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INTERVAL STRUCTURE OF THE PIERI FORMULA
FOR GROTHENDIECK POLYNOMIALS

VIVIANE PONS

ABSTRACT. We give a combinatorial interpretation of a Pieri for-
mula for double Grothendieck polynomials in terms of an interval
of the Bruhat order. Another description had been given by Lenart
and Postnikov in terms of chain enumerations. We use Lascoux’s
interpretation of a product of Grothendieck polynomials as a prod-
uct of two kinds of generators of the 0-Hecke algebra, or sorting
operators. In this way, we obtain a direct proof of the result of
Lenart and Postnikov and then prove that the set of permutations
occuring in the result is actually an interval of the Bruhat order.

1. INTRODUCTION

Schubert calculus is an old topic in algebraic geometry. Originally,
it involves counting lines satisfying some intersection conditions, which
amounts to finding the cardinalities of some zero-dimensional inter-
sections of Schubert subvarieties in a Grassmanian. This is done by
working in the cohomology or in the Chow ring, a quotient of the ring
of symmetric functions in which Schubert varieties are represented by
Schur functions (see, e.g., [3]).

Modern intersection theory deals with more refined intersection con-
ditions between chains of subspaces (flags), and even between flag bun-
dles over algebraic varieties [4]. This involves computing in the coho-
mology, equivariant cohomology, K-theory (or Grothendieck ring) and
equivariant K-theory of the flag manifold, whoses bases are respectively
the Schubert polynomials, double Schubert polynomials, Grothendieck
polynomials and double Grothendieck polynomials, all of which have
been introduced by Lascoux and Schiitzenberger [6, 5].

Despite their geometric origin, these polynomials admit elementary
definitions and are of interest for combinatorics. In the case of the flag
variety relative to GL(n, C), the cohomology ring and the Grothendieck
ring can be interpreted as quotients of the ring of polynomials in
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2 VIVIANE PONS

T1,...,%,, with divided differences 0; operating in the first case and
1sobaric divided differences m; in the second case. The natural bases,
Schubert polynomials and Grothendieck polynomials, corresponding
to the Schubert varieties, can be defined as follows. Let us recall that
the symmetric group G,, is generated by the elementary transpositions
s; = (i, + 1) with 1 < ¢ < n. It acts on multivariate polynomials
by switching the variables (s; switches z; and x;;1). The divided dif-
ferences and isobaric divided differences are two deformations of this
action:

(2) T = xl@

1

)
Ty — Tiy1

where operators act on their left. It is convenient to introduce a second
set of isobaric divided differences,

(3) Tty = Oixip = m — 1.

All families 0;, m; and @; satisfy the braid relations, together with
quadratic relations which are

The 7; and 7;, 2 = 1,...,n— 1, both generate the 0-Hecke algebra of
S,,. Although relations between them are simple, there is no general
combinatorial description of products involving both types of operators.

They are used to generate two families of Grothendieck polynomi-
als, (G(¢))oes, and (G(U)>U€6n, or of Key polynomials (K,),en» and
(Kv)veNn. By definition, the operators 7; (resp. 7;) act on G(,) or K,
(resp. G(U) and Kv) as sorting operators on the indices. More pre-
cisely, let y1,...,y, be a second set of variables, we define dominant
Grothendieck polynomials and dominant Key polynomials by

(7) G =[] =y,

i=1...n
j=1..n—i
5 AL A An
(8) Ky =K, =z"z3*...2,",
where w = [n,n — 1,...,1] is the maximal permutation of size n, and
A= (A1,...,\,) is a dominant vector, i.e., \y > Xy >...>\,. One can

also define G(w) but we do not need it. The Grothendieck polynomials
are all the different images of the dominant polynomial by iterations
of the operators ;:

(9) Glos) = Go)Ti
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if o(i) > o(i + 1). The same definition holds for Key polynomials, s;
acting on a vector v rather than on a permutation. One uses the 7; to
define the (K,) or (G(a)) bases.

