλn(y1−i11 ci11 , . . . , y

1−in
n cinn )
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We have,
∫

Rn{
∏

1≤j≤n 1Vij (y
1−ij
j u

ij
j , c

ij
j u

1−ij
j )} × [θi(u1, . . . , un)− θ(1,...,1)(y

1−i1
1 ui11 , . . . , y

1−in
n uinn )]

∏

1≤j≤n{f
1−ij
Yj

(yj)f
ij
Cj
(cj)}dλn(y1−i11 ci11 , . . . , y

1−in
n cinn )

= θi(u1, . . . , un)
∫

Rn{
∏

1≤j≤n 1Vij (y
1−ij
j u

ij
j , c

ij
j u

1−ij
j )}

∏

1≤j≤n{f
1−ij
Yj

(yj)f
ij
Cj
(cj)}dλn(y1−i11 ci11 , . . . , y

1−in
n cinn )

−
∫

Rn{
∏

1≤j≤n 1Vij (y
1−ij
j u

ij
j , c

ij
j u

1−ij
j )}θ(1,...,1)(y1−i11 ui11 , . . . , y

1−in
n uinn )

∏

1≤j≤n{f
1−ij
Yj

(yj)f
ij
Cj
(cj)}dλn(y1−i11 ci11 , . . . , y

1−in
n cinn )

= θi(u1, . . . , un)
∏

1≤j≤n{SCj
(uj)

ijSYj (uj)
1−ij}

−∏

1≤j≤n{SCj
(uj)

ij}
∫

Rn{
∏

1≤j≤n,ij=0 1V0(yj , uj)}θ(1,...,1)(y1−i11 ui11 , . . . , y
1−in
n uinn )

∏

1≤j≤n,ij=0{fYj (yj)}dλn−∑
1≤j≤n ij

(y1, . . . , yn)

=
∏

1≤j≤n{SCj
(uj)

ij}[θi(u1, . . . , un)
∏

1≤j≤n,ij=0{SYj(uj)}
−
∫

Rn{
∏

1≤j≤n,ij=0 1V0(yj , uj)}θ(1,...,1)(y1−i11 ui11 , . . . , y
1−in
n uinn )

∏

1≤j≤n,ij=0{fYj (yj)}dλn−∑
1≤j≤n ij

(y1, . . . , yn)]

As we have,

θi(u1, . . . , un)

= 1
S(Y1,...,Yn)(u1,...,un)

∫

Rn{
∏

1≤j≤n 1V0(yj, uj)}θ(1,...,1)(ui11 y1−i11 , . . . , uinn y
1−in
n )dP(Y1,...,Yn)(y1, . . . , yn)

=

∏
1≤j≤n,ij=1 SYj

(uj)

S(Y1,...,Yn)(u1,...,un)

∫

Rn{
∏

1≤j≤n,ij=0 1V0(yj , uj)}θ(1,...,1)(ui11 y1−i11 , . . . , uinn y
1−in
n )

∏

1≤j≤n,ij=0 fYj(yj)dλn−
∑

1≤j≤n ij
(y1, . . . , yn)

= 1∏
1≤j≤n,ij=0 SYj

(uj)

∫

Rn{
∏

1≤j≤n,ij=0 1V0(yj , uj)}θ(1,...,1)(ui11 y1−i11 , . . . , uinn y
1−in
n )

∏

1≤j≤n,ij=0 fYj(yj)dλn−
∑

1≤j≤n ij
(y1, . . . , yn)

we obtain,
∂η

∂u1 · · · ∂un
(u1, . . . , un) = 0

Therefore, there exists a functionk1 : Rn−1 → R such that for any(u2, . . . , un) ∈ R
n−1, we have,

∂η

∂u2 · · · ∂un
(u1, . . . , un) = k1(u2, . . . , un)

Also,

∂η
∂u2···∂un (u1, . . . , un)

= {∏2≤j≤n f
ij
Yj
(uj)f

1−ij
Cj

(uj)}
∫

R
1]−∞,u1](y

i1
1 c

1−i1
1 )[

∫

Rn 1Vi1 (y1, c1){
∏

2≤j≤n 1Vij (y
1−ij
j u

ij
j , c

ij
j u

1−ij
j )}

×[θi(y
i1
1 c

1−i1
1 , u2, . . . , un)− θ(1,...,1)(y1, y

1−i2
2 ui22 , . . . , y

1−in
n uinn )]

∏

1≤j≤n{f
1−ij
Yj

(yj)f
ij
Cj
(cj)}dλn(y1−i11 ci11 , . . . , y

1−in
n cinn )]f i1Y1(y1)f

1−i1
C1

(c1)dλ(y
i1
1 c

1−i1
1 )

When the real numberu1 tends to minus infinity, we obtain,

k1 = 0

So that for any(u1, . . . , un) ∈ R
n, we have,

∂η

∂u2 · · · ∂un
(u1, . . . , un) = 0
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Therefore, there exists a functionk2 : Rn−1 → R such that for any(u1, u3, . . . , un) ∈ R
n−1, we have,

∂η

∂u3 · · · ∂un
(u1, . . . , un) = k2(u1, u3, . . . , un)

When the real numberu2 tends to minus infinity, we obtain,

k2 = 0

So that for any(u1, . . . , un) ∈ R
n, we have,

∂η

∂u3 · · · ∂un
(u1, . . . , un) = 0

Finally, by continuing this reasoning, we obtain,

∂η

∂un
(u1, . . . , un) = 0

In the same way, for any integerj such that1 ≤ j ≤ n− 1, we have,

∂η

∂uj
(u1, . . . , un) = 0

Hence, there exists a real numberk such that for any(u1, . . . , un) ∈ R
n, we have,

