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Abstract. We consider the stability in the inverse problem consisting in the
determination of an electric potential ¢, appearing in a Dirichlet initial-boundary
value problem for the wave equation 8t2u — Au + g(z)u = 0 in an unbounded
wave guide = w x R with w a bounded smooth domain of R?, from boundary
observations. The observation is given by the Dirichlet to Neumann map
associated to a wave equation. We prove a Holder stability estimate in the
determination of ¢ from the Dirichlet to Neumann map. Moreover, provided
that the gap between two electric potentials rich its maximum in a fixed bounded
subset of Q, we extend this result to the same inverse problem with measurements
on a bounded subset of the lateral boundary (0,T) x 9.
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Introduction

We consider the wave guide (2 = w X R, where w is a C* bounded connected domain
of RZ2. We set X = (0,T) x 92 and Q = (0,T) x Q. Consider the following initial-
boundary value problem (IBVP in short) for the wave equation

O?u — Au+ q(2',23)u =0, te(0,7), 2 €w, x3 €R,

u(0,) =0, 0O:u(0,-) =0, in Q, (0.1)

u=f, on X.

Recall that 022 = 0w x R. Since 912 is not bounded, for all s > 0 we give the following
definition of the the space H*(9):

H*(09Q) = H*(Ry,; L*(0w)) N L2 (Ry,; H* (0w)).
Then, we introduce the usual space

H™((0,T) x X) = H"(0,T; L*(X)) N L*(0, T; H*(X))
where X = Q or X = 0€). Set the space

L= {f €H>2(Y): flmo =0, 0:f,0-f, 0, f € L* (Z;dU(x)t>}
with |||, defined by

2 2 2
Here, we denote by 0, a tangential derivative with respect to dw. We denote by v
the unit outward normal vector to 9€2. Notice that for v; the unit outward normal
vector to dw, we have v = (v1,0). We prove (see Theorem 4.1 in the appendix) that
for ¢ € L*°(Q2) and f € L the IBVP (0.1) has a unique solution

uq € C([0,T]; H'(2)) N C'([0,T]; L*(2))
such that O,u, € L?(¥). In addition, for any positive constant M, there exists a

positive constant C' depending only of 2, T" and M, such that for all ¢ € L>°(Q) with
||q||L°°(Q) < M, the following estimate holds

lulle o,z ) + 1ullerqomr2 ) + 10vtgll 2 sy < CHISIlL -
In particular the following operator, usually called the Dirichlet to Neumann (DN map
in short),
Ao L — LA(Y),

f = Owug
is bounded.
In the present paper, we consider the inverse problem which consists in
determining the electric potential ¢ from the DN map A,. We establish a stability
estimate for this inverse problem. For 0 < o < 1 and h € C(Q), we set

)
h(z) —h _
[hla :sup{w D x,y €Q, x#y}
|z =yl

and we consider the space

CH(Q) ={heC(Q)NLZ(Q): [h]a < oo}
with the norm

12llea @) = Il (o) + [Ala-
Our first main result can be stated as follows.
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Theorem 0.1 Let M > 0, 0 < o < 1 and let By be the ball centered at 0 and of
radius M of Cg*(Q?). Then, for T > Diam(w) and ¢1,q2 € By, we have

min(2a,1)a

g1 = g2l L () S O llAgy = Ag, || PPeTTmmGe2721) (0.2)

with C depending of M, T and Q. Here |Aq, — Ay, is the norm of Ay, — A
respect to B (L, L*(X)).

qo With

Let us remark that in this result we consider the full DN map. This means that
we determine the coeflicient ¢ from measurements on the whole lateral boundary 3
which is an unbounded set. This is due to the fact that we consider a large class
of coefficients ¢ without any restriction on their behavior outside a compact set (we
only assume that the coefficients are uniformly bounded and Hoélderian). In order to
extend this result to the determination of ¢ from measurements in a bounded subset
of X, we need more informations about ¢. Namely, we need that the gap between two
coefficients ¢1, ¢z reach its maximum in a fixed bounded subset of Q. More precisely,
let R > 0 and consider the spaces Lr which consists of functions f € L satisfying

f(t, a2’ a3) =0, t€(0,T), 2’ € dw, |z3] > R.
Let us introduce the partial DN map defined by
AR Lp — L*((0,T) x 0w x (—R, R)),

f= Ovuq) o myxowx (-R.R)"
Our second result is the following.
Theorem 0.2 Let M > 0, 0 < o < 1 and let By be the ball centered at 0 and of
radius M of C§'(Q?). Let T > Diam(w), q1,92 € Ba and assume that there exists r > 0
such that
g1 — q2||Loo(Q) = [lar — QQHLOO(UJX(—T,T)) : (0.3)
Then, for all R > r we have

min(2o,1)a
”ql _ q2||Lm(Q) < C HAi _ A(I;; H 3(2a+2)(min(da,2)+21) (0.4)

with C' depending of M, T, Q and R. Here HAqR; - Ag“ is the norm of Aﬁ —Af;; with
respect to B (Lg, L*((0,T) x dw x (=R, R))).

Clearly condition (0.3) will be fulfilled if we assume that ¢;, g are compactly
supported. Let us remark that this condition can also be fulfilled in more general
cases. For example, consider the condition

v(x',x3+2r) =v(2',23), 2’ €w, z3€R. (0.5)

Let ¢ : R — R be a non negative continuous even function which is decreasing in
(0, +00). Then, condition (0.3) will be fulfilled if we assume that ¢i, g2 are lying in
the set

Ay ={q: q(@,x3) = g(x3)v(a’,z3), v € C(Q) NL>®(Q), v satisfies (0.5)}.

