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ON COMPLEX LINE ARRANGEMENTS AND THEIR BOUNDARY MANIFOLDS
V. FLORENS, B. GUERVILLE, AND M.A. MARCO BUZUNARIZ

ABsTrRACT. Let A be a line arrangement in the complex projective plane PP2. We consider the boundary
manifold, defined as the boundary of a close regular neighborhood of A in P2 and study the inclusion map
on the complement. We give an explicit method to compute the map induced on the fundamental groups.
This extends the work of E.Hironaka [6] on the homotopy type of the complement of (complexified) real

arrangements to any complex arrangement.

1. INTRODUCTION

Line arrangements are finite collections of complex lines in the projective space P2. The fundamental group
of their complement provides a rich invariant of their embedding, extensively studied. Rybnikov showed in
particular that it is not in general of combinatorial nature, see [2, []. For a given arrangement A, we consider
its boundary manifold M (A), defined as the boundary of a closed regular neighborhood in P?2. Our aim is to
describe explicitely the inclusion map on the complement E(A) and the map induced on their fundamental
groups. This generalises the work of E. Hironaka [6] on the homotopy type of complements of (complexified)
real arrangements to any complex arrangement.

The fundamental group of E(A) can be computed from the Zariski-Van Kampen method, adapted by W.
Arvola, see [3]. The method involves the braid monodromy of the arrangement, determined by using braided
wiring diagrams [4]. On the other hand, the boundary manifold M (A) is a compact graph manifold, in the
sense of F. Waldhausen [I0], modeled on the incidence graph T 4. Its fundamental group can be computed
from this description, see for example [5]. E. Hironaka [6] unifies these approaches and describes the map
T (M(A)) — m(E(A)) from an embedding of I'4 in M (.A), induced by a choice of a wiring diagram. We
extend this construction to any complex arrangement, and give an explicit algorithm to compute this map in
general. We focus our attention to a particular family of generators of 71 (M (A)), coming from cycles of the
graph I" 4. For real arrangements, they span the kernel of 71 (M (A)) — w1 (E(A)). We show that this is no
longer the case for any complex arrangement and we describe how they retract to product of meridians of the
lines.

Let us mention that the work of E.Artal [I] on the essential coordinate components of the characteristic
varieties of an arrangement were one motivation for develloping this method, required for the computation of
special characters of the fundamental group (see in particular [I] Section 5.4).

In Section 2, we recall the basics on combinatorics of arrangements. We construct the boundary manifold
M (A) from the incidence graph I" 4 and give a presentation of its fundamental group. The Section 3 is devoted

to the complement F(A) and the calculation of the fundamental group from the braided wiring diagram. In

2000 Mathematics Subject Classification. 32522, 57MO05.
Grupo Consolidado Geometria, ANR Project Interlow ANR-09-JCJC-0097-01.
1



2 V. FLORENS, B. GUERVILLE, AND M.A. MARCO BUZUNARIZ

Section 4, we present the method to compute the map induced by the inclusion on fundamental groups. We
obtain a description of the homotopy type of the exterior where the boundary manifold appears explicitly. In
the last Section 5, we illustrate the method with the example of MacLane arrangement.

We sometimes use both projective and affine point of views on arrangements. For a given arrangement A
in IP? with n + 1 lines, the line Lo will denote the arbitrary choice of the line at infinity. The arrangement
A — Lo in P2 — Ly ~ C? is an affine arrangement with n lines.

Along the different sections, the notions and computations are illustrated with the didactic example de-

scribed by the following equations:

Lo={z=0}, Li ={—-(i+2)z+ (20 + 3)y =0}, Lo ={—2+ (i +2)y =0},
Ly={-z+3y+iz=0}, Ly ={—x+ (20 +2)y =0} .

2. THE BOUNDARY MANIFOLD

The boundary manifold M(A) is the boundary of a closed regular neighborhood of A, which can be
constructed as a subcomplex of a triangulation of IP? -the closed star of A in the second barycentric subdivision.
This is a compact connected, oriented graph 3-manifold, modeled on the incidence graph. In particular, it is
combinatorially determined: any isomorphism of the incidence graph induces an isomorphism of the graph
manifolds [6].

