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Additional material on local limit theorem for finite Additive

Markov Processes [HL13|

Loic HERVE and James LEDOUX *

June 22, 2013

Abstract

This paper proposes additional material to the main statements of [HL13] which are
are recalled in Section 2. In particular an application of [HL13, Th 2.2] to Renewal
Markov Processes is provided in Section 4 and a detailed checking of the assumptions of
[HL13, Th 2.2| for the joint distribution of local times of a finite jump process is reported
in Section 5. A uniform version of [HL13, Th 2.2] with respect to a compact set of
transition matrices is given in Section 6 (see [HL13, Remark 2.4]). The basic material on
the semigroup of Fourier matrices and the spectral approach used in [HL13] is recalled
in Section 3 in order to obtain a good understanding of the properties involved in this
uniform version.

Keywords: Gaussian approximation, Local time, Spectral method, Markov random
walk.
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1 Notations

Any vector v = (Vg )pe(1,.. N} € CV is a considered as a row-vector and v ' is the corresponding
column-vector. The vector with all components equal to 1 is denoted by 1. The euclidean
product scalar and its associated norm on C¥ is denoted by (-,-) and | - || respectively. The
set of N x N-matrices with complex entries is denoted by My (C). Let || - ||oo denote the
supremum norm on CV: Vo € CV, ||v]le = maxeqr,. N} |Vk)|- For the sake of simplicity,
|| - [[co also stands for the associated matrix norm:

VA€ My(C), [Allw:= sup [Av ||

Vl||oo=

We also use the following norm || - |p on My (C):
VA= (A C Allo := Apgo|.
(Ak,0)(k00eq1,... N2 € MN(C), || Allo (M)g?fwﬂ Jo.t|
It is easily seen that
VA e Mn(C), [Alo < [[Alle < N[Afo- (1)

For any bounded positive measure v on R¢, we define its Fourier transform as:

vCeRY, D(C) = / e S du(y).
R4

Let A = (./4]4;7£)(k,5)€{17...,N}2 be a N x N-matrix with entries in the set of bounded positive
measures on R?. We set

VB € B(RY), A(lp):= (Are(1B)) (1 pyexe (2a)
VCERY,  AC) = (Ake(Q)) hpyexe- (2b)

We denote by |t] the integer part of any ¢ € T.

2 The LLT for the density process

Let {(X;, Z¢)}ser be an MAP with state space X x R?, where X := {1,..., N} and the driving
Markov process {X; }ier has transition semi-group {P;}er. We refer to [Asm03, Chap. XI]|
for the basic material on such MAPs. The conditional probability to {Xy = k} and its
associated expectation are denoted by Pj and Ej respectively. Note that if 7 : R — R™ is
a linear transformation, then {X;,T(Z;)}ier is still a MAP on X x R™ (see Lemma C.1).
We suppose that {X;}icr has a unique invariant probability measure w. Set m := E.[Z;] =
S m(k)Eg[Z1] € RL Consider the centered MAP {(X;,Y:) }ier where Y; := Z; — tm. The
two next assumptions are involved in both CLT and LLT.

(I-A) : The stochastic N x N-matriz P := Py is irreducible and aperiodic.
(Ma) : The family of r.v. {Yy}peo,1)nt Satisfies the uniform moment condition of order a:

M, := max sup Ek[HYUHO‘] < 00. (3)
keX ve(0,1nT

The next theorem provides a CLT for t~/2Y;, proved for d := 1 in [KW64] for T = N and in
[FHG67] for T = [0, 00) (see [FHL12]| for p-mixing driving Markov processes).



Theorem 2.1 Under Assumptions (I-A) and (M2), {t~'/2Y;}ser converges in distribution
to a d-dimensional Gaussian law N (0,X) when t — 4o00.

Now let us specify the notations and assumptions involved in our LLT. First we assume
that the MAP {(X4, Y?) }ter satisfies the following usual non-lattice condition:

(NL) : there is no a € R, no closed subgroup H in RY, H # R, and finally no function
B : X =R such that:

VEeX, Yi1+5(X1)—-p08(k) € a+ H Ppas.,

Second we introduce the assumptions on the density process of t~1/2Y;. For any t € T and
(k,£) € X2, we define the bounded positive measure YV ¢, on R%:

VB € B(RY), Yini(lp) =Pu{X, =0, € B}. (4)

Let ¢4 denote the Lebesgue measure on R%.  From the Lebesgue decomposition of Yy ¢
w.r.t. £g, there are two bounded positive measures Gy, and g 04 on R? such that

VB € BRY)  YVioi(18) := Grri(18) + pirri(1B) (5a)
where Gret(lp) = /ng,z,t(y) dy (5b)

for some measurable function gy ¢; : ]Rd—>[0, +00), and such that py ¢, and ¢4 are mutually
singular. The measure Gy ¢, is called the absolutely continuous (a.c.) part of Yy, with
associated density g ;. For any t € T, we introduce the following N x N-matrices with
entries in the set of bounded positive measures on R%

V= Vet oexzs Gt = (Gret) koexzs M= () hoexe, (6a)
and for every y € R%, the following real N x N-matrix:
Gt(y) = (gk,g,t(y))(k7g)ex2- (Gb)

Then the component-wise equalities (5a)-(5b) read as follows in a matrix form: for any ¢t € T
VB € BRY, Vills) = Gulle) + Milln) = [ Gulydy+ Mi(1z). (6c)
B

The assumptions on the a.c. part G; and the singular part M; of J; are the following ones.
AC1 : There exist ¢ >0 and p € (0,1) such that
vt >0, [Mi(lga)llo < cp’ (7)
and there exists tg > 0 such that
p" max(2,cN) < 1/4 (8a)

T(Q):= sup [|Gu(Q)llo — 0 when ||| = +oo. (8b)
wE[to,Qto)



AC2 : For any t > 0, there exists an open convex subset Dy of R? such that Gy vanishes
on R4 \ Dy, where Dy denotes the adherence of Dy. Moreover Gy is continuous on Dy and
differentiable on Dy, with in addition

sup sup [|G¢(y)llo < o0 (9a)
t>0 yeﬁt
sup ||G¢(y)|lo = O(t_(d+1)/2) where 0Dy := Dy \ Dy (9b)
y€ODy
0Gy
j=1,...,d: supsup ||— < 00. 9c
j sup sup 1 oy, @, (9c)

The next theorem gives a LLT for the density of the a.c. part of the probability distribution
of t~1/2Y;. This is the main contribution of [HL13].