In recent years the problem of recovering time-independent coefficients for
hyperbolic equations in a bounded domain from boundary measurements has attracted
many attention. In [RS1], the authors proved that the DN map determines uniquely
the time-independent electric potential in a wave equation and [RS2] has extended this
result to the case of time-dependent potential. Isakov [Is] considered the determination
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of a coefficient of order zero and a damping coefficient. Note that all these results are
concerned with measurements on the whole boundary. The uniqueness by local DN
map has been considered by [E1l] and [E2]. The stability estimate in the case where
the DN map is considered on the whole lateral boundary were treated by Stefanov and
Uhlmann [SU]. The uniqueness and Holder stability estimate in a subdomain were
established by Isakov and Sun [IS] and, assuming that the coefficients are known in
a neighborhood of the boundary, Bellassoued, Choulli and Yamamoto [BCY] proved
a log-type stability estimate in the case where the Neumann data are observed in
an arbitrary subdomain of the boundary. In [BJY1], [BJY2] and [R90] the authors
established results with a finite number of data of DN map.

Let us also mention that the method using Carleman inequalities was first
considered by Bukhgeim and Klibanov [BK]. For the application of Carleman estimate
to the problem of recovering time-independent coefficients for hyperbolic equations we
refer to [B], [IY] and [K].

Let us observe that all these results are concerned with wave equations in
a bounded domain. Several authors considered the problem of recovering time-
independent coefficients in an unbounded domain from boundary measurements. Most
of them considered the half space or the infinite slab. In [R93], Rakesh considered
the problem of recovering the electric potential for the wave equation in the half
space from Neumann to Dirichlet map. Applying a unique continuation result for
the timelike Cauchy problem for the constant speed wave equation and the result
of X-ray transform obtained by Hamaker, Smith, Solmon, Wagner in [HSSW], he
proved a uniqueness result provided that the electric potentials are constant outside
a compact set. In [Nak], Nakamura extended this work to more general coefficients.
In [E3], Eskin proved uniqueness modulo gauge invariance of magnetic and electric
time-dependent potential with respect to the DN map for the Schrédinger equation
in a simply-connected bounded or unbounded domain. In [Ik] and [SW], the authors
considered the inverse problem of identifying an embedded object in an infinite slab.
In [LU], the authors considered the problem of determining coeflicients for a stationary
Schrédinger equation in an infinite slab. Assuming that the coefficients are compactly
supported, they proved uniqueness with respect to Dirichlet and Neumann data of
the solution on parts of the boundary. This work was extended to the case of a
magnetic stationary Schrodinger equation by [KLU]. In [CS], the authors considered
the problem of determining the twisting for an elliptic equation in an infinite twisted
wave guide. Assuming that the first derivative of the twisting is sufficiently close
to some a priori fixed constant, they established a stability estimate of the twisting
with respect to the DN map. To our best knowledge, with the one of [CS], this
paper is the first where one establishes a stability estimate for the inverse problem of
recovering a coefficient in an infinite domain with DN map without any assumption
on the coefficient outside a compact set.

The main ingredient in the proof of the stability estimates (0.2) and (0.4) are
geometric optic solutions. The novelty in our approach comes from the fact that we
take into account the cylindrical form of the infinite wave guide and we use suitable
geometric optic solutions for this geometry.

This paper is organized as follows. In Section 1 we introduce the geometric optic
solutions for our problem and, in a similar way to [RS1] (see also Section 2.2.3 of [Ch]),
we prove existence of such solutions. Using these geometric optic solutions, in Section
2 we prove Theorem 0.1 and in Section 3 we prove Theorem 0.2. In the appendix,
we treat the direct problem. We prove existence of solutions and we define the DN
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map. Let us remark that in the case of a bounded domain €2, applying some results
of [LLT], [BCY] have treated the direct problem. Since in this paper we consider an
unbounded domain §2, it was necessary to treat this problem.

1. Geometric optic solutions

The goal of this section is to construct geometric optic solutions for the inverse
problem. Let us recall that every variable x € Q take the form z = (2/,z3) with
2’ € w and z3 € R. Using this representation we can split the differential operator
O — A defined on Q into two differential operator [0f — Ay/] + [—92,] defined on
Q. Keeping in mind this decomposition, we will construct geometric optic solutions
u € H?(Q) which are solutions in @ of the equation 0?u — Au + qu = 0 and take the
form

u(t, @' w5) = O(z + t0)h(zs)e™P@ 0D L WE(t 2! zsip), t€ (0,T), 2/ €w, z3 €R
with b € S(R), ® € C5°(R?), # € S' = {y € R?: |y| = 1}, p > 0 a parameter and U™

a remainder term that satisfies

192 ()2 <

= [Q

Our result is the following.

Lemma 1.1 Let ¢ € L>®(Q), h € S(R), ® € C(R?), 0 € St, p > 0 be arbitrary
given. Then the equation

O2u — Au+qu =0
has solutions u™ € H*(Q) of the form
uF(t, 2 xs) = B + t0)h(xs)e™ P 0D L WE (L 2! xg:p), t € (0,T), 2’ €w, x3 €R.
Here UF satisfies

UE(t,z;p) =0, (t,z) €Y,

o, U =t 0,

[t=0 — *|t=0
at\IJ‘_t:T - \Ij|_t:T - 0
and
PN o)+ IVYZ ) o) < C Ml 2oy 1R s ey (1.6
where C' depends only on T, X and M = ||q|| p.ec ) -

Proof. We show existence of uT. The existence of u~ follows from similar arguments.
Let A, be the Laplacian in w and recall that

[Af)(2,23) = [Aw fl(2, 23) 4+ [02, f1(2 23), fE€CHRQ), (¢/,23) € Q.
Notice that
(02 — Ay) [@(a:’ + t9)h(x3)eip(zl'9+t)} = @O [(92 = A ) (2! + t0)h(ws)]
and

-2, {<I>(x’ + t@)h(a:3)e”’(‘””/'9+t)} = eirla’0+1) (=02, (®(2 + t0)h(x3))] .
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Therefore, we have
(0F = A+q) |2 + ta)h(xg)em(m""ﬂ = e H (¢, 2! xg)
with H(t,2',23) = (0? — A + q)® (2’ + t0)h(z3) and ¥+ must be the solution of

D2V — AV + q¥ = eip(z/'GH)H(t,x’, x3), te(0,T7), 2’ €ew, z3 € R,
v(0,)=0, 8,%(0,-)=0, in Q, (1.7)
¥ =0, on 3.

