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Abstract

We present a new primal-dual splitting algorithm for structured monotone inclusions in Hilbert
spaces and analyze its asymptotic behavior. A novelty of our framework, which is motivated by
image recovery applications, is to consider inclusions that combine a variety of monotonicity-
preserving operations such as sums, linear compositions, parallel sums, and a new notion of
parallel composition. The special case of minimization problems is studied in detail, and ap-
plications to signal recovery are discussed. Numerical simulations are provided to illustrate the
implementation of the algorithm.
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1 Introduction

Let A and B be set-valued monotone operators acting on a real Hilbert space #. The first operator
splitting algorithms were developed in the late 1970s to solve inclusion problems of the form

find ¥ € H such that 0 € AT + B7, (1.1)

by using separate applications of the operators A and B at each iteration; see [9, 14, 16, 17, 21, 22]
and the references therein. Because of increasingly complex problem formulations, more sophisti-
cated splitting algorithm have recently arisen. Thus, the splitting method proposed in [6] can solve
problems of the type

find z € H suchthat 0 € Az + Z (L’,; o By o Lk)f, (1.2)
k=1

where each monotone operator By, acts on a real Hilbert space G, and each L is a bounded linear
operator from H to Gi. This model was further refined in [12] by considering inclusions of the form

find Z € H suchthat 0 € AT+ ) (Lj o (ByDODy) o Ly)Z + CT, (1.3)
k=1

where D, is a monotone operator acting on G such that D,;l is Lipschitzian,
ByODy = (B + D)™ (1.4)

is the parallel sum of By, and Dy, and C: H{ — H is a Lipschitzian monotone operator. More recent
developments concerning splitting methods for models featuring parallel sums can be found in [4, 5,
23]. In the present paper, motivated by variational problems arising in image recovery, we consider
a new type of inclusions that involve both parallel sum and “parallel composition” operations in the
sense we introduce below.

Definition 1.1 Let 7 and G be real Hilbert spaces, let A: H — 2%, and let L € B (#,G). Then the
parallel composition of A by L is

L>A=(LoA oL L (1.5)

The primal-dual inclusion problem under consideration will be the following (our notation is
standard, see Section 2.1 for details).

Problem 1.2 Let H be a real Hilbert space, let r be a strictly positive integer, let z € H, let A: H —
2" be maximally monotone, and let C: H — H be monotone and p-Lipschitzian for some p €
[0, +-0c[. For every integer k € {1,...,7}, let G, and K}, be real Hilbert spaces, let By, : Gy — 29 and
Dy.: Kj, — 2% be maximally monotone, and let L, € B (H,G:) and My, € B (H,K},). It is assumed
that
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and that the inclusion

find 7 € % such that z € AT+ »  ((Lj o By o L) O (Mj; 0 Dy o My))T + CT 1.7)
k=1

possesses at least one solution. Solve (1.7) together with the dual problem
find 77 € Gy, ..., U, € G, suchthat (Vk € {1,...,r})

0€ Ly ((A + o)t <z -y L?vﬁ)) + B + Lk<(M,j > D,;l)(L;m)). (1.8)
=1

The paper is organized as follows. In Section 2 we define our notation and provide preliminary
results. In particular, we establish some basic properties of the parallel composition operation intro-
duced in Definition 1.1 and discuss an algorithm recently proposed in [10] that will serve as a basis
for our splitting method. In Section 3, our algorithm is presented and weak and strong convergence
results are established. Section 4 is devoted to the application of this algorithm to convex minimiza-
tion problems. Finally, in Section 5, we propose applications of the results of Section 4 to a concrete
problem in image recovery, along with numerical results.

2 Notation and preliminary results

2.1 Notation and definitions

The following notation will be used throughout. #, G, and K are real Hilbert spaces. We denote the
scalar product of a Hilbert space by (- | -) and the associated norm by || - ||. The symbols — and —
denote, respectively, weak and strong convergence. B (#, G) is the space of bounded linear operators
from H to G. The Hilbert direct sum of # and G is denoted by H @ G. Given two sequence (x, )nen
and (yn)nen in H, it will be convenient to use the notation

[(PneN) znmyn] & Y an —yal < +o0 (2.1)
neN

to model the tolerance to errors in the implementation of the algorithms.

The power set of # is denoted by 2%. Let A: % — 2’ be a set-valued operator. We denote by
ranA = {u €M | (3z € H) u € Az} the range of A, by domA = {z € H | Az # @} the domain
of A, by grad = {(z,u) € H x H | u € Az} the graph of A, and by A~! the inverse of A, i.e., the
set-valued operator with graph {(u,z) € H x H | u € Az}. The resolvent of A is J4 = (Id +A)~".
Moreover, A is monotone if

(V(z,y) € H X H)(V(u,v) € Az x Ay) (x—y|u—v) >0, (2.2)

and maximally monotone if there exists no monotone operator B: H — 2" such thatgra A C gra B #
gra A. In this case, J4 is a single-valued, nonexpansive operator defined everywhere in . We say



that A is uniformly monotone at + € dom A if there exists an increasing function ¢: [0,4o00] —
[0, +00] that vanishes only at 0 such that

(Vu € Az)(Y(y,v) € grad) (z —y|u—v) = o(]lx —yl). (2.3)

We denote by I'y(#) the class of lower semicontinuous convex functions f: H — |—o0,+oc] such
that dom f = {x eEH | flx) < +oo} # &. Let f € T'o(H). The conjugate of f is the function
f* € To(H) defined by f*: u > sup, .4 ((z | u) — f(z)). For every x € H, f + ||z — -||*/2 possesses a
unique minimizer, which is denoted by prox,;z. The operator prox, can also be defined as a resolvent,
namely

prox; = (Id +0f) " = Jay, (2.4)

where 9f: H — 2" 2 — {ueN | (VyeH) (y—=z|u)+ f(z) < f(y)} is the subdifferential of
f, which is maximally monotone. We say that f uniformly convex at = € dom f if there exists an
increasing function ¢: [0, 4o00[ — [0, +00] that vanishes only at 0 such that