Theorem 2.2 Let {(X¢,Y:) her be a centered MAP satisfying Assumptions (I-A), (M3),
(AC1)-(AC2). Moreover assume that the matriz 3 of Theorem 2.1 is invertible. Then, for
every k € X, the density fi+(-) of the a.c. part of the probability distribution of t=12Y, under
P satisfies the following property:

sup | fre(y) — 0y ()| < O(E2) + O( sup ng (t7/2y)) (10)
yeRd y¢Dy

where ny,(-) denotes the density of the non-degenerate d-dimensional Gaussian distribution
N(0,%) involved in Theorem 2.1.

3 Semigroup of Fourier matrices and basic lemmas

We assume that the conditions of Theorem 2.2 hold, and for the sake of simplicity that 3 is
the identity matrix. The proof of Theorem 2.2 involves Fourier analysis as in the i.d.d. case.
In our Markov context, this study is based on the semi-group property of the matrix family
{jit(g)}teqy for every ¢ € R% which allows to analyze the characteristic function of Y;. In
this section, we provide a collection of lemmas which highlights the connections between the
assumptions of Section 2 and the behavior of this semi-group. This is the basic material for
the derivation of Theorem 2.2 in [HL13, Section 3|.

Recall that, for every (k,¢) € X2, the measures Gket (with density gr¢+) and pug 0+ denote
the a.c. and singular parts of the bounded positive measure YV, ¢4+(1.) = Pp{X; = £, Y; € -} on
R9. Using the notation of (5a)-(5b), the bounded positive measure Zévzl Go+ with density

N
kit = Z Gkt
=1

is the a.c. part of the probability distribution of Y; under Py, while py ; := Zévzl Mo 18 its
singular part. That is, we have for any k € X and ¢t > 0:

VB € BRY), PulYi € B} = [ ouslu)dy+ nslln). (11)

The bounded positive measure ), is defined in (6a) and its Fourier transform Yy is (see

(2b)): . ‘
V(t,¢) € Tx R, V(k,0) € X%, (V4(Q)),,, = Bk [Lix,=g €M) (12)

4



Ngte that JAJt(O) = P,. From the additivity of the second component Y;, we know that that
{Vi(Q) }er cera is a semi-group of matrices (e.g. see [FHL12] for details), that is using the
usual product in the space My (C) of complex N x N-matrices:

o~ o~

YCER, V(s,t) €T Pria(Q) = Vi(Q) Va(0). (8G)
In particular the following property holds true
VCERL VneN,  Vu(Q) = Exllixa=n €““"™)) gexe = V1 (O™ (13)
For every k € X and t € T, we denote by ¢y, the characteristic function of ¥; under [Py:

VCERY,  ¢pi(C) =By [elCY ] = e, V(017 (14)

where ey, is the k-th vector of the canonical basis of R?.

The first lemma below provides the control of ¢, on a ball B(0,6) := {¢ € R?: |[{|| < &}
for some 6 > 0, using a perturbation approach. The second one is on the control of ¢ ; on
the annulus {¢ € R?: § < ||¢|| < A] for any A > §. Finally the third lemma focuses on the
Fourier transform of the density gy ¢, of the a.c. part Gy of Yy ¢ in (5a) on the domain
{¢ e Re:||¢|| > A} for some A > 0.

Lemma 3.1 (JHL13, Lem. 4.1]) Under Assumptions (I-A) and (M3), there exists a real
number § > 0 such that, for all ¢ € B(0,0), the characteristic function of Y; satisfies

VEeX, VT, ér4(¢) = MOW Lyt (Q) + Ries(€), (15)

with C-valued functions (), Ly (-) and Ry (-) on B(0,6) satisfying the next properties for
teT,¢eR? and k € X:

<]

I <d = AQ)=1- =7+ O(lI¢I) (16a)
) —liciiz/

t>2, Ht—l/QCH <§ = |)\(t—1/2C)LtJ — e_”C“ /2‘ <C (1 + HCH\?)/); i (16b)

1Kl <0 = |Lis(Q) = 1] < C<]| (16c)

Ir € (0,1), sup |Rys(¢) <Crlt) (16d)

lI¢ll<s
where the constant C > 0 in (16b)-(16d) only depends on § and on Ms in (M3) (see (3)).

Proof of (16b). From (16a) we obtain for v € R? such that [v] < ¢ (up to reduce 4)

2 vl

v v
el

< ool
2 1 =€

A()] <1

Therefore we have for any ¢t > 2 and any ¢ € R? such that t~1/2||¢|| < 6,

IA(EV2)| < e (17)

Now consider any t > 2 and any ¢ € R? such that t~/2||¢|| < J. Set n := |t], and write

A 20)" — I = (A1) - ) SA(t—WC)"_’“‘le—_ki'f.
k=0



We have

n—1 n—1

‘ Z )\(t—l/ZC)n—kfle#éHQ{ < ‘)\(t_l/QC) {nfkfle#élﬁ
h= k=0
< < le,llcu2<zt-k-1)e_kgfug
k=0
nlicl? pel® lleh?

< ne a4 e at <bte s

where b := supj,|<s exp(u?/4), since n/t > (t — 1)/t > 1/2 for t > 2. Moreover, using (16a)
and the fact that [e® — e€®| < |a — b| for any a,b € (—o0,0), we obtain that there exist positive
constants D and D’ such that

~1/2 _lien® ~1/2 _lien® _lerr e
‘)\(t C)—e 2n| < ‘)\(t C)—e 2t|—i—‘e 2t —e  2n
_3 ¢z, 1 1
< prrjop+ K512
2
1
3 - ||<||
< pedjep+ E s
< D(t_5||C||3+75_2HCH2)-
Thus
liei?
(%) Flo< e P + 21
3 2
PR (cu I
bD’ -l
< (||C||3+ I¢1I)
D 1<l H
< = 1+
< \/%6 (1+1¢IP)
for some positive constant D”. O

Lemma 3.2 ([HL13, Lem. 4.2]) Assume that Conditions (I-A), (AC1) and (Ma) for
some o« > 0 hold. Let 5, A be any real numbers such that 0 < &6 < A. There exist constants
D=D(,A) >0 and T =171(5,A) € (0,1) such that

VkeX, VteT, sup |pps(C) < D7t (18)
s<¢ll<A

Lemma 3.3 ([HL13, Th. 4.3]) Under Condition (AC1), there exist positive constants A
and C such that the following property holds:

t

(| > A = V(k,0) € X, VLE [to, +00[, [Fret(Q)] < Cw-



4 Application to the Markov Renewal Processes

Let {X,,, Y, tnen be a discrete-time MAP with state space X xR and X := {1,..., N}. When
{&n}n>0, with & := Yy and &, ==Y, — Y,,_; for n > 1, is a sequence of non-negative random
variables, then {X,,, Y, }nen is also known as a Markov Renewal Process (MRP). The so-called
semi-Markov kernel Q(+; {-} x dy) is defined by (e.g. see [Asm03, VIIL.4])

VB € B(R), V(k,0) € X2, Pu{X1 =0Y; € B} = /BQ(k; (0} x dy) (19)

and is nothing else but the measure Yy ¢ in (4). The transition probability matrix P asso-
ciated with the Markov chain {X,, },ecn is given by

V(k0) € X2, P(k,0) = Q(k; {(} x R) = /R QU {0} x dy).

