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A Bellman approach for regional optimal control
problems in RY

G. Barles* A. Briani* E. Chasseigne*

January 24, 2014

Abstract

This article is a continuation of a previous work where we studied infinite horizon control
problems for which the dynamic, running cost and control space may be different in two half-
spaces of some Euclidian space RY. In this article we extend our results in several directions: (4)
to more general domains; (i4) by considering finite horizon control problems; (iii) by weakening
the controlability assumptions. We use a Bellman approach and our main results are to identify
the right Hamilton-Jacobi-Bellman Equation (and in particular the right conditions to be put
on the interfaces separating the regions where the dynamic and running cost are different) and
to provide the maximal and minimal solutions, as well as conditions for uniqueness. We also
provide stability results for such equations.

Key-words: Optimal control, discontinuous dynamic, Bellman Equation, viscosity solutions.
AMS Class. No: 49120, 49125, 35F21.

1 Introduction

This article is a continuation of [6] where we studied infinite horizon control problems for which
the dynamic, running cost and control space may be different in two half-spaces of some Euclidian
space RY. This study was made through the Bellman approach and our main results where to
identify the right Hamilton-Jacobi-Bellman Equation (and in particular the right conditions to be
put on the hyperplane separating the regions where the dynamic and running cost are different)
and to provide the maximal and minimal solutions, as well as conditions for uniqueness. The aim
of the present paper is three-fold: (i) to extend these results to more general domains; (i7) to
consider also finite horizon control problems; (7iz) last but not least, to weaken the controlability
assumption made in [6]. We also emphasize the stability properties for such equations which are a
little bit different from the classical ones.
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To be more specific, we recall that, in the classical theory (see for example Lions [30], Fleming
& Soner [24], Bardi & Capuzzo Dolcetta [4]), Hamilton-Jacobi-Bellman Equation for finite horizon
control problems in the whole space RV have the form

w4+ H(z,t,Du) =0 in RY x (0,T), (1.1)
where the Hamiltonian H is typically given by

H(z,t,p) :=sup { — b(z,t,a) - p—l(z,t,a)} . (1.2)
a€cA
The control space A is assumed to be compact, the dynamic b and running cost [ are supposed
to be continuous functions which are Lipschitz continuous in x, so that H is continuous and has
suitable properties ensuring existence and uniqueness of a solution to (1.1).

In this paper, as we already mentioned above, we have different dynamics and running costs
in different regions. In other words, the functions b and [ are no longer assumed to be continous
anymore when crossing the boundaries of the different regions, which implies that the Hamiltonian
H in (1.2) also presents discontinuities. Hence, getting suitable comparison and uniqueness results
for (1.1) in this setting is not obvious at all and the aim of this paper is to give precise answers to
these questions.

To be more precise, we are going to decompose R using a collection (€;);c; of regular open
subsets of RY such that each point x € RY either lies inside one (and only one) €2;, or is located on
the boundary of exactly two sets ;. Because of the (regularity) assumptions we are going to use,
we can in fact reduce this collection to two domains €2, : we refer to Section 6 for comments
on this reduction. More precisely we assume that

(Hy) RN =0 UQy UH with Q3N Qs =0 and H = 0Q; = 0y is a W®-hypersurface in RY.

A consequence of this assumption is the following : if dy/(-) denotes the signed distance function
to H which is positive in ; and negative in Qs, then dy; is W2 in a neighborhood of H. Moreover,
for x € H, Ddy(z) = —ni(x) = na(z) where, for i = 1,2, n;(z) is the unit normal vector to 9€;
pointing outwards ;. We will use the notation —nj(x) or ng(x) for the gradient of dy at z, even
if x does not belong to H.

In each ; (i = 1,2), we have a “classical” finite-horizon control problem and the equation can

be written as
ut + Hi(x,t,Du) =0 in Q; x (0,7), (1.3)

for some T' > 0, where H; is given by

Hi(z,t,p) :== sup {—bi(z,t,0q) p—li(x,t,05)} . (1.4)
OéiEAi

The b;,1; are at least continuous functions defined on §; x (0,T) x A;, the control space A; being
compact metric spaces; precise assumptions will be given later on.

Of course, one has to write down an equation on the whole space R (and in particular on H)
and this can be done using viscosity solutions’ theory ([35], [5], [4]). One can consider Equation (1.1)



with H = H; on §2; and use Ishii’s definition of viscosity solutions for discontinuous Hamiltonians

(cf. [28]) which reads

(u*)¢ + Hy(z,t, Du™) =
and (vi)¢ + H*(z,t, Dv,) =

0 inRY x (0,T) for subsolutions u
0 inRY x (0,T) for supersolutions v,
where the “upper-star” denotes the upper semi-continuous envelope while the “lower-star” denotes

the lower semi-continuous envelope. Following this means that we have to complement Equa-
tions (1.3) by

min{u; + Hy(x,t, Du),uy + Ho(x,t, Du)} <0 on H x (0,T), (1.5)
max{u; + Hi(x,t, Du),uy + Ho(x,t,Du)} >0 on H x (0,T) .