(Vy € dom f)(Vor €]0,1[)  flaz+ (1 —a)y) +a(l —a)o(llz —yl) < af(z)+ (1 —a)f(y). (2.5)
The infimal convolution of two functions f; and f, from H to |—oo, +00] is
A0 f2: H = [-oo, +oo] s @ inf, (filz —y) + f2(v)), (2.6)
and the infimal postcomposition of f: H — [—oo,+o0] by L: H — G is

L> f: G — [—o00,+00] : y =~ inf f(L7H{y}) = l}g?f{ f(x). 2.7)
Lx=y

Let C be a convex subset of . The indicator function of C is denoted by v, and the strong relative
interior of C, i.e., the set of points z € C such that the cone generated by —x + C is a closed vector
subspace of H, by sriC.

For a detailed account of the above concepts, see [2].

2.2 Parallel composition

In this section we explore some basic properties of the parallel composition operation introduced
in Definition 1.1 which are of interest in their own right. First, we justify the terminology via the
following connection with the parallel sum.

Lemma 2.1 Let A: H — 2", let B: H — 2", and let L: H® H — H: (z,y) — = +y. Then
L>(Ax B)= AOB.

Proof. Since L*: H — H & H: z — (x,z), the announced identity is an immediate consequence of
(1.4) and (1.5). 0

Lemma 2.2 Let A: H — 2™, let B: G — 29, and let L. € B (H,G). Then the following hold.



() (L>A)OB)'=LoA'oL*+ B~ L
(ii) Suppose that A and B are monotone. Then (L > A) O B is monotone.

(iii) Suppose that A and B are maximally monotone and that the cone generated by L*(ran B) —ran A
is a closed vector subspace. Then (L[> A)O B is maximally monotone.

(iv) Suppose that A is maximally monotone and that the cone generated by ran L* + ran A is a closed
vector subspace. Then L[> A is maximally monotone.

Proof. (i): This follows easily from (1.4) and (1.5).

(ii): By (i), (L>A)OB)™' = Lo A ' o L* + B~'. Since A~! and B~! are monotone and
monotonicity is preserved under inversion and this type of transformation [2, Proposition 20.10],
the assertion is proved.

(iii): The operators A~' and B~! are maximally monotone [2, Proposition 20.22] and
L*(ranB) —ranA = L*(dom B~!) — dom A~!. Hence, L o A~! o L* + B! is maximally mono-
tone [3, Section 24] and so is its inverse which, in view of (i), is (L > A) O B.

(iv): Set B = {0} ! in (iii). O

Lemma 2.3 Let A: H — 2" let B: H — 2", and let L € B(H,G). Then L>(AOB) =
(L>A)O(Lb B).

Proof. It follows from (1.4) and (1.5) that

> (ADB) -1

Lo(AOB) ‘o L")
Lo(A™ +B oL
LoA™! oL*—i—LoB Lo L¥)
(L> A"+ (L>B)~Y)™!

= (L>A)O(L> B), (2.8)

-1

which proves the announced identity. [

Lemma 2.4 Let A: H — 2%, let L € B(H,G), and let M € B(G,K). Then M>(L>A) = (M o
L)>A.

Proof. Indeed, M D> (LD> A) = (Mo (LD> Ay toM*) ' =(MoLoA toL*o M*)™l = (MoL)>A.O

Finally, the next lemma draws connections with the infimal convolution and postcomposition
operations of (2.6) and (2.7).

Lemma 2.5 Let f € T'o(H), let g € T'o(G), and let L € B (H,G) be such that 0 € sri(L*(dom g*) —
dom f*). Then the following hold.

@) (L f)Og € Tp(9).



(i) o((L> f)Og) = (L>0f)Dyg.

Proof. (i): Since 0 € L*(dom ¢g*) — dom f* and, by the Fenchel-Moreau theorem [2, Theorem 13.32],
freTo(H)and g* € I'y(G), we have f*o L* + g* € I'g(G). Hence (f* o L* + g*)* € I'g(G). However,
in view of [2, Theorem 15.27(i)], the assumptions also imply that (f* o L* + ¢*)* = (L> f)Og.

(ii): Let y and v be in G. Then (i), [2, Corollary 16.24, Proposition 13.21(i)&(iv), and Theo-
rem 16.37(i)] enable us to write

ved((Le NG & ve (A(L>N0g) ©)
& Yy e 8((L>f)Dg)*(1))
y€A(f oL +g")(v)
y € (Lo (df*) oL+ dg*)(v)
y€ (Lo@f) " oL+ (99)~")(v)
ve ((L>af)Odg)y, (2.9)

te ¢

which establishes the announced identity. [

Corollary 2.6 Let f € I'o(H) and let L € B (H,G) be such that 0 € sri(ran L* — dom f*). Then the
following hold.

() LD feTo(Q).
(i) O(L> f)=L>of.

Proof. Set g = 1oy in Lemma 2.5. [

2.3 An inclusion problem

Our main result in Section 3 will hinge on rewriting Problem 1.2 as an instance of the following
formulation.