η(u1, . . . , un) = k

When the real numberu1 tends to minus infinity, we obtain,

k = 0

Thus,
η = 0

For any(u1, . . . , un) ∈ R
n, we have,

∫

R2n{
∏

1≤j≤n 1Vij (yj, cj)}[θi{min(y1, c1), . . . ,min(yn, cn)} − θ(1,...,1)(y1, . . . , yn)]

×∏

1≤j≤n 1]−∞,uj]{min(yj , cj)}dP(Y1,...,Yn,C1,...,Cn)(y1, . . . , yn, c1, . . . , cn)

= 0

Let u2, . . . , un be real numbers, we denote byG0 the set of all elements] −∞, u] from B(R), when the real numberu
is inR, and byG the set of all elementsB fromB(R) such that,

∫

R2n{
∏

1≤j≤n 1Vij (yj, cj)}[θi{min(y1, c1), . . . ,min(yn, cn)} − θ(1,...,1)(y1, . . . , yn)]

×1B{min(y1, c1)}
∏

2≤j≤n 1]−∞,uj ]{min(yj , cj)}dP(Y1,...,Yn,C1,...,Cn)(y1, . . . , yn, c1, . . . , cn)

= 0

We have,
R ∈ G

LetB1, B2 ∈ G such thatB1 ⊂ B2 and,
B = B2 ∩ (R−B1)
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We have,
∫

R2n{
∏

1≤j≤n 1Vij (yj, cj)}[θi{min(y1, c1), . . . ,min(yn, cn)} − θ(1,...,1)(y1, . . . , yn)]

×1B1{min(y1, c1)}
∏

2≤j≤n 1]−∞,uj]{min(yj, cj)}dP(Y1,...,Yn,C1,...,Cn)(y1, . . . , yn, c1, . . . , cn)

= 0

∫

R2n{
∏

1≤j≤n 1Vij (yj, cj)}[θi{min(y1, c1), . . . ,min(yn, cn)} − θ(1,...,1)(y1, . . . , yn)]

×1B2{min(y1, c1)}
∏

2≤j≤n 1]−∞,uj]{min(yj, cj)}dP(Y1,...,Yn,C1,...,Cn)(y1, . . . , yn, c1, . . . , cn)

= 0

Also,
1B = 1B2 − 1B1

So that,
∫

R2n{
∏

1≤j≤n 1Vij (yj, cj)}[θi{min(y1, c1), . . . ,min(yn, cn)} − θ(1,...,1)(y1, . . . , yn)]

×1B{min(y1, c1)}
∏

2≤j≤n 1]−∞,uj ]{min(yj , cj)}dP(Y1,...,Yn,C1,...,Cn)(y1, . . . , yn, c1, . . . , cn)

= 0

B ∈ G

Let (Bm)m≥0 be a sequence of elements fromG such that for anym ∈ N, we have,

Bm ⊂ Bm+1

Let,
B = ∪m≥0Bm

We have for anym ∈ N,
∫

R2n{
∏

1≤j≤n 1Vij (yj, cj)}[θi{min(y1, c1), . . . ,min(yn, cn)} − θ(1,...,1)(y1, . . . , yn)]

×1Bm{min(y1, c1)}
∏

2≤j≤n 1]−∞,uj]{min(yj, cj)}dP(Y1,...,Yn,C1,...,Cn)(y1, . . . , yn, c1, . . . , cn)

= 0

For any real numberx, we have,
lim

m→+∞
1Bm(x) = 1B(x)

Moreover, for anym ∈ N, we have for any(y1, . . . , yn, c1, . . . , cn) ∈ R
2n,

|{∏1≤j≤n 1Vij (yj , cj)}[θi{min(y1, c1), . . . ,min(yn, cn)} − θ(1,...,1)(y1, . . . , yn)]

×1Bm{min(y1, c1)}
∏

2≤j≤n 1]−∞,uj]{min(yj, cj)}|
≤ |{

∏

1≤j≤n 1Vij (yj , cj)}[θi{min(y1, c1), . . . ,min(yn, cn)} − θ(1,...,1)(y1, . . . , yn)]

×∏

2≤j≤n 1]−∞,uj]{min(yj, cj)}|

Also,
∫

R2n |{
∏

1≤j≤n 1Vij (yj , cj)}[θi{min(y1, c1), . . . ,min(yn, cn)} − θ(1,...,1)(y1, . . . , yn)]

×∏

2≤j≤n 1]−∞,uj]{min(yj, cj)}|dP(Y1,...,Yn,C1,...,Cn)(y1, . . . , yn, c1, . . . , cn) ∈ R≥0

The dominated convergence theorem gives,
∫

R2n{
∏

1≤j≤n 1Vij (yj, cj)}[θi{min(y1, c1), . . . ,min(yn, cn)} − θ(1,...,1)(y1, . . . , yn)]

×1B{min(y1, c1)}
∏

2≤j≤n 1]−∞,uj ]{min(yj , cj)}dP(Y1,...,Yn,C1,...,Cn)(y1, . . . , yn, c1, . . . , cn)

= 0
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Thus,
B ∈ G

Consequently, the subsetG from P(R) is aλ system [1].
For any real numberu1, we have,