Since e Ot H (t, 2/ x3) € L*(Q), applying Theorem 8.1 in Chapter 3 of [LM1] (see
also Remark 4.4) we deduce the existence of ¥+ € L2(0,T; H3(Q)) N H(0,T; L?(2))
solution of (1.7). In addition, using the fact that e OtDH(t o/ x3) €
HY(0,T; L*(Q)), we can apply Theorem 2.1 in Chapter 5 of [LM2] (see Remark 1.2)
and prove that in fact U+ € H?(Q).

Remark 1.2 In order to apply Theorem 2.1 in Chapter 5 of [LM2] we combine the
arguments introduced in Remark 4.4 with the fact that the operator A = —A + q
with Dirichlet boundary condition is a selfadjoint operator with domain D(A) =
H?(Q) N H}(Q). Then, we prove that Lemma 2.1 in Chapter 5 of [LM2] holds in
our case and by the same way Theorem 2.1 in Chapter 5 of [LM2].

Now let
t
Wt(t, a2/ z3) = / Ut (s,2’,x3)ds, te€(0,7), 2’ €w, z3 €R.
0

Clearly W is the solution of

RZW — AW + qW = fot eP(@ 0+ F (5 2! x3)ds, te(0,7), 2’ €w, z3 €R,
W(0,)=0, &W(0,")=0, in Q,
W =0, on .

From the energy estimate associated to the solution of this problem, we get

t
9 1nig) = 100V gy < © | [ e+ Hssa' )

L2(Q)
Moreover, we have
fot €@ 0+9) [ (s, 2" x3)ds = %fot DyeiP@ 0T (s ! w5)ds
t in(z'
—% o €PN H (s, 2! 3)ds

P Y H (8,2 @5) ™ O H (0,2 w5)
ip

and it follows
1P/l 2 gy N9l s (2
5 .
Combining this estimate with the energy estimate of (1.7) we deduce (1.6).
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2. Stability estimate

The goal of this section is to prove Theorem 0.1. Without lost of generality, we
can assume that 0 € w. From now on, we assume that 7' > Diam(w), we fix

0 <e<min (1, %) and we set

we ={z e R?*\w: dist(z,w) < e}

We shall need a stability estimate for the problem of recovering a function from X-ray
transform.

Lemma 2.1 Let q1,q2 € L™=(Q), with ||quLoc(Q) <M, j=1,2, and let q be equal to

q1 — q2 extended by 0 outside of Q. Then, for all § € S' and ® € C§°(w.), h € S(R)
we have

| [o Joe Jg a(a’,23) @2 (2’ + s0)h? (x3) dsda’ das|
<C (W + 0 |1l ) 1N s gy 1Ay — AqQII) , p>1 =
with C' > 0 depending only of w, M and T.
Proof. In view of Lemma 1.1, we can set
uy (t, @', 25:0, p) = ®(2 + t0)h(w3)e? @ 00 £ Wy (¢, 2/, x3: p) € H(Q),
up(t, @', w5: 0, p) = ®(a + t0)h(ws)e P 0 L Wy (t, 2! x3: p) € H(Q),
solutions of
OPuy — Aug + qruy =0, 0Pugy — Aug + qaus = 0
with ¥; € H%(Q), j = 1,2, satisfying
o105 0) a0 + IV W55 D)oy < C Il gy 1@l oy » 5= 1.2, (29)
Vi(;p)s =0, j=1,2,
Ot W1j—0 = V1j4=0 = 0, HVap—p = Vo ;—r = 0.
Since T' > Diam(w) + 3¢, we have
[t0+ 2" —y| >t — |2’ —y/| >t —Diam(w) >2¢, 2,9y €w, t>T—¢
and it follows
{th+2': 0SS!, 2/ cw} c{y eR?: dist(y/,w) > 2} CR*\ @z, t=T —e.
Combining this with the fact that supp® C w., we deduce
o ®(a’ +10)—s =0, 2’ €w, s=Tors=0,j=0,1 (2.10)
Thus, we have
Uy |i=0 = OpU1|i=0 = U2jt=1 = Oruz—7 = 0. (2.11)
Let f, = w1}y, and notice that
Fot o xg) = ®(2' 4 t0)h(ws)e@ 04Dt € (0,T), 2’ € dw, x5 € R.
In view of (2.10) and Theorem 2.2 in Chapter 4 of [LM2], we have f, € L and

1foll, < C |06 + t0)h()e @ 0| < C? Ml pgaay 19 ey - (2:12)

H2(Q)
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Now let v € H?(Q) be the solution of the IBVP

020 — Av + gov = 0, in Q,
v(0,) =0, aw(0,:) =0, in Q,
U= fpa on X.
We set u =v —u; € H?(Q) and we have
azu_Au‘f‘(JZU:quv in Q7
u(0,-) =0, Qwu(0,-) =0, in Q,
u=0, on X.

Applying (2.11) and integrating by parts, we find
/ quiugdzdt = —/ Oyuugdo(z)dt.
Q =

Using the fact that f, € L, from this representation we get

T
/ / quaxgh%xg¢%xq¢@dmydmzi/;@_/XA@n—AmﬁJ@da@yuaim
aJo Q s

with
Z,(t, ' x3) = —q(2', x3)[ ®(2 + t0)h(x3) Uy (L, ', x3)e P 0+
+® (2! + t0)h(xs)Wa(t, 2!, xg)etr(® 0+D)
—l—\Ifl(t, J}/, $3)\112(t, .Z‘/, .1‘3)]
In view of (2.9), an application of the Cauchy-Schwarz inequality yields

2MC ||h|> 3%
/\Zp|dxdt< | |H2(pR) | ||H3(R2)’ p>1
Q

with C' depending of w, T'. From the fact that
up(t, 2, x3) = ®(a’ + t)h(ws)e P 0T € (0,T), 2’ € Ow, 3 €R
and from (2.12), we obtain

|f2 (A(h fp - Aq2 fp)UQdO'(CC)dt|

Mg, = Mg [l 101l II‘IS(I’ +t9)g($3)”L2(z)
Cp? 1Ag, = Agoll 1Rl zr2 gy 191175 (g2) -

Combining this estimates with (2.13) and using the fact that suppg C  we get
‘fR Jg2 fOT q(2', 23)h?%(23) P2 (2’ + t0)dtda’dxs

<
<

IRl el 2 2
<C (W + 0 [Pl g2y 1 @lrs ray 1Agy — Agoll ), o> 1
Then, using the fact that
P4t ¢;, 2 ecw t>T, St
we find

‘fR Jg2 f0+°o q(2', 3)h% (x3) P (2’ + t@)dtdx’dm’

llh]I2 @2 2 2
<c<w+p2 112 1@y Mgy — Agall ), > 1.
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Repeating the above arguments with v, (¢, 2’, z3;0, p) = u;(t, 2,23, —60,p), j = 1,2,
we get

‘f]R fR2 fi)oo q(a', 23)h?(x3)®% (2" + t0)dtda’'das

121122 o 191125 2 2 2
e (H 0 12y 120 oy Ay — Aq2|) o>l

and we deduce (2.8).