Problem 2.7 Let m and K be strictly positive integers, let (#;)1<i<m and (Gr)1<k<x be real Hilbert
spaces, and let (i;)1<i<m € [0,+00[™. For everyi € {1,...,m}and k € {1,...,K},let C;: H; — H,
be monotone and ;-Lipschitzian, let A;: #; — 2™ and By : G, — 29 be maximally monotone, let
zi € Hi, and let Ly; € B (H;,Gx). It is assumed that

K

m

2

B:\/X+lmaxui>0, where \ € ,+o0

<is<m

sup
2ty lwallP<1 =

, (2.10)

Lyiz;
1

1=



and that the system of coupled inclusions

find 71 € H1,...,Tm € H,y, such that

( K m
21 € A1$_1+ZL;;1 <Bk<ZLkzx_z>> + Ci71
k=1 =1

: (2.11)
. K m
Zm € AmTm + Y Lim <Bk ( > Lkm—>> + ConTom
0 k=1 i=1
possesses at least one solution. Solve (2.11) together with the dual problem
find v1 € G1,...,0x € Gx such that
m K
~1 S 1
0€— ZLM‘ (4 + Cy) (Zz — ZLMW> + By o1
i=1 k=1
(2.12)

. m K
0 e— Z Lk (Az + Ci)il (ZZ — Z LZZU_k) + B[_(lw
i=1 k=1

The following result is a special case of [10, Theorem 2.4(iii)]. We use the notation (2.1) to
model the possibility of inexactly evaluating the operators involved.

Theorem 2.8 Consider the setting of Problem 2.7. Let x10 € Hi, ..., Tmo € Hm, vio € G1, -..,
VK0 € Gk, let e €]0,1/(B8 + 1), let (vn)nen be a sequence in [e, (1 — ) /)], and set

Forn=20,1,...
Fori=1,...,m
K *
SLin ~ Tin — Yn(Ci%Tim + >ope1 L Vkn)
PLim A Jy, 4, (S1in + Tn2i)
Fork=1,...,K

$2.dem R Uk + Yn Doieq Lki%in 2.13)

~ —1
P2.kn =~ S2kn — 'YnJ%:lBk ('Yn SQ,k,n)
~ m
©len = D2kn + Vo D1 Likiblin
| Vkn+1 = Vkn — S2,kn + q92,k,n
Fort=1,...,m
PR Cipy - K 1=
Qin = Prin — o (CiPLin + =1 LiiP2.kn)
L | ZTin+l = Tin — Slin T Qlin-

Then there exist a solution (T71,...,Ty,) to (2.11) and a solution (7, ...,0x) to (2.12) such that the
following hold.

@ (vie{l,...,m}) z — S, L,T% € A + CiT.

() (Vke{1,...,K}) 3", LT € By oy

(i) (Vie{l,...,m}) zin — T;



(iv) (VEe{l,....K}) v, — Tk
(v) Suppose that A, or C is uniformly monotone at Z7. Then z1 , — Z7.

(vi) Suppose that, for some k € {1,..., K}, Bk_1 is uniformly monotone at vy. Then vy, , — U

3 Main algorithm

We start with the following facts.

Proposition 3.1 Let H be a real Hilbert space, let r be a strictly positive integer, let z € H, and let
A:H — 2" and C: H — H. For every integer k € {1,...,r}, let G, and K}, be real Hilbert spaces, let
By: G, — 29 and Dy: Ky, — 25, and let Ly € B (H,Gi) and My, € B (H,Ky). Set

H=PH G=Pou K=PKk: 3.1
k=1 k=1 k=1

and

A:H = 2% (2,91, ,y0) = (Az + Cx — 2) x {0} x --- x {0}
B: QGBIC—>2Q@’C: (81,...,Sr,t1,...,t7«)l—>B181 X «o+ X Brsp X Dty X -+ X D,t, (32)
L:H—-GDK: (x,y1,...,yr) = (L1x — L1y1,..., Lyx — Ly, Myys, ..., Myyy).

Furthermore, suppose that
(3T =@, 71,....%) €H) 0€ Az + L*(B(Lx)). (3.3)

Then the following hold for some (v1,...,v,) € G and (wy,...,w,) € K.

) z—> 4 Livr € AT + C7.
() (Vk e {1,...,7}) Livg = M;w;, LT — Ly, € By, 0%, and My, € Dy, ‘%
(iii) = solves (1.7).
(iv) (v1,...,7,) solves (1.8).
Proof. (i) and (ii): It follows from (3.3) that there exists v = (v1,..., 0, w1,...,w0,;) € G ® K such
that —L*v € Az and v € B(L=%), i.e.,
~L'v € AT and Lz < B 'w. (3.4

Since

T
L*:GaK —H: (v1,...,00,Ww1,..., W) > <ZLka,M{‘w1—L“{U1,...,M:wr—L;fvr>, (3.5)
k=1



it follows from (3.2) that (3.4) can be rewritten as
2= Lig€ AT+ CT and (Vke{l,...,r}) < L7 — L3 € B}, 'wx
k=1 My, € D;, 'y

(iii): For every k € {1,...,7},
Livp = Mjwy,
(i) = § Uy € Br(LyT — Li7;,)
wy, € Dy.(Myyy,)
Livp = M;jwy,
= ¢ Livg € L (Bi(LiT — LiTy,))
M;wy, € M (Dy(Mygy,))
Livp = M;wy,
S (T -y, € (LioByo Lk)*l(LZv_k)
U € (M} oDy o Mk)*l(M,:w_k)
= T € (L} o By o L)~ (Ljwk) + (M o Dy o My) ™ (L7
< Lyvg € ((LZ o By o L) O(Mj 0o Dy o Mk))(f)

Hence,
T s
Y Livr € ) (L} o By o L) O(Mj; o Dy o My))(T).
k=1 k=1

Adding this inclusion to that of (i) shows that T solves (1.7).
(iv): It follows from (i) that
(Vke{l,...,r}) —L,Te—L <(A +0)7t <z — Zle_l>>
=1
On the other hand, (ii) yields
(Vk € {1,...,7}) LT — LyTx € B 'r,
while (3.8) yields
(Vke {1,....1}) Lk € Li((Mj o Dy o My)™ ' (Mjwy))
= Li((Mj o Dy, o My) ™ (Li5))
= Ly (M > D ') (L))
Upon adding (3.11), (3.12), and (3.13), we obtain

(Vke{l,...,r}) 0¢ —Lk<(A+C)‘1<z—iL?v_z>>
=1

(3.6)

3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

+ B o + Ly (M > DY) (Liwg)), (3.14)



which proves that (77, ...,7,) solves (1.8). 0

We are now in a position to present our main result.