∫

R2n{
∏

1≤j≤n 1Vij (yj, cj)}[θi{min(y1, c1), . . . ,min(yn, cn)} − θ(1,...,1)(y1, . . . , yn)]

×1]−∞,u1]{min(y1, c1)}
∏

2≤j≤n 1]−∞,uj]{min(yj, cj)}dP(Y1,...,Yn,C1,...,Cn)(y1, . . . , yn, c1, . . . , cn)

= 0

G0 ⊂ G

The subsetG0 from P(R) is aπ system [1], so that by the monotone class theorem [1], we have,

σ(G0) ⊂ G

As σ(G0) = B(R), we have,
G = B(R)

For any real numbersu2, . . . , un and anyB ∈ B(R), we have therefore,
∫

R2n{
∏

1≤j≤n 1Vij (yj, cj)}[θi{min(y1, c1), . . . ,min(yn, cn)} − θ(1,...,1)(y1, . . . , yn)]

×1B{min(y1, c1)}
∏

2≤j≤n 1]−∞,uj ]{min(yj , cj)}dP(Y1,...,Yn,C1,...,Cn)(y1, . . . , yn, c1, . . . , cn)

= 0

By a similar reasoning, we have that for any(B1, . . . , Bn) ∈ B(R)n,
∫

R2n{
∏

1≤j≤n 1Vij (yj, cj)}[θi{min(y1, c1), . . . ,min(yn, cn)} − θ(1,...,1)(y1, . . . , yn)]

×∏

1≤j≤n 1Bj
{min(yj , cj)}dP(Y1,...,Yn,C1,...,Cn)(y1, . . . , yn, c1, . . . , cn)

= 0

Hence, by a similar reasoning, we have that for anyB ∈ B(R)⊗n,
∫

R2n{
∏

1≤j≤n 1Vij (yj, cj)}[θi{min(y1, c1), . . . ,min(yn, cn)} − θ(1,...,1)(y1, . . . , yn)]

×1B{min(y1, c1), . . . ,min(yn, cn)}dP(Y1,...,Yn,C1,...,Cn)(y1, . . . , yn, c1, . . . , cn)

= 0

Given that any borelian non negative function fromRn toR≥0, is a non decreasing limit of a sequence from step functions
from R

n to R≥0, and decomposing a function following its non positive partand its non negative part, it follows by the
dominated convergence theorem, as in the Proposition2.6, that for any(Hi)i∈I ∈ Θ and anyi ∈ I, we have,

∫

R2n{
∏

1≤j≤n 1Vij (yj, cj)}[θi{min(y1, c1), . . . ,min(yn, cn)} − θ(1,...,1)(y1, . . . , yn)]

×Hi{min(y1, c1), . . . ,min(yn, cn)}dP(Y1,...,Yn,C1,...,Cn)(y1, . . . , yn, c1, . . . , cn)

= 0

Therefore, for any(Hi)i∈I ∈ Θ,
d(θi)i∈I

χ{(Hi)i∈I} = 0

d(θi)i∈I
χ = 0

This concludes the proof.
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Proof of Proposition 3.7

Let (θi)i∈I ∈ Θ, we have,

E[{UC1,...,Cn,γ,(θi)i∈I
(T1, . . . , Tn,D1, . . . ,Dn)− γ(Y1, . . . , Yn)}2] + V[γ(Y1, . . . , Yn)]

= E[U2
C1,...,Cn,γ,(θi)i∈I

(T1, . . . , Tn,D1, . . . ,Dn)] + E[γ2(Y1, . . . , Yn)]

−2E[UC1,...,Cn,γ,(θi)i∈I
(T1, . . . , Tn,D1, . . . ,Dn)γ(Y1, . . . , Yn)] + E[γ2(Y1, . . . , Yn)]− E

2[γ(Y1, . . . , Yn)]

= E[U2
C1,...,Cn,γ,(θi)i∈I

(T1, . . . , Tn,D1, . . . ,Dn)] + E[γ2(Y1, . . . , Yn)]

−2E[γ2(Y1, . . . , Yn)] + E[γ2(Y1, . . . , Yn)]− E
2[γ(Y1, . . . , Yn)]

= E[U2
C1,...,Cn,γ,(θi)i∈I

(T1, . . . , Tn,D1, . . . ,Dn)]− E
2[γ(Y1, . . . , Yn)]

= V[UC1,...,Cn,γ,(θi)i∈I
(T1, . . . , Tn,D1, . . . ,Dn)]

Proof of Proposition 3.8

In this case, we have for anyi ∈ {0, 1}n and any(t1, . . . , tn) ∈ R
n,

α
(γ)
i (t1, . . . , tn)

= 1
S(Y1,...,Yn)(t1,...,tn)

∫

Rn{
∏

1≤j≤n 1V0(yj , tj)}ǫ(t
iτ(1)
τ(1) y

1−iτ(1)
τ(1) , . . . , t

iτ(q)
τ(q) y

1−iτ(q)
τ(q) )dP(Y1,...,Yn)(y1, . . . , yn)

= 1
S(Yτ(1),...,Yτ(q))

(tτ(1),...,tτ(q))

∫

Rn{
∏

1≤j≤q 1V0(yj, tτ(j))}ǫ(t
iτ(1)
τ(1) y

1−iτ(1)
1 , . . . , t

iτ(q)
τ(q) y

1−iτ(q)
q )

dP(Yτ(1),...,Yτ(q))(y1, . . . , yq)