In order to present our results and to compare them with those of [6], we are going to describe
the main contributions of [6] and the improvements/additional results of the present work. We
first point out that the question we address in [6] (and also here) is to investigate the uniqueness
properties for (1.1) or equivalently (1.3)-(1.5)-(1.6). The reason why we started to study the
question in that way and why we insist on (1.3)-(1.5)-(1.6) is because of the stability properties
of (1.3)-(1.5)-(1.6) : any approximation of the problem converges to a solution of (1.3)-(1.5)-(1.6)
and it is, in any case, important to understand the structure of the solutions of (1.3)-(1.5)-(1.6).

The first result of [6] was to identify the maximal subsolution (and solution) and the minimal
supersolution (and solution) of (1.3)-(1.5)-(1.6). Both are value functions of suitable optimal control
problems and the difference between them comes from the “admissible” strategies which can be used
on the interface H (H was an hyperplane in [6]). A notion of “regular” and “singular” strategies is
introduced and while, for the maximal solution U™, only the “regular” strategies are allowed, both
“regular” and “singular” strategies can be used for the minimal solution U~. Roughly speaking,
the whole set of “regular” and “singular” strategies are those which are obtained by an approach of
the dynamic and cost via differential inclusions, i.e. by using on H any convex combination of the
dynamics and costs in €21 and 2s. “Regular” strategies are those for which b; and by are pointing
respectively outside €21 and §25. The main difference between “regular” and “singular” strategies
is that the “regular” ones are included in the formulation of(1.3)-(1.5)-(1.6), while this is not the
case for “singular” ones.

We refer the reader to Section 2 for the description of these different control problems and in
particular of the two different value functions U~ and U™, with the (classical) assumptions we are
going to use. Of course, we give a precise definition of “regular” and “singular” strategies. To our
point of view, there is no criterion to declare one of these value functions more natural than the
other and therefore we pay the same attention to both.

In order to obtain this complete description, we have to do a double work : on one hand, we
have to show that U~ and U* are solutions of (1.3)-(1.5)-(1.6) and, maybe, to obtain additional
viscosity solutions inequalities on H. This is indeed the case for U™ for which taking into account
“singular” strategies is translated into an additional subsolution inequality on A, but not for U™,
which partially justify the above sentence claiming that “regular” strategies are included in the
formulation of (1.3)-(1.5)-(1.6) (see also Theorem 3.6). Then we have to study the properties of
general sub and supersolutions of (1.3)-(1.5)-(1.6) and more particularly on H. Of course, and



this is rather classical, we have connect these sub and supersolutions properties with sub or super-
optimality principles. This is done in Section 3.2.

The difference here with [6] is that U™, U™ are not necessarily continuous since, at the same
time, we have weakened the controlability assumption and we consider finite horizon control prob-
lems. The first consequence is that the connections with the Bellman Equation (1.3)-(1.5)-(1.6) in
Section 3 has to be stated in terms of discontinuous viscosity solutions (cf. Theorem 3.3). Then,
still in Section 3, we provide properties, satisfied either by U™ or by general sub and supersolutions
which play a key role in order to obtain comparison results.

The next step consists in studying uniqueness-comparison properties. Of course, there is no
general comparison result for (1.3)-(1.5)-(1.6) since, in general, we have more than one solution
(U™ and UT) but it turns out that, if we add a viscosity subsolution inequality on H (related,
as we already mentioned it above, to singular strategies), then not only U~ becomes the only
solution of this new problem but we have a full Strong Comparison Result for this new problem
(i.e. a comparison result between discontinuous sub and supersolutions). This allows us to perform
all the classical pde arguments in the U™ case. On the contrary, we were unable to find a pde
characterization of U™ and all the proof requires optimal control arguments. This explains why we
(unfortunately) have to double a lot of proofs since those for U™ and U™ have to use completely
different arguments.

Compared to [6], we have modified the strategy of the comparison proofs by emphasizing the
role of a “local comparison result” which is given in the Appendix. There are several reasons
to do so : such local results are useful for applications, for example in homogenization problems
which we consider in a forthcoming work with N. Tchou [7]; in such applications the use of the
perturbed test-function of L. C. Evans [21, 22] requires (or is far more simpler with) such local
comparison results. On the other hand we have to handle, at the same time, a more complex
geometry than in [6] and a weaker controlability assumption (which implies that the sub solutions
are not automatically Lipschitz continuous) and to argue locally allow to flatten the interface and
use a double regularization procedure on the subsolutions in the tangent variables, first by sup-
convolution to reduce to the Lipschitz continuous case and then by usual mollification. Here it
is worth pointing out the double role of the “controlability in the normal direction” on H: first,
technically, this allows to perform the sup-convolution procedure in the tangent variables only
by, roughly speaking, inducing a control of the normal derivatives of the solution by the tangent
derivatives. Then the same argument implies that a subsolution which is Lipschitz continuous in
the tangent variable is Lipschitz continuous with respect to all variables and this is precisely the
case for the subsolution obtained by sup-convolution.