Let § < e. From now on, we will set the following. First, we fix ¢ € C§°(R?) real
valued, supported on the unit ball centered at 0 and satisfying |||| L2(R2) = 1. We
define

/

Y ), ',y € R

z —

0

@6(1'/,?//) _ 57180 (
We also define

hs(x3,y3) = §7%h (xg 5%) , x3,y3€R

with h € C5°(R) real valued, supported on [—1,1] and satisfying ||h[[ ;2 () = 1. Finally,
we set

Rs[ql(y,y3) = / /2 O3 (', y')h3(ws, ys)q(a', w3)da’das, ¢ €R? ys €R
R JR
and we introduce the X-ray transform in R? defined for all f € L'(R?) by

[Xf](ﬁ,x'):/Rf(x’—i—tﬁ)dt, r €R? 9eSh

We set also
TS' = {(z,0) e R* xR?: 9 €S, €6}

Lemma 2.2 Let M >0, 0 < a <1 and let Bys be the ball centered at 0 and of radius
M of C*(Q). Let ¢1,q2 € By and let ¢ be equal to 1 — g2 extended by 0 outside of Q.

Then, for 6* = 5, we have

21

-y _21 ? "
HR(S[QH||L°°(Ry3;L2(R?,)) g C (p + p25 2 ||Aq1 - qu”) ’ O < 6 < 6 ) P > 1(214)

with C > 0 depending only of w, M and T.

Proof. Set

3
w = {2/ € R?: Z < dist(z’,w) < ZE},

wo = {2’ € R?: dist(a’,w) < Z}
and let § < §*. Then, for all 2’ € R? satisfying |2/ —y/| < § with ¥’ € w; we have

x' € we. Thus, ®s(.,y") € C§°(we) for all y' € wy. In view of Lemma 2.1, replacing h
and ® by hs(.,y3) and Ds(.,3') in (2.8), for all ¢y’ € wq, y3 € R, p > 1, we obtain

UR Jez Je q(2, x3) D% (2’ + s@,y')h?(xg,yg)dsdx’dxg‘

1R (oys) 122 ) || @5 (1) || 2 2
<C < = D 4 0% s (- y3) |z ey 195 (o 9 ) s oy 1Ay — Aall ) -
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Applying the Fubini’s theorem and the fact that ®%(z’ + s6,y') = ®%(2',y’ — s0), we
obtain

Je Jre Jg a(@, 23)®F (2’ + 0,y )h3 (23, y3)dsda’das
= o Jr Jpe q(2, x3)®% (2, y' — s0)h3(z3,ys)da'dxsds = J Rslal(y' — s8,ys)ds

= X[Ré [Q]('v yS)](y/7 9)

with Rs[q](.,y3) = ¥' — Rs[q](v/, y3). Combining this representation with the previous
estimate, for all p > 1, we find

| X[Rs[q] (- y3)1(0, )]

s (us) 122 o || @5 () || 9 9
< C( = E 4 0% 7o (s ys) vz ) 195 (o 9 125 g2y 1Agr — Ags ) -

One can easily check that

_ 2 _
125 (s y3) 52y < O 19500 s sy < CO°, oy €wi, s €R.
Thus, we find

|Xmmnwmwyn<oc

with C' > 0 depending only of w, M and T. From our choice for 6* we get

—10

+ p25 10 Ay — Aq2||> ,p> 1,9y €wp, ys € R(2.15)

T4+ {2' eR?: |2/| <0y ={a1+22: 71 €T, |22| <} Cwy
and it follows

suppLes(q)(., y3) Cwa, y3 €R. (2.16)
Let 2/ € wa, 0 € S! and consider the function F defined on R? by F(z') = dist(2/,w).
One can easily check that F({z' +t0 : t € R}) D [§,400) which implies that
{Z'+t0 : t € R}Nw; # I. Therefore, for all 2’ € wy and 6 € S! there exist y’ € wy and
t € R such that 2/ = ¢y’ + 0. Using the invariance property of the X-ray transform we
deduce that estimate (2.15) holds for all 4’ € wo, y3 € R and § € S'. Now let 2’ € R?
and § € St If {z/ +t0: t € R} Nwy = &, (2.16) implies X[Rs[q](.,,y3)](",0) = 0.
On the other hand, if {2/ +t6: t € R} Nwy # & the invariance property of the X-ray
transform implies that (2.15) holds for (2’,8). Thus, (2.15) holds for all 3 € R2
0 € S* and y3 € R. Let R > 0 be such that ws C B(0, R) = {2’ € R? : |2/| < R}. For
all # € S! we have

ly +t0] > |y| >R, oy €0-NR*\B(O,R), teR
and (2.16) implies

X[Rslal(,ys)l(0,)) =0, o' € 0" NR*\ B0, R).
It follows

Jrgn IX[Rs[g) (o y)]* dy'd0 = [, [y | X[Rs[q)(-,y3)](6,y")| dy'do

= Jst Jornmo.m | X[Rs[q) (-, y2))(0,9)[* dy'dd, ys € R
and (2.15) implies

6710 B 2
LQmeumwwM<c<p+faliA@>.
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In view of this estimate, (2.16) and the well known properties of the X-ray transform
(see for example Theorem 5.1, p. 42 in [Nat]), for all y3 € R, we obtain

1BslalCoys)ll -3 oy S ClIXIRslal(y3)]ll 2 sy

<C (5745200 Ay, — Agll)
Here C depends only on w, M and T. By interpolation we get,
IRslal(oi) ey < ClBslaC ol Ey LIRSy o e € R (2.18)
Consider the following estimate.
Lemma 2.3 We have
1
I Rslal oyl 3 oy < C6F, s € R (219)

with C depending only of w and M.
Proof. Note that

/Rz |Rslal(y', ys)|* dy = /]Rz

Ga' 0:8) = [ Wi, pu)ae’ 2a) o
R
An application of the Cauchy-Schwarz inequality yields

Joz | Rslal (', y3) | dy’

< ez [(Jee 23", 9)da") (fio R3(a )G (2" y3, 6)da’) | dy.

