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Lyapunov functions for evolution variational
inequalities with locally prox-regular sets

Abderrahim Hantoute* and Marc Mazade!

Abstract

This paper is devoted on the one hand to the study of specific properties of
an evolution variational inequality, holding in the Hilbert setting. We give on the
other hand a general criterion for Lyapunov pairs of this dynamical system and
some results on the asymptotic behaviour of the solution.

Key-words: Differential inclusions - Evolution variational inequalities - Proximal normal
cone - Uniformly prox-regular set - Hypomonotonicity - Lyapunov pair - Asymptotic
behaviour.

Mathematics Subject Classifications (2010) : 34A60 - 49J52 - 49J20

1 Introduction

This work is devoted on the one hand to the study of regularity properties of locally
absolutely continuous solutions of the differential inclusion

@(t,z0) € f(z(t,x0)) — NT(C;x(t, x0)) a.e. t € [0, +00],

(1)
x(0,20) = o, 70 € C,

where C' is a closed and uniformly prox-regular subset of a Hilbert space H, N¥(C;-)
denotes the proximal normal cone. On the other hand we also provide explicit criteria
to characterize Lyapunov pairs associated to differential inclusion (1) and asymptotic
behaviour results. Following [1, 29], a pair VW : H — R U {400} forms an a-Lyapunov
pair for differential inclusion (1) if for all g € C, z(-, x¢) satisfies

eV (z(t,w0)) — €™V (2(s,w0)) + /t W(x(r,20))dr <0 forallt>s>0 (2)

for some a > 0. As mentioned in [1], the choice of an appropriate function W in (2) can
be a key to obtain some stability properties of the solution x(-,xy). It is the same with
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the weight e which emphazises the fact that V is decreasing.

When the set C' depends on ¢, differential inclusion (1) is called sweeping process and
has been introduced by J.J. Moreau in the 70’s (see [25]). In [18], Henry studied planning
procedures in mathematical economy given by the differential inclusion

—i(t) € Prya)(F(x(t)) ae. t € [0,T] (3)
2(0) =z € C,

where F' : R” = R" is an upper semicontinuous set-valued mapping with nonempty
compact convex values, C' is a fixed closed convex set, Tr(+) is the tangent cone to C, and
Pr, (z(ty) denotes the metric projection mapping onto the closed convex set T (x(t)). B.
Cornet [14] considered (3) with a Clarke tangentially regular set C' of R", and reduced
the problem as in [18] to the existence of a solution of

{—ﬂﬂeN@ﬁﬁ»+ﬂﬂmaﬂtemﬂ

2(0) = 2 € C. (7')

The case of moving sets C(t) in place of the fixed set C' has been largely studied, for
example, when the sets C(t) are either convex or complements of open convex sets (see
[10, 11]), and also for general nonconvex closed sets of R™ (see [30]). Several other pa-
pers dealt later in the Hilbert setting with perturbed sweeping processes under uniform
prox-regularity assumptions, as the works of M. Bounkhel and L. Thibault [5], J.F. Ed-
mond and L. Thibault in [16, 17]. More recently, when C'is a locally prox-regular set, M.
Mazade and L. Thibault showed in the context of a Hilbert space the well-posedness of
evolution variational inequality (1) (see [21, 22]).

For many motivations, several authors studied independently Lyapunov pairs (see
(7, 8, 9, 20, 26]). In view of developing some criteria for these functions and extend
the study in the nonsmooth case, Clarke et al. [13] called these functions ”weakly or
strongly decrease along the trajectories” and introduced Hamilton Jacobi equations whose
solutions are the Isc Lyapunov functions. The study of Lyapunov pairs of a system is also
an important tool to provide information on the trajectories on different models (see
3, 4, 6, 28]). It is also used to obtain stability properties of second order differential
equations and nonlinear mechanical systems.
When V is smooth enough (that is C! for example), by derivating ¢ — eV (x(t, x¢)), we
can show that (V, W) forms an a-Lyapunov pair for (1) if and only if

sup sup V'(y)(f(y) —y") +aV(y) +W(y) <0 (4)

yEH y*€dp(y)

when ¢(+) is a lsc convex function or N¥(C;-) is replaced in (1) by a maximal monotone
operator.

Our aim here is to give an appropriate criteria and extend condition (4) considering the
proximal normal cone N7 (C, ) of a uniformly prox-regular set C' in differential inclusion
(1). Asin [1], we obtain a relaxed condition and prove that (V, W) forms an a-Lyapunov
pair for (1) if and only if

oub inf ’ —y")+aV(y)+W(y) <0 sup inf , —y*) <0,
£€opV (y) y*ENP(C;y)<§ f(y) Y > (y) (y) €OV (1) y*GNP(C;y)<§ f(y) Yy >
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The paper is organized as follows. In the next section, we recall several notions of
nonsmooth and variational analysis, involved throughout all the paper. We also give some
specific results about the solution x(-) of (1). More precisely we estimate the derivative
#(t) and the right derivative of x(-) at 0, denoted by @ (0). Then, we establish in section
3 a general criterion for a-Lyapunov pairs for problem (1). The last section deals with
the asymptotic behaviour of the solution.