2.1. Incidence graph.

Let A be an arrangement with set of singular points Q. The incidence graph encodes the combinatorial
information on A, see [8] for details. For P € Q, let us denote Ap = {{ € A | P € ¢}. The number
mp = #Ap > 2 is called the multiplicity of P.

Definition 2.1. The incidence graph T'4 of A is a non-oriented bipartite graph where the set of vertices
V(A) decomposes as Vp(A) II Vi, (A), where

VP(A):{’UP |P€ Q}, VL(.A) :{’UL |LE.A}

The vertices of Vp(A) are called point-vertices and those of Vi, (A) are called line-vertices. The edges of T 4
join vy, to vp if and only if L € Ap. They are denoted e(L, P).

A morphism between incidence graphs is a morphism of graphs preserving the vertex labelings, which send
elements of Vp(A) (resp. V1 (A)) to elements of Vp(A) (resp. Vi (A)).
The incidence graph of the didactic example is pictured in Figure [I

2.2. Fundamental group of M(A).
The fundamental group of M (.A) is the group associated to the incidence graph, see [I1], [5]. Two types of

generators naturally appear: the meridians of the lines and the cycles related to the graph.

Definition 2.2. Let L be a line in P2, and b € P2 — L. A homotopy class a € 7 (P?\ L,b) is called a

meridian of L if a has a representative J satisfying the following properties:

e there is a smooth complex analytic disc A C P? transverse to L such that ANL = {V'} C L;
e there is a path a in P? — L from b to b’ € OA;
e 0 =a.f.a”!, where 3 is the closed path based in b’ given by A (in the positive direction).
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FIGURE 1. Incidence graph of the didactic example

Choose arbitrarily a line Ly of the arrangement. Note that the meridian of Ly is a product of meridians of
the lines of A, in P2 — A. Let P be the set of singular points of the affine arrangement A — L.

Definition 2.3. A cycle of the incidence graph I" 4 is an element of 71 (T 4, vy, ).

We construct a generating system & of cycles of I' 4 as follows. Let T be the maximal tree of I 4 containing
the following edges:

e ¢(L,P)forall Pe Ly, and L € A;
e ¢(L,py,P) for all P € P and v(P) =min{ j | L; € Ap }.
The maximal tree T of the didactic example is given by bold edges in Figure[ll An edge in I'y — T is of
the form e(L;, P), with P € P and L; € A — Ly. By definition of a maximal tree, there exists a unique path

Apj in T joining vp and vr;. The unique cycle of I' 4 containing only the three vertices vr,, vr and v,

v(P)
is denoted:

§u(p); = Apg Ue(Ly, P).
Let & be the set of cycles of T'4 of the form & . To each &, in & will correspond an element of 7 (M (A)),
that we denote € ¢.

Notation 2.4. We denote [ay,...,an] the equality of all the cyclic commutators
{a1 - am,a2 - amai, - ,a4ma1 ...am-1}.
Proposition 2.5. Fori=1,...,n, let a; be the meridians of the lines L;, and let {e5+} be a set indexed by

&. For any singular point P = L;, N L;, N---N L; = with multiplicity m and i, = v(P), let

Cj C4 .
Rp = o™, ;.7 ], where ¢;; = g4, 4, forall j=2,--- ,m.

Tm ) g 0

The fundamental group of the boundary manifold M(A) admits the following presentation:

Fl(M(-A)) =< Q1,0 0nyEsy0ty5 """ 5 €81 | U RP7>'
PeP

It is worth noticing that the e, are not uniquely defined (see details in the proof).