For any n > 2, the bounded positive measure )y, ¢, is defined by the convolution product of
the semi-Markov kernel @), that is

VB € B(Rd)’ yk,é,n(lB) = Pk{Xn = Ea Yn € B} = Q*n(k’ {f} X B) (20)

Then, the Theorem 2.2 for the density process of Y,, /y/n could be specified to this specific class
of MAPs. Since we only have to replace time ¢ by n in all the material developed in Section 2,
we omit the details. Note that the only simplification in assumptions of Theorem 2.2 is on the
uniform moment condition (Mea) which reduces to: the r.v. Y7 satisfies the following moment
condition of order a:

M, = r?ggﬂ«:k [1Y1]1%] < . (21)

We will only illustrate our main result on the MRP embedded in a Markovian Arrival Process
(e.g. see [Asm03, XI.1]).

Recall that a N-state Markovian Arrival Process is a continuous-time MAP {(.J;, N¢) }+>0
on the state space {1,..., N} x N, where N; represents the number of arrivals up to time ¢,
while the states of the driving Markov process {.J; }+>¢ are called phases. Let Y,, be the time
at the nth arrival (Yp = 0 a.s.) and let X,, be the state of the driving process just after the
nth arrival. Then {(X,,Y,)}nen is known to be an MRP with the following semi-Markov
kernel Q@ on {1,..., N} x R: for any (k,/) € X?

Q(k; {0} x dy) := (e*"°D1)(k, £) 1(g,00) (y)dy = ere?° Dies " 1(g 00)(y) dy (22)

which is parametrized by a pair of N x N-matrices usually denoted by Dy and D. Such a
process is also an instance of Markov Random Walk. The matrix Dy + Dy is the infinitesimal
generator of the background Markov process {J;}i>0. Matrix Dy is always assumed to be
stable and Dy + D; to be irreducible. In this case, {.J; };>0 has a unique invariant probability
measure denoted by m. The process {X,}nen is a Markov chain with state space X :=
{1,..., N} and transition probability matrix P:

V(k,0) € X*, P(k, ) = Q(k; {¢} x R) = ((—Do) ' D1) (k, ). (23)

This Markov chain has an invariant probability measure ¢ (different of 7). From (22), the
bounded positive measure Yy, ;1 is absolutely continuous with respect to the Lebesgue measure



on R with density g ¢1(y) = ekeyDODleng(O,oo) (y). Then matrix Gy defined in (6b) has the
form
Gi(y) = ¥ D, L(0,00) (¥)-

For any n > 2, the positive measure Yy ¢, in (20) is absolutely continuous with respect to
the Lebesgue measure with density given by

Vy eR, Gu(y) = (Gn1*G1)(y) = (Z (Grjax Gj,z,n—1)(y)> : (24)

jeX kleX2

Let us check the assumptions of Theorem 2.2. Assumption (I-A) on P in (23) is standard
in the literature on the Markov Arrival Process. It is well known that Y; has a moment of
order 3 given by Ei[(Y1)?] = 3!ex(—Dg) 217, so that Condition (21) holds with o = 3. Let
us give some details for checking Conditions (AC1)-(AC2).

(AC2) : The open convex D, involved in (ACZ2) is given for any n > 1 by
D,, :=]0,00[, with D,, = [0,00), 0D, = {0}.
It is clear that G1(y) is continuous on D, and differentiable on D; with differential

dGy

d—y(y) = DoeyDODl. (25)

Yy > 0,

Since G, is obtained from convolution product of GG1, the same properties are also valid for
G). Next, we prove by induction that

sup  sup [[Gn(y)llo < N|[D1llo- (26)
n>0 ye[0,400)

For n := 1, we have from norm equivalence (1) and ||e”?||o, < 1 that

Vy € [0,+00), [[GiW)llo = [e’”°Dillo < 1€ Dyl < |€¥7°||oo || D1 lloc
N||D1lfo-

IN

Using the definition (24) of G, (y) and the induction hypothesis, we have

G = 3 /R G 1 ()]|Ggmrs (t — w)du < N|Dy o /R Gy (u)du
J

N||D1llo Pr{X1 = £} < N||D1lfo.

IN

The proof of estimate (26) is complete.
Second, we easily obtain from (25) that

dG1 2
sup = =(y)llo < (N max([|Dollo, | D1ll0))
y€(0,+00) Y

Next, using an induction, we can obtain from the following well known property of the con-

volution product
dGn - dGn—l
a0 (y) = (Gl* 2 )(y)




that
dGy,

sup sup |
n>0ye(0,4-00)

Finally, G1(0) = Dy and G, (0) = 0 for any n > 2.

(AC1) : First, observe that pig ¢, is 0 for any (k,¢) € X* and n > 1. Thus (7) is satisfied for
p = 0. In Condition (AC1), we only have to check that

W)llo < (N max(||Dollo, [ D1]l0))”.

1Gna(©)llo — 0 when [¢] = +oc
for ng large enough. It follows from the convolution definition (24) of G,, that
VneN, VCeR,  Gul¢) = (Be[lpx,= €“"]) ) pexe = CLO"
where
~ Foo
Gi(¢) = / e'“velody D,
0

is integrable. In fact, using an integration by parts, we obtain that

~ 1 too
V¢ # 0, Gi(Q) = i (D1 +/ €Y Dye?"° Dy dy|
v 0
so that 2D |
~ 1110

VC 7é 0, HGl(C)HO < T

Therefore, we deduce from norm equivalence (1) that for any integer ng > 1,
~ 2N || Dy ||p)™
Gl < EZHE 50 swhen [¢] .

5 Application to the local times of a jump process

5.1 The local limit theorem for the density of local times

Let {X¢}+>0 be a Markov jump process with finite state space X := {1,..., N} and generator
G. Its transition semi-group is given by

The local time L.(i) at time ¢ associated with state ¢ € X, or the sojourn time in state i on
the interval [0, ¢], is defined by

t
Vit > O, Lt(l) = / 1{Xs=i} ds.
0

It is well known that L(i) is an additive functional of {X;};>¢ and that {(Xy, L(7)) }>0 is
an MAP. In this section, we consider the MAP {(Xy, L;) }+>0 where L; is the random vector
of the local times

Ly i= (Le(1), ..., Le(N)).
Note that, for all t > 0, we have (L, 1) = t, that is L; is Sy-valued where

Si:={ye [0, +00) @ (y,1) = t}.