2 Preliminaries and regularity properties on global
trajectories

Let us recall some fundamental definitions. Throughout all the paper, (H, (-,-)) stands
for a real Hilbert space and ||-|| = 1/(-,-) is the associated norm. The open (resp. closed)
ball of H centered at & with radius ¢ is denoted by B(Z,¢) (resp B[z, ¢]). The closed unit
ball of H will be denoted by B. For any subset C' of H, o C' stands for the closed convex
hull of C'. Now let C' be a nonempty closed subset of H and y € H. The distance of y to
C', denoted by d¢(y) is given by

de(y) == inf{||lz —y|| :z € C}.
One defines the (possibly empty) set of nearest points of y in C' by

Projo(y) :=={z e C: do(y) = |ly — [l }-

When Proj.(y) is a singleton, we will write Po(y) in place of Proj-(y) to emphasize this
singleton property. If z € Proj.(y), and s > 0, then the vector s(y — ) is called (see, e.g.,
[15]) a prozimal normal to C' at . Sometimes, it will be convenient to write Proj (C, z) in
place of Proj(x). The set of all vectors of this form is a cone which is termed the prozimal
normal cone of C at x. It is denoted by N¥'(C;z) or N&(z), and N¥(C;z) = () whenever
x ¢ C. Observing that, for € C, a nonzero vector v € N (C; ) if and only if that for
some p > 0 one has @ € Projo(z + (%v), and translating this as p* < [lz + o — /||
for all 2’ € C, we obtain that the inclusion v € N¥(C;z) is equivalent to the existence of
some real o > 0 such that

(v,2/ —2) < o’ —z||* forall 2’ € C. (5)

For x € C, inequality (5) can be also localized in the sense that it holds for some o > 0
(i.e., v € NP(C;x) ) if and only if there exist some v > 0 and 7 > 0 such that

(v,2' — ) < ||z’ —z||* forall 2’ € C N B(x,n). (6)

One also defines the Mordukhovich limiting normal cone and the Clarke normal cone
respectively by

NE(Ciz) :={v e H: v, =" v,v, GNP(C;xn),xn?x}

and
NY(C;2) := @ N*(C; x),



where v, =" v means that the sequence (v,), converges weakly to v and z,, E> T means

that x, — x and x, € C for all n € N. It clearly appears in the definition above
that NX(C;z) is the Painlevé-Kuratowski weak sequential outer (or superior) limit of
NP(C;a') as ' — z, where for a set-valued mapping M : U = H from a topological
space U into H the Painlevé-Kuratowski weak sequential outer limit of M at x € U is
the set
4 Limsup M (2') :={v € H : Jv, =>" v, v, € M(xy,), x,, — x }.
' —x

Like for N¥(C;x), sometimes one writes N5(z) and N§(z) instead of NL(C;z) and
NY(C;x). It is worth pointing out that for x outside the closed set C' one has N*(C;z) =
NY(C;z) =0, hence (since 0 € NP(C;z) for all z € C)

Dom N”(C;+) = Dom N*(C; ) = Dom N¢(C; ) = C,

where for a set valued-mapping M : U = H we denote by Dom M its (effective) domain,
that is, Dom M :={z € U : M(x) # 0}.

The elements in the Mordukhovich limiting normal cone can also be obtained as weak
limits of sequences of Fréchet normal vectors. A vector v € H is a Fréchet normal of C
at ©x € C' whenever for any real £ > (0 there exists some real 17 > 0 such that

(v,2' —z) <e|la’ —z|| forall 2’ € CN B(x,n).

Denoting by N¥(C;z) or NE(x) the cone of all Fréchet normals to C at x € C and
putting N7 (C;x) = 0 for x € C, it is also known that

NY(C;2) =9 Limsup N¥(C;2') for all x € C.

' —x
Taking (5) into account, we always have
NP(C;z) ¢ NF(C;z) ¢ N (C;2) € N9(C;2) for all z € C. (7)

After this definition of proximal normal cone, we recall the definition of local prox-
regularity of sets. For a large development this concept, the reader is referred to [27].
In this paper, we will use some results where the quantified viewpoint [22] of the local
prox-regularity has been introduced.

Definition 2.1. For positive real numbers r and «, the closed set C' is said to be (r,a)-
proz-reqular at a point T € C provided that for any x € CNB(Z,«) and anyv € NF(C; x)
such that ||v|| <, one has

x = projo(z +v).

The set C' is r-proz-reqular (resp. prox-reqular) at T when it is (r, a)-proz-reqular at T
for some real o > 0 (resp. for some numbers r > 0 and o > 0). The set C is said to be
r-uniformly prox-reqular when o = +00.

It is not difficult to see that the latter (r, «)-prox-regularity property of C' at z € C'is
equivalent to requiring that

x € Projo(z +rv) forallz € C N B(F,a) and v € N7 (C;7) N B. (8)



When the set C'is (7, a)-prox-regular at z, we have
NP(C;z) = NF(C;z) = NY(C;2) = NO(C; ) for all z € C N B(Z, ).

The (r, a)-prox-regularity of the set C' gives the following hypomonotonicity property of
the truncated normal cone.

Proposition 2.2. Let C be a closed subset of H, and x € C'. Then, if there exist positive
real numbers r and o« such that C is (r,«)-proz-reqular at &, then the set-valued mapping
NP(C,-)NB is L-hypomonotone on B(Z, ).

We now come to the study of (1). The problem of existence and uniqueness has been
obtained in [16], and is also a consequence of the results obtained in [21].

Theorem 2.3. Let H be a Hilbert space. Assume that C is r-uniformly prox-reqular.
Let f : H — H a k-Lipschitz continuous mapping. Then for any xo € C, the following
evolution variational inequality

{ @(t) € f(x(t) — N"(C;2(t) a.e. t >0, (9)
I(O) = X9 € C

has one and only one locally absolutely continuous solution on [0, +o0c[. Moreover one has
the estimation

J&(t) = fe@) < f (@) a.e. t = 0. (10)
The next lemma is helpful in studying the derivative #(¢) of the solution of (9).