Proof. The presentation follows from a plumbing description of a tubular neighborhood of A. For every

singular point P of A, consider a 4-ball Bp centered in P. Let F = A — ( [[ (ANBp)) be the surface
PeQ
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n
obtained by removing discs from the Bp’s. One sees that F' is a union [] Fj where each F}, corresponds to
k=0
the line Ly of A. Let N} = Fy x S! whose boundary is a union of disjoint tori. Then M (A) is obtained by

identifications of the Sp = d(Bp)\ (0Bp N .A)), with P € Q, and the N}’s.
We have the following presentations of the fundamental groups of the A and Sp:
- If g; are generators of 7 (Fy), and oy, is the meridian of Ly, then, for QN Ly = {Px,, -+, Py, }:

NG =< Ghys s grsan | Vi€ {ky, -k}, ag g = gi >
- For each singular point P = L;, N---NL; € Q of multiplicity m, if y;,,...,y;,, are the local’ meridians
of the line L; in Bp, then
T(SP) =< Ykyy Y | Wk 5 Yk >
We apply Seifert-Van Kampen’s theorem to the union of all Sp and N}, to obtain the result. Note that
if P, € Lj, then the meridian «; is identified with y; and g; with the product of the generator of m;(Sp)
different of y;. The new generators ¢, appear with the gluing, in correspondence with the cycles & ; of the
graph I" 4. O
Example 2.6. The fundamental group of the didactic example boundary manifold is :

< al,042,043,a4,€1,2,51,3,5174,5273,5374 | [ail,4’a;1,2,a1], [CY3’ aal]a [043’ aa4]a [ag . ,062] > .

3. THE COMPLEMENT

Let E(A) be the complement of a tubular neighborhood of A. As before, we choice arbitrarily a line Lo,
and let C? be P2 — L.

3.1. Braided wiring diagrams.
Consider a linear projection 7 : C2 — C, generic in the sense that:

e For all i € {1,...,n}, the restriction of 7|z, is a homeomorphism.

e Each multiple point lie in a different fiber of .

We suppose that the points a; = 7(P;) have distinct real parts, and that we can order the points of w(P)
by increasing real parts, so that Re(x1) < Re(xz2)--- < Re(xy). A smooth path v : [0,1] — C emanating from
xo with Re(xo) < Re(x1), passing through z1,--- , 2k in order, and horizontal in a neighborhood of each z;

is said to be admaissible.
Definition 3.1. The braided wiring diagram associated to an admissible path v is defined by :
Wa={(z,y) e A| 3t €0,1], p(z,y) =~(t) }.
The trace w; = W4 N L; is called the wire associated to the line L;.
Note that if A is a real complexified arrangement, then v = [xg — 0, 2x + 1] C R; and W4 ~ AN R

Remark 3.2.
i) The braided wiring diagram depends on the path «, and on the projection 7.

ii) The set of singular points P is contained in W 4.
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We re-index the lines Lq,--- , L, such that:
I < Ij — 1 < J,

where I, = Im(L; N 7w *(zg)). On the representation described bellow of the braided wiring diagram, this
re-indexation implies that the lines are ordered, at the left of the diagram, from the top to bottom.

Since the = coordinates of the points of W4 are parametrized by +, the wiring diagram can be seen as a
one dimensional object inside R? ~ [0, 1] x C. Consider its image by a generic projection v([0,1]) x C — R2.
If we take a plane projection of this diagram (assume, for example, that it is in the direction of the vector
(0,0, 1) -that is, in the direction of the imaginary axis of the fibre-), we obtain a planar graph. Observe that
there are nodes corresponding to the image of actual nodes in the wiring diagram in R? (that is, to a singular
point of the arrangement). Other nodes appear from the projection of undergoing and overgoing branches of
the wiring diagram in R3. The two types of nodes are called by Arvola actual and virtual crossing.

If we represent the virtual crossings in the same way that they are represented as in the case of braid
diagrams, we obtain a schematic representation of the wiring diagram as in Figure Bl From now on, we will
refer to this representation as the wiring diagram itself. By genericity, we assume that two crossings (actual
or virtual) do not lie on the same vertical line.

It is worth noticing that from the braided wiring diagram, one may extract the braid monodromy of A,
related to the generic projection w. The local equation of a multiple point is of the form y™ — 2™, where m

is the multiplicity, and the corresponding local monodromy is a full twist in the braid group with m strands.