= α
(ǫ)
iτ
(tτ(1), . . . , tτ(q))

where,
iτ = (iτ(1), . . . , iτ(q)) ∈ {0, 1}q
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We have,

µ(γ)(t1, . . . , tn)

=
∑

i∈{0,1}n
(−1)

n−
∑

1≤j≤n ij

∏
1≤j≤n {SCj

(tj)}ij
∫

Rn [
∏

1≤j≤n {1V1(uj , tj)}
1−ij ]

α
(γ)
i (t

i1
1 u

1−i1
1 ,...,t

in
n u

1−in
n )

∏
1≤j≤n {S2

Cj
(uj)}1−ij

dP(C1,...,Cn)(u1, . . . , un)

=
∑

i∈{0,1}n
(−1)

n−
∑

1≤j≤n ij

∏
1≤j≤n {SCj

(tj)}ij
∫

Rn [
∏

1≤j≤n {1V1(uj , tj)}1−ij ]
α
(ǫ)
iτ

(t
iτ(1)
τ(1)

u
1−iτ(1)
τ(1)

,...,t
iτ(q)
τ(q)

u
1−iτ(q)
τ(q)

)
∏

1≤j≤n {S2
Cj

(uj)}1−ij

dP(C1,...,Cn)(u1, . . . , un)

=
∑

i∈{0,1}n
(−1)

n−
∑

1≤j≤n ij

∏
1≤j≤n {SCj

(tj)}ij
∏

1≤j≤n,j 6∈τ({1,...,q}) { 1
SCj

(tj )
− 1}1−ij

×
∫

Rq [
∏

1≤j≤q {1V1(uj , tτ(j))}
1−iτ(j) ]

α
(ǫ)
iτ

(t
iτ(1)
τ(1)

u
1−iτ(1)
1 ,...,t

iτ(q)
τ(q)

u
1−iτ(q)
q )

∏
1≤j≤q {S2

Cτ(j)
(uj)}

1−iτ(j)
dP(Cτ(1),...,Cτ(q))(u1, . . . , uq)

=
∑

i∈{0,1}n
(−1)

q−
∑

1≤j≤q iτ(j)

∏
1≤j≤q {SCτ(j)

(tτ(j))}
iτ(j)

(−1)
n−q−

∑
1≤j≤n,j 6∈τ({1,...,q}) ij

∏
1≤j≤n,j 6∈τ({1,...,q}) {SCj

(tj)}ij
∏

1≤j≤n,j 6∈τ({1,...,q}) { 1
SCj

(tj)
− 1}1−ij

×
∫

Rq [
∏

1≤j≤q {1V1(uj , tτ(j))}1−iτ(j) ]
α
(ǫ)
iτ

(t
iτ(1)
τ(1)

u
1−iτ(1)
1 ,...,t

iτ(q)
τ(q)

u
1−iτ(q)
q )

∏
1≤j≤q {S2

Cτ(j)
(uj)}

1−iτ(j)
dP(Cτ(1),...,Cτ(q))(u1, . . . , uq)

=
∑

i∈{0,1}{1,...,n}−τ({1,...,q}) [
(−1)

n−q−
∑

1≤j≤n,j 6∈τ({1,...,q}) ij

∏
1≤j≤n,j 6∈τ({1,...,q}) {SCj

(tj)}ij
∏

1≤j≤n,j 6∈τ({1,...,q}) { 1
SCj

(tj)
− 1}1−ij ]

×∑

i∈{0,1}q
(−1)

q−
∑

1≤j≤q ij

∏
1≤j≤q {SCτ(j)

(tτ(j))}ij
∫

Rq [
∏

1≤j≤q {1V1(uj , tτ(j))}
1−ij ]

α
(ǫ)
i (t

i1
τ(1)

u
1−i1
1 ,...,t

iq

τ(q)
u
1−iq
q )

∏
1≤j≤q {S2

Cτ(j)
(uj)}1−ij

dP(Cτ(1),...,Cτ(q))(u1, . . . , uq)

=
∏

1≤j≤n,j 6∈τ({1,...,q})
∑

i∈{0,1}[
(−1)1−i

{SCj
(tj)}i

{ 1
SCj

(tj )
− 1}1−i]

×∑

i∈{0,1}q
(−1)

q−
∑

1≤j≤q ij

∏
1≤j≤q {SCτ(j)

(tτ(j))}ij
∫

Rq [
∏

1≤j≤q {1V1(uj , tτ(j))}
1−ij ]

α
(ǫ)
i (t

i1
τ(1)

u
1−i1
1 ,...,t

iq

τ(q)
u
1−iq
q )

∏
1≤j≤q {S2

Cτ(j)
(uj)}1−ij

dP(Cτ(1),...,Cτ(q))(u1, . . . , uq)

=
∑

i∈{0,1}q
(−1)

q−
∑

1≤j≤q ij

∏
1≤j≤q {SCτ(j)

(tτ(j))}ij
∫

Rq [
∏

1≤j≤q {1V1(uj , tτ(j))}1−ij ]
α
(ǫ)
i (t

i1
τ(1)

u
1−i1
1 ,...,t

iq

τ(q)
u
1−iq
q )

∏
1≤j≤q {S2

Cτ(j)
(uj)}1−ij

dP(Cτ(1),...,Cτ(q))(u1, . . . , uq)

= µ(ǫ)(tτ(1), . . . , tτ(q))

θ0i
(γ)

(t1, . . . , tn)

= 1
S(Y1,...,Yn)(t1,...,tn)