Grothendieck polynomials form a linear basis of the space of multi-
variate polynomials, regarded as a free module over the ring of sym-
metric polynomials. Thus, an interesting problem is to understand the
product in terms of this basis. For symmetric functions, the prod-
uct is completely determined by the Pieri formula, which describes
the product of a Schur function by a complete function [11]. On the
Grothendieck basis, an analogue operation would be to expand the
product G,)G(s,) where s, is a simple transposition. This is indeed
sufficient to completely characterize the multiplicative structure of the
Grothendieck ring. Let us recall that

Y- Yk
(10) Gow = 1 Ti...Th
In [5, Theorem 6.4], Lascoux gives the following interpretation of this
product in terms of 7 and 7.

Theorem 1.1. (Lascouz) Let 0 € S,, and 1 < k <n. Let ¢ = ((0,k)
be the element of the coset o(Sy x &, _) with mazimal length, i.e.,
C(1)>¢(2)> - >C(k) and ((k+1)> --- >((n). Then, modulo the
ideal Sym(x) = Gym(y), that is identifying a symmetric function of x
with the same function of y, one has

Yoi " yak _ N
11 Gy = G\ T Te-10,

(11) R — () Tw¢ M1

where if s;, ...S;, 15 a reduced decomposition of a permutation u, then

Ty = My ... T, and T, = T, ... T,

This shows that the Pieri formula for Grothendieck polynomials can
be calculated from the formal expansion of a product of sorting opera-
tors. In [10, Corollary 8.2], Lenart and Postnikov give a combinatorial
interpretation of this expansion for all types in terms of chains of the
Bruhat order. In type A, it has the following description.

Theorem 1.2. (Lenart and Postnikov) Given a simple transposition

Sk, we form the list of transpositions (r1,...7r¢) = ((1,n),(2,n), ..., (k,n),
(Ln—1),....,(k,n—=1),...,(L,k+1),...,(k,k+1)). Then
_ Yi--- Yk
(12) G0)Gs) = Glo) — y—Z(—l)'J‘Gmu))
o1 Yo 55

where the sum is over subsets J = (j1 < ja--- < Jjs) of (1,...,£) such
that 0 < orj, < orjrj, <---<orj ...r;, =w(J) is a saturated chain
in the Bruhat order from o to w(J). In other words, J is a path in



4 VIVIANE PONS

the Bruhat Hasse diagram between o and w(J). The sum is cancella-
tion free and the coefficients are either 1 or —1 (each permutation is
obtained in at most one chain).

This theorem actually describes the product as an enumeration of
chains in the Bruhat order. Indeed, the sign of each element G is
given by the length of J, or equivalently by ¢(w(J)) — ¢(c) where £(u)
is the length of the permutation u: the size of a reduced decomposition
of p is terms of simple transpositions. In this article, by a better
understanding of the mixed product of 7 and 7 given in Theorem 1.1,
we prove that this chain enumeration is actually an interval of the
Bruhat order.

Theorem 1.3. Let us denote by n(o,k) (or simply n if there is no
ambiguity) the subset w(Jyaz) of maximal length obtained in the enu-
meration described in Theorem 1.2. Then

y0'1 Yy - —to
(13) Gy t—k = Z (_1)€(u) o )Gu'

T Te ooz

Theorems 1.1 and 1.2 give us that

(14) Cfucmc-ie = Y (=) Gu)
J

where the sum runs over subsets J as described in Theorem 1.2. Our
approach is to retrieve this result directly by studying the operators 7
and 7w and to prove that the support of the sum is an interval. In Section
2, we first recall the definition of the Bruhat order and a few properties
that will be needed in the sequel. Then, we explain the interpretation
of the m and 7 operators in terms of the 0-Hecke algebra and of sorting
operators. We then introduce two families of formal objects K and
K acted on by the O-Hecke algebra, that can be interpreted either as
Grothendieck polynomials or as Key polynomials.