3.2. Fundamental group of the complement.

We recall briefly the method due to Arvola [3] to obtain a presentation of the fundamental group of the
complement from a braided wiring diagram W 4. The algorithm goes as follows: start from the left of the
diagram, assigning a generator «; to each strand. Then follow the diagram from the left to the right, assigning
a new word to the strands each time going through a crossing. The rules for this new assignation are given
in Figure 2, where the a;’s are words in the «;’s.

aq (am)am—l'“al =an,

a; aj a;
—1
w (o) = (o) / \
Um—1 (az)™ / \ -
aj a; a; a
T

Qm a1

aj

real crossing positive virtual crossing negative virtual crossing

(A) B) (©)
FIGURE 2. Computation of Arvola’s words

J
For each actual crossing P -that corresponds to a singular point of A-, suppose that the strands are labelled

The notation of Figure @is a;’ = a; 'a;a;.

with the words aq,...,a,, with respect to their order in the diagram at this point P, from top to bottom,
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where m = mp is the multiplicity of P. Then the following relations are added to the presentation
Rp =lam,...,a1] ={am a1 =a1am a2 ="+-=Qm_1-" 010 }.

They correspond to the action of a half-twist on the free group, whereas the action of a virtual crossing is

given by the corresponding braid.

aq Oy Qa3 Qay

1

FIGURE 3. The braided wiring diagram of the affine part of the didactic example

Theorem 3.3 (Arvola [3]). Fori=0,...,n, let o; be the meridians of the lines L;. The fundamental group

of the exterior of A admits the following presentation

7T1(E(.A)) =< o1, ,0p | URP >,
P

where P ranges over all the actual crossings of the wiring diagram W 4.

Example 3.4. The braided wiring diagram of the didactic example is pictured in Figure Bl Its fundamental
group is :

<ar,on,a3,04 | [0f?, g, 01], (a3, 0], [og, 03], [as,05"] > .

4. THE INCLUSION MAP

The main result of the paper is a complete description of the map induced on the fundamental groups, by
the inclusion of the boundary in the exterior of an arrangement A. The computation is done in two main
steps.

Let W4 be the wiring diagram associated to the choice of a generic projection m and an admissible path ~.
We start by choosing a generating system & = {{;} of cycles of the incidence graph I' 4. These cycles can
be directly seen in W4, since it contains all the singular points and the vertices of I' 4 can be identified with
their corresponding wires between two singular points. Then, the first step is to "push" each cycle &, ; from
W4 to the boundary manifold M (.A). The procedure is described in Section ] and gives an explicit family
{es,1} of m(M(A)), indexed by &. This family, with the set of meridians of the lines, generates m1 (M (A)).
The second step is to compute the images of these generators ¢, ; by the inclusion map. We use an ad hoc
Arvola’s algorithm to make the computations directly from W 4, see Section Then the map is described
in Theorem (441
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In Section 3] we examine the kernel of the map; this provides an exact sequence involving 71 (M (A)) and
7m1(E(A)), see Theorem We deduce in Section F4] a presentation of m1(F(A)) where the generators of
m1(M(A)) appear explicitly. This presentation provides a complex whose homotopy type is the same that
E(A), see Proposition g

4.1. Cycles of the boundary manifold.

We suppose that the admissible path v emanates from xg and goes through x1,...,z, the images of the
singular points of A by , ordered by their real parts. Let & = {£,;} be the generating set defined in Section 2]
of cycles of I' 4.

Each cycle & € & is sent to M(A) via W4, as follows. Let Xo = (x0,y0) be a point of My such that
xo = v(0). The vertices of &+ of the form v, or vp with P € Ly and the edges of the form e(Lg, P), with
P € Ly, are all sent to the point Xy. The edges e(L;, P), with ¢ # 0 and P € Ly, are sent on segments from X
to the points L; N m~!(z¢). Then the remaining vertices of the form vy, € Vi, (A) are sent to LN 7w~ !(z¢). Let
&s.+ denotes now the cycle of W4, relative to the left endpoints, where the vertices vp € Vp(A) are identified
with the singular points P, and the edges with their corresponding wire of W 4.