Lemma 2.4. Let H be a Hilbert space. Assume that C' is r-uniformly proz-reqular. Fiz
T > 0 and consider x1(-), x2(+) from [0,T] into H be two absolutely continuous mappings
satisfying

@i(t) € f(zi(t)) — NP (Cyzi(t))  ace. ,i=1,2. (11)

Then for any s,t € [0, T] with s <t one has

s (8) — 2 (2)

< [||$1(s)—x2(s)||—|—/ 1f (21(7)) = fla2(7))| dr] eXp(%/ (Lf (o) =+ [1f (@2 (m))]) dr).
(12)

Proof. Denote by N the Lebesgue-null subset of [0, 7] out of which (11) holds for i = 1, 2.
Fix any ¢ € [0,T]\N. Since C is uniformly prox-regular, according to the hypomono-
tonicity of N(C,-) NB we get

(=@ (0)+f (w1 (8) +a2(t) = f (22(0)), 21 (8) —22(1)) = _%(||f($1(t))||+||f($2(t))||)||$1(t)_x2(t)||2'

Hence,
%Hxl(t) — za(t)|* = 2(d1(t) — @o(t), (1) — 2a(1))
< §(||f($l<t))|| + [ f (@) D21 (t) = 220 + 2(f (22(t) — f(21(F)), 21(t) — 22(1)).

(13)



Observe that the function [|z1(-) — x2(+)|| is absolutely continuous on [0,7] and that for
almost all ¢ € [0, 7],

d , d
171 (0) = 22O = 2[le1 (1) = w2()| - ll21 (£) = z2()]]-

We then deduce from (13) that for almost every ¢ € [0, 7] :

d 1
g 121(®) = 2@l < —(ILf (@ @)l + 1 f (@2 @)D 21(E) — 22Ol + [1f (21(2)) = Fl2))]]
Applying Gronwall’s lemma, one obtains inequality (12) as desired. O]

The next lemma is an adaptation of Lemma 1.8 in [23].

Lemma 2.5. Let C be a closed set r-uniformly prox-regular. The function d(-) : H —
R U {+o0} defined by

| 4o dfxé¢C,
d(z) = { d(0, f(z) — NP(C;x)) otherwise (14)

15 Isc at x € C with respect to the strong topology of H.

Before giving the main results of this section, recall that for a set S of H and € S, the
Clarke tangent cone of S at Z is defined as the Painlevé-Kuratowski limit inferior of the
set-differential quotient

1
T(S;z) := Liminf —(S — u),

tl0; u—T
Al U2

i.e., a vector h € T'(S; z) if for any sequence (z,), in S converging to Z and any sequence
(tn)n of positive numbers converging to 0 there exists a sequence (h,), in H converging
to h such that

T, + thh, € S for all n € N.

The Clarke tangent cone T'(S; ) is known to be closed and convex (see [12]). The Clarke
normal cone NY(S,Z) of S at Z can also be seen as the negative polar (7'(S; 7)) of the
Clarke tangent cone, that is,

NYS;z):={ve H:{(v,h) <0 VYheT(S;z)}.

Proposition 2.6. Let C be a closed set r-uniformly proxz-reqular. Denote by x : [0, +oo[—
H the unique locally absolutely continuous solution of

{ i(t) € f(x(t)) — NP(C;z(t)) a.e. t €0, 400,

Then the following properties hold

a) for almost every t >0, @(t) = (f(xz(t)) — NF(C;z(t)))°;

b) There exists T > 0 and m > 0 such that for all t € [0,T],

[(f(z(t)) — NP(C;2(t))°|| < || f(zo)|le™2.



Moreover if f(xo) € T(C,xp),
c) the mapping t — (f(xz(t)) — NP (C;x(t)))° is continuous on the right at 0;
d) the mapping t — @, (t) is continuous on the right at 0 with

7+(0) = (f(z0) = NT(C;20))".

Proof. To prove a), we set z(t) := f(z(t)) and we fix ¢y € [0, +o0o[ such that

i(to) € 2(to) — NT(C, z(to)) (16)
and 1{531% t o |2(r) — 2(to)| dr = 0. (17)

Note that for a.e. £ >0

Iz = 1 @) < [1f (o)l + Kll(t) — ol

so z € L} ([0,400c[, H). Almost every point of [0, 400 is a Lebesgue-point for z and

loc

hence satisfies (17). Then, define g : [0, +00[— H and y : [0, +00[— H by
g(t) == 2(ty) — (2(to) — N¥(C, x(ty)))° and y(t) := x(to) for any ¢ € [0, 4+-o0].

One clearly has
y(t) € g(t) — NP(C,y(t)) for all t € [0, +o0[.

Then, by Lemma 2.4, for any € > 0 , we can write
[ (to 4 &) — x(to) |

= (/t:m 12(7) = 2(to) + (2(to) — N*(C,x(t)))" dT) *

eXp(E/O E”Z(T)I|dT+EHZ(to)—(Z(to)—NP(Cw(to)))DH)-

T Ji
Hence,
le™ a(to + ) — (to)]

1 foe P 0 *
< (— [ 1) = st dr + 1(et00) = N (Contto)) ||>

€ Jt,

exp(y [ (e +ellttn) = (a(t0) = N7(C. 0wl

to

When ¢ | 0, via (17) we get

(o)l < [[(2(t0) = N*(C; 2 (t0)))°-

By virtue of (16), we conclude that

i(to) = (f(x(ty)) — NP (C;2(ty)))° for ae. to > 0.
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Proof of b). Following the notations of Theorem 3.1 in [22], we fix 0 < 7’ < r. Let

B = ||f(zo)|| + 2r'k and T > 0 such that ST < Z. Under these assumptions, for any

A > 0, the family z,()xso of the solutions of the differential equation

EA(t) = f(2A(t) — 55 Vde(2a(t) ¢ €[0,7],
{ J,’)\(O) = X9 € O, (18)

converge uniformly to the solution z(-) of (9) on [0,7] as A | 0. Recall also that (see
Proposition 2.5 in [22])

o ;Vde(x) =z —projo(z) forall z € Us(r) :={we H :dc(w) <r};
e the mapping projs(-) is —-Lipschitz continuous on Ucg(r).