The first step of the proof of Theorem 1.3 is given in Section 3,
Corollary 3.3. After an expansion of (14) in the K basis and a change
of basis, we prove that the support of the sum is closed by interval, i.e.
it G, appears in the sum, then for all v such that o < v < p, G, appers
in the sum. In Section 4, we study more closely the enumeration of
Theorem 1.2, we give a more precise description of it and prove a few
important properties. The direct proof of (14) is done in Section 4.3.

Our main result is proved in Section 5 where we show that the sum
has a unique maximal element, which by Corollary 3.3 makes it an in-
terval. This is done by a direct characterization of the chains appearing
in the enumeration.
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In Section 6, we give a generalized version of the Bruhat chain enu-
meration of Theorem 1.2. This new enumeration has no known in-
terpretation in terms of product of polynomials but computes a more
general mixed product of operators 7 and 7.

2. BACKGROUND

2.1. Bruhat and k-Bruhat order. Theorems 1.2 and 1.3 both rely
on the Bruhat order on permutations. In this Section, we recall the
definition and properties of comparisons between permutations that we
shall use constantly in our proofs. These properties can be found in
[7], where the structure of the Bruhat order is investigated in detail.
The following definition can be found in [2].

Definition 2.1. Let p, o be two elements of G,,. We say that u s
smaller than o and we write p < o if some subword of some reduced
decomposition of o is a reduced decomposition of L.

Note that the Bruhat order contains both the left and right weak
orders on permutations but is not their union. Also, the definition is
symmetric, if g < o then ! < ¢! and it is equivalent to this local
form:

Definition 2.2. p is a successor of o for the Bruhat order if there
is a transposition T such that ot = p and {(u) = l(o) + 1. Such a
transposition T is called a Bruhat transposition of the permutation o.

If such a transposition exists, then there is also a transposition 7’
such that 770 = p and the symmetry is preserved. Ehresmann gives
another criterion (historically, the first one), also described in [7].

Proposition 2.3. Let u,0 € G,,.
o<pu<e(WVh,1<h<n), (V,1<{<n)
(15) #{y € pulor, ... o)} <#{y €pnp, .-, )}

where py, is the projection of a permutation word on the alphabet {x,y}
by sending 1,...,h onz, and h+1,...,n ony. This is equivalent to say
that all reordered left factors of o are smaller or equal componentwise
than the reordered left factors of the same size of .

As an example, if 0 = 2143 and g = 4132, then ¢ < pu. One has
that {2} < {4}, {2,1} < {4,1}, {4,2,1} < {4,3,1}. Or equivalently,
all projections of o on the alphabet {z,y} (yxyy, zzyy, and xxyx re-
spectively) have less y in their left factors than the corresponding pro-
jections of u (yzyy, yryx, and yrax respectively). In this Proposition,
we compare left factors of the permutation and the symmetry seems
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broken. But actually, a more general criterion based on comparisons
with bigrasmannian permutations can be given where the symmetry
appears clearly. In this article, we shall often use a symmetry with
respect to our parameter k, so this second criterion is essential for us.
It is also described in [7].

Proposition 2.4. We have o < p if and only if there exists k with
1 < k < n such that for all1 < h < n, and for all 1 < ¢ < k and
k<l <n, we have

(16) #{y €pplor,...o0)} <H#{y € pn(p, ..., o)} and
(17) #{y € prlow,...00)} > #{y € prlper, - -, pn)}-

If it is true for some k, then it is true for all k and (15) corresponds
to k=n.

As an example, to obtain as above ¢ = 2143 < p = 4132, one can
compare the first two left and right factors: {2} < {4}, {2,1} < {4,1},
{3} > {2} and {4,3} > {3,2}.

We also need the notion of k-Bruhat order, <j, which was introduced
in [6] and studied in [1].

Definition 2.5. 7 = (a,b) is a k-Bruhat transposition of o if T is a
Bruhat transposition of o by Definition 2.2, and a < k < b. If T is a
k-Bruhat transposition of o and p = o1, then i is a successor of o for
the k-Bruhat order.

There is also a characterization of the k-Bruhat order given in [1,
Theorem 1.1.2].