Theorem 3.2 Consider the setting of Problem 1.2. Let xg € H, yio € H, ..., Yro € H, vio € G1, ...,
Uro € Gr, w1 € Ky, oo, wpo € Ky, let e €]0,1/(8 + 1), let (vn)nen be a sequence in [e, (1 —€)/f],
and set

Forn=20,1,...
81,1 ~ Tn — Yn(Cn + D 51 Livkn)
PLin R Iy, (81,10 + Tn2)
Fork=1,...,r
Dlk+1n = Ykn T ’Vn(szkm - Mgwk,n)
52k & Vkn + YaLi(Tn — Ykn)
P2kn X S2km — Ind —1p, (v ts2,6m)
q2,kn = P2,k + YLk (D110 — PLE+10)
Vkn+l = Vkn — S2kn T 42,kn (3.15)
52 ktrn A Wk + Y MpYkn
D2, k+rn = S2.k+rmn — Tn (J,Y;ID,C (%;1527k+r7n))
Q10 = PLk+1n + Y (LEP2kn — MEDP2 ktrn)

Q2. k+rn = P2 k+rn T 'Yanpl,k—I—l,n

| Wkn+1 = Wkn — S2k4+rn + q2,k+rn

Qa0 D1 — Wm(Cpian + 2 r—q LiP2.kn)
Tptl = Tn — S1,1n T+ Q1,10

Fork=1,...,r

i L Y+l = Ykn — Plk+1n + Q1 k+1n-

Then the following hold for some solution T to (1.7) and some solution (77, ...,v,) to (1.8).

() z, = T and (Vke{l,...,7}) vpp — T
(ii) Suppose that A or C'is uniformly monotone at Z. Then x,, — T.

(iii) Suppose that, for some k € {1,...,r}, Bk_1 is uniformly monotone at vy. Then vy, , — Uy,

Proof. We introduce the auxiliary problem

find TeH, 1 €H,..., Y, € H such that

z € AT+ Y Li(Br(LiT — Liyr)) + CT
0 - L3 (By(InT — L)) + My (D1 (Myyn)) (3.16)

0 € _L: (BT(LT‘E - LTE)) + M: (DT‘(MTE))

10



Let z € H. Then

x solves (1.7) & z € Az + Zr: ((Lj 0 Br o L) O (M} 0 Dy, o My,))z + Cx
k=1

(2 €Ar+ Y, u+Cx

o (3 (upreper € ) uy e ((Lf o By o Ly1)O(Mf o Dy o My))x

Uy e ((Lf o By o Ly)O(M; 0 Dy o M,))x

(2 €Az + > _ ur+Cx

x € (LioByoLy) tuy + (MfoDjoM) tu
<~ (3 (uk)lgkgr < HT) .

r € (LfoB.oL.) Yu. + (Mo D,oM,) tu,
& (3 (ur)i<ker € H) (3 (Wk)1<her € H)

(2 cAr+>,_jur+Cx
x—1y1 €(LioBjo Ll)*lul

Y1 € (Mik oD;o Ml)_lul

r—vy, € (LfoB,oL,) lu,
Yr € (M} o D, o M) tu,
& (3 (ur)i<ker € H) (3 (Wk)1<her € H)
(2 €Ar+ Y _ju+Cx

up € (LioByolLy)(z—1y1)
uy € (Mf o Dyo M)y

u, € (LfoByolL,)(x—uy,)

up € (M oDy o M)y,

= (3ricker € H)

z €Ar+) L} (Bk(ka — kak)) + Cxzx
0 € —Li(Bi(Lizx — L)) + M (Dy(Myy))

(3.17)
0 € —L}(Br(Lyx — Lyyy)) + M} (Dp(Myy,)).
Hence since, by assumption, (1.7) has at least one solution,
(3.16) has at least one solution. (3.18)

11



Next, we set

m=r+1

Hir1 =H
K — o Ak+1 iy
i = H k+1 =
Bjtr = Dy,
Al = and (Vke{l,...,r}) (3.19)
Ck+1=0
ci=C
Prt1 =0
p1 = p
zk+1 = 0.
\21 =z
We also define
(Vk‘ € {1, e ,T’}) QHT = K; and
Ly, if 1<k<r and i=1;
—L if 1<k< di=k+1
Wie{l,....m}) Lpy=4{ "% ! roand =kt (3.20)
My_,, if r+1<k<2rand i=k—r+1;
0, otherwise.
We observe that in this setting
(3.16) is a special case of (2.11). (3.21)

Moreover, if we set A = 1, [|Lxl|? + maxi<p<r (|| Li|/* + || My]|?), we deduce from the Cauchy-
Schwarz inequality in R? that, for every (z;)1<i<m = (%, 1,...,9r) € Dt H,

Z Lkzxz

2
= H(le - Llyh o Lyx — LryraMlyla .. -7M7"y7")H2

k=
2
< (H(le, oo Lex)|| + 1 (Layay - o Loy, My, - ,Mryr)H)
T T 2
= { | 2o 1wzl 4 | D (1Ll + 1My 2)
k=1 k=1
2
T I8
<D LRl ) + (1Ll + (M N1?) lyw] 2
k=1
2
< ZHLkHQ [} + max \/HLkH2 + M2 Yy -5 u0)l
k=1
< (ZHLkHQ + max (!!Lk!!2 + || My | )) (=l + 11w, - - we)l1?)
k=1
= )\Z |32 (3.22)
i=1
Thus,
(1.6) is a special case of (2.10). (3.23)

12



Now, let us define

(VneN) a1n,=x, and (Vke{l,...,r}) { F+bn= Yhn (3.24)
Vk+r,n = Wk,n-

Then it follows from (3.19) that
(3.15) is a special case of (2.13). (3.25)

Altogether, Theorem 2.8(i)—(iv) asserts that there exist a solution © = (z1,...,%Tn) = (Z,U1,.--,Ur)
to (2.11) and a solution (77, ...,vx) = (v1,..., 0y, W1, ..., W,) to (2.12) which satisfy

Ukm — Uk (3.26)

Wgp — Wk,

z, =7 and (Vke{l,....1}) {

together with the inclusions

2= L € AT+CT and (Vke{l,...,r}) {LiT— L, € Bty (3.27)
k=1 My, € D;, 'wy,.