9



Let us assume that {X;};>o has an invariant probability measure 7. This happens when the

generator G is irreducible. Set m = (mq,...,my) = E;[L1]. We define the Sgo)—valued
centered r.v.
Y;g = Lt —tm

where Sgo) =T _t;m(S;) with the translation T, by vector —tm in RY. Note that Sgo) is a
subset of the hyperplane H of R defined by

H:={yeRY: (y,1) =0}. (27)

Let A be the bijective map from H into RV~! defined by A(y) := (y1,...,yn_1) for y :=
(y1,...,yn) € H. We introduce the following (N — 1)-dimensional random vector

Y/ = A(Y) = (%i(1), ..., Yi(N — 1)),
The following lemma follows from Lemma C.1.

Lemma 5.1 The process {(Xy,Y{)}i>0 is a X x Dy-valued MAP where Dy is the open convex
of RN=1 defined by

Dy={y eRN"':ij=1,... N-1, y; € (—myt, (1 —m;)t), (¥',1) <myt}. (28)

Proposition 5.1 If G' and the sub-generators Gicic := (G(k,0))eqire, @ = 1,..., N are
irreducible then the MAP {(X,Y/!)}i>0 satisfies the conditions (M3) and (AC1)-(AC2).

Note that the matrix ¥ in the CLT for {t~1/2Y}};¢ is invertible from [HL13, Remark 2.3] and
that O(sup,gp, 1y (t=1/2y)) = O(t~/?) from (28). Under the assumptions of Proposition 5.1
on the generator of {X;}¢>0, Theorem 2.2 gives that

sup | fru(y') — (2m) =N =D/2(det E)_l/Qe—%@'T,Ey’T)‘ —0(t7112),
y eRN-1

where fl/at is the density of the a.c. part of the probability distribution of ¢~/ 2y/. An explicit
form of ¥ is provided in [HL13, Remark 3.1].

In order to obtain a statement in terms of Y;, we can use the following lemma. Recall that
¢n_1 denotes the Lebesgue measure on RV~! and B(H) stands for the Borelian o-algebra on
H. Let v be the measure defined on (H, B(H)) as the image measure of f;_; under A~
that is: for any positive and B(H )-measurable function ¢ : H — R,

/w(y)V(dy) :=/ WAy ) dy'.
H RN-1

Using the bijection A, the following lemma can be easily proved (see Appendix A).

Lemma 5.2 For any (k,f) € X2, the a.c. and singular parts of the Lebesgue decomposition
of the measure Pp{Xy = £,Y; € -} on H with respect to v are obtained from image measure
under A of the a.c. and singular parts of the Lebesgue decomposition of the measure Pr{X; =
0,/ € -} on RN~ with respect to {n_1 .

10



Therefore we know that the density, say fy;, of the a.c. part of the probability distribution of
12y, = 7 V2(Ly — tm)
with respect to the measure v on the hyperplane H is given by
VheH, fri(h):= fi(Ah).
Finally, we have obtained the following local limit theorem for f, ;.

Proposition 5.2 ([HL13, Prop. 3.1]) IfG and the sub-generators Gicjc = (G(k,€)) pefire, i =
1,..., N are irreducible, then the density fi; of the a.c. part of the probability distribution of
t=V2(L; — tm) under P}, satisfies

sup |fig(h) = (2m)” (VD2 (dot )12z MTEMD | = 01 12).
S

It remains to prove that Proposition 5.1 holds true.

5.2 The main lines of the derivation of Proposition 5.1

Let us introduce the randomized Markov chain {Z,,},en with state space X and transition
matrix

P:=1+G/a with a>max(|G(j,7j)|,j € X).

Since G is assumed to be irreducible, the transition matrix P is irreducible and aperiodic.
Moreover, since P(i,i) > 0 for any i € X, the sub-stochastic matrix Pjejc := (P(k, £))k scfi}e
is aperiodic.

Let us define the following convex open set of RN~1
vt >0, Cpi={yelotN (y,1) <t}

For any ¢ > 0, the adherence of C; is denoted by C; and is C; := {y € [0,V (y,1) < t}
and the boundary of C; is 9C; := Et\Ct given by

N
ac=J{y=@n,....uv-1) €C |y =0} U{y €C | (y,1) =t}. (29)
=1

The joint conditional distribution of (X, Ly) := (X, Li(1),..., Li(N — 1)) under Py is 0 on
RN—=I1\C; and its a.c. part has the following density density Y04 from [Ser99, Cor. 4.4]

0o
£)n
V(k,0) € X2, ¥y € RN 7Y gy g(y) = 1e,(y) a1 e*‘”@ (30)
n:
n=0
X Z I'Z?khm’k]v_l pk,g(n—l—N, ki,... ,]{?N_l)
k1>0,..., kn_1 >0,

N-1
Y1 kj<n

where the non-negative coefficient py,(n + N, ki,...,ky—1) satisfies 0 < Zé\;l Pre(n +
N,ki,...,kn—1) <1 and we have the following relation
tY2,...
Z n'xnylfgyé\]’v =1 (31)
ko >0,..., kn >0,
SN ok <n
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For every (k,f) € X2, the Lebesgue decomposition of the positive measure JF k0t defined
by Pp{X; = ¢, L} € -} writes as follows

VB € BRY ™), Fre(lp) =P {X; =¢ L, € B} = / Yret(y)dy + o ee(1).  (32)
B

First note that Condition (I-A) is fulfilled since the matrix P := P; = €% is irreducible
and aperiodic when the generator G of the driving jump process is irreducible. Second, the
random variables ||L¢|| (and so ||Y;||) are bounded, so that the moment condition (Ma) is
satisfied for any o > 0. This allows us to apply Theorem 2.1 to derive a CLT for {t_l/zYZ}tZO.
Next, the main steps of the proof are to check that Conditions (AC1)-(AC2) hold under the
assumptions of Proposition 5.1 on the generator G.

5.2.1 Checking Condition (AC2)
For every y € RV~ we introduce the following real N x N-matrix

Vi(y) = (Vr,ee(Y) (k,0)ex2-

where 9y, ¢, is defined in (30). The useful properties of 1y ¢, are given in the next lemma
which is proved in Appendix B.