∫

Rn{
∏

1≤j≤n 1V0(yj, tj)}µ(γ)(ti11 y1−i11 , . . . , tinn y
1−in
n )dP(Y1,...,Yn)(y1, . . . , yn)

= 1
S(Y1,...,Yn)(t1,...,tn)

∫

Rn{
∏

1≤j≤n 1V0(yj, tj)}µ(ǫ)(t
iτ(1)
τ(1) y

1−iτ(1)
τ(1) , . . . , t

iτ(q)
τ(q) y

1−iτ(q)
τ(q) )dP(Y1,...,Yn)(y1, . . . , yn)

= 1
S(Yτ(1),...,Yτ(q))

(tτ(1) ,...,tτ(q))

×
∫

Rq{
∏

1≤j≤q 1V0(yj , tτ(j))}µ(ǫ)(t
iτ(1)
τ(1) y

1−iτ(1)
1 , . . . , t

iτ(q)
τ(q) y

1−iτ(q)
q )dP(Yτ(1),...,Yτ(q))(y1, . . . , yq)

= θ0iτ
(ǫ)
(tτ(1), . . . , tτ(q))
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We have for any(t1, . . . , tn) ∈ R
n and any(d1, . . . , dn) ∈ {0, 1}n,

UC1,...,Cn,γ,(θ0i )i∈I
(t1, . . . , tn, d1, . . . , dn)

=
∑

i∈{0,1}n [
∏

1≤j≤n{d
ij
j (1− dj)

1−ij}]θ0i
(γ)

(t1, . . . , tn)

=
∑

i∈{0,1}n [
∏

1≤j≤n{d
ij
j (1− dj)

1−ij}]θ0iτ
(ǫ)
(tτ(1), . . . , tτ(q))

=
∑

i∈{0,1}q [
∏

1≤j≤q{d
ij
τ(j)(1− dτ(j))

1−ij}]θ0i
(ǫ)
(tτ(1), . . . , tτ(q))

= UCτ(1),...,Cτ(q),ǫ,(θ
0
i )i∈I

(tτ(1), . . . , tτ(q), dτ(1), . . . , dτ(q))

This concludes the proof.

LEMMA B.1. LetB1, . . . , Bn ∈ B(R) andγ : Rn → R be the function such that for any(t1, . . . , tn) ∈ R
n, we have,

γ(t1, . . . , tn) =
∏

1≤j≤n
1Bj

(tj)

Then, the Assumption3.5 is verified and under the Assumptions3.4and3.7, for any(t1, . . . , tn) ∈ R
n, we have,

θ0(1,...,1)(t1, . . . , tn) = µ(t1, . . . , tn)

Proof of Lemma B.1

For anyi ∈ I, we have so,

αi(t1, . . . , tn) =
∏

1≤j≤n
{ 1

SYj (tj)

∫

R

1V0(y, tj)1Bj
(t
ij
j y

1−ij )dPYj (y)}

Therefore,

µ(t1, . . . , tn)

=
∑

i∈{0,1}n
(−1)

n−
∑

1≤j≤n ij

∏
1≤j≤n {SCj

(tj)}ij
∫

Rn [
∏

1≤j≤n {1V1(uj, tj)}
1−ij ]αi(t

i1
1 u

1−i1
1 ,...,t

in
n u

1−in
n )

∏
1≤j≤n {S2

Cj
(uj)}1−ij

dP(C1,...,Cn)(u1, . . . , un)

=
∑

i∈{0,1}n
(−1)

n−
∑

1≤j≤n ij

∏
1≤j≤n {SCj

(tj)}ij
∏

1≤j≤n
∫

R
{1V1(u, tj)}1−ij

∫
R

1V0 (y,t
ij
j u

1−ij )1Bj
(t

ij
j y

1−ij )dPYj
(y)

SYj
(t

ij
j u

1−ij )
∏

1≤j≤n {S2
Cj

(u)}1−ij
dPCj

(u)

=
∏

1≤j≤n
∑

i∈{0,1}
(−1)1−i

{SCj
(tj)}i

∫

R
{1V1(u, tj)}1−i

∫
R

1V0 (y,t
i
ju

1−i)1Bj
(tijy

1−i)dPYj
(y)

SYj
(tiju

1−i){S2
Cj

(u)}1−i dPCj
(u)

=
∏

1≤j≤n[
1Bj

(tj)

SCj
(tj)

−
∫

R
1V1(u, tj)

∫
R
1V0 (y,u)1Bj

(y)dPYj
(y)

SYj
(u)S2

Cj
(u)

dPCj
(u)]

=
∏

1≤j≤n
φj(tj)
SCj

(tj )

where for any integerj such that1 ≤ j ≤ n, we have for any real numbert,

φj(t) = 1Bj
(t)− SCj

(t)

∫

R

1V1(u, t)

∫

R
1V0(y, u)1Bj

(y)dPYj (y)

SYj (u)S
2
Cj
(u)

dPCj
(u)

Therefore, for any(t1, . . . , tn) ∈ R
n, we have,

θ0i (t1, . . . , tn) =
∏

1≤j≤n
{ 1

SYj (tj)

∫

R

1V0(y, tj)
φj(t

ij
j y

1−ij )

SCj
(t
ij
j y

1−ij )
dPYj (y)}
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and for any(y1, . . . , yn) ∈ R
n, we have,

∫

Rn{
∏

1≤j≤n 1V1(yj , cj)}µ{min(y1, c1), . . . ,min(yn, cn)}dP(C1,...,Cn)(c1, . . . , cn)