Using the notation (3.2), we can rewrite (3.27) as

0 € AT + L*(B(L%)). (3.28)
In turn, it follows from Proposition 3.1 (iii)—(iv) that

z solves (1.7) and (%7, ...,v,) solves (1.8). (3.29)
This and (3.26) prove (i). Finally, (ii)—(iii) follow from (3.19) and Theorem 2.8(v)—(vi). [

Remark 3.3 In the spirit of the splitting method of [10, 12], the algorithm described in (3.15)
achieves full decomposition in that every operator is used individually at each iteration.

4 Application to convex minimization

In this section we consider a structured minimization problem of the following format.

Problem 4.1 Let H be a real Hilbert space, let r be a strictly positive integer, let z € H, let f €
I'o(#H), and let £: H — R be a differentiable convex function such that V¢ is u-Lipschitzian for some
u € [0,+00|. For every integer k € {1,...,r}, let G, and K be real Hilbert spaces, let g € T'o(Gx)
and hy € T'o(Ky), and let Ly € B (H,Gx) and My, € B (H,Ky). It is assumed that

;
- Lill® Ll + 1M I?) >0 1
B N‘i‘JkZl k| +II£I?§T(H k12 + [[Mg][?) >0, 4.1)
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that

(Vk e {1,...,r}) 0 € sri(dom (gx o Ly)* — M (dom h})), (4.2)
that
(Vk e {1,...,r}) 0 € sri(ran M —domhy,), (4.3)
and that
z € ran <8f + Z ((Ly o (Ogk) © Li) O (Mj; o (Ohy,) o My)) + V@). “4.4)
k=1

Solve the primal problem

minimize f(z Z gk © L) O (hi o My)) (z) + £(z) — (x| 2), 4.5)

zeH

together with the dual problem

minimize (£°0) (== Y- L) + Y- (gi(un) + (4 B 15) L), 46)
v1 1yeeey Up r — —1

Special cases when (4.2) and (4.3) are satisfied can be derived from [2, Proposition 15.24]. The
next proposition describes scenarios in which (4.4) holds.

Proposition 4.2 Consider the same setting as in Problem 4.1 with the exception that assumption (4.4)
is not made and is replaced by the assumptions that

E = {(Ll(x—yl)—31,...,Lr(x—y,n)—sr,M1y1—tl,...,Mryr—tT) ‘xedomf,

nE€H,...,yr € H,s1 €edomyy,...,s € domg,,t; € domhq,...,t,. € domhr} 29 (4.7)

and that (4.5) has a solution. Then (4.4) is satisfied in each of the following cases.

(i) 0csriE.

(ii) E is a closed vector subspace.
(iii) f is real-valued and, for every k € {1,...,r}, the operators Ly and M, are surjective.
(iv) Forevery k € {1,...,r}, g and hy, are real-valued.

V) H, (Gk)1<k<r and (Ky)1<k<, are finite-dimensional, and

Li(z — yi) € ridom gy, 4.8)

Jz erid Vee{l,.... K})(Jy, e H
(3 € ridom f)(vk € {L,... . K})(Tys € H) {Mkykeri dom

14



Proof. Let us define H, G, and K as in (3.1), L as in (3.2), and let us set

f:H—]—00, 40| :x = (T,y1,...,9r) = f(x)+L(x) — (x| 2) 4.9)
g:GBK = ]—00,400] 1 8§ =(S1,..., 8, b1, .. tp) = D 1y (gk(sk) + hk(tk)).
Then we can rewrite (4.7) as
E = L(dom f) — domg. (4.10)

(i): Since E # @, the functions (gi o Li)1<k<r and (hy o My)1<x<, are proper and therefore
in I'o(H). In turn, the Fenchel-Moreau theorem [2, Theorem 13.32] asserts that the functions
((9x © L) )1<k<r and ((hx o My)*)1<k<, are in I'g(H). On the other hand, since (4.3) and [2, Corol-
lary 15.28(i)] imply that

(VEe{1,...,r}) (hgoMy)* = M; > hy, 4.11)
(4.2) and [2, Proposition 12.34(i)] yield
(Vk € {1,...,r}) 0 € sri(dom (g o Ly)* — M; (domhy))
= sri (dom (g o Li)* — dom (M 1> h}))
= sri (dom (gj, o Li)* — dom (hy, o My)*). (4.12)
Hence, we derive from [2, Proposition 15.7] that
(VEe{l,....r}H)(Vx e H)Fyr € H)
((gx © Lg) O (hy o M) (2) = ge(Lyx — Lyyr) + hi(Myyy), (4.13)

which allows us to rewrite (4.5) as a minimization problem on H, namely

inimi l(x) — Lyz— L hi (M, 4.14
eripize L, J) 4 0@ = (o) 2) 4 2 (oule = L)+ PulMe) (414
or, equivalently,
minimize f(x)+ g(Lx). (4.15)
zeH

It follows from (4.10) that 0 € sri (L(dom f) — dom g) and therefore from [2, Theorem 16.37(1)],
that