Theorem 2.6. Let p,0 € S,,, then 0 <i p if and only if,

(i) a < k implies o(a) < u(a), and, b > k implies o(b) > nu(b)
(i1) If a < b, o(a) < o(b) and p(a) > wu(b) then a <k < b.

2.2. Sorting operators, the generators of the 0-Hecke algebra.
The main purpose of this article is to compute the product of 7 and 7
operators (14). These operators are actually generators of the 0-Hecke
algebra. In this Section, we give the main properties of these two
families and explain how they are linked to the Bruhat order. Then,
we interpret them as sorting operators and give a formal framework in
which our problem can be expressed clearly.
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The Hecke algebra of the symmetric group &,,, H(t1,12), is the alge-
bra generated by the elements {7;,1 < i < n — 1} and relations

(18) LT =155, if i — j] > 1,
(19) T 1T = T T, if1<i<n-2
(20) (T; = t:1)(Ts —t2) =0

where t; and ¢y are two scalar parameters that commute with the 7;.
The relations (18) and (19) are the braid relations whereas (20) is the
quadratic relation. The algebra has a natural basis (T, ),cg, Where, for
Siy - .- Sq,, & reduced decomposition of o,

(21) T,=T,...T

The 0-Hecke algebra is the specialization of H(t1,ty) where to =
0 and t; = 1. With these parameters, its generators 7; now satisfy
the quadratic relation (5), we then call them m; and their action on
polynomials is described by (2). The family 7 = (7,)scs, forms a
basis of the 0-Hecke algebra. Now, if we set

(22) ﬁizﬁi—l,

these 7; are consistent with their definition in Section 1 and also satisfy
the braid relations (18) and (19) as well as the quadratic relation (20)
with specialization ¢, = 0 and ¢; = —1, that is (6). Thus the family 7 =
(s )ocs, constitutes a second basis of the 0-Hecke algebra generated
by the m;. The change of basis between 7w and 7 is directly related to
the Bruhat order on permutations.

By (22), we have 7, = (m;,—1)(m;,—1) ... (m;,,—1), where s;, S;, . .. 8;,,
is a reduced decomposition of o, and one can prove the following prop-
erty.

Proposition 2.7. Let u, o be two elements of &,,. Then 7, (respec-
tively T,) can be expanded in the basis T (respectively w) by a sum over
the Bruhat order

(23) o= (=1)~)g,

u<o

(24) Te =Y Fu

u<o

The fact that 7, is a sum over 7, where y < ¢ is obvious by (22).
One has only to prove that the multiplicity of each element of the sum
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is 1, i.e., that the non-reduced words in (7;;, + 1)(7s, +1) ... (7, + 1)
cancel. This has been done in [5, Lemma 1.13].

Although the relations between m and 7 are simply expressed by
(22), and both bases are well-known, the general description of mixed
products of both 7; and 7; is an open problem. In this article, we
compute the specific product of 7 and 7 given in Section 1.

The 0-Hecke algebra admits a faithful realization by sorting opera-
tors. Let K = (K, )ses, and K= (KU)Uegn, then the actions of 7; and

7; on the free modules spanned by the K, and the Kg are

Kcrs~ if i > Oitl,
(25) K,m; = Lo O
K, otherwise,
> f{os- if i > Oit1,
(26) Roig=4 ot 70— 90
— K, otherwise,

where s; is the simple transposition switching o; and 0;,1. One can
check that (25) and (26) are consistent with the braid relations (18)
and (19). The case where o; < 0,41 is implied by the quadratic relation
(20). Now, we set

(27) K, =K,
where w = [n,n — 1,...,1] is the maximal permutation. Thus K and

K are two bases of the same module. The change of basis between K
and K is a direct corollary of relations (23) and (24):

(28) K, = (-1 WK,
u=>o

(29) K,=> K,
u>o

The K, and K, can be mapped to either Grothendieck polynomials
or Key polynomials (Demazure characters for type A) by sending K,
to (7) or to (8). Expanding

(30) KofueTe-1s

on the K basis is equivalent to expanding (11) on Grothendieck poly-
nomials. The two kinds of sorting operators