We set ¢ := —— and z)(t) := f(ux(t)). Consider arbitrary ¢ € [0,7] and h > 0 such that
t+ h <7T. Remark that

—iA(t) + 2a(t) € N(C; proje(ua(t)))

and according to the hypomonotonicity property of N(C';-) (see a) of Proposition 2.1 in
[22]) we get

(—a)\(t+h)+ 2x(t + h) + 2x(t) — 2 (t), proje(xx(t + h)) — projo(zaA(t)))
> D proic(aa(t + ) ~ projc(a )

With projo(xx(s)) = AM(@a(s) — 2x(s)) + za(s) for s € {t,t + h} and (b) of Proposition 2.5
in [22], we get

(=@a(t+h)+2n(t+h)+a () —2a(t), A(@a(t+h)—2x(t4+R)) = A(@a(t) =22 (t))+2r(t+h)—2A(1))

2
C
> ——llealt + 1) —2r (O]

Computing the left hand side, we obtain

—MJaa(t + k) = 2a(t + W)[|* = Allea(t) — 2x(B)]|* + 2X(@x (¢ + h) — 2x(t + h), @x(t) — 2a(1))
+(za(t+ h) — 2x(t), zA(t + h) — 2\ (t)) — (Ex(t + h) — 2x(t), 2x(t + h) — zA(1))

2
C
> ——|lza(t +h) — 21"

Hence we have

1d 2
5%[“?@ +h) = (0]

< BTCHM(t +h) =A@ = Alléa(t + h) — 2ax(t + 0| = Allaa(t) — 2]
+ 2)\<$)\(t + h) — Z)\(t + h), x)\(t) — Z)\(t)> + <Z)\(t + h) — Z)\<Zf),l‘)\(t + h) — LL')\(t»
Note that

—A||ZA(t+h) —ZA(?f-i-h)Hz — A||ZA(2) —ZA(If)Hz +2X(EN(t+h) =2\ (t+h),x(t) —2x(2)) <O
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and since f(-) is k-Lipschitz continuous we can write

[[aa(t +h) — 2a(@)]] = |[f(xA(t + h)) — fza(?))]]
< Efza(t + h) — 2 (t)]].

Hence we obtain

pe’

o llaa(t 1) = o OIF] < (O 4+ Bllaatt + 1) — 0]

Set m = 5;:2 + k. According to Gronwall’s lemma, we obtain that given any ¢, s € [0, +00]
with s <,
lza(t + h) — 2A(0)]]> < ||za(s + h) — z(s)]|2e™)

and hence
1P~ (@t + k) = x| < IR (@als + h) = 2a(s))||e™ 72,
Finally, letting h | 0, we obtain
lia ()] < [lia(s)][e™ =72, (19)
that holds for any s,¢ € [0, +oo[ with s < ¢. Putting s = 0 in the last inequality leads to
lia ()] < [|Ex(0)]|e™ = || f ()| |2

since 2 (0) = f(wg) — 55 Vdg(z0) = f(x0) as z € C. Tt follows that given any ¢ € [0, 400,
the sequence (Z,(t)) is bounded in H. Then one find some subsequence (&y, (t)),>1 that
converges weakly in H to some element v, that satisfies

ol < 11 (@o)le™2. (20)

According to the r-uniform prox-regularity of C, we have

(25, (t) — Zx, (8), 2" — proja(zy, (1)) < ng’ — projo(zy, (1)|%, forall 2’ € €. (21)

As n goes to +00, proja(zy, () — z(t) so

B

(f(z(t) — v, 2" —x(t)) < 2—T||x' —z(t)|)?, for all 2’ € C,

hence vy € f(z(t)) — NP(C;z(t)) and [jvg]| > ||(f(z(t)) — NP(C;2(¢)))°||. According to
(20) we have

1(f((t)) = NP(Cra(6))°]] < |If (zo)lle™?,
which proves b).
To prove ¢), as f(z¢) € T(C,x0), one has f(z¢) € [N (C,x0)]° = [NF(C,x)]° since C is
uniformly prox-regular. So for all w € N¥(C; ), (w, f(x0)) < 0. Hence

1 (o) = wll* = [ £ (@o)lI* = 2w, f(z0)) + wll* = || f (x0)||* for all w € N"(C, o).



So proj(f(zo), NF(C,x0)) = {0} and we get

fxo) = flxo) = proj(f(zo), NT(C,x0)) = (f(x0) — N7 (C;20))°.