Finally, in [6], we did not really address the question of the stability properties, despite we
provide few partial results. In Section 5, we study them more systematically. As we already
mentioned above, the results and the proofs for U~ and U™ are completely different. For the
problem satisfied by U™, it is (almost) a “classical” stability result proved by (almost) “classical”
arguments, but contrarily to the standard results in viscosity solutions’ theory, we face a difficulty
because of the discontinuity on #, difficulty which is solved in an unusual way by the controlability
assumption in the normal direction. On the contrary, for the problem satisfied by U™, we prove the
stability of controlled trajectories and costs, a rather delicate result since we have to show that the
limit of trajectories with “regular” strategies is a trajectory wich can be represented by a “regular”



strategy. In this second case, we have no pde approach and therefore this is the only kind of results
we may hope to have.

Finally Section 6 is devoted to describe several extensions, in particular to multi-domains prob-
lems in which the domains may also depend on time.

There are more and more articles on Hamilton-Jacobi-Bellman Equations or control problems
on multi-domains (also called stratified domains). We start by recalling the pioneering work by
Dupuis [20] who uses similar methods to construct a numerical method for a calculus of variation
problem with discontinuous integrand. Problems with a discontinuous running cost were addressed
by either Garavello and Soravia [25, 26|, or Camilli and Siconolfi [15] (even in an L*>°-framework)
and Soravia [36]. To the best of our knowledge, all the uniqueness results use a special structure of
the discontinuities as in [18, 19, 27] or an hyperbolic approach as in [3, 17]. Recent works on optimal
control problem on stratified domains are the ones of Bressan and Hong [13] but also Barnard and
Wolenski [10] and Rao and Zidani [31] (who mention a forthcoming work with Siconolfi [32]): in
these three last works, where the approach is different since they do not start from (1.3)-(1.5)-(1.6)
and instead write Bellman Equations which are adapted to the dynamic of the problem and the
geometry of the discontinuities, uniqueness results are provided by a different method than ours,
which completely relies on control arguments. The advantage of their methods is to allow them
to handle more general stratified domains (non-smooth domains with multiple junctions) but with
more restrictive controlability assumptions and without the stability results we can provide. We
finally remark that problems on network (see [34], [2], [14]) share the same kind of difficulties:
indeed one has to take into account the junctions as we have to deal with the interface H.

Acknowledgements — We would like to thank Nicoletta Tchou for several constructive re-
marks on the preliminary versions of this paper.

2 The optimal control problem

THE CONTROL PROBLEM — We fix 7" > 0 and consider that, on each domain €2; (i = 1,2) we
have a controlled dynamic given by b; : €; x [0,7] x A; — RY, where A; is the compact metric
space where the control takes its values. We have also a running cost I; : Q; x [0,T] x A; — R.
Throughout the paper, we make the following assumption on the initial cost:

(H,) The function g is bounded and continuous in RV,
Our main assumptions for the control problem are the following.

(HY) For anyi=1,2, A; is a compact metric space and b; : Q; x [0,T] x A; — R is a continuous
bounded function. More precisely there exists My > 0, such that for any x € RN, s € [0,T]
and o; € A;, 1=1,2,

|bi(x, s, 0;)| < M .

Moreover there exists Ly € R such that, for any 2,2 € Q;, s,5' € [0,T] and o;; € A, i = 1,2,

bi(z,8,00) = bi(2', 8", )| < Ly(|z — 2| +[s = &']) .



(HZ) For any i = 1,2, the function l; : Q; x [0,T] x A; — RY is a uniformly continuous, bounded
function. More precisely there exists M; > 0, such that for any v € RN, s € [0,7] and
a €A, i=1,2,
|li(x, s,04)| < M.

Moreover there exists a modulus of continuity my : [0,+00) — [0,400) such that, for any
2,2 €Qy, 5,8 €0, T] and o; € A;, i = 1,2,

‘li(Z,S,Oéi) - li(Z,,S/,Oéi)’ < ml(‘Z - Z,’ + ’S - S,‘) .

(H}) For eachi=1,2, z € Q;, and s € [0,T], the set {(bi(z,s,),li(z, s, ;) : a; € A;} is closed
and convez.

(HY) There is a § > 0 such that for any i =1,2, 2 € H and s € [0, T
Bi(z,s) -n;(z) D [-9,0] (2.1)
where B;(z,s) := {bi(z,s,ai) tay € Ai} )
Assumption (H{) and (HZ) are the classical hypotheses used in control problems, while (H,)
avoids the use of relaxed controls. Hypothesis (H¢,) expresses some controllability condition but

only in the normal direction when the point x belongs to the boundaries shared by the sets ;. In
the sequel, we refer to (H) as the intersection of all the four hypotheses (H)—(HE).

BOUNDARY DYNAMICS — In order to define the controlled dynamics and trajectories which may
stay for a while on the common boundary H, we introduce the boundary dynamic as follows: if
s €10,T], z € H we set

bH(Z,S,CL) = bH(ZaS, (011,042,,&)) = ,Ubl(Z,S,Oél) + (1 - lu’)bQ(Z’SaOQ)’

where p € [0,1], a1 € Ay, as € As. For any z € H and s € [0,T] we denote by

AO(Z? S) = {(Z = (011,042,,[1,) : bH(Z’Sa (a17a27u)) : 1’11(2) = O}’
and the associated cost on H is

lH(Z, S, CL) = ZH(Z’ S, (al’ a2, :U’)) = Mll('za S Oél) + (1 - M)ZQ(Z’ S5, Oég) :
Notice that the dynamic and cost on H are not symmetric if one swaps the indices 1 and 2 (although
this could be overcome by changing also p).