Making the substitution u = z,gy,, we obtain

[msar sl a < [ ([ eom) ([ e o om)] a

Then, applying the Fubini’s theorem and making the substitution v = 3’ + du, we get
2
fR2 ‘R(S [q](y/a 93)|2 dy/ < (f]Rz %02 (u)du) (fRz G2 (Uv Y3, 6)d’0)

< fRz G2 (Ua Ys, 5)d’U
Moreover, for all v € R?, y3 € R, applying the Cauchy-Schwarz inequality, we obtain

G*(v,y3,0) < (/}R h?(x&yz‘a)d?ﬁ:’a) </R h<25(9337y3)q2(v»$3)dx3>

and, making the substitution z3 = #5¥ we find

G*(v,y3,6) < (/R h2(23)d23) (/R h2(23)q2(v,y3+523)d23) < </R h2(z:3)d23>24M2.

Therefore, since ¢ = 0 outside of £, we have

[, G080 < [P )] ey < 41| M7

2
/ ®2(2,y )G (2, y3,6)dx’| dy’
R2

with

(2.20)

and combining this estimate with (2.20), we obtain
[Rs[a](- y3)ll Loy S C w3 €R (2.21)



Stability of the determination of a coefficient for the wave equation 12

with C' depending of w and M. Note that

_ ' —
8@/’36[(1](3/,3/3):/ 6 3G< 5y
R2

with G(u) = 0,0?(u). Therefore, repeating the above arguments, we get
IRs[a) (s ya)l ey S COF, yz €R (2.22)

with C' a constant depending of w and M. By interpolation, we obtain

/

) G(xlv Y3, 6)dxl

1 1
IB5la) 030l 3 gy < C IBsla)Cu)l oy ISl o) sy« 5 € R
and we deduce (2.19) from (2.21) and (2.22).

In view of estimates (2.17), (2.18) and (2.19), we find

5_% 21 2
1 Rsla] (- y3)ll p2(rey < € <p +p%07 2 ||y, —Aq2||> , Y3 €R

which implies (2.14) since C' is independent of y3 € R.

Lemma 2.4 Let M >0, 0 < a <1 and let Bys be the ball centered at 0 and of radius
M of C;*(Q). Let qi,q2 € By and let g be equal to g1 — g2 extended by 0 outside of €.

Then, for 6" = 5 we have

| Rs[q] — q”m(mm;m (=2,) <Co% 0<6<6* (2.23)
with C' depending of w, M and & = min(c, %)
Proof. Set

Ss(y',ys) = /RZ 032,y )a(a’ ys)da’, Y €R?, yz €R.

Since g € C£(9)), one can easily check that for all y3 € R, q(.,y3) =y — q(v/,y3) €
C*(w). Thus, in view of Lemma 2.40 in [Ch], we have

15141 ws) = s ys) 2z, ) < CO% lla(sys) o) s € R
with C depending only of w, M and «. It follows
1551a) = dll o , 22, ) < €8 ySSHE%HQ(-,m)Hm@) < C0% |lgllgg @) < 20M67.(2.24)
In view of this estimate, it only remains to prove

1R5la) = S51a)ll Lo 12 m2, ) < CO% (2.25)

Notice that
Rslal(y' y3) — Sslal(y/,ys) = 5’1/Rh2 (W’) [Ss[a](y/, x3) — Ss[al(y', y3)]ds.

Making the substitution u = **5¥* we find

Rslal(y/',ys) — Sslal(y' ys) = /Rh2(U)[55[q](y’, Y3 + 0u) — Ss[q)(y', ys)]du.
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In addition, for all ¢’ € R?, y3,u € R, we have
|Sslal(y's ys — 0u) — Sslal(y's y3)| < Jpo 3(2's¥) la(2', ys + 6u) — q(2', y3)| dz’

< fw (I)?;(:C’,y’) |Q($/7y3 + 5U) - q(x’,y3)| dﬁC’
||q||C”(Q) (& |u) f <I>2 (', y')da'
”(I”ca Q) (6 u))™ fR2 @2 (2, y")da'

M6 [u])*.

From this estimate we obtain
1 Rsla) — S5lalll o ) < 2M5“/ h2(u) Jul® du = C5°
R

with C' depending only of w, M and a. Finally, since
suppRs[q)(- ys) UsuppSs[a](-,y3) Cw+ {2’ € R?: |2'| <1}, ys €R,
for all y3 € R we deduce
1Rsla) ) = Salalco90) L agee,) < C I RslalCws) = Sslal oyl ee,)

< C|Rs(g] — Sslalll oo (s
< C62.

This last estimate implies (2.25) and we deduce (2.23).

Proof of Theorem 0.1 . Let ¢ be equal to ¢; — ¢» extended by 0 outside of Q. In
view of (2.14) and (2.23), for 0 < § < §*, we have

N

& 5% _21
HQHLOO(RQCS;Lz(Ri,)) <O |0+ (p +p? 2 [1Aq, — qu”) , p> 1L (2.26)

By interpolation, we obtain

1— —
(s ¥3) | oo () < ClaCy3) et NaCy3) 12y < CM) ™ [la( ya)lf2ny» w3 €R

with p = 22‘12 and C depending of w, a. Combining this estimate with (2.26), we
obtain
||‘J||L<x>(Q) :||Q||Loe(R,3;Loo(w))
1K
<O [6%+ (5;21—1—,02(5_221 1 Ag, —Aq2||>2] , 0<d<d*, p>1.