Lemma 5.3 For anyt > 0, ¥, vanishes on RI\Cy, is continuous on C; and differentiable on
Ci. We have

sup sup || @e(y)llo <sup sup [ Wi(y)1"flo < a7 (33a)
t>0 ycRN-1 t>0 yeRN-1
‘ oV, N
j=1,...,N -1 supsupH—(y)HOSQG . (33b)
t>0 yely 32/]'
There exists p € (0,1) such that
Yy € 0C,  ||W:(y)|lo = O™ P~V (1 + at)). (33c)

Now, let us check that Conditions (AC2) hold for the function
Gily) = Wiy +m't) (34)

associated with the absolutely continuous part of the probability distribution of the centered
rv. (X4,Y)) = (X3, L, — m't) under Py and m' := (7q,...,mn_1). It vanishes on the open
convex Dy := T_,,4(Cy) which is the translate of C; by the translation 7", of vector —m/t.
More precisely,

D, = {y eRN1.j=1...,N—1, y;j € (—myt, (1 —mj)t), (y,1) < mNt}.
with adherence
Dy={yeRV':j=1,...,N—1, y; € [-myt, (1 —my)t], (y,1) < mpt}. (3ba)

and boundary
N—-1 o .
oD, = U {y €Dy |y = —mjt} U {y €Dy : (y,1) = mNt}. (35b)
j=1

12



Then it follows from the basic properties of function ¥; on C; stated in Lemma 5.3 that Gy is
continuous on D; and differentiable on D; with differential

0Gy oV

Vji=1,...,N—1, Vy €D, 5;@) 3y,
J J

—(y +m't).

Moreover, we obtain from (33a)-(33c)

sup sup [|Gi(y)llo < sup sup [|Ge(y)1T]lo <sup sup [Wy(y)1T[lo <a™ T

t>0 yeRN*I t>0 yeRN 1 t>0 yeRN 1
1
Weau,u@@mww%@+mwm:0&%
0Gy
sup sup ||—=— <su sup < 24"
up sup [| 5wl < sup suy 15 a @y

5.2.2 Checking Condition (AC1)

For any i € {1,..., N}, we introduce the following (N — 1) x (N — 1)-subgenerator of G,
Gicie = (G(k, )k eeqiye- If Gieje is irreducible then |etCicic|lg = O(e7"it) where —r; is
the Perron-Frobenius negative eigenvalue of Gjc;e. Thus, if Gjeze is irreducible for any i €

{1,...,N}
max__||e'“e g = O(e™™) where r := min(r;) > 0. (36)
Ze{lva} ?

In a first step, we study the singular part A; of the Lebesgue decomposition (32) where A,
is the N x N-matrix with entries in the set of bounded positive measures on RV—1

A = (k,0) (k,0)ex2-

We show that || A;(1gxn-1)[|o goes to 0 at a geometric rate when ¢ grows to infinity. Note that
Ai(1g) = 0 for every B € B(RV~1) such that BN AdC; = (). Next, it remains to show that
there exist ¢ > 0 and p € (0, 1) such that

vVt > 0, ||-’4t(18(3t)||0 < Cpt.
First, let us consider, for any ¢ € {1,..., N —1}, the set d; ; := {(yl, o UN—1) €Ct | yi = 0}:

0 ithk=1

ak,f,t(ldi,t) < Pk‘{Lt(i) = 0} - {z elGicic (k 5) if k 7&2
4 ) :

Thus, maxZ [ A:(1q, )llo = O(e™"*) from (36). Second let us denote sy := {(y1,...,yn—1) €
Ct | Z] 1 yj =t}. We can write for all (k,/) € X?

apei(ls,) < Pi{Li(N)=0,X; =/¢}

Pﬁh()—%—{ =N

S etenene (k) if k # N.

IN

Therefore, [|A¢(1s,)|lo0 = O(e™"). Combining the previous estimates, we obtain that there
exist ¢ > 0 and p € (0, 1) such that

V>0, A gvn)llo = [ ALac)llo < e

13



It follows that there exist ¢ > 0 and p € (0,1) such that
vt >0, [[Mi(lgy-1)llo = [[A:(lpn-1)]lo < cp'.

where M, is the matrix associated with the singular part of the probability distribution of
(Xt7 Ytl)

In a second step, we prove that for every ty > 0

sup [ W4(¢)]lo — 0 when [[¢[| = +oo.
te(to,2to)

Indeed, for every t > 0, for every (k,f) € X2, the Fourier transform {p\k,“ of Yy, ¢+ has the
following form (if N = 2 consider only the first integral)

~ tort=y t=> j<N_2Yi A
Yrei(C) = / / / Vrot(Y)e NN Gy dys dy
o Jo 0

Using an integration by part, we obtain that for every {(y_1 # 0

t=>i<N—2Yj ic
/ Ve (y)e >N -1N"Ldyn | =
0

1

N1

YN-1=t=3 i< N_2¥j /t_zj<N2 Y 8¢k,2,t
0

ynN—1=0 Oyn—1

([wk,K,t(y)eiCleNl] (y) ein—ICN—l dyN1>

so that, we obtain from the bounds (33a)-(33b) that

~ 1 t t*Z'SN_gyj
[Pk, (Q)] < —/ / ' (2aN71—|—2aN(t— Z Y;i))dyn—2 ... dy:
[Cv—1] Jo 0 ;
1

tN72 thl

(QaN_l — + 2V

= (N —2)i e

(N1

Finally, for every tg > 0

~ 2aN 11 4 a) max(1, t)
sup [[B(¢)lp < 2L F e max(Llg)
telto,2t0) |Cv—1]

For each j € {1,...,yn_2}, using similar computations from an integration by parts with
respect to the variable y;, the same inequality holds with (; in place of (y—_1. Therefore, we
obtain that

_ ~ 2aV"1(1 4+ @) max 1,tN
vCeRYTN{0},  sup [[We(Q)flo < (4 a) max(l,fy)
teto,2to) HCHO

and this quantity goes to 0 when [|C[| = +oc. Since Gi(y) = Wi(y + tm) we have Gi(¢) =
e*i<m/’<>t\11t(g“) for any ¢ € RV~ and

vt >0, V¢ € RV 1G(Ollo = 1%4(0)lo-
It follows that

T(C)=Ty(C) = sup [Ge()llo — 0 when [|¢]|o — +oc.
te(to,2to)
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6 A uniform LLT with respect to transition matrix P

Let P denote the set of irreducible and aperiodic stochastic N x N-matrices. The topology
in P is associated (for instance) with the distance d(P, P') := ||P — P/« (P,P’ € P).
Again (X;,Y})ser is a centered MAP with state space X x R?, where X := {1,..., N}, and
{P,}+er denotes the transition semi-group of the Markov process { X; }1er. In this section, the
stochastic matrix P := P; is assumed to belong to a compact subset Py of P, and we give
assumptions for the LLT of Theorem 2.2 to hold uniformly in P € Py.