+
∑

i∈{0,1}n−{(1,...,1)}
∫

Rn{
∏

1≤j≤n 1Vij (yj, cj)}θ
0
i {min(y1, c1), . . . ,min(yn, cn)}dP(C1,...,Cn)(c1, . . . , cn)

=
∫

Rn{
∏

1≤j≤n 1V1(yj , cj)}µ{min(y1, c1), . . . ,min(yn, cn)}dP(C1,...,Cn)(c1, . . . , cn)

+
∑

i∈{0,1}n−{(1,...,1)}
∫

Rn{
∏

1≤j≤n 1Vij (yj, cj)}θ
0
i {yi11 c1−i11 , . . . , yinn c

1−in
n }dP(C1,...,Cn)(c1, . . . , cn)

=
∑

i∈{0,1}n
∫

Rn

∏

1≤j≤n{
1Vij

(yj ,cj)

SYj
(y

ij
j c

1−ij
j )

∫

R
1V0(y, y

ij
j c

1−ij
j )

φj{(y
ij
j c

1−ij
j )

ij
y
1−ij }

SCj
{(yijj c

1−ij
j )

ij
y
1−ij }

dPYj(y)}dP(C1,...,Cn)(c1, . . . , cn)

=
∑

i∈{0,1}n
∏

1≤j≤n
∫

R
{

1Vij
(yj ,c)

SYj
(y

ij
j c

1−ij )

∫

R
1V0(y, y

ij
j c

1−ij )
φj{(y

ij
j c

1−ij )
ij
y
1−ij }

SCj
{(yijj c

1−ij )
ij
y
1−ij }

dPYj(y)}dPCj
(c)

=
∏

1≤j≤n
∑

i∈{0,1}
∫

R
{ 1Vi (yj ,c)

SYj
(yijc

1−i)

∫

R
1V0(y, y

i
jc

1−i)
φj{(yijc1−i)

i
y1−i}

SCj
{(yijc1−i)

i
y1−i}

dPYj(y)}dPCj
(c)

=
∏

1≤j≤n[
∫

R
{1V0 (yj ,c)

SYj
(c)

∫

R
1V0(y, c)

φj(y)
SCj

(y)dPYj(y)}dPCj
(c)

+
∫

R
{1V1 (yj ,c)

SYj
(yj)

∫

R
1V0(y, yj)

φj(yj)
SCj

(yj)
dPYj(y)}dPCj

(c)]

=
∏

1≤j≤n[
∫

R
{1V0 (yj ,c)

SYj
(c)

∫

R
1V0(y, c)

φj(y)
SCj

(y)dPYj(y)}dPCj
(c) + φj(yj)]

By the LemmaA.2, we have for any integerj such that1 ≤ j ≤ n,

1Bj
(yj) =

∫

R

{1V0(yj , c)
SYj(c)

∫

R

1V0(y, c)
φj(y)

SCj
(y)

dPYj (y)}dPCj
(c) + φj(yj)

Hence,
∫

Rn{
∏

1≤j≤n 1V1(yj, cj)}µ{min(y1, c1), . . . ,min(yn, cn)}dP(C1,...,Cn)(c1, . . . , cn)

+
∑

i∈{0,1}n−{(1,...,1)}
∫

Rn{
∏

1≤j≤n 1Vij (yj , cj)}θ
0
i {min(y1, c1), . . . ,min(yn, cn)}dP(C1,...,Cn)(c1, . . . , cn)

= γ(y1, . . . , yn)

So that,
θ0(1,...,1)(y1, . . . , yn) = µ(y1, . . . , yn)

LEMMA B.2. LetB ∈ B(R)⊗n andγ : Rn → R be the function such that for any(t1, . . . , tn) ∈ R
n, we have,

γ(t1, . . . , tn) = 1B(t1, . . . , tn)

Then, the Assumption3.5 is verified and under the Assumptions3.4and3.7, for any(t1, . . . , tn) ∈ R
n, we have,

θ0(1,...,1)(t1, . . . , tn) = µ(t1, . . . , tn)

Proof of Lemma B.2

We denote byG0 the set of all elementsB1 × · · · ×Bn fromB(R)⊗n, when the elementsB1, . . . , Bn are inB(R), and
byG the set of all elementsB fromB(R)⊗n such that if for any(t1, . . . , tn) ∈ R

n,

γ(t1, . . . , tn) = 1B(t1, . . . , tn)

then we have,
θ0(1,...,1)(t1, . . . , tn) = µ(t1, . . . , tn)
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We have,
R
n ∈ G

LetB1, B2 ∈ G such thatB1 ⊂ B2 and,
B = B2 ∩ (R−B1)

We have,
1B = 1B2 − 1B1

So that by the linearity of the integral,
B ∈ G

Let (Bm)m≥0 be a sequence of elements fromG such that for anym ∈ N, we have,

Bm ⊂ Bm+1

Let,
B = ∪m≥0Bm

For any non negative integerm and any(x1, . . . , xn) ∈ R
n, we have,

1Bm(x1, . . . , xn) ≤ 1B(x1, . . . , xn)

lim
m→+∞

1Bm(x1, . . . , xn) = 1B(x1, . . . , xn)

The dominated convergence theorem gives,
B ∈ G

Consequently, the subsetG from P(Rn) is aλ system [1].
We have,

G0 ⊂ G

The subsetG0 from P(Rn) is aπ system [1], so that by the monotone class theorem [1], we have,

σ(G0) ⊂ G

As σ(G0) = B(R)⊗n, we have,
G = B(R)⊗n

This concludes the proof.