(f+goL)=0f+L"o(dg)o L. (4.16)

Since, by assumption, (4.5) has a solution, so does (4.15). By Fermat’s rule [2, Theorem 16.2], this
means that 0 € ran9(f + g o L). Thus (4.16) yields

O0cran (0f + L* o (dg)o L). (4.17)
Let us introduce the operators

By, = Ogy,

4.18
Dy, = Ohy,. ( )

A=0f, C=V¢ and Vke{l,...,r}) {
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We derive from [2, Proposition 17.10] that C' is monotone and from [2, Theorem 20.40] that the
operators A, (Bg)i<k<r, and (Dg)1<k<, are maximally monotone. Next, let us define A and B as
in (3.2). Then it follows from (4.17) and [2, Proposition 16.8] that (3.3) holds. In turn, Proposi-
tion 3.1(iii) asserts that (4.4) is satisfied.

(ii)=-(i): This follows from [2, Proposition 6.19(i)].
(iii)=(i) and (iv)=-(1): In both cases E = G ¢ K.
(v)=-(): Since H, G, and K are finite-dimensional, (4.10) and [2, Corollary 6.15] imply that

(4.8) & (Jx €ridom f) Lx c€ridomg
& 0 € (L(ridom f) — ridom g)
& 0 €r1i(L(dom f) — domg)
< 0criE
S 0esriE, (4.19)

which completes the proof. [I

Next, we propose our algorithm for solving Problem 4.1.

Theorem 4.3 Consider the setting of Problem 4.1. Let xg € H, yio € H, ..., Yro € H, vio € G1, ...,
Uro € Gr, w1 € Ky, oo, wpo € Ky, let e €]0,1/(8 + 1), let (vn)nen be a sequence in [e, (1 —€)/f],
and set
Forn=20,1,...
S1,10 R T — Yn(VE€(xn) + Y1 Liven)
P11, A ProxX. ((s11n +Y¥n?)
Fork=1,...,r
Dik+1in = Ykn T ’Vn(szkm - Mgwk,n)
52k R Vkn + YaLi(Tn — Ykn)

~ —1

D2,k = S2,k,n — YnPTOX -1, (Y 82,k,n)
q42.kn =~ P2,kn + ’YnLk(pl,l,n - pl,kJrl,n)
Vkn+1 = Vkn — S2,kn + q2,k,n (4 20)
S$2.k+rn = Wk n + rVanyk,n
D2k R Sk - (PTOX 1, (Y b2k ))

Jk+rmn Jk+rmn n Yn Thp NI Jk+rmn
A k10 = PLk+1n + Yn(LiD2.kn — MED2 ktrm)

Q2,k+rmn = D2 k+rn + 'Yanpl,k—I—l,n

| Wk n+1 = Wkn — S2,k+rn + q92,k+rn

q1n R D110 — Yn(VUPLLR) + D et LiP2,kn)
Tptl = Tn — S1,1,n T 41,10

Fork=1,...,r

L L Y+l = Ykn — PLE+1,n + Q1 k+1n-

Then the following hold for some solution T to (4.5) and some solution (77, ...,7,) to (4.6).
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() z, =T and (Vke{l,...,7}) vpp — T

(ii) Suppose that f or ¢ is uniformly convex at ©. Then x,, — T.

(iii) Suppose that, for some k € {1,...,r}, g; is uniformly convex at T,. Then vy, ,, — Tp.
Proof. Set
By =0
A=0f, C=Vl, and (Vke{l,...,r}) k= 00k (4.21)
Dy, = Ohy.

We derive from [2, Proposition 17.10] that C' is monotone. Furthermore, [2, Theorem 20.40 and
Corollary 16.24] assert that the operators A, (B)i<k<r, and (Dy)1<k<, are maximally monotone
with inverses respectively given by 0f*, (9g;)1<k<r,» and (Oh})1<k<r. Moreover, (4.4) implies that
(1.7) has a solution. Now let z and v = (v;)1<k<, be, respectively, the solutions to (1.7) and (1.8)
produced by Theorem 3.2. Since the uniform convexity of a function at a point implies the uniform
monotonicity of its subdifferential at that point [25, Section 3.4] and since, in the setting of (4.21),
(4.20) reduces to (3.15) thanks to (2.4), it is enough to show that x solves (4.5) and v solves (4.6).
To this end, we first derive from (4.12) and [2, Propositions 16.5(ii) and 24.27] that
(Vk‘ S {1, e ,T’}) (L;; (0] (agk) (¢] Lk) O (M];k (o] (8hk) o Mk) C 8(gk (¢] Lk) Da(hk (¢] Mk)
= 0((gx o Lg) O (hy, 0 My)).  (4.22)

Hence, it follows from (4.21) and Fermat’s rule [2, Theorem 16.2] that

z solves (1.7) = z € Of(z) + Z ((Lj; o (Ogk) © L) O (Mj; o (Ohy,) o My))x + Vi(z)
k=1
= zedf(@)+ Y 6<(gk o L) O (hy Mk)):c + 9(z)
k=1
= 0€d(f+ 3 ((gro L) Dhgo My)) + ¢ (-] 2)) ()
k=1
= ¢ solves (4.5). (4.23)
On the other hand, (4.3) and Corollary 2.6(ii) yield
(Vk € {1,...,r}) MD>oh; =0(M;>h}), (4.24)
while [2, Proposition 16.5(ii)] yields
(Vke{1,...,r}) Ogj+ Lo (O(M > hi)) o Ly, C O(gf + (Mj; > hy) o Ly). (4.25)
Now define G as in (3.1) and

p: H—]—o0,+00] : ur (f*O0)(z + u)
P: G — |—00,+00] : v Zzzl (g;;(vk) + (M > hZ)(L,’;vk)) (4.26)
M:G—-H:v——>_, Liv.
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Then
MvegG) o(Mv)+(v)=(f00%) (Z—ZLkvk> +Z Gi(vg) + (M > ki) (Liog)). (4.27)