So
1(f((t)) = NP(C;2()))°]] < 1[(f(z0) = N7(C, m0))°||€™/2, (22)

Thanks to Lemma 2.5 we know on the one hand that for any s € [0, +00[, one has

1(f(@(s)) = N*(Cs.0(s)))°[] < lim inf [|(f(2(1)) = N*(C ()| (23)

and on the other hand, by (22)

i s (£ (1) = N7 (C:a(1)1] < 17 o) = N7(C.a0)) (24)

As a result, from (23) with s = 0 and (24), we deduce that the function ||(f(z(:)) —
NE(C,x(:)))°| is continuous on the right at 0. Given any sequence (t,),>; C [0, 7] with
t, — 0, we can write

1(f(@(tn) = NP (Cra(ta))ll = I(f(w0) = N7 (C;20))°]] (25)

n—-+00

and then sup,~, ||(f(z(t,)) — NT(C;z(t,)))°|] < +o0. Therefore there exists some £ € H
and a subsequence ((f(z(t,,)) =N (C;2(t,,)))?)r>1 that converges weakly in H to & when
k — +o00. Using the same technique given by (21), one has & € f(z(t)) — N(C,z(t)).
Inequality (25) yields

€l < lim inf [[(f (2(6n) = N7(C5 (6 )l = [1(f(20) = N7(C;20))°]-
Necessarily, ¢ = (f(z(t)) — N(C;x(t)))°. By uniqueness of the weak cluster point of
(f(z(t,)) — NP(C;2(tn)))?)ns1, the whole sequence is weakly convergent to (f(zg) —
NF(C;20))? in H. Since we also have the convergence in (25), the sequence ((f(z(t,)) —
NT(C;z(t,)))°)ns>1 actually converges strongly to (f(xg) — NT(C;x¢))? which proves b),

i.e. the right continuity of (f(z(+)) — NP(C;xz()))? at 0 as desired.
Proof of d). By the absolute continuity of z(-) on [0, 7], for all A > 0 with h < T we have

z(0+h) —z(0) = /0 &(r)dr.

Then, from a) it comes

hHz(0 + h) — 2(0)] = h_l/o (f(z(r)) = NP(C,z(r)))° dr.

The continuity on the right at 0 of the mapping (N¥(C,z(-)) + f(z(-)))° ensures the
continuity on the right at 0 of &, (-) and the existence of the right derivative @, (0) with

4(0) = (f(z0) = N"(Cy )"

which is assertion d). O
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3 A general criterion for Lyapunov functions

Let us recall the definitions of subdifferentials of functions.
Let f: H— RU {400} be an extended real-valued function and let x € dom f, that is,
f(z) < +o0. Each one of the above normal cones (see, e.g., [24]) leads to a subdifferential
through the normal cone to the epigraph epi f of f, where

epif:={(z,p) € HxR: f(z)<p}

So, the proximal subdifferential, the Fréchet subdifferential, the Mordukhovich limiting
subdifferential, and the Clarke subdifferential are the (possibly empty) subsets of H given
by

O f(x) ={veH: (v,-1) € N(epi f; (z, f(2))) },

where “?“ stands for P, F, L, C respectively, and the singular subdifferential is given by
Docf(x) = {v € H : (1,0) € N°(epi f; (, f(2))) }-

By convention anyone of the above subdifferentials of f at a point x € dom f is empty.
The proximal and Fréchet subdifferentials have amenable analytical descriptions. Indeed,
for z € dom f it is known through (6) that v € dpf(z) if and only if there exist v > 0
and 1 > 0 such that

(v, — ) < f(2') — f(x) + 7|2’ —z|]* for all 2’ € B(z,n).

Analogously, v € O f(z) if and only if for any real € > 0 there exists some 7 > 0 such
that
(v, —x)y < f(2') — f(x) + e’ —z|| forall ' € B(x,n).

In this section, our aim is to study Lyapunov pairs of the solutions of the differential
inclusion

{ i(t,x0) € f(x(t,x0)) — NT(C;x(t, 20)) ae. t € [0, +00], (26)

x(0,20) = zg, 29 € C

where the existence and uniqueness on [0, +oo[ is given by Theorem 2.3 when the set C'
is uniformly prox-regular. In the remainder of the paper,

i) V:H — RU{+400} denotes a weakly lower semicontinuous (Isc) function;
i1) W : H — Ry is Lipschitz continuous on bounded sets;

i) C'is a r-uniformly prox-regular closed subset of H;

iv) (-, x) will denote the solution of (26).

Recall the definition of a Lyapunov pair, as in [1].

Definition 3.1. Leta > 0. (V, W) forms an a-Lyapunov pair for the differential inclusion
(26) if for all xy € C' Ndom V' we have that

t
eV (z(t, 20)) —i—/ W (x(r,x0))dr < V(xg) for all t > 0.
0
When a = 0, one says that (V,W) is a Lyapunov pair for (26).

11



The next theorem can be seen as an extension of the characterization of Lyapunov
pairs given by Theorem 3.3 in [1].

Theorem 3.2. Let a > 0. Suppose that for all x € C, f(z) € T(C,z). Fizy € C,
A € [—o0, V(y)[ such that )
V> A NdomV C C.

Then the following assertions are equivalent

i) For all 7o € C NdomV N[V > )],

eV (x(t, z0)) +/0 W(z(r,z0))dr < V(zg) Vte0,p(xg)], (27)

where p(xg) is given by

v>0:3p>0,B(xg,p) C[V >N\ st Vsel0,v]:
plo) = sup 8
2||z(s, x0) — w0l < p and |(e7* — 1)V (zg) — [; W(a(r,20))dr| < p
(28)

it) Forallye CN[V > A

sup (&, f(y)) +aV(y)+W(y) <0,
£eopV(y)

sup (&, f(y)) <0.

€0 V(y)

i1i) Forallye CN[V > Al

sup inf )<€, fly) —y") +aV(y) + W(y) <0,

ccopV(y) Y ENP(Cry

swp b (& W) =y <0,

£€0.V (y) YTENT (Ciy
Moreover, when A = —oo, (V,W) forms an a-Lyapunov pair for (26).

Proof. We first prove the statement ) = i7). Let us fix y € C N[V > N, € € 9pV (y) U
OV (y) and denote

[ 1ifEeapVy),
ME) = { 0if € € aZV(y).

Hence y € CN[V > A|NdomV and (¢, —k(€)) € NP(epiV, (y,V(y))). Denote by z(-, y)
the solution of the inclusion

{ i(t,y) € f(z(t,y)) — NP(C;z(t,y)) ae t € 0,400,
z(0,y) = y.