TRAJECTORIES — We are going to define the trajectories of our optimal control problem by using
the approach via differential inclusions which is rather convenient here. This approach has been
introduced in [37] (see also [1]) and has now become classical.

Our trajectories X ¢(-) = ((Xa,)1,(Xau)2, ..., (Xot)n)(-) are Lipschitz continuous functions
which are solutions of the following differential inclusion

X, t(8) € B(Xpi(s),t —s) forae sc[0,t); Xuu(0) =z (2.2)



where

o Bi(z,s) if z € Q;,
Blzs) = {@(Bl(z, s)UBy(z,5)) ifzeH, 23)

the notation @ (E) referring to the convex closure of the set £ C RY. We point out that if the
definition of B(z, s) is natural when z € €, it is dictated by the assumptions to obtain the existence
of a solution to (2.2) for z € H (see below).

As we see, our controls a(-) can take two forms: either a(s) belongs to one of the control sets
A;; or it can be expressed as a triple (ay(s), aa(s), u(s)) € Ay x Az x [0,1]. Hence, in order to
define globally a control, we introduce the compact set

A::A1 XAQX [0,1]

and define a control as being a function of L*°(0,¢; A) which can be seen as a subset of A :=
L*>(0,T; A). Let us define

&= {s € (0,t) : Xg(s) € Qi}, Ey = {s € (0,t) : Xpu(s) € 7-[},

where actually these sets depend on (x,t) but we shall omit this dependence for the sake of simplicity
of notations. We then have the following

Theorem 2.1. Assume (Hg,), (HY), (H2) and (HY,). Then

(i) For each x € RN, t € [0,T) there exists a Lipschitz function X, : [0,t] — RN which is a
solution of the differential inclusion (2.2).

(i) For each solution X .(-) of (2.2), there exists a control a(-) € A such that for a.e. s € (0,t)

Xoa(s) = Z bi(Xa(s),t — s,0i(s))1g,(s) + by (Xa(s),t — 5,a(s))Lg,, (s) (2.4)
i=1,2

where a(s) = (a1 (s), aa(s), u(s)) if Xpi(s) € H.
(iii) If e(-) =ni(-) or na(-) we have
by (Xoi(s),t —s,a(s)) - e(Xa(s)) =0 for ae. s €&y .

In other words, a(s) € Ag(Xz+(s),t —s) for a.e. s € Exy.

Proof. The proof is done exactly as in [6], the only minor modification consisting in adding the
time variable in the vector field b. U

REGULAR AND SINCGULAR DYNAMICS — It is worth remarking that, in Theorem 2.1, a solution
Xz t() can be associated to several controls a(-). So, to properly set the control problem we
introduce the set 7, of admissible controlled trajectories starting from z,

To = {(Xap(),a(-) € Lip(0,; RY) x A such that (2.4) is fulfilled and X, +(0) = z}.



Given (z,s) € H x [0,t], we call singular a dynamic by (z, s,a) with a = (a1, g, u) € Ap(z, s) when
bi(z,s,a1) -ni(z) <0, baz,s,a2) n2(z) <0.

Conversely, the reqular dynamics are those for which the b;(z, s, ;) - n;(z) > 0 (i = 1,2). The set
of regular controls is denoted by

Ageg(z’ S) = {CL = (OZl,CMQ,/L) € AO(Z’S) ; bi(Z,S,Oéi) : nz(z) > 0? 1= 152} 3
and the regular trajectories are defined as

T 8= {(Xm(-),a(-)) € Toy: forace. se &y, a(s) € Ay®(X(s),t— s)} :

T

Trajectories satisfying for example bi(z,s,a1) - ni1(2) < 0 < ba(z,s,a2) - na(z) are neither called
singular nor regular since they do not remain on H, they are handled by classical arguments.

THE COST FUNCTIONAL — Our aim is to minimize a finite horizon cost functional such that we
respectively pay [; if the trajectory is in €);, and [ if it is on H. The final cost is given by g.

More precisely, the cost associated to (X, +(-),a) € Ty is

t
J(z,t; (Xgp,a)) := / ((Xz(s),t — s,a(s)) ds + g(Xq4(1)) (2.5)
0
where the Lagrangian is given by

((Xzu(s),t — s,a(s)) := Z i(Xap(s),t — 5,06(s))Lg,(s) + by (Xpi(s), t — s,a(s))Lg, (s). (2.6)
i=1,2

THE VALUE FUNCTIONS — For each x € RY and t € [0,7), we define the following two value
functions

U™ (z,t) := inf J(x, t; ( Xy g, 2.7
(@)= il T (2,65 (Xeg, 0)) (2.7)
Ut (z,t) := inf J(z,t; (Xp4,0)). (2.8)

(Xe,t,0)€TF

A first key result is the Dynamic Programming Principle (the proof being standard once
we have the definition of trajectories, we skip it).