Invoking successively (4.21), (4.24), (4.25), [2, Proposition 16.8], (4.26), (4.27), and Fermat’s rule,
we get

v solves (1.8) = (Vk e {1,...,r}) 0 € —Lk< (f+0) (z— Zlel>>
+ 0gi(on) + L (M > 0hg) (Liwn) )

= (Vke{l,....r}) 0e —Lg(o(f*O¢) z—>» Ljv
(ouroe(= - i) )
+0(gk + (M D hy) o L) (vk)
= 0¢€ (M*o(9¢) o M)(v)+ 09(v)

=0€d(poM +1)(v)
= v solves (4.6), (4.28)

which completes the proof. [

Theorem 4.3 enables us to solve a new class of structured minimization problems featuring both
infimal convolutions and postcompositions. The special cases of this model which arise in the area
of image recovery [7, 20] initially motivated our investigation. Such applications are considered in
the next section.

5 Image restoration application

5.1 Image restoration

Proximal splitting methods were introduced in the field of image recovery in [13] for variational
models of the form

minimize f(z)+ ¢(z), (5.1)
zeH

where f and ¢ are as in Problem 4.1 (see [11] for recent developments in this application area). In
this section we show a full fledged implementation of the algorithm in Theorem 4.3 in the Euclidean
setting H = R which goes much beyond (5.1). For this purpose, we consider the problem of
image restoration from a blurred image [1]. Imaging devices, such as cameras, microscopes, and
telescopes, distort the light field due to both optical imperfections and diffraction; another source of
blur is relative movement of the scene and the device during the exposure, as happens when taking
a photo in low-light without a tripod or when a telescope observes the stars with imperfect motion
compensation. The effect is that the recorded image is the convolution of the true scene with a
function known as the point-spread function. The resulting convolution operator 7" is called the blur
operator.
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The original N-pixel (N = 5122) image shown in Fig. 1(a) is degraded by a linear blurring oper-
ator T associated with a 21-pixel long point-spread function corresponding to motion blur, followed
by addition of a noise component w. Images in their natural matrix form are converted to vectors
r € RY by stacking columns together. We write the coefficients of z as z = (&;)1<;<n, but when
we wish to make use of the 2-dimensional nature of the image (as a VN x VN image), we use the
convention &; = ;1) /w4 for every i and j in {1,...,v/N}, so that i and j refer to the row and
column indices, respectively. The degraded image

y=TT +w (5.2)

is shown in Fig. 1(b). The noise level is chosen to give y a signal-to-noise ratio of 45 dB relative
to Tz. The variational formulation we propose to recover 7 is an instantiation of Problem 4.1 with
r = 2, namely,
o 1
minimize ((al]- 120 DY) O (3] - 1.2 0 D)) (@) +4[Welly + 51T — yl} (5.3)

or, equivalently,

minimize ¢ () + ((all 1.2 © DY) O (3] - 12 © D®) ) ()

f g1oL1 hioMy

F (W -l 0 (10y 014)) (@) + 51T ~ylB(a). (5.4)
g2oLo hooMo T/

In this model, «, 3, and ~ are strictly positive constants, and C'is a constraint set modeling the known
amplitude bounds on pixel values; here C' = [0,1]". To promote the piecewise smoothness of T we
use an inf-convolution term mixing first- and second-order total variation potentials, in a fashion
initially advocated in [7] and further explored in [20]. First-order total variation is commonly used
in image processing, but suffers from staircase effects (see, e.g., [7]), which are reduced by using the
inf-convolution model. The operators D) and D? are, respectively, first and second order discrete
gradient operators that map R to RV*M for M = 2 and M = 3, respectively (see section 5.2 for
details). The functions g; and h; are the usual mixed norms defined on RV*M as

N M
[T N DI (5.5)
i=1 \ j=1
which is the sum of the norm of the rows of z. The potential
z = [Wely, (5.6)

where W is the analysis operator of a weighted 9/7 biorthogonal wavelet frame [8], promotes spar-
sity of wavelet coefficients of z. Since natural images are known to have approximately sparse
wavelet representations, this term penalizes noise, which does not have a sparse wavelet represen-
tation. Such wavelet terms are standard in the literature, and are often used in conjunction with a
first-order TV term [18]. Finally, data fidelity is promoted by the potential

1
&xH?WWﬂW. (5.7)
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Remark 5.1 Here are some comments on the implementation of the algorithm from Theorem 4.3 in
the setting of (5.4).

(i) The proximity operator of f = i is simply the projector onto a hypercube, which is straight-
forward.

(ii) By [2, Example 14.5], for every x € H ~ {0},

1
and prox;. ;0 = 0. Since ||| 1,2 is separable in the rows of z, Prox.|, , is computed by applying
(5.8) to each row.

(iii) The gradient of £ is V¢: 2 — T (Tx — y), which is Lipschitz continuous with constant ||T’||2.
(iv) The proximity operator of || - ||; is implemented by soft-thresholding of each component [11].

(v) No special assumption is required on the structure of W (e.g., the frame need not be tight or, in
particular, an orthonormal basis). Without assumptions on W, there is no known closed-form
proximity operator of = — ~y||Wx||;, which is why it is important to treat ||-||; and W separately.

(vi) We have used only one hard constraint set C, but it is clear that our framework can accom-
modate an arbitrary number of constraint sets, hence permitting one to inject easily a priori
information in the restoration process. Each additional hard constraint of the type L,z € Cj
can be handled by setting gy = v, hx = {0}, and My = 1d.