This estimate can also be rewritten

mmﬂm<cﬂ(ﬁ&

_ﬂ
2

+ 02077 ||Ay, — Aq2> ,0<6<6 p>1. (2.27)

321448)
Now let v = ||A,, — Ay, || and set 4* = 6* . Then, for 0 < v < v* we can choose

p= fyfé, 6= 73(21+40> and we obtain

||QHL°°(Q) < 0743(21+42§T(Z2a+2)’, < ,y*-
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In addition, for v > v*, we find
2M

— o
y* 3(21+4g)0(‘2a+2)

2aa 2aa
||qHL°°(Q) < 73(21+4&)(2a+2) — 073(21+4&)(2a+2) .

Combining these two estimates we deduce (0.2).

3. Proof of Theorem 0.2

In this section we treat the special case introduced in Theorem 0.2 where condition
(0.3) is fulfilled. Like in the previous section, we assume that 0 € w, T > Diam(w)

and we fix 0 < € < min (1, %) We start with the following.

Lemma 3.1 Let ¢1,q2 € L™(Q), with ||qj||Loo(Q) <M, j=1,2, and let q be equal

to q1 — qo extended by 0 outside of Q. Then, for all 6 € S* and ® € C§°(w.),
h e C((—R, R)) we have

| [& Jre J a(2, 23) @2 (2! + s0)h? (x3)dsda’ dus)|
<C <|h|?{2<ﬁ>|{% + p? ||h||§-[2(]R) ||(I)||§{3(R2) ||A¢If1 - AZI;H) , p>1 2%
with C' > 0 depending of M, w and T.
Proof. Repeating the arguments of Lemma 2.1, we define
uy (', 2310, p) = (2 + t)h(ws)e ™ 0T L Wy (¢, 2/, x5: p) € HX(Q),
us(t,a, 530, p) = (2’ + t0)h(wa)e ™ 4 Wy (t,a', w3 p) € H(Q),
solutions of
D2uy — Auy + quuy =0, 92uy — Aug + qous =0
with ¥; € H%(Q), j = 1,2, satisfying
PP 2y + V25 P L2 () < C Al 2@y 1@l s ey » = 1,2,
Yi(5p)e =0, j=12,
such that
U1 4= = OpU1|y—o = Uz|s—1 = Opuzy—1 = 0.
Let f; = Uj s, j = 1,2, and notice that
Fi(t,al as) = (2! + tO)h(wg)e PO e (0,T), o € Ow, 3 €R,
which implies that f; € Lg, j = 1,2. Now let v € H%(Q) be the solution of the IBVP

020 — Av + gav = 0, te (0,7), 2’ €w, xz3 € R,
U(Oa ) =0, atv(oa ) =0, in €,
v = f1, on X.

Repeating the arguments of Lemma 2.1, for u = v — u; we find

/qulquxdt:—/ Opuugdo(z)dt.
Q )
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Since fo € Ly, we get

T R
/8,,uu2da(ac)dt=/ / Ay ufodo(a’)drsdt
= 0 —R Jow

and since O,u = Ay, fi — Ag, f1, with fi € Lr, we obtain

/quluzdmdt: —/ d, uugdo(x / / / fl]fgdcr( "dwzsdt.
Q % Ow

Combining this representation with Lemma 2.1, we prove easily estimate (3.28).
u

Proof of Theorem 0.2. We consider the functions ®s(z’,y’), hs(xs,ys),
Rs[q](y',y3) introduced in the previous section and we extend ¢ equal to ¢; — ¢2
by 0 outside of Q. Notice that for § < min($,R—r) and 3y € w; (with w;
introduced in the proof of Lemma 2.2), y3 € (—r,r) we have ®5(-,y') € C°(we)
and hs(-,y3) € C°((—R, R)). Therefore, combining Lemma 3.1 with Lemma 2.2, we
obtain the estimate

5% m ? i}
HR,;[q]||Lm(_T7T;L2(R§/)) <C (p + p?0 HA ﬁ};”) ,0< 6<% p>1(3.29)

with 0* = min(£, R — ). In addition, in view of Lemma 2.4, we find

49
| Rslq] — q||Lm(,T’T;L2(R3/)) <C8% 0<d<d. (3.30)

Combining (3.29) and (3.30) with the arguments of Theorem 0.1, we obtain easily

min(2a,1)a
lar = Gallp e (riryxwy < C [[AG = Agy [ TETPEmETT 0 (3.31)
with C' depending of R, M,  and T. Then, condition (0.3) implies (0.4).

4. Appendix

In this appendix we treat the direct problem. Our goal is to prove the following.

Theorem 4.1 Let ¢ € L*(Q) and f € L. Then problem (0.1) admits a unique
solution u € C([0,T]; H'(2)) N CL([0,T); L*(2)) such as d,u € L*(X). Moreover, this
solution u satisfies

lulleqo,rym @) + 1uller o r2)) + 10vull oy < CIIfllL - (4.32)

In the case of a bounded domain £, applying Theorem 2.1 of [LLT], [BCY] proved
this result for f € H'(X). Since Q is an unbounded domain, we can not apply the
analysis of [LLT]. Nevertheless, we can solve problem (0.1) by the classical argument
which comprises in transforming this problem into a problem with an inhomogeneous
equation and homogeneous boundary conditions. For this propose, we first need to
establish a result of lifting for Sobolev spaces in a wave guide.
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4.1. Result of lifting for Sobolev spaces

In this subsection we will show the following.
Theorem 4.2 For all f € L, there exists w[f] € H*?(Q) satisfying

w[f](0,2) = Ow([f](0,2) =0, z€Q,
{ dwlf] =0, w[fl=f, on¥ (4.33)

and

lwlf 220y < C AL - (4.34)