A framed cycle in M(A) is obtained as a perturbation of a cycle & ;. This cycle & consists of two arcs,
the parts in Ly and L;. Each arc goes through several actual crossings of W4 and can be viewed as a union
of small arcs. Each of them is projected to M (A) in the direction (0,¢) and their images are glued together
as follows. For each actual crossing P, modify v slightly so that it makes a half circle of (small) radius np
around z = 7(P) in the positive sense. Choose np so that the preimage of this half circle lies in M (A). Note
that we avoid the singular point P = L; N L; as indicated in Figure The class of the obtained cycle in
m (M (A), Xo) is €54 (see Proposition 25). The following map o is a morphism:

o:m(TaT) — m(M(A),Xo),
st > Esyte

In order to compute the image of the framed cycles in the exterior E(A), we introduce geometric cycles,
defined as parallel copies of the &, ,’s. Indeed, let &, in m; (M (A)) be the image of & ; by the projection in
the direction (0,¢). We define an unknotting map:

0:m(M(A),Xo) — m(M(A),Xo),
Est 6i,t Est 5;“
where 6., (resp. 87 ,) corresponds to the arc in Ly (resp. L¢) of £5;. They are defined as the products over
all actual crossing P of the arc Ly (resp. L) of &, different from Ly N Ly, of the following words. Suppose

that P = L; N---NL; where the order of the lines corresponds to Figure [l
-If Pe L, let h € {l,---,m} be such that i, = s, then P contributes to 62,15 by:

—1 —1 —1_—1 -1 -1
€i1in (O‘il (51'1,1'20%'2 Eil,ig) T (Eil,ihﬂaih,lfil,ih,l)) €i1,in>
-If P e Ly, let h € {1,---,m} be such that i, = ¢, then P contributes to 07, by:
—1 1 1
Eihih ((Eilvihflaih—leil,ih,l) e (€i17i2ai2€i1,i2) 041'1) Eiqip -

Proposition 4.1. The image of a framed cycle by the unknotting map § is a geometric cycle. In particular,

we have

5(€s,t> = 52,7& Es,t 5;7& = gs,t-
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FIGURE 4

Proof. The contribution of P is induced by the action of a half-twist, given by the pre-image by v of the half
circle around each z = 7(P), in the positive sense. We obtain the description of 6i7t and 47 ;, above, and then

-1z -1
Est = (6i,t) Es,t (6;:5) . U
Example 4.2. The images of the ¢, of the didactic example by the unknotting map are:

5(51,2) = £1,2, 5(51,4) = €1,4,
d(e1,3) = €1,3, d(e2,3) = (61%@{161,2)62,3(5{%0415173),

8(es4) = (e 307 'e13)esaler y(rer 2aaey 5)er a).

No N 71'_1(.%'0)

C2

FIGURE 5

4.2. Inclusion map.
Geometric cycles were constructed by taking parrallel copies of cycles of I' 4, via W4, to the boundary
manifold M (A). Their image in F(A) can then be computed directly from W 4.
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FIGURE 6

Let &5+ be a cycle of W4, relative to the left endpoints. An over arc ¢ is an arc of W4 that goes over ;¢
through a virtual crossing. Denote sgn(s) € {£1} the sign of the crossing. It is positive if the orientations of
¢ and &4 (in this order) at the crossing form a positive base, and is negative otherwise.

Let S, , be the set of over arcs of &, ¢, oriented from left to right. The element ps; is defined by :

Hst = H azgn(g)’

SE€Se,

where a is the word associate to the arc ¢ by the Arvola’s algorithm, and the order in the product respect

the order of the crossings in the cycle & ;. Note that y,: is a product of conjugated of meridians.
Example 4.3. All the p;; of the didactic example are equal to 1, except p; 4 = agl.

Theorem 4.4. Fori=1,....n, let a; be the meridians of the lines and {es+} be indexed by a generating
system & of cycles of the incidence graph T 4. Then {a1,...,0n, €5y t1, €81,y generates m (M (A)) and
the map iy : m (M (A)) — 71 (E(A)) induced by the inclusion is described as follows :

. o = oy,
Ty : _ _
T e = (0L e (00) 7

It is worth noticing that by a recursive argument on the set of €5, the words (521,5)71 Hs,t (5;,5)71 are

products of conjugated of the meridians aq, ..., ay,.