For every k € X the underlying probability measure P; and the associated expectation Ej
depend on P. To keep in mind this dependence, they are denoted by PkP and Ef respectively.
Similarly we use the notations ¥, Y GF, MF and G for the covariance matrix of Theo-
rem 2.1 and the matrices in (6a)-(6b) respectively. Let 9t denote the space of the probability
measures on R? equipped with the total variation distance dpy-.

Let Py be any compact subset of P. Let us consider the following assumptions:
U1l : For any (k,() € X2, the map P y,fm is continuous from (Po,d) into (M, dry).
U2 : There exist positive constants o and B such that
VP € Po, VCERY,  a||* < (¢, 27¢) < B¢ (37)
U3 : The conditions (M3), (AC1) and (AC2) hold uniformly in P € Pj.

Theorem 6.1 Under Assumptions (U1)-(U3), for every k € X, the density f,(-) of the
a.c. part of the probability distribution of t~Y/2Y; under ]P’kP satisfies the following asymptotic
property when t — +00:

sup sup ‘fkt ‘ = _1/2 +O( sup sup 7, (t_l/Zy)).
P€ePo ycRd PePo y¢Dy

Assumptions (U3) read as follows:
U3-1 : The r.v. {Yy}oeo,1)nt satisfies the following moment condition:

M := sup max sup EL[|Y.|%] < (38)
PePy k€X ye(0,1]0T

U3-2 : There exist ¢ >0 and p € (0,1) such that

Vi >0, sup M (1ga)]lo < cp’ (39)
PePy

and there exists tyg > 0 such that
p" max(2,cN) < 1/4 (40a)

'y, (¢) := sup sup HC/?Z;’(C)HO — 0 when [|C]| = +o0. (40Db)
PePo weto,2to0)
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U3-3 : For any t > 0, there exists an open convex subset Dy of R such that Gy vanishes
on R4 \ Dy, where Dy denotes the adherence of Dy. Moreover Gy is continuous on D; and
differentiable on Dy, with in addition

sup sup sup [|GY (y)]jo < oo (41a)
PEP() t>0 yEDt
1 —
sup sup [|GY (y)|lo =O(5) where 0D, :=D;\ Dy (41b)
PePy yedD; t
oGY
j=1,...,d: sup sup sup H—t H0<oo. (41c)
PePy t>0 yeDy ayj

Proof. The proof of Theorem 6.1 borrows the same way as for Theorem 2.2. What we
only have to do is to prove that the bounds in Lemmas 3.1-3.3 are uniform in P € Py under
Assumptions (U1)-(U2). For Lemma 3.3, this is obvious by using (U3-2). The proof of
Theorem 6.1 will be complete if we establish the uniform version of Lemma 3.1 and 3.2. This
is done below. O

Lemma 6.1 Assume that Condition (U1) holds and that, for some o > 0,

M, = sup max sup E[|Y,]?] <
PePy k€X ye(0,1)nT

Then the map (P,() — J/)?(C) is continuous from Py x R? into My (C).

Proof. We may suppose that o € (0,1]. Let (k,¢) € X2, (P,P') € P and (¢,¢') € R? x R?.
To simplify we write ) and )’ for yim and yf,’m. Then

|(J/}:P(<)) (yP’( N A _ ‘ y) /l\%d 6i<C/,y>yl(dy)|
< / ‘62<C7y> _ e <’7y>| V(dy)
Rd
4 ‘ ez‘(C’vy)y(dy) _/ ei<<l’y>y’(dy){
R4 Rd

< 200U [ Il V) + drv (9. )
< 2Mo [ =1 + drv (D, V)

(use |e™ — 1] < 2lu|* u € R, and the Cauchy-Schwarz inequality to obtain the second
inequality above). The desired continuity property then follows from (U1). O

From now on, we sometimes omit the notational exponent P. The uniformity in Lemma 3.1
is obtained as follows. Recall that, for any P € Py fixed, Formula (15) with t = n € N
follows from the standard perturbation theory. Similarly, using Lemma 6.1, Formula (15)
with ¢ = n € N can be obtained for every P € Uq and for all ¢ € R? such that ||C|| < J, with
6 > 0 independent from Py € Py since Py is compact. Moreover the associated functions
A(+), Lit(-) and Ry4(-) in (15) (depending on P) satisfy the properties (16a)-(16d) in a
uniform way in P € Py from (U3-1). Note that Condition (U2) is useful to obtain (16b)
uniformly in P € Pg. The passage from the discrete-time case to the continuous-time again
follows from [FHL12, Prop. 4.4] since the derivatives of ¢ — ), (¢) are uniformly bounded in
(P,v) € Py x (0,1] from (U3-1).
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From ¢p,4(¢) = ex V1)WY, (1T with v := t—[t] € [0,1) and [ V() 1]|o < [1P0(0)]|os <

1, the uniformity in Lemma 3.2 follows from the following lemma.

Lemma 6.2 Let 0, A be such that 0 < § < A. Then there exist D = D(5,A) > 0 and
T =7(0,A) € (0,1) such that

vneN, sup sup [V < DT (42)
PePo 5<|¢][<A

Proof. The spectral radius of any matrix 7' € My (C) is denoted by r(T"). Suppose that

po i= sup  sup r(yf(C)) < 1. (43)
PePo 5<|¢]|<A

Then (42) holds. Indeed, consider any 7 € (po,1) and denote by I'; the oriented circle in
C centered at 0 with radius 7. Let I denote the identity N x N-matrix. Property (43) and
standard spectral calculus then give

sup  sup [ V7(¢)"[loo sup sup || 2 (21 = YT(Q)) ™ dz|
PePy 6<¢]|<A PePy <|¢l|<A 4T Jr,

< 7 sup sup (=1 = YT(0) oo
PePo 6<||¢][<A

IN

This proves (42) since the last bound is finite from the continuity of (P,¢) + V¥ (¢) on the
compact set Pg x {¢ € R?:§ < ||¢|| < A} (Lemma 6.1).