Theorem 2.2. Assume (Hy,)), (HY), (HZ) and (HY). Let U=, U" be the value functions defined
in (2.7) and (2.8). Then for each (z,t) € RY x [0,T), and each T € (0,t), we have

U (z,t) = inf {/OT U(Xapu(s),t — s,a(s)) ds + U™ (Xg4(7),t — 7')} (2.9)

(Xa,t,0)ETe ¢

U0 /TBXI" t=s, ds + Ut (X, 4(7),t — } 2.10
o) (szt}‘rll)eﬁig{ 0 (Xat(s),t = s,a(s)) ds (Xou(), 0 —7) (2.10)

We will prove that both value functions are continuous, but here it is not so immediate since
we only assume controlability in the normal directions. We postpone this proof which uses some
comparison for the semi-continuous envelopes.



3 The pde formulation of the problem

In order to describe what is happening on the hypersurface H, we shall introduce two ”tangential
Hamiltonians”, namely Hr, H;*®. We introduce some notations to be clear on how they are defined.

We shall consider the tangent bundle TH := UzeH({z} X TZH) where T,H is the tangent space
to H at z (which is essentially RV~=1). Thus, if ¢ € C*(H), and z € H, we denote by Dy¢(x) the
gradient of ¢ at x, which belongs to T, H.

Also, the scalar product in T,H will be denoted by <u,v> (we drop the reference to T,H for
simplicity, since no confusion has to be feared in the sequel). In this definition, both vectors u,v
should belong to T,H for this definition to make sense. Hence, to be precise we should use the
orthogonal projection P, : RN — T,H when at least one of the vectors u, v lives in RY, but we
shall omit this point when writing (by(x,¢,a), Dy¢(z,t)) . Indeed, for any control a in Ag(z,t) or
Ay (x,t), by(z,t,a) can be identified with Pyby(z,t,a) since by/(z,t,a) has no component on the
normal direction to H, by definition. To avoid confusions, the notation u - v will refer only to the
usual Euclidian scalar product in RY.

The Hamiltonians Hp, H® will be written as Hy/Hy®(z,t, p) where ((z,p),t) € TH x [0,T].
They are defined as follows:

Hrp(z,t,p) = As?p) { — <bH(m,t,a),p> — lH(x,t,a)} , (3.1)
o(x,t

HZ®(z,t,p) = Arg;l(p ) { - <bq.[(x,t,a),p> — lq.[(x,t,a)} , (3.2)
o T

where Ag(z,t), Ay (z,t) have been defined above.

The definition of viscosity sub and super-solutions for Hy and H;® have to be understood on
H as follows:

Definition 3.1. A bounded usc function u: H x [0,T] — R is a viscosity subsolution of
ug(x,t) + Hp(z,t, Dyu) =0 on H x [0,T]

if, for any ¢ € CH(H x[0,T)) and any mazimum point (x,t) of (z,8) = u(z,s)—d(z,s) in Hx[0,T],
one has
¢ (x,t) + Hr(z,t, Dyo(z,t)) <0.

Notice that of course, (z, Dy¢(z,t)) € TH, so that this is coherent with the definition of Hr.
A similar definition holds for H®, for supersolutions and solutions. Of course, if v is defined in a
bigger set containing H x [0, T (typically RY x [0,T]), we have to use ulyx[o,7] (the restriction of
u to H x [0,7T]) in this definition, a notation that we will omit when not necessary.

For the sake of clarity we introduce now a global formulation involving a complementary Hamil-
tonian on the interface H. To begin with, we recall that a subsolution (resp. a supersolution) of
(1.1) when H(x,t,p) = Hi(z,t,p) if x € Q; and H(x,t,p) = Ha(x,t,p) if x € Q9 is a bounded usc



function u (resp.a bounded lsc function v) which satisfies

ur + Hy(z,t, Du) <0 in Q; x(0,7),
ug + Ho(x,t, Du) <0 in Qy x (0,7, (3.3)
ug + min{ Hy (x, t, Du), Ho(x,t, Du)} <0 in H x (0,7),

vy + Hy(x,t, Dv) > 0 in QO x (0,7),
resp. vy + Ha(z,t, Dv) >0 in Q9 x (0,7), . (3.4)
vy + max{H;(x,t, Dv), Hy(z,t,Dv)} >0 in H x (0,7T)

Recall that since each b; is defined on Q; x (0,7) x R, then H; is well-defined on H x (0,7).
Next we have the following definition.
Definition 3.2. We say that a bounded usc function u is a subsolution of
ug +H (z,t, Du) = 0 in RY x (0,7) (3.5)
[ resp. w+H (2,8, Du) =0 in RY x (0,7) | (3.6)
if it satisfies (3.3) and
ug(x,t) + Hp(z,t, Dyu) <0 on H x[0,T],
[ resp. wi(x,t) + HP®(x,t,Dyu) <0 on Hx[0,T], ]

in the sense of Definition 3.1.
A lsc function v is a supersolution of (3.5) or (3.6) if it satisfies (3.4).

Notice that in this definition, a complementary condition is required only for the subsolution,
nothing more is added for the supersolution.