Remark 5.2 Remark 5.1 shows that the computation of proximity operators for each function in-
volved in (5.4) is implementable. It is also possible to compute proximity operators for scaled
versions of the above functions. Let p € ]0,4+o0c[. Then given ¢ € I'o(H) and ¢: = — ¢(px), [2,
Corollary 23.24] implies that

(Vo € H) proxzaz =p 'prox,(pz). (5.9)

This gives the possibility of writing f(Lxz) as f(Lz) for L = p~'L. Our implementation will exploit
this flexibility in order to rescale all L, and M) operators to have unit operator norm. Numeri-
cal evidence suggests that this improves convergence profiles since all dual variables (vy)1<k<, and
(wk)1<k<r are approximately of the same scale.

5.2 Total variation

Total variation can be defined for mathematical objects such as measures and functions [26]. In a
discrete setting, there are many possible definitions of total variation. We use the standard isotropic
discretization,

VN-1VN-1
OE DS \/(&'H,j —&g) + G —&)° = Eharan, &g = €G_1yyrse (5:10)
=1 j=1
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originally advocated in [19]. There is no known closed form expression for the proximity operator
of (5.10).

Infimal-convolution with a second-order total variation term was first suggested in [7]. We use
the particular second-order total variation term corresponding to “Dy” (with weights b = (1,1, 1))
from [20]. We now show how to recover the relation tv(z) = |[DMz||; 5. Define the following
horizontal finite-difference operator

Do : RN — RVVVN,

r+— 2z = (Civj)léi,jg\/ﬁ’ CZ,] —

{fz‘,jﬂ ~&; 1<j<VN 5.11)

0 i=VN,
and define the vertical operator Dy by Dy: z +— (Des(27)) 7. Let vec(-) be the mapping that re-

orders a matrix by stacking the columns together, and define D) : z (vec(Dys (7)), vec(Dy(z))).
Then by comparing (5.5) with (5.10), we observe that tv(z) = HD(l)mHLg.

The second-order total variation potential makes use of an additional set of first-order difference
operators that have different boundary conditions, namely

B Sij—&ij1 1<j<VN
D RN 5 RYVYN: gy 2 = (G ey Gid = 3 Ei j=1 . (5.12)
—&ij—1 j=VN

and Dy: z+ (D, (2")) . Then define

vec(D., (Dyx)) + vee(Dy(De,x))
V2

D@ g <vec(EH(DHx)), ,Vec(f)i(Dix))> . (5.13)

The second-order total variation potential is defined as = — |D®)z||; 5.

5.3 Constraint qualifications

To apply the results of Theorem 4.3, we need to check that the constraint qualifications (4.2), (4.3),
and (4.4) hold. Starting with (4.2), for each k£ € {1,2} we have

sti (dom (gy, o Li)* — M (dom hj)) = sri (dom (Lj I> g;) — Mj;(dom hj))
= sri (Lj(dom g;) — Mj;(dom hy))
= Lj (ridom g;) — M;(ridom hy), (5.14)

where the first line follows from [2, Proposition 15.28] and the fact that g; has full domain, the
second line follows from [2, Proposition 12.34(i)], and the third line follows from [2, Corollary 6.15].
Since ¢1, g2, and hy are coercive, their conjugates all include 0 in the interior of their domain [2,
Theorem 14.17]. Furthermore, the conjugate of hy = ¢y is h; = 0 which has full domain. Thus,

(Vk e {1,2}) 0€ Lj(ridomg;) and 0 € M;(ridomhy). (5.15)
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(a) Original image (b) Degraded image (c¢) Solution to (5.4)

Figure 1: Original, blurred, and restored images.

Altogether, (5.14) is satisfied for each k € {1,2} and hence so is (4.2). The qualification (4.3) holds
for k = 1 since hy = || - [|1,2 has full domain. For k = 2, since hy = (), using [2, Corollary 6.15] and
the linearity of Ms, we obtain

sri(ran My — dom hy) = sri(ran My) = ri (ran Ms) = ran Mo. (5.16)

Thus, since 0 € ran Ms, (4.3) is satisfied. On the other hand, since # is finite-dimensional, the con-
straint qualifications (4.4) is implied by Proposition 4.2(v). Both g; and h; are norms and therefore
have full domain, so (4.8) is satisfied for k = 1. For k = 2, g, is a norm and has full domain while
ha =ty s00 €11 dom ho and hence (4.8) holds for k = 2.

To apply Proposition 4.2, the primal problem must have a solution. Here existence of a solution
follows from the compactness of C' [2, Section 11].

5.4 Numerical experiments

Experiments are made on a quad-core 1.60 GHz Intel i7 laptop, with the algorithms and analysis
implemented using the free software package GNU Octave [15]. The authors are grateful for the
support of the Octave development community.

Note that in (4.20), the update for s;,;, and for p; j1, both involve Ljvy ,,, hence it is possible
to prevent redundant computation by storing Ljvy ,, as a temporary variable. Similarly, the updates
for ¢1,1,» and ¢ y41,, both involve L;ps . », which can also be stored as a temporary variable for
savings. With this approach, each L; and M;, is applied exactly twice per iteration, and each L; and
M is also applied exactly twice. The restored image is displayed in Fig. 1(c). The algorithm uses all
variables initialized to 0. The values of the parameters are as follows: a = 3 = v = 10~2. Figures
of merit relative to these experiments are provided in Table 1. Given a reference image x and an
estimate T = (£;)1<i<n, the peak signal-to-noise ratio (PSNR), a standard measure of image quality,
is defined by

(5.17)

N <N E2
PSNR,(%) = 10log (——3599§5§¥§L>

Sty (&~ &)
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Table 1: Quantitative measurements of performance

Method Peak signal-to-noise ratio ~ Structural similarity index
Blurred and noisy image 20.32 dB 0.545
Restoration 25.42 dB 0.803

and reported in units of decibels (dB). The structural similarity index attempts to quantify human
visual response to images; details can be found in [24].
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