By i) and recalling that p(y) > 0, we let 7" €]0, p(y)[ be such that
t
(z(t,y), eV (y) — e_“t/ W (z(r,y))dr) € epiV forall t € [0,T].
0
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Let us introduce the mappings ¢ and h given by

¢
Ut) = (e = 1)V (y) — e_“t/ W (z(r,y))dr and h(t) := k(£)L(t). (29)
0
Observing that lgfgl al|lz(t,y) — yl|? + al?(t) = 0, we fix € > 0 such that

allz(t,y) — y|> + al?(t) < e for all t € [0, T].

By the definition of N*

epiv (¥ V(y)), there exists v > 0 such that for all ¢ € [0, T

(& =k(&)), (x(t,y), e "V (y) —6‘”/0 Wz (T, y)) dr) = (y, V()

< al(z(t,y), e V(y) - 6_‘”/0 W (x(r,y)) dr) — (y, V()|

(& a(t,y) —y) — k(E)t) < allz(t,y) — ylI” + al*(t)
(& xt,y) —y) — h(t) < allz(t,y) =yl + al?(t) <e.

Hence we get

—e < —allz(t.y) —yl* — al(t) < h(t) + (& y — x(t,y)) = V().
Then we obtain
—e < (& y —a(t,y) + h(t).
Hence the function ¢ defined on [0, T] by
b(t) == (& y — =(t,y)) + h(t)

is such that () > (0) — e for all t € [0, 7.
Let A > 0. According to Ekeland variational principle, there exists (tx)ren, tx € [0,7]
such that ¢, | 0 and satisfying

o (ty) <P(0); ety <A e

d+
dtw (tr) > —¢/A.
Fix A = 1. Note that h'(t) = —k(&)(aV (y) + W(y)) for all t. Hence we obtain
-
(& =1 (te,y)) — K(E)(aV(y) + W(y)) = —¢

According to Proposition 2.6, & (+,y) continuous on the right at 0. When ¢, | 0 in the
latter inequality we obtain

(€, —i1(0,y)) = k() (aV(y) + W(y)) = —¢

13



Remark that
#4(0,y) = (f(x(0,9)) = N7(C;2(0,9))))°
= (f(y) = N"(C;))° = f(y) since f(y) € T(C,y)

which entails ii) as desired as € is arbitrary.
The proof of ii) = dii) is immediate. Let us prove iii) = i). We fix ro € CNdom VN[V >
Al. According to the weak lower semicontinuity of V' we fix p > 0 such that

B(xg,p) C [V > A (30)

Using the continuity of z(-, zg), we also select T > 0 such that

sup 2||z(t, zo) — xol| + [(e=* — 1)V (z0) — e_“t/o W(z(1,z0))dr| < p. (31)

te[0,7

Now we define h : [0, 7] — R, as

h(t) ::/0 W (x(r,x0))dr

and the functions v : [0,7] = R,z : [0,7] — H xR and 5 : [0, 7] — R, given respectively
by

V() = e (V(zo) — h(t))  2(t) = (x(t, 20),7(t)) n(t) == %dQ(Z(t),epi V). (32)

Observe that 7 is Lipschitz continuous on every compact interval in ]0, 7] so that for all
t €]0, T we obtain

Ocn(t) = d(=(t),epi V)dcd(z(-),epi V)(t) # 0.

If 2(t) € epiV then den(t) = {0}. O
In order to establish assertion i), we shall proceed in steps. First in the following
lemma we recall a general estimation of dcn. The proof is given in detail in [1].

Lemma 3.3. Let t €]0,T] be such that z(t) ¢ epi V. Then there exists o > 0 such that
_ P
dentty cao | | (a(t) - ( u ) | ( (NP (Cs(t,20)) N aB 4 f(a(t, 70)) >>

_ _ ,—at
(un)cE " axy(t) — e” W (2(t, x0))

where € := Proj(z(t),epi V') N (B(zo, p) x [y(t),y(t) + pl).
Next we improve the formula given in the preceding lemma under assumption v).

Lemma 3.4. Let t € [0,T] be given. Then there exists a positive real M such that

den(t) C] — oo, Mn(t)]  for all t € ]0,T]. (33)
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Proof. First we suppose that V(x(t,z0)) > ~(t) because otherwise don(t) = {0} and
the conlusion holds. Then according to Lemma 3.3 we have to show that for every
z* € NP(C;x(t,z9)) NaB and (u, ) € Proj(z(t),epi V) N (B(xo, p) x [y(t),7(t) + p]) it
holds that

[ u flz(t,zg)) — a*
G = () (e sy D < G D, G0

As the vector (u,u) € Proj(z(t),epiV) one has z(t) — (u, ) € Nl (u,p) with u €

B(zg,p) NdomV C [V > AJNdomV C C. Recall that z(t) = (x(t,z0) — u,y(t) — u).
Observing that v(t) — p < 0, so either v(t) — p = 0 and z(t,20) — u € 0,V (u), or

t —
o(t, o) — u € 0pV(u). Hence according to iii) there exists

v(t) — p < 0 and in this case —————
) = y(t)

u* € NP(C;u) such that
((t,20) —u, f(u) —u’) < (v(t) —w)(@V (u) + W(w)). (35)
Thus writing
((t, o) — u, fa(t,x0)) — a") =
(x(t,x0) — u, f(x(t,x0)) — f(u)) + (x(t, z0) — u, f(u) — u*y + (x(t, z0) — u,u* — z*)
< k||lz(t, o) — ul® + (y(t) — ) (aV (u) + W(u)) + (x(t, 2¢) — u,u* — x*).
Set a := max{a, ||u*||}. According to the r-uniform prox-regularity of C, note that