3.1 Properties of U" and U~

We shall prove later on that both U™ and U~ are continuous, but for the moment we have to
treat them a priori as discontinuous viscosity solutions of some problem. We recall that, for any
bounded function v, the lower and upper semi-continuous envelopes are defined by

ve(x,t) ;= liminf wv(z,s), v*(z,t):= limsup v(z,s).
(z,8)=(z,t) (2,8)—>(x,t)

Then, as we mention in the introduction the definition of viscosity solution for discontinuous solu-
tions is modified by taking (U™), instead of U~ for the supersolution condition, and (U™ )* instead
of (U™) for the subsolution condition.

We claim that the value functions U~ and U™ are viscosity solutions of the Hamilton-Jacobi-
Bellman problem (1.3)-(1.5)-(1.6), while they fulfill different inequalities on the hyperplane H.
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Theorem 3.3. Assume (H,), (Hq) and (Hc). Then value functions U~ and U* are both viscosity
solutions of uy + H(z,u, Du) = 0. Moreover, U™ is a subsolution of u; +H™(x,t, Du) = 0 while
U™ is a subsolution of uy + HT (x,t, Du) = 0.

Proof. The proof follows the arguments of [6, Thm 2.5] with some adaptations due to the fact that
U~,UT can be discontinuous. We briefly show how to adapt the arguments. In order to prove
that (U7 ), is a supersolution we consider a point (x,t) where (U™), — ¢ reaches its minimum, ¢
being a smooth test function. If z belongs to some 2;, the proof is classical since everything can
be done in €; around the time ¢.

Thus we assume that @ € H and that the minimum is strict in B(z,r) x (t —0,t + o) for some
r,o > 0. There exists a sequence (x,,t,) € B(z,r) X (t — 0,t 4+ o) which converges to (z,t) such
that U™ (2, t,) — (U7 )4(x,t) and by the dynamic programming principle,

U™ (zp,ty) = (in,tni,ral)fe%n,tn { /0 E(Xxmtn (8),tn — s, a(s)) ds+ U~ (an,tn (1), tn — T)} )

where 7 < o. Using that (i) U™ (2, t,) = (U™ )« (, t)+0, (1) where 0,,(1) = 0, (i) U™ (Xy, 1, (7), tn—

T) > U, (Xxmtn (1), tn — 7') and the maximum point property, we obtain

Oz, tn) + on(1) > (Xacn,tni,g)felrxn,tn { /0 E(Xxmtn(s), t, — S, a(s)) ds + gb(an’tn (1), tn — 7')} .

Now we use the expansion of ¢(Xy, +,(7),t, — 7), and noting X (-) = X, 4, (-) for simplicity, we
rewrite the inequality as 0, (1) < sup(y 4 [y 0[¢](s) ds where

S[¢l(s) :=
—L(X(s),tn = 5,01(5)) = 01(X(s),tn = 5,01(5)) - DO(X(s),tn — 5) + ¢e(X (s), 1 — 8))1151(8)
—la(X(s),tn — s, 2(5)) = ba(X(8), tn — 8, 02(s)) - DP(X(8),tn — 8) + (X (8), tn — 8))1152(8)

— (X (s),tn — s,a(s)) — b (X (s),tn — s,a(s)) - DH(X(8),tn — s) + (X (s), b, — s))]lgH(s)

+ o+
o~

IN

&1 (X (s),t, —s)+ Hy <X(s),tn — 8, Dp(X(s),t, — s)))]lgl(s)
+ )

ot(X(8),tn —s) + Ha <X(s),tn — 8, Dp(X(8),t, — s) >]152(s)
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Using that Hq, Hy, Hp < max(Hy, Hy) (only on ‘H for Hr), letting n — oo and then dividing
by 7 and sending 7 to zero, we obtain

max (¢t +H17¢t +H2) (w,t,D(ﬁ(l’,t)) > 07

which is the viscosity supersolution condition. The proof for (U™), is exactly the same, with Hyp
replaced by H;®, which satisfies also Hy® < max(Hy, Ha) on H.
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For the subsolution condition, we have to consider maximum points of (U™ )* — ¢, ¢ being again
a smooth function. If such maximum point are in £2; or {29, the proof is again classical. Hence we
consider the case when (U7)* — ¢ reaches a strict local maximum at (z,t) with z € H, t € (0,7).

Then there exists a sequence (x,,t,) — (z,t) such that U™ (z,,t,) — (U7 )*(x,t) and our first
claim is that we can assume that x,, € H. Indeed, if z,, € 1, we use assumption (Hé) : there
exists «; such that by (z,t,a1) - nj(z) = 6. Considering the trajectory with the constant control oy

Y(s) =b1(Y(s),tn —s,00) , Y(0) =z,

it is easy to show that 7}, the first exit time of the trajectory Y from Q; tends to 0 as n — +oc.
By the Dynamic Programming Principle, denoting (Z,,,t,) = (X (7.}),t — 7,}), we have

n n

1

U™ (zp,t) < / " E(Y(s),tn — s, al) ds + U (Zp,tn) = U (Zp, tn) + 0n(1),
0

where 0,,(1) — 0. Therefore U™ (Z,t,) — (U7 )*(x,t) and Z,, € H.

Assuming that z,, € H, we can use again the Dynamic Programming Principle
U 1) < [ 00X, (5)tn — 5,0(5)) ds + U™ (X, (7)ot = 7),
0

with constant controls a(s) = «; with b;(x,t,«;) - n;(z) < 0. Arguing as above we get
or(x,t) — bi(w,t,04) - Dp(x,t) — li(z,t,04) <O

Moreover, combining Assumptions (H$,) and (H{,), one proves easily that this inequality holds for
any «; with b;(z,t, ;) - n;(z) <0.