LEMMA B.3. Under the Assumptions3.4, 3.5and3.7, we have then for any(t1, . . . , tn) ∈ R
n,

θ0(1,...,1)(t1, . . . , tn) = µ(t1, . . . , tn)

Proof of Lemma B.3

There exists a non decreasing sequence(wm)m≥0 from non negative step functions fromRn to R≥0 such that for any
(y1, . . . , yn) ∈ R

n, we have,
γ+(y1, . . . , yn) = lim

m→+∞
wm(y1, . . . , yn)
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For any(t1, . . . , tn) ∈ R
n, let for any non negative integerm,

µm(t1, . . . , tn)

=
∑

i∈{0,1}n
(−1)

n−
∑

1≤j≤n ij

∏
1≤j≤n {SCj

(tj )}ij
∫

Rn [
∏

1≤j≤n {1V1(uj , tj)}1−ij ]
αi,+,m(t

i1
1 u

1−i1
1 ,...,t

in
n u

1−in
n )

∏
1≤j≤n {S2

Cj
(uj)}1−ij

dP(C1,...,Cn)(u1, . . . , un)

and,

αi,+,m(t1, . . . , tn) =
1

S(Y1,...,Yn)(t1, . . . , tn)

∫

Rn

{
∏

1≤j≤n
1V0(yj, tj)}wm(ti11 y1−i11 , . . . , tinn y

1−in
n )dP(Y1,...,Yn)(y1, . . . , yn)

µ+(t1, . . . , tn)

=
∑

i∈{0,1}n
(−1)

n−
∑

1≤j≤n ij

∏
1≤j≤n {SCj

(tj)}ij
∫

Rn [
∏

1≤j≤n {1V1(uj , tj)}
1−ij ]αi,+(t

i1
1 u

1−i1
1 ,...,t

in
n u

1−in
n )

∏
1≤j≤n {S2

Cj
(uj)}1−ij

dP(C1,...,Cn)(u1, . . . , un)

So that by the LemmaB.2, we have for any non negative integerm and any(y1, . . . , yn) ∈ R
n,

S(C1,...,Cn)(y1, . . . , yn)µm(y1, . . . , yn)− wm(y1, . . . , yn)

+
∑

i∈I
∫

Rn{
∏

1≤j≤n 1Vij (yj, cj)}θ
0
i,+,m{min(y1, c1), . . . ,min(yn, cn)}dP(C1,...,Cn)(c1, . . . , cn)

= 0

where for anyi ∈ I and any(t1, . . . , tn) ∈ R
n, we have,

θ0i,+,m(t1, . . . , tn) =
1

S(Y1,...,Yn)(t1, . . . , tn)

∫

Rn

{
∏

1≤j≤n
1V0(yj , tj)}µm(ti11 y1−i11 , . . . , tinn y

1−in
n )dP(Y1,...,Yn)(y1, . . . , yn)

By the Assumption3.5, we have,
µ+(t1, . . . , tn) = lim

m→+∞
µm(t1, . . . , tn)

θ0i,+(t1, . . . , tn) = lim
m→+∞

θi,+,m(t1, . . . , tn)

where for any(t1, . . . , tn) ∈ R
n, we have,

θ0i,+(t1, . . . , tn) =
1

S(Y1,...,Yn)(t1, . . . , tn)

∫

Rn

{
∏

1≤j≤n
1V0(yj, tj)}µ+(ti11 y1−i11 , . . . , tinn y

1−in
n )dP(Y1,...,Yn)(y1, . . . , yn)

Also we have for any(y1, . . . , yn) ∈ R
n,

S(C1,...,Cn)(y1, . . . , yn)µ+(y1, . . . , yn)− γ+(y1, . . . , yn)

+
∑

i∈I
∫

Rn{
∏

1≤j≤n 1Vij (yj, cj)}θ
0
i,+{min(y1, c1), . . . ,min(yn, cn)}dP(C1,...,Cn)(c1, . . . , cn)

= 0

In the same way, we obtain,

S(C1,...,Cn)(y1, . . . , yn)µ−(y1, . . . , yn)− γ−(y1, . . . , yn)
+
∑

i∈I
∫

Rn{
∏

1≤j≤n 1Vij (yj, cj)}θ
0
i,−{min(y1, c1), . . . ,min(yn, cn)}dP(C1,...,Cn)(c1, . . . , cn)

= 0
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where for any(t1, . . . , tn) ∈ R
n,

µ−(t1, . . . , tn)

=
∑

i∈{0,1}n
(−1)

n−
∑

1≤j≤n ij

∏
1≤j≤n {SCj

(tj )}ij
∫

Rn [
∏

1≤j≤n {1V1(uj , tj)}1−ij ]
αi,−(t

i1
1 u

1−i1
1 ,...,t

in
n u

1−in
n )

∏
1≤j≤n {S2

Cj
(uj)}1−ij

dP(C1,...,Cn)(u1, . . . , un)

θ0i,−(t1, . . . , tn) =
1

S(Y1,...,Yn)(t1, . . . , tn)

∫

Rn

{
∏

1≤j≤n
1V0(yj, tj)}µ−(ti11 y1−i11 , . . . , tinn y

1−in
n )dP(Y1,...,Yn)(y1, . . . , yn)

So that for any(y1, . . . , yn) ∈ R
n,

S(C1,...,Cn)(y1, . . . , yn)µ(y1, . . . , yn)− γ(y1, . . . , yn)

+
∑

i∈I
∫

Rn{
∏

1≤j≤n 1Vij (yj, cj)}θ
0
i {min(y1, c1), . . . ,min(yn, cn)}dP(C1,...,Cn)(c1, . . . , cn)

= 0

Therefore for any(t1, . . . , tn) ∈ R
n, we have,

θ0(1,...,1)(t1, . . . , tn) = µ(t1, . . . , tn)

This concludes the proof.