* * * * d
(@(t,w0) — u,u” — %) (el + 2" Dl (t, o) = ull® < —l(t, @o) — ull?,

< —
- 2r
Set (#:= 2. Hence

((t, z0) — u, f((t, 20)) — x7)
< Kl (t, 20) — ull® + (v(t) — p)(aV (u) + W(w)) + Bz (t, xo) — ull*.
Consequently

((t, xo) — u, f(x(t,20)) — 27) + a(p = y()y(t) + (= ¥(t))e™ "W (x(t, 70))

< (B4 k)|Ja(t, z0) — ull* — (1 — () (aV (u) + W (u))
+a(p —y(0)y(t) + (1 — () e "W (x(t, o))

= (B + k)ll=(t, @) — ull®
+alp— (1) (y(t) = V(w) + (1 — (@) (e W (2(t, 20)) — W(u))

< (B+ B)lla(t, 20) — ull” + alu — () (V() = V() + (1 — y(8))e "W (x(t, z0)) — W ()]
< (B+ k)2t z0) — ull? + 0+ Ll — 1(8)] |2t 20) — ul] ~ (since (t) = V(u) < 0)

< (B+k)llw(t, 20) — ul® + LTW(IIIE(Mo) —ul* + [ = ()

< 208+ k) + Lw)n().
Finally in the last lemma we obtain the desired conclusion with M :=2(8+k)+ Ly. O

15



Lemma 3.5. Assertion (1) holds that is, for allt € [0, p(zo)] we have that
t
eV (x(t, o)) +/ W (x(7, x0)) dr < V(o).
0

Proof. We fix t1,ty €]0,T[, t €]t1,t2[. By invoking (33) together with Gronwall’s lemma
we obtain that
e Min(t) < G*M“U(tl)-

Thus by making ¢t; — 0, it follows that d((z(t, xo), e *(V (x) — h(t))),epi V) = 0 which

in turn gives us
t
eV (z(t, o)) +/ W (x(r, xo)) dr < V(o). (36)
0

Recall that
v >0:3p >0 with B(xg,p) C[V > A] s.t. Vs €[0,1] :

(o) = sup
2||z(s,x0) — xo|| < p and |(e=* — 1)V — JS W (x(r,20)) dr| < p

The set defined in the right member is not empty. Indeed, accordmg to the lIsc property
of V we can find such a p (see (30)) and due to the continuity of z(-,zy), there exists
T > 0 such that (31) is satisfied.

Let T" < p(zo) and fix t €|T, p(xo)[ such that (31) holds. If p(zg) = 400 then the
inequality (36) is valid on [0, 4-00[. Otherwise let ¢, — p(z0), (31) being satisfied for each
t,. Then inequality (36) is true for all n, and according to the lsc of V' and the continuity
of x(-,x¢), passing to the limit through n gives that (36) is true for all ¢t € [0, p(x)].
Hence #ii) = i) as desired.

When \ = —oco, we get that [V > \] = H and since z(-) is locally absolutely continuous,
p(xg) = +00 so inequality (27) is true for all ¢ € [0, +o0[, that is, (V, W) is an a-Lyapunov
pair for (26). O

4 Asymptotic behaviour of global trajectories

Denote by x(-,xy) the global solution of (26). The next proposition is an extension of
Proposition 4.1 in [23] given when N (C;-) is replaced by the subdifferential dpy(-) of a
primal lower nice function, V' = ¢ and f = 0. Here we give these results for any Lyapunov
function V' ( resp. any a-Lyapunov pair (V, W)), according to the definition given in [1].

Proposition 4.1. Let V : H — RU {400} be a Lyapunov function for (26). Suppose in
the following that V' is bounded below on the set x([0, +oo[). Then

1) hm V(z(t,zo)) ezists in R and lim V(x(t,z0)) = inf V(x(t, z0));
t—+o00 t>0
2) if (V,W) is an a-Lyapunov pair for (26), then

lim (V( (t,20)) /W x(T, x0)) )<+oo.
t——+o0

As a consequence,

+oo
W(x(t,zo))dt < +oo  when a = 0.
0
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3) if (Tooy Vo) € HXH is a (||-|| xw)-sequential cluster point of {(x(t, x¢), Z(t, x0)),t > 0}
when t — +oo then

lim V(z(t,20)) = V(2s) and ve € f(200) — NY(Cs25).

t—+00

4) In addition, suppose that
a=0, lm V(x)=o0 and W(z) > |f(z)| for all z € H. (37)

||| =400
Then all the solutions of (26) are bounded.

Proof. To prove 1), since V' is Lyapunov, V o z(-) is nonincreasing on [0, +oo[ and we
conclude according to the boundedness assumption on V.
Proof of 2). (V, W) forms an a-Lyapunov pair for (26), so we have

eV (z(t, 20)) + /Ot W(z(r,z0))dr < V(x0), for all t > 0. (38)
Dividing by e* in (38) yields
V(x(t,xg)) +e ™ /Ot W (z(7,20)) dr < eV (x0)
and when ¢ goes to +oo, this leads to 2).

When a = 0, we get that f0+oo W (x(t,z0)) dt < 400 since tlim V(z(t,z0)) € R according

——+00
to 1).
Proof of 3). Let (t,)n>1, tn > 0, be a sequence such that ¢, — +oo. Set z,, := x(t,, x0)
and v, = @(t,,x0). As a direct consequence of 1), we get that nETmV(xn) = V().