Taking these informations into account, if we assume by contradiction that
min {¢t($, t) + Hl ('T, ta DQS(‘T? t)) ; th(x, t) + H2 (‘T, ta DQS(‘T? t)) } >0 )

this means that there exists aq, ag with if by (z,¢,01) - ni(x) > 0 and ba(x,t, a2) - na(xz) > 0 such
that, for i = 1,2
or(x,t) — bi(z,t,04) - Do(x,t) — Li(z,t,04) > 0.

For (y, s) close to (x,t) and for such ay, s, we set

ba(y, s, ) - na(y)
bi(y,s,o1) -n1(y) + ba(y, s, a2) - no(y)

iy, s) ==
Then we solve the ode
i(s) = pf(x(s), t — s)by(x(s),t — s,00) + (1 — pf(x(s),t — 5))bg(x(s),t — 5, 00) , z(0) = z.
By our hypotheses on by and bs, the right-hand side is Lipschitz continuous so that the Cauchy-

Lipschitz applies and gives a solution x(s). Moreover, by our choice of xf, it is clear that 0 < pf <1
and that z(s) - ny(z(s)) = 0, which implies by Gronwall’s lemma that s — z(s) remains on H, at
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least until some time 7 > 0. Using again the Dynamic Programming Principle and the usual
arguments, we are lead to

pf(z,t) (gbt(:c, t) = bi(z,t, 1) - Do(a, t) — 1y (x, ¢, a1)>

+(1—- ,uﬁ(x,t)) ((bt(x,t) —ba(x,t,a9) - Dp(x,t) — lo(x,t, a2)> <0,

a contradiction.

Finally the Hp-inequality follows from the same arguments : in particular, if by (x,t, aq)-ny(z) <
0 and by (z,t, ) - na(z) < 0, the above pi-argument can be applied readily.

The same proof works also for (UT)*, except that some situation cannot occur since we are
only considering regular dynamics. O

Our next result is a (little bit unusual) supersolution property which is satisfied by U™ on H,
which is done exactly as in of [6, Thm 2.7] once we have the following extension result

Lemma 3.4. Let us assume that (Hg) holds and let ¢ € C'(H x [0,T]). Then there exists a
function ¢ € C* (RN x [0,T]) such that b= inH x[0,T].

Proof. The proof is rather classical so that we omit it. O

We are going to consider control problems set in either €); or its closure. For the sake of clarity
we use the following notation. If z € Q;, and «;(-) € L*([0,T7]; A;), we will denote by Yxi’t(-) the
solution of the following ode

Y;t(s) = bi(Y;7t(s),t —s,04(8)) Y£7t(0) =zx. (3.7)

The following result is playing a key role in order to prove that the value function U™ is
continuous and the maximal subsolution of (1.3)-(1.5)-(1.6)-(4.3) (see Theorem 4.4 below). One
of the key difference between the U~ and U™ cases is that for the Ut /H™® case, we are able to
prove such result only for the supersolution (UT),, while, in the other case (U~ /Hr), it is true for
any supersolution (see Theorem 3.8 below).

Theorem 3.5. Assume (H,), (Hg,) and (Hg). Let ¢ € C1(H x [0,T]) and suppose that (x,t) is
a minimum point of (z,s) — (UT).(2,s) — ¢(z,8) in H x [0,T]. Then we have either

A) there exist n >0, i € {1,2} and a control a;(-) such that, Y (s) € Q; for all s €]0,7] and

(UN)s(z,t) 2 /077 Li(Yy ()t = s,i(s)) ds + (UT)u (Y 4 (0),t — ) (3.8)
]OBT) it holds
Od(x,t) + Hy®(z,t, Dyod(z,t)) > 0. (3.9)
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Proof. Since x € H, by assumption (H?(’j), there exists a regular optimal control a(-) € ﬁ,ig such

that
t

U (z,t) = / U(Xpa(s),t —s,a(s)) ds + g(Xas(t)) -
0

Moreover, by the Dynamic Programming Principle, we have, for any 7 > 0
Ut (a, 1) :/ U(Xps(5),t — 5,a(s)) ds + Ut (X (7).t —7) .
0

We argue depending on whether or not there exists a sequence (1) converging to 0 such that
T, > 0 and X, (73,) € H.

If it is NOT the case then this means that we are in the case A) since, for n small enough,
the trajectory X, .(-) stays necessarily either in € or in 5 on ]0,7]. Therefore we can assume for
instance that X, () = Yxi’t(-) and take 7 = 7 in the above equality.