Proof. Since M(A) C E(A), then a class in w1 (M (.A)) can be view as a class in 71 (E(A)), and the both are
denoted in the same way.

By Proposition BT} each class &' ,&,¢07 , in 1 (M (A)) can be represented by a geometric cycle £, +, obtained
as a parallel copy of & ; from W4 to M(A). Consider a 2-cell homotopic to a disc with card(S, ,) holes.
Then glue the boundary of the disc to EM and the other boundary components to the meridians of over arcs
s € 8¢, Asthe 2-cell is in E(A), then, in the exterior, £,+ can be retracted to the product s, of the ac,
with ¢ € S, ,. It follows that in m1 (E(A)), 6L e5,:0% , = pss. O

4.3. Exact sequence.

Theorem 4.5. The following sequence is exact

0— K 25 m(M(A) = 1 (BE(A) — 0,
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where K is the normal subgroup of w1 (M (A)) generated by the elements of the form 6. e 467 st -

Proof. By theorem [£4] the map i, is onto and K is included in ker(i,). It remains to show that the relations
induced by the images i.(es;) are enough to determine a presentation of m1(E(A)). We compare these
relations to thoose coming from braid monodromy and Zariski-Van Kampen’s method, see [7] for example.
Let P=L; N---NL,;, (as in Figure ), be a singular point of A, with i; = v(P). Consider a small ball
in P? with center P and a local base point b in its boundary sphere. Let A be a path from Xy to b, and let
y; be the (local) meridian of L; with base b, for j = 1,...,m. The path A can be choosen in such a way that

the Zariski-Van Kampen relation associated to P are :

[yiA,inﬂ U ’yi):il]'
We can assume that b is a point of ¢;, ;, for all j =42, - ,iy,. Then we write ¢;, ; = Bj_lﬁil where (;, goes
from Xy to b, and ﬁj_l from b to Xy. We get
a5 e ] e [l el
N [aiini’ . ,af?l,affll]ﬂn’
A [aiﬁjiv T ’O‘ZEI’O‘ZZI],
= [aﬂ;’}’ ,a&;l,a?;l]A,

2 21

Note that during this computation, base point may have changed, but the first and the last relations are
-1

based in Xy. Since ozfj =y, ;, for all j =iy, -+, i, then:
o an] S Wi i vl
< [yz)\maayl)\zayl)\l]
O
4.4. Homotopy type of the complement.
From Theorem [4.3] we obtain a presentation of the fundamental group of 71 (E(A)).
Corollary 4.6. For i = 1,...,n, let o; be the meridians of the lines L;. For any singular point P =

Lil QLQ [AERE ﬁLim with il = Z/(P), let

C

5 . 1 —1 '
Rp = [of“”,'u ;' ], where Ci; = (55171-1_) iy i (5;111-],) forallj=2,--- ,m.

im ? g )
The fundamental group of E(A) admits the following presentation:

T (M(A)) =< oy, ,an | U Rp > .

Proof. For each €54, let 75, be the relation e,; = (5;,5)71 It (5;15)71, and for each point P € P (with
P=1L;N---NL;, and i; = v(P)), we define the relation R/p : [a; "™, --- a5 ay]. Then, Theorem EH

T 12
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imply that we have the following presentation:

l
7T-1(E(-’4)) =<ag,: - yOny Esyt15 """ €8,y | U R/P’ U Ts;t >
Pep i=1
Consider the total order on the set {es¢}: (654 < £5r¢r) < (s < 8" and t <t'). By construction, 8., and 67,
depend on ey 4 if and only if ey » < €5¢. Since ps+ is a product of meridians, then the smallest €, is a

product of meridians. And by induction, the relation r ; express any €5+ as a product of o;. ]

Example 4.7. The presentation of the fundamental group of the didactic example is:

1 -1
041044

—1 -1 -
5 2 aa4]a [043 ,CYQ] >

< a1, 02,3, 0y | [0633 ,OéQ,CYl], [asaal]a [063
Proposition 4.8. The 2-complex modeled on the minimal presentation given in Corollary [{-6] is homotopy
equivalent to E(A).