Further, since f is Lipschitz continuous on H, we have f(z,) ¢ f(zs). We have also
n—-+00

v, € f(x,) — NP(C,z,) for all n > 1. The r-uniform prox-regularity of C' yields

/ 1 / /
(=vn + fl@n), 20 = 2") < o (([vall + 1 f(2a) D |20 — '] for all 2" € C.

Since (v5)n>1 is weakly convergent, one has M := sup,,>, v, < +00. So when n goes to
+o00 in the latter inequality we have

(o 4 [ (1), 70— ) < o (M 4| () Dl — ] for all o' € €,
i.e. Voo € (7o) — NP(Cs24), as desired.
Proof of 4). If zop € CNdom V, then V' (z(t, ) < V(z0) hence t — V(z(t, x¢)) is bounded
above. From (37) it follows that t — ||z(¢, zo)|| is bounded. The consequence in 2) yields
that W o z(-) € L*([0, +oo[, H). According to the hypomonotonicity of N¥'(C;-) NB, for
every x € C'Ndom V' we have the estimation

(—x(t,x) + fx(t,x)) + 2(t, o) — fa(t,x0)), x(t, x) — x(t, x0))

< 1(||$'(7571L“) — f(a(t,2))[| + [[a(t 20) — f(@(t, x0) D]z (t, ) — @ (t, 20)||”

< %(Hf(ﬂf(t,x))!\ + 1 (@t z0) D¢, ) — (¢, 2o)||* (due to (10))
< %(W(ﬂf(t, ©)) + W(a(t, 20))) |z (t, ) — 2(t, zo) |
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Then we get

d 2
= (lz(t, ) — 2t 20)[°)
< ;[W(w(h 7)) + W(a(t, xo)|x(t, v) — 2t zo)I* + 2(f (2(t, 20)) — f(2(t, 7)), x(t, ¥) — x(t, 70))-

For almost every t € [0, +oo[ one has

(t, ) — a(t, wo)lI* = 2l (t, ) — 2(t, 20) (¢, 2) — a(t, zo)|

<4 1%
at”’ el

hence the last inequality becomes

d 2
et )=t zo)| < —[W(a(t, 2))+W (2 (t, zo))]lla(t, @)~ (t, o) [ +[W (2 (¢, 2))+ W (2, 20))].
According to Gronwall’s lemma, there exists two positive constants a and § such that

|x(t, x) — x(t, 20)|| < aflx — o] + F a.e. t > 0 where

a = exp (; W ((t, o)) + W (a(t, 7)) dt), g = (2 S W (@t 20)) + W (a(t, 2))) dt) a.
So for all z € CNdomV,

[, 2)[| < lle(t, ) = 2(t, o) + lo(t, o) || < alle —wol + B+ [l2(t, zo)|| ae. ¢ >0,

hence all solutions of (26) are bounded, which is assertion 4), as desired. O
Define

D=0 cly(@([T, +oo))

as the strong limit set of the trajectory z(-, zo).

Then the set @y is nonempty, connected and compact in (H, || -||) whenever x(-,x) is
strongly relatively compact on [0, +oof, that is clj. ({z(t, o) : ¢ > 0}) is a compact subset
of H with respect to the strong topology. The strong relative compactness is satisfied
when the sublevel set {V < V(z)} is compact in (H, | -]|).

The next proposition brings more information about the asymptotic behaviour of the
differential variational inequality (26).

Proposition 4.2. Let (V,W) be a Lyapunov pair for (26) such that
i) V is bounded below on H;

i) Wi(x) > ||f(x)|| for allxz € H.

If v € Wy, then

lim V(z(t,20)) = V(2s) = inf V(x(t, 7)) and 0 € N¥(C,200) + f(200).

t—4o00 t>0
Inspired by some ideas of [23] to prove Proposition 4.2, we wil need the following lemmas.

Lemma 4.3. Let \(-) stand for the Lebesque measure on R and let v € L'([0, +o0[, H).
Then
A{t >0 |Jv(t)|| > e}) < +o00 and A({t >0 : |[v(t)|| < €}) = +o0.
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Lemma 4.4. Let (s,)nen C [0,4+00] be any sequence satisfying s, — +oo. Then, there
exists a strictly increasing mapping v(-) : N — N such that:
Vo > 0,3m(d) € N,Vn > m(d), It,s > 0 such that

a) Su(n) — o< ths < Sum) + 0,
b) @(tns,xo) exists, ©(t,s,20) € f(x(tns, o)) — NP(C,[L'(tn,(;,ZL‘Q)), and
¢) ||E(tns, o)l < 0.

Proof of Proposition 4.2. Observe that (-, z) € L'([0,+oc[, H). Indeed, Proposition 4.1

ensures that
—+o0

W(z(t,zo)) dt < +o0.
0

Further, according to (10), for a.e. t >0
it 20) | < ILF (ot 2Dl + I (E, 70) — £t 2ol < 20f (k. z)l| < W(a(t, 20)).
Assume that x,, € Wg. Let (s,)n>1 C [0, +00[ be such that
Sp — +00 and (S, o) = Teo-

According to Proposition 4.1, the function V o x(-) admits a limit in +o0o and this limit
equals %gg V(z(t,z0)). Hence,

lminf V((z(sn,z0)) = lUm V(z(t,20)) and V(2 ) = inf V(z(t, z0)).

n—+oo t—+o00 t>0

Thanks to Lemma 4.4, we find some increasing mapping v : N — N and generate a
sequence (o(k))g>1, o(k) W +00, with ¢}, := t,()x—1 such that for each k > 1
—+0co

1 . . 1
1t = sutotip| < 8t 20) € F(a(th, 7)) — N7 (Csa(th, w0) and [ (th, zo)] < 7.

Applying Proposition 4.1, we get the second conclusion when k goes to +oc. O]
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