On the contrary, if IT IS the case, we can use the minimum point property: assuming without
loss of generality that ¢(z,t) = (U").(z,t), we extend ¢ to RY x [0, 7] thanks to Lemma 3.4 and

write, for k large enough,
- T -
d(z,t) > / ((Xpu(s),t —s,a(s)) ds + ¢(Xg 4 (Th), t — Tk) -
0
The rest of the proof is the same as [6, Thm 2.7]: we obtain a contradiction by assuming

¢z, t) + Hp B (3,8, Dyo(z,t)) < —n <0,

using the normal controllability condition (H{,) instead of the more general (and usual) one which
was used in [6]. O

3.2 Properties of sub and supersolutions

Theorem 3.6. Assume (Hg,) and (Hg). If u: RN x [0,T] — R is a bounded viscosity subsolution
of ug + H(x,t, Du) = 0, then u is a subsolution of uy + H* (z,t, Du) = 0.

Proof. 1t is enough to check the subsolution condition only on A since the property clearly holds
in each §2; by definition.

We recall that u*[zx[o 77 is the restriction of u* to H x [0,T]. Let ¢(-) be a C'-function on H
and (Z,%) a maximum point of u*|y; 07 — ¢ on H x [0,T]. Our aim is then to prove that, for any
a € Ay®(z,t) we have

¢ (z,1) — (b (Z,t,a), Duo(z,1)) — Iy (z,,a) <0. (3.10)

This proof follows [6, Thm. 3.1] so that we only mention here the modifications. First, we extend
¢ by ¢ given by Lemma 3.4. Then for ¢ < 1 and (z,s) € H x [0,T] we consider the function

_ 1 _ _d?-L(Z)Z_ o2 e ] e— _
(2,8) = u(z,s) — ¢(z,8) —ndy(z) = |z — x| —|s —t| ;== u(z,s) —Y(z,5), (3.11)
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where we recall that dy(+) is the signed distance function to H which is positive in £ and negative
in QQ.

Writing a = (aq, ag, 1), we assume that we are in the situation when b1(Z,¢, 1) -n1(Z) < 0 (and
the same for index 2), since the case of non-strict inequalities can be recovered by hypothesis (H‘é)
as in Thm. 3.3 (recall that a being a regular control, the opposite signs are forbidden). We choose
1 > 7] where 7] is a solution of the following equation (which has a solution under the assumption
above of strict signs):

¢i(7,1) — bi(7,F, 1) - (DH(7,7) + ima(z)) — 11 (Z,t,01) = 0.

The rest of the proof follows the cited reference: thanks to the penalization terms, for € small
enough, u* — 1. reaches its max at some point (z.,t.) € Qo x [0,T]. Then, using the equation in
Q9 x [0,T] or on H x [0,T7] leads to

$1(,8) — ba(2, T, 2) - (D(Z, 1) + ma(%)) — la(%, £, a) < 0c(1).
We let € tend to zero first, and then 7 to 7. Using the specific value of 7 leads to
(gt(ja f) - b’H(i.a t: a) ’ D(g(i.a f) - ZH('i'? Ea a) <0,

that we interpret as (3.10) since by(Z,t, a) has no component on the normal direction to H and by
construction, Dy (¢|y) = Dy o. O

The following lemma states a super and a sub optimality principle respectively for super and
subsolutions of w; + H (z,t, Dw) = 0. The proof is classical (see [9, 11, 12] and also the proof of [6,
Lem. 3.2]).

Lemma 3.7. Assume (Hg) and (Hg). Let v : RN x [0,T] — R be a lsc supersolution of vy +
H(z,t,Dv) = 0 and u : RY x [0,T] — R be a usc subsolution of u; + H(x,t, Du) = 0. Then, if
x € Q; (1 € {1,2}), we have for all o € [0,1]

oNb; ) )
v(x,t) > i(n)fe [/ (Ve (s),t —s,05(s)) ds +v(Yy (0 A 0;), t — (0 A 6;)) } , (3.12)
a;(-),0; |Jo
and
oNb; ) )
u(x,t) < in(f) sup [/ Li(Yy(s),t = s,04(s)) ds + u(Y; (0 A 0;), t — (0 A 6;)) } , (3.13)
a;i(+) 6; 0

where Yxi,t is the solution of the ode (3.7) and the infimum/supremum is taken on all stopping times
0; such that Y;t(ﬁi) € 00); and 7; < 0; < T; where 7; is the first exit time of the trajectory Yit from
Q; and 7; is the one from Q;.

The following important result highlights the fundamental alternative: given x € H, either

there exists an optimal strategy consisting in entering in 2 or g, or all the optimal strategies
consist in staying on H at least for a while.
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Theorem 3.8. Assume (Hg) and (Hg). Let v : RY x [0,T] — R be a Isc supersolution of vy +
H(z,t,Dv) =0. Let ¢ € C'(H x [0,T]) and (z,t) be a minimum point of (z,s) — v(z,s) — ¢(z,s).
Then, the following alternative holds:

A) either there existn > 0, i € {1,2} and a sequence xj, € ; converging to x such that v(xy,t) —
v(x,t) and, for each k, there exists a control of(-) such that the corresponding trajectory

Y} () €Q; forall s € [0,n] and
n A .
v(zg,t) > / (Y, +(s),t—s, af(s)) ds +v(Y;, ;(n),t —n) ; (3.14)
0
B) or there holds
¢¢(x,t) + Hp(x,t, Dyop(x,t)) > 0. (3.15)

Proof. As in [6, Thm. 3.3], we are going to prove that if A) does not hold, then necessarily the
second possibility holds. Up to a standard modification of ¢, we may assume 