Proof of Theorem 3.1

The proof results from the LemmaB.3, the applicationχ from Θ toR≥0 is strictly convex overΘ, differentiable overΘ,
and the element(θ0i )i∈I fromΘ is a stationary point, so that it is the unique minimum from the applicationχ overΘ [12].

Proof of Theorem 3.2

Let for anyi ∈ I,
φi = θ0(1−i1,...,1−in)

and for any(t1, . . . , tn) ∈ R
n, let,

ψ(t1, . . . , tn)
= S(Y1,...,Yn)(t1, . . . , tn)θ

0
(0,...,0)(t1, . . . , tn)

+
∑

i∈{0,1}n−{(1,...,1)}
∫

Rn{
∏

1≤j≤n 1V1−ij
(yj, tj)}φi{min(y1, t1), . . . ,min(yn, tn)}dP(Y1,...,Yn)(y1, . . . , yn)

We have for any integerk such that1 ≤ k ≤ n,

ψ(t1, . . . , tn)

=
∑

i∈{0,1}n
∫

Rn{
∏

1≤j≤n 1V1−ij
(yj , tj)}θ0(1−i1,...,1−in)(y

1−i1
1 ti11 , . . . , y

1−in
n tinn )dP(Y1,...,Yn)(y1, . . . , yn)

=
∑

i∈{0,1}n,ik=0

∫

Rn 1V1(yk, tk){
∏

1≤j≤n,j 6=k 1V1−ij
(yj, tj)}

×θ0(1−i1,...,1−in)(y
1−i1
1 ti11 , . . . , y

1−ik−1

k−1 t
ik−1

k−1 , yk, y
1−ik+1

k+1 t
ik+1

k+1 , . . . , y
1−in
n tinn )dP(Y1,...,Yn)(y1, . . . , yn)

+
∑

i∈{0,1}n,ik=1

∫

Rn 1V0(yk, tk){
∏

1≤j≤n,j 6=k 1V1−ij
(yj, tj)}

×θ0(1−i1,...,1−in)(y
1−i1
1 ti11 , . . . , y

1−ik−1

k−1 t
ik−1

k−1 , tk, y
1−ik+1

k+1 t
ik+1

k+1 , . . . , y
1−in
n tinn )dP(Y1,...,Yn)(y1, . . . , yn)
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Let i ∈ I such thatik = 0, we have,
∫

Rn 1V1(yk, tk){
∏

1≤j≤n,j 6=k 1V1−ij
(yj , tj)}

×θ0(1−i1,...,1−in)(y
1−i1
1 ti11 , . . . , y

1−ik−1

k−1 t
ik−1

k−1 , yk, y
1−ik+1

k+1 t
ik+1

k+1 , . . . , y
1−in
n tinn )

×f(Y1,...,Yn)(y1, . . . , yn)dλn(y1, . . . , yn)
=

∫

R2n 1V1(yk, tk){
∏

1≤j≤n,j 6=k 1V1−ij
(yj, tj)}

× 1

S(Y1,...,Yn)(y
1−i1
1 t

i1
1 ,...,y

1−ik−1
k−1 t

ik−1
k−1 ,yk,y

1−ik+1
k+1 t

ik+1
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Let i ∈ I such thatik = 1, we have,
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d
dtk

∫
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z
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×f(Y1,...,Yn)(z1, . . . , zk−1, tk, zk+1, . . . , zn)f(Y1,...,Yk−1,Yk+1,...,Yn)(y1, . . . , yk−1, yk+1, . . . , yn)

dλ2n−2(y1, . . . , yk−1, yk+1, . . . , yn, z1, . . . , zk−1, zk+1, . . . , zn)

Consequently,
∂ψ

∂tk
(t1, . . . , tn) = 0

Therefore, there existsx ∈ R such that for any(t1, . . . , tn) ∈ R
n, we have,

ψ(t1, . . . , tn) = x

When the real numberst1, . . . , tn tend to minus infinity, we have,

x =

∫

Rn

θ0(1,...,1)(y1, . . . , yn)dP(Y1,...,Yn)(y1, . . . , yn)

Using the Proposition3.6, with for anyi ∈ I,Hi = 1, we have,

ψ(t1, . . . , tn) = E[γ(Y1, . . . , Yn)]

Finally, we have for any(t1, . . . , tn, d1, . . . , dn) ∈ R
n × {0, 1}n,

UC1,...,Cn,γ,(θ0i )i∈I
(t1, . . . , tn, d1, . . . , dn) = UY1,...,Yn,ψ,(φi)i∈I

(t1, . . . , tn, 1− d1, . . . , 1− dn)

This concludes the proof.
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APPENDIX C: PROOFS FROM THE SECTION 4

Proof of Proposition 4.1
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This concludes the proof.

Proof of Theorem 4.1

By the proposition3.8, we have for any(t11, . . . , t
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The end of the proof is a direct consequence of the Theorem3.2and the Proposition4.1, and of a result from Hoeffding
[4] about U statistics.
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