It remains to prove (43). Assume that pp > 1. Then py = 1 since r(yl( ) < \|y1( Moo <
11(0)||lso < 1. Thus there exists some sequences (P,), € Py and (()n € (RYN satisfying

d < ||¢n]l < A such that
hrgw(yfn(gn)) =1

By compactness one may suppose that (P, ),, and (¢, ), respectively converge to some Ps, € Py
and some (o € R? such that § < [|¢s|| < A. From Lemma 6.1 we obtain that

tim V1 (G) = V7 (G

Below, y{’ (o) is simply denoted by V1(¢x). From the upper semi-continuity of the map
T — r(T) on My(C) and from r(yl(Coo)) < 1, it follows that r(yl(goo)) = 1. Write § :=
3/)\1((00) to simplify. Then S admits an eigenvalue A of modulus one. Let f = (f(k))rex € CV
be an associated nonzero eigenvector. We have

Ve X, [A(R)] = If(R)] < (SN < O0)F) k) = (PLF)K),

where |f| := (|f(k)|)kex. Recall that the Py-invariant probability measure m = (7(¢))sex
is such that ¥/ € X, 7(¢) > 0 since Py is irreducible. From 7(Py|f]) = m(|f|) and the
positivity of Pso|f| — | f], it follows that Py|f| = |f|. Thus |f| = ¢1 with some constant c.
We may assume that |f| = 1. Equality \f = Sf rewrites as

vkeX, Ak Zf ) V1(Coe M—Zf (1, gy €S| = B [£(Xy) fl6o¥D)].
/=1
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From |f(k)| =1 for every k € X and from standard convexity arguments, we obtain
VkeX, AM(k)=f(Xy)elledD) Ple a5,

Now writing A = ¢ with b € R and f(¢) = ¢4 for every £ € X, one can deduce from the
previous equality that

VE€X, (Coo Y1) +9(X1) —g(k) €b+27Z PL> —as..

Define a := wgm €R?and 0: X—RI by 0(¢) := %Cm. Consider the following closed

subgroup H := % (oo ® (R~ COO)l in R?. Then the previous property is equivalent to

VEeX, Yi+0(X1)—0(k)cat+H P> —as.

But Assumption (U3-2) obviously implies that P, satisfies (AC1), so that the last property
is impossible as seen in the proof of Lemma 3.2. Property (43) is proved. O

A Proof of Lemma 5.2
Assume that

vB' € BRYY), P{X,=(Y/ B} = g'(y)dy + 1/ (A)

RN-1
avec u' L ln_1. Let B € B(H). Then

= / g (y)dy + i/ (A(B))

A(B)
= /RN_I 1A () o' (A(A™y)) dy + 1/ (A(B))
= /B(g’oA)(w) dn(z) + u'(A(B)).

Let dp be the image measure of du’ under A~!, that is : VB € B(H), u(B) = u'(A(B)).
Then we have p L 1. Indeed, we know that there exist two disjoint sets E’, F’ € B(RV~1)
such that

VB' € BRY ™Y, Iy 1(B)=(ny_1(B'NE) and p'(B)=u (B NF).
Then, introducing E := A~Y(E’) and F := A~Y(F’), we clearly have for any B € B(H)
n(B) = In-1(A(B)) = N1 (AMB)NE') =ty 1 (MBNE)) =n(BNE)

and

W(B) = p'(AB)) = (MB)NF') = p'(A(BNF)) = W(BNF),
so that n and p are supported by the two disjoint sets F et F.
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B Proof of Lemma 5.3

Let us recall that the density vy, ¢+ is given by (30). We can be a little bit more precise on
the properties of the coefficients invoked in (30). Indeed, we know from [Ser99| that

phg(n—l—N,kl,...,kN_l) —Pk{ n+N— 1—k1+1 ,Vn]\Jerl l_kN—1+17Zn+N—1 :E}

with V! the number of visits to state i at time n
Vi=1,...,.N—1 V= 21% i} (44)

Moreover, if y = (y1,...,yn-1)

_ N—1 N1
LY o n! Jhl <y_ﬂ)kj <1 _ Zj:l yj>n 2=t by (45)
ki, kn—1 kl!"-/{?N_ll(n—Zj‘V:_llk')' t t

gl j=1

Recall that these coefficients satisfy the property (31).
We deduce (33a) from »_,cx pre(n + N, k1, ..., kn—1) <1 and (31):

N-1 aN-1 —at ( N—1
¥y € RV L (e @) <D e @)l < 1oy Z @
JjeX
Let us check (33b) for j := 1. We obtain
OV 0.t
oY1
o
at)”
— aN—l Z e—at( -
n=1
t;
X [ Z nxngl;krl,__”k]v_lpk,g(n—|—N, ki,... kn—1)
kp>1,..., kny_1>0
SNk <n
t;
- Z nmnzil;kl,...,klv,lpk,f(n‘i‘Na ki,....kn_1)
ki >0,..., kn_1 >0,
TNk <n—1
so that
et _ N Z —at -
oy (n— 1
t;
X[ Z T ey PR+ Nk + Lk, k1)
k1 >0,..., En_1 >0,
Sk <n—1
t;
- Z Tl ey PRt Nk ko) |
k1 >0,..., kn_1 >0,

N-1
Yo kj<n—1
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Finally,

OV 0.t N o~ ¢ (at)” tiy
—(y) =a Z e n! Z Lkt kv —1
n=0

Oy
k1 >0,..., kny_1 >0,
ZN lk <n

X [pre(n+ N+ 1,k +1,ka, ... kno1) — pee(n+ N+ 1 ki, ..., kno1)].
It follows that

y € Co. | T,Z)Mt Z‘aﬂ)ku | < aNQZe—at(UZ‘)n < 9gN.
n=0 :

tex Oy

The same computation for each variable y; j =2,..., N — 1 gives the bound in (33b).

For any ¢ > 0, the definition of function ¥; can be extended on the boundary 9C; (see
(29)) since the coefficients in (45) are well defined on C;. Moreover, since these coefficients
as function of y are continuous on C; , it is easily seen that the extended version of ¥, is
continuous on C; and is also denoted by ¥, in the sequel. Next, we study the behaviour of
this function on the boundary 9Cy.