For this purpose, we will establish more general result of lifting for Sobolev spaces.
Repeating the arguments of pages 38-40 in Chapter 1 of [LM1], by the mean of local
coordinates we can replace w by R2, with R3 = {(z1,22) € R®: 21 > 0}, and dw
by R. Using the fact that @ = w x R and 09 = 0w x R, with the same changes
applied only to 2’ € @ for any variable x = (2/,23) € Q, we can replace Q by ]Ri,
with R% = {(21,22,23) € R® : 21 > 0}, 9Q by R?, 9, by —8,, and, without lost
of generality, we can assume T = oo. Then, in our result we can replace H™"(Q)
(respectively H"(Q2) and H™" (X)) by H™"((0,+00) x RY) (respectively H"(R%) and
H™"((0,+00) x R?)). Let K; be the space of (go, g1, uo, u1) satisfying

1
g; € H'"3((0,400) xR?), 1j =237 — 5, j=0,1,

27

1
uy, € H(R3), sk=2—k—5, k=01

and the compatibility conditions

gO(Oax27x3) = U0(0,1'2,$3), ($27l'3) S sz

[e’s} : 2 dr
fR fR f0+ |8fgj(.,x2,x3)\t:r _agsluk('vx2vx3)\x1=r| %dx?dx& (4.35)
5 keN, j+k=1,
2
+oo r
f]R fR fO ‘a(ﬁxz,xs)go(" Z2; x3)|t:7’ o 8?9527903)11'0(" L2, x3)|w1:r dexngS?” (4.36)

BeN?, |B] =1

Conditions (4.35) and (4.36) are global compatibility conditions (see subsection 2.4 in
Chapter 4 of [LM2]). Let us also introduce the Hilbert space

Ky ={f € H>3((0,400) X R?) : fiymo =0, 72V (1 4y 2s)f € L*((0,+00) x R?)}

with the norm
2

2 2 _1
170, = 17058 0 sty * £ 2 Ftimnan a1 e

Using the above changes, we will deduce Theorem 4.2 from
Lemma 4.3 The operator
U:wr— (wm:o, 3m1w|x1:07 W|t=0, 3tw\t:0)

is continuous and subjective from H*?((0,+00) x R3) to K. In addition, for f € K
there exists w € H*?((0,+00) x RY x R) satisfying

(w\m1:07 a:mw\zl:Ov W)t=0, atw|iE:0) = (f7 0,0, 0) (437)
with
||wHH2>2((0,+oo)><R3) <C ||Jc||K2 : (4.38)



Stability of the determination of a coefficient for the wave equation 17

Proof. According to Theorem 2.3 in Chapter 4 of [LM2], the operator U
is continuous and subjective. Therefore, it only remains to prove the last part
of the lemma. For this purpose, let (go,g1,uo0,u1) = (f,0,0,0) and remark that
(90, 91, ug,u1) € K;. In view of Theorem 4.2 in chapter 1 of [LM1] and the first part of
the proof of Theorem 2.1 in Chapter 4 of [LM2], there exists v[f] € H??((0, +00) xR?)
such that

(0[flj21=05 Oy V[ ]|z, =0) = (f,0)
and

T Pyl T I R (4.39)
Consider H3(R%), s > 0, the closure of C°(R2) in H*(RZ) and let Hyg?(R3),
k = 0,1, be the spaces

HYPRE) = (we HyPH(RE) : ay 20,0 e LARE), j=1,2,3),

7 (R3 7 (T3 -3 2 (T3
HE(RY) = {v € HE(RY) : a7 tve L3R},
According to Theorem 11.7 in Chapter 1 of [LM1], we have

2

_i 1 )
[H(RL), L2(RY)),0 3 = Hoo' *(RY), j=0,1, (4.40)

2

where [Hg(R}), L*(R3)] ,, 1 is the interpolation space of order j';% between Hg(R3)
=
and L?(R3). In view of (4.40) and Theorem 3.2 in Chapter 1 of [LM1], the operator
u — (Ujg=0, Ostji=0)
is continuous and subjective from the Hilbert space
L*(R; H3 (RY)) N H? (R ; L*(RY)))
to the Hilbert space
ER, 1.
Hgo(RY) x Hio(RY).
1
Thus, for all @), € Hy g (R%), k= 0,1, we can find
ulg] € LX(Rf: H(RY))) N H (R L*(RY)))
such that (u[¢]i=0, Orul@]jt=0) = ¥ = (1, p2) and
H’U’[(p]HHzﬂ((O,—i-oo)X]Ri) <C HQOHHO%,()(R:}F)XHO%,O(R:}#) ’ (441)
Notice that, for j +k = 1, we have
| e0) 04, Bkl o
< @)@k m)
Clearly, for j + k =1, we find

[CRRICTI.

L2(R)

+ || @) 0, el om0 — D gs,s,)

L2(R3) L2(R3)

<
sy < Ml
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and, from Theorem 2.2 in Chapter 4 of [LM2], we get
| e0) % @4, Db el =0 — 095 )

LR < Cllv[fll 220,400y xR2)
+
<

¢ Hf||H%«%((o,+oo)xR2) )
From these two estimates we deduce that

|(20) 203, Okl
In the same way we show that
H(w1)’fafzg’zg)v[f]\t=o‘ @) SO\ fllg,  BeN?, |8l =1.

Combining these estimates with Theorem 2.1 in Chapter 4 of [LM2] and (4.39), we
deduce that

)<C||f|\K2~

3
L2(RY

3 1
([ f]jt=0, Ocv[flj1=0) € Hoz,o(Ri) X H()Z,O(Ri)
and we obtain

(| (W[ f] =05 Oev[f]je=0) ’|H§O(R3)xH(§O(Ri

In view of (4.39), (4.41) and (4.42), if we set w[f] = v[f] + up] with ¢ =
(=v[fljt=0, —Owv[f]}t=0), conditions (4.37) and (4.38) will be fulfilled.

<CI I, (4.42)

u
Proof of Theorem 4.2. Using local coordinate, in the same way as in the
beginning of this subsection (see also Section 7.2 and the proof of Theorem 8.3 in

Chapter 1 of [LM1]), we can replace the space L by K. Then, we deduce Theorem
4.2 from the last part of Lemma 4.3.