Proof. The proof of Theorem showes in particular that the relations of the presentation in Corollary
are equivalent to the Zariski-Van Kampen relations, based on the braid monodromy. It is shown in [7]
that the 2-complex modeled on a minimal presentation equivalent to the Zariski-Van Kampen presentation is

homotopy equivalent to E(A). O

5. THE EXAMPLE OF POSITIVE MACLANE LINE ARRANGEMENT

In this section, we illustrate Theorem [£.4] with an arrangement Q" introduced by Mac Lane, given by the
following equations
Ly ={z=0}; Li={z—xz=0}; Ly = {z =0}; Ly ={y=0};
Li={z+w?’z+wy=0}; Li={y—2=0}; Li={z—z—-w?y=0}; Lr={z+wy=0},
2im
3
The incidence graph I' of Q7 is given in Figure [

where w = exp(=F) is a primitive root of unity of order 3.

FIGURE 7. Incidence graph of the MacLane arrangement Q
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It is worth mentionning that Q7 is one of the only two topological realisations of this combinatorial data

by an arrangement in P2, The other realisation @~ corresponds to w = exp( _éi”). These two arrangements

do not admit real equations.

Generating set of cycles of I'g+.
Consider the maximal tree 7 in I'g+ indicated with thick lines in Figure[ll Let & be the generating system

of cycles induced by T (it is in one-to-one correspondance with the dotted lines in Figure [7)):

& =1{8,3,825,82.4,82,7,62,6,64,5,83,6,83,7, 61,5, 61,7, €1,3,§1,4.§16} -

Group of the boundary manifold.
By Section BT}, the images ¢ of the cycles £ by the application o provide a family of cycles in m (M (QT)).
Proposition applies to this explicit family, and 71 (M (Q7)) admits a presentation with generators:
{a1, a2, a3, 4, a5, 06, a7} U{e2,3,€2,5,€2,4,€2,7,€2,6,€4,5,€3,6,€3,7,1,5,€1,7,€1,3,€1,4,€1,6 } »
and relations:

[a‘;ljaa;l’saal]a [aglysval]v [a21765a217470‘1]7 [0422’5,0432’3,042], [a‘;2,7,a22,4,a2], [a6 ,'70[2]7 [Q’Y y Og ,O[g], [0[5 ,044].

Geometric cycles and unknotting map.

4— X /_> :/_/ Q
5_}"0 g3"( J

AN
=K

FIGURE 8. Wiring diagram of the positive MacLane arrangement

W N =

Let Wg+ be the braided wiring diagram of Q™ given in Figure 8

Note that W+ differs from the wiring diagram considered in [5] by an axial symetry and a local move on
the wires corresponding to L3, Ls, L7.

The diagram W+ is used to compute the unknotting map 6, and the images of the cycles ¢ in terms of
geometric cycles, see Proposition LIl The thick lines in Figure [§ represent the cycle &, 5, divided into two
arcs of Ly and Ls. The first arc L4 meets the triple point vp, , .- This gives 55175 = Eiiaglsg,éb The second

1 1 .. .
arc Ls meets vp, , ,, and 0} 5 = €5 562300365 30262 5. This implies that

(1) 5(64_]5) = (627_’411042715274)64_’5(5277%,62_’3@35277%04262_’5).
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Similarly, one computes:

d(e2,3) = €2,3, d(e25) = €25,

5(62,4) = &2.4, 5(62,7) = E&27,

d(e2,6) = €2,6, d(eas) = (52_,41102_152,4)54,5(€£é€2,3a3€£§02€2,5)
d(ese) = (€;§051€2,3)€3.6(Eiéa§1€2,6) d(esr) = (5%0@5213)5317(52*7%5214@452*1}10425277)

d(ers) = 5115(5;é044541552*7},52130435;7:1,,0425215) derr) = 51,7(537}53,6065;(13&353,7527}52,404527741104252,7)
der3) = 61,3(557%,&262,3) dera) = 61,4(557}1&262,4)

d(ere) = 51,6(53:éa3€3,65£éa2€2,6)

Retractions of geometric cycles.