We have for any y € {(yl, o YN_1) €ECp iy = 0} that xfz;?kl,...,kN, =0if k; > 1, so that

1
N1 —at (
Yro(y) : E “

tiy
X E xnkl, Ok 1pkg(’l’L—|—N,k‘1,...,0,...,](5]\[,1).
ki >0, k;=0,...,kn_1 >0,

Nl
Zjlk<n

Moreover, using py¢(n + N, ki,...,0,...,kn—1) < Pk{Vg+N_1 = 1} and (31), we obtain

Vy € {(y1,- - yn-1) €Ci | yi =0}, [Wre(y)] <o~ 12 ~ar Pk{ win—1 = 1}

(46a)
Finally, for any y € C; such that (y,1) = ¢, we have xf;jykl ko, = 0if ZN ! k; < n, so that
_ at
Urpa(y) = a™ ! Ze o (a)"
t;
X Z wn;ykh...,k]v_l pk,g(n—l—N, k17"'7kN—1)'
k1 >0,..., k; >0,..., kn_1>0

Since n = SNk, we have z Lk +1) =n+ N — 1 and for any (k,¢) € X2,

7=1
pk,@(n—i_N?kla" kN 1)<Pk{ n+N— 1_0}

It allows us to write that
N—1

vl ) €8l Y u =t )] <a¥ 12

j=1

Pk{ yN—1 = 0}

(46b)
We deduce from the next Lemma B.1 and (46a)-(46b) that there is p € (0, 1) such that

Yy € 9Ci,  [|Ti(y)]lo = O(e® P~V (1 + at)).
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Lemma B.1 For a discrete time finite Markov chain {Z, }nen with transition matriz ]5, let
Vi be the number of wisits to state i with respect to n transitions of the Markov chain (see
(44)). Let us introduce the (N —1) x (N —1)-matriz Pz := (P(k, O)keex\(iy and assume that
this matriz is irreducible and aperiodic. Let 0 < p; < 1 be the Perron-Frobenius eigenvalue of
Pieje. We have the following geometric estimates of the probabilities in (46a)-(46b) :

1. P{Vi=0} =0 and Pr{V,i = 0} = O(p;")
2. P {Vi=1} = O(p™ +np;" 1) for k #i and P{V;} =1} = O(p;,")
Remark B.1 Note that the irreducibility of the sub-generators Gicie allows us to derive ex-

ponential rate of convergence of || Vi(y)|lo on OCy when t growths to infinity, given that only
a rate in 1/t is required in Condition (AC2).

Proof. Since ﬁ{i}c{i}c is irreducible and aperiodic, Hﬁ{i}c{i}c 17| < Hﬁ{i}c{i}c“oo < Cp; for
some constant C' and p; € (0,1) is the Perron-Frobenius eigenvalue of ﬁ{i}c (Yo
For the first assertion, note that P;{V,! = 0} = 0 since V,! > 1 and for k # i

(=1

= Y (Payegie)" (5, 0) = en(Ppiyeqine)"1 (47)
leX
Then, it follows that P,{V,! =0} = O(p;").
For the second assertion, note that P{Vi =1} = Pi{> i 1yz,—iy =0} = ei(ﬁ{i}c{i}c)nl—r
so that, we deduce that P;{V;! = 1} = O(p;"). For k # i, we can write the following renewal
equation

V>0, Pu{Vapr=1} = > Pk j)Pi{V, =1}
jeX

= > Pk, j)Pi{V, = 1} + P(k, i)P:{V;, = 1}
j#i

with P;{Vp = 1} = 0if j # ¢ and P;{V) = 1} = 1. Let us introduce the following column
vector vi(n + 1) = (Pr{Vi41 = 1})k2i- Then we have from the previous equation

Vn >0, UZ‘(’I’L + 1) = P{Z}c{l}cvz(n) + Pi{Vn = 1}P{i}c{i}’ vi(O) = O,Pi{VO = 1} =1.
Then, we can obtain the following representation of vector v;(n + 1)

UZ'(TL + 1) = ZPZ{Vk = 1}P{Z}c{z}cn_kp{z}c{l} (48)
k=0

Note that P;{V} = 1} is known from (47). We obtain

n k—11T n—k
viln+1) = Ppjeqye P{z’}c{zﬁz(P{i}{i}cP{i}c{i}c ' )XP{i}c{i}c Piyegiy-
k=1
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The kth component of the vector is given by
Pi{Vii1 =1} = e 'vi(n+1)
= e Py Plijetsy

k—14T T n—k
+Z<P{z}{z}cp{z}c{i}c 1 )Xek Pliyetiye" " Piyetsy
k=1

T nqT k—14T T n—k T
k=1
Since || Pgjyeqiyell < Cpi, there exists K such that

n
Pe{Vap1 = 1} < K(p" + > pi* 1 p" %) = K(p™ +np™ ).
k=1
. . [l
C Linear transformation of MAPs

Let {(X;,Y;)}ier be an MAP with state space X x R?, where X := {1,...,N} and T := N
or T :=[0,00). Recall from [AsmO03| that {(X;,Y;)}er is a Markov process with a transition
semi-group, denoted by {Q;}teT, which satisfies

V(k,y) € XxRY Y0, B) € X x B(RY), Qu(k,y; {¢} x B) = Qu(k,0; {{} x B—y). (49)

Note that Q(k,y; {¢} x B) :==Pp{Xy = {,Y; € B} = Vir+(1B). Let us consider any linear
transformation 7" : R? — R™ and introduce the X x R™-valued process {(X;, TY;)} e

Lemma C.1 The process {(Xy, TY;) brer is an MAP with state space X x R™ and transition
semi-group QET) defined by: V(k,z) € X x R™ V(¢,B) € X x B(R™),

Q) (k, 2 {€} x B) = Qu(k, 0; {€} x T~\(B - 2)). (50)

Note that we only have to prove that {(X;, TY})}er is a Markov process with transition
semi-group defined by (50), since the additivity property for {(X;, TY?) }ier is clearly satisfied
from (50):

QU (k2 {0} x B) = Qu(k,0; {6} x T"Y(B ~ 2))
=: gT)(k:,O; {€} x B —2).
Proof. Let FEX’Y) = 0(Xy,Y,, u<t)and FEX’TY) = 0(Xy,TYy, u < t) be the filtration
generated by the processes {(X¢, Y:) et and {(X, TY;) her respectively. Since {(Xy, V) her

is an MAP with transition semi-group {Q; }+cT, we have by definition for any bounded function
g on X x R?

E |9(Xtts, Yits) |FgX’Y)] = Z/Rd 9(€,y1)Qe(Xs, Ys; {€} x dy1)
£eX

= Z/Rde +Y)Qu(Xs, 0: {0}  dyy).

rex
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Using the tower rule and the last representation of the condition expectation, we obtain for
any ¢ € X and B € B(R™)

E [1{z}xB(Xt+S7TYt+s) \ FgX’TY)] = E|E [1{é}xB(Xt+s,TY%+s) ’ FLE;X’Y)} ‘ FgX’TY)]

_ B /RdlB(T(yl—i-Y;))Qt(X&O;{@}Xdyl)’FgX,TY)}

L Rd 1
Rd 1

= /Rd Lp—1(B—1v,) (Y1) Qe (X, 05 {£} x dy1)
= Qu(X,,0;{0} x T"YB —TY,)).

Then {(X;,TY};) et is a Markov process with transition semi-group given by (50). O
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