4.2. Proof of Theorem 4.1

We will now go back to Theorem 4.1. First, using Theorem 4.2 we split u into two
terms u = v[F] + w with w € H*?(Q) satisfying (4.33), (4.34) and v[F] solution of

02v[F] — Av[F] + qu[F] = F, te(0,7), 2 €w, z3 €R,
o[FJ(0,) =0, 8w[F)(0,)=0, inQ, (4.43)
v[F] =0, on X

with F' = —(02w— Aw+qw) € L*(Q). In view of Theorem 8.1 and 8.3 in Chapter 3 of
[LM1] problem (4.43) admits a unique solution v € C([0, T]; H}(Q))NCL([0, T]; L2(£2))
satisfying

||”||c([o,T];Hg(Q))+||v||c1([o,T];L2(Q)) <C ||F||L2(Q) <C ||w||H2»2(Q) [(4.44)
Remark 4.4 It is well known that the Laplacian in Q with Dirichlet boundary

condition is a self adjoint operator associated to the sesquilinear closed coercive form
b with domain D(b) = H}(Q) and defined by

b(f.9) = /Q V- Vgdr.

Therefore, we can apply the theory introduced in Section 8 of Chapter 3 of [LM1], by
considering the sesquilinear form

a(u,v) = / (Vyu - Vv + quo)de
Q
and the space V. = H}(Q), H = L?(Q).
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In view of Theorem 3.1 in Chapter 1 of [LM1] , we have
we H*2(Q) < C([0,T); H>(2)) N CH([0,T]; H2(R))
c c([o, T]; H'()) nC([0, T]; L*(%))
and
lwlle o, ) + 1wllerqomrz)) < + [Jw]|

Clllle o,z ey + 1l om0 ()

< Cllw| g, 2(Q)
Therefore, u € C([0,T]; H*(Q)) N CL([0, T]; L*(Q)) and (4.34) implies
||UHc (0.T);H Q) T ||U||c1 [0,T;L2(Q) S <Cfllg-

It remains to show that d,u € L?(X) and |0vul| 25y < C[|f]l,- For this purpose,

notice that d,u = 9,v[F]. Thus, in view of (4.34), the proof will be complete if we
show that for v[F] solution of (4.43) we have d,v[F] € L*(X) and

1800 F]ll L2 () < ClIFl 2 - (4.45)

In order to prove this result, we will first assume that ¢ = 0 and F' is smooth so that
v[F] is sufficiently smooth. Then we will conclude by density and by repeating the
arguments of Theorem A.2 in [BCY]. Without lost of generality, we can also assume
that v = v[F] is real valued.

Let v, € C*°(w, RQ) be such that 7; = v; on Ow with v; the unit outward normal
vector to w. We set v € C(, R3) NW>>°(Q, R?) defined by v(z', z3) = (71(2'),0),
' € w, 3 € R and we obtain v = v on 0). We have

/ (02v — Av)y - Vodzdt = 0. (4.46)
Q

Integrating by parts in ¢ we get
fOT Jo 0oy - Vodedt = [, 0po(T, )y - Vo(T, z)dz — fOT Jo Orvy - VOudadt

= [ 0w(T, )y - Vo(T,z)dz — 3 fo Jov - V(9w)*dadt.

Now notice that v - V(9v)? = 741 - Vo (9:v)2. Therefore, applying the Green formula
in 2’ € w we get

foT f97 : Vv?dxdt = fOT f]R fw Y1+ Vg (8tv)2d:c’dx3dt
=J L v2da’dzgdt — [ div(y)v2da'dasdt
0 JRJOw "t 0 JRJw t
= /5 vido(z)dt — fQ div(y)vZdzdt.

Since vjgq = 0 we deduce that 9;v)9q = 0 and it follows

/ vido(z)dt = 0.
p)
Thus we have

T
1
/ / d2vy - Vodrdt = / O(T,x)y - Vo(T, z)dx + 3 / div(y)vidzdt. (4.47)
0o Ja Q Q
On the other hand, we get

/ —Avy - Vodzdt = / —Agvy - Vodedt + / —8%31)7 - Vodzdt.
Q Q Q
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Applying the Green formula in 2’ € w, we find

fQ —Ayvy - Vodadt

= fOT Jz [, —Azvy - Voda'desdt

=- fOT Iz Jou |8,v]? do (') dzsdt + fOT Jo [, Varv - Ve (y - Vo)da'desdt

=— /5 18, v]? do(x)dt + fQ Vv - V(v - Vo)dadt.
and integrating by parts in x3 € R we obtain
/ —92 vy - Vudadt = / 034004z, (v - Vv)dadt.
Q Q
It follows
/ —Avy - Vodadt = —/ 0, 0)° do(z)dt + / Vv - V(v - Vyv)dadt.
Q P Q
Recall that
1
Vo V(y: Vo) = (HVv) Vo + 57 V(|Vol?)
where H = (0,,7i)1<i,j<3 and v = (71,72, 73). Therefore we have
fQ —Avy-Vodedt = — [ 18,0|* do(x)dt + fQ(HVv) - Vodazdt

+3 Jo7 - V(I Vo)dadt,

The Green formula in 2’ € w implies

20

Ly V(VoP)da = [,y - Vo (IVol)da! = [, Vol doa’) - [, div(y) [Vof* da.

Since vjpn = 0, we obtain IVo|* = |8,v]* on . Tt follows

/7-V(|Vv\2)dxdt:/ |8yv\2da(a:)dt—/ div(y) |Vo|® dzdt
Q = Q
and we get

Jo —Avy: Vudzdt = —L [ 10,0 do(z)dt + Jo(HV) - Vodzdt
-3 Jo div(y) |Vo|? dadt.

Combining (4.46), (4.47) and (4.48) we deduce that

J5 10,0 do(z)dt = 2 [,(HVv) - Vodadt — [, div(y) [Vo|* dedt
+2 [ 00(T, )y - Vo(T, x)dz + [, div(y)vydzdt

and it follows

(4.48)

10vvl 25y < CUIvlleqo,my 12 ) + 10l o,y 0200) < CIF Il L2 (g -

By density we can extend this result to F' € L?(Q) and, in view of Theorem A.2 in

[BCY], we deduce that this result holds for g # 0.
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