We now compute the family of ji, ¢, required to obtain the inclusion map, see Section The arcs of the
wiring diagram W+ are labelled by the algorithm of Arvola, see Section

The case of py 5 is drawn in thick in Figure[8 The over arcs g1, 3 and <3 are dotted in Figure[§ Arvola’s
labellings of these arcs are respectively : ac, = au, ac, = a7 and ac, = a;1a4a7. Furthermore, sgn(s;) = —1,
sgn(s2) = 1 and sgn(sz) = 1. We obtain 4,5 = (a7 'auar) aray !, which gives

-1 2 -1
Ha5 = Q7 4070y

Similarly:
p2,3 =1, p2,5 =1,
p2,4 =1, p2,7 =1,
26 =1, a5 = (Oé;la4a7) ara;’,
36 = ap asagar fagaa; tag tagar 2oy taag ps7 = ay tasasasr lagada; tag tagar Pa) o,
Hi5 = Oélloégl, p17 =1,
B3 = a;logla%ozgla;2a4o¢;1a4o¢$aZ1a;2a4a%azlagloz4, wia=1,
H1,6 = Q7.

Images in the group of the complement.

Following Theorem [£4] we can compute i, : m (M(QT)) — m(E(QT)). The computations above
describe the relations induced by the images of the cycles € in 7 (E(Q7)). By the previous computa-
tions, €2.3,€2.5,€2,4,€2,7,€2,6 are equal to 1 (i.e. they are contractible in E(A)). They are the relations
2.3, T2,5, 724, T2,7 and 72.6-

The case of ry4 5:

. -1 -1 —1 —1 _ -1 2 —1
T45 - 62,4(12 52,454,5527552,3a35273a252,5—047 QyOrQly .

Then using 2 4, 72,5 and r2 3 we obtain that:

. _ —1 2 -1 -1 -1
T45 1 €45 = Qo0y 0070y Qg Qg .

The others relations are:
. _ —1 —2 -2 -1 _ -1 -2 -1.92 -1 —-1_ -1
® 736 - £3,6 = Q20 Q5040; Q407 Oy Of Q407 Oy Q706 Qrp Oy Q7,

. _ -1 —2 -2 -1 -1 -2 —1 9 —-1_ -1
® I'37 I €37 = Q20y Q40 Qa0 Qs Qg 0y Qrly 0l
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. -1 -1 -2 -1 -1 -1 -1 2 —1 _-1_-—1
® 75 €15 = Qy Qp Qqly Oy QrQy Qy QoQy a0ty O Qg

2 1

. _ 2 9 1 9 1 1 - “1y/ -1
o7 e17 = (07 oz asauosay arog on oo )(az )

—1 —2 9 1 -1 -2 _1 o —1 —1 —I —1 1,1
(oay  asouar “aaor "oy ag  auor Cag oy o ag o ar)(ag) (g asaragag Tay ),

. -1, .-1_.92 -1_-2 -1 2 —1 -2 2 —1 -1 -1
® T3 1 €13 = Qy Qy QiQg Qn  Qgly  Quon0y Qi “0uQroy - Qs

. -1
® 714 ¢ €14 =04,

. — 1,1 -2 2 -1 2,-1 2 -1 -1 —1y . —1
o T 1 Eip = Qr0g (7 QaOrQaOr C0uQEay  Qs0a0F0g QRO On Uy oG

-1 -2 -2 -1 -1 -2 1 9 -1 _ -1
(o) “asouaan Qa0 “oy T Tt Ty Qs

aztaytag).

From the proof of Corollary [L.6] we obtain the presentation of 71 (E(Q™)).

)
T (E(AT)) =< a1, 0, a3, 0, 5, i, 7, €23, €25, €24, 2,7, €2,6, €45, €3,6, €3,7, €1,5,E1,7, €1,3, €1,4, €1,6

72.3,72,5,72,4,72,7,72,6,74,5,73,6,73,7,71,5,71,7,71,3, 71,4, 71,6,

[O‘?J ) O‘;Ls ) 041], [04;1’3 ) 041], [O‘ZLG ) O‘ZIA ) 041], [O‘?VS ) a;zs ) OQ]?

[a?”, aiZ'4,o¢2], [0422’6, as), [04?7,0423’6,043], (a5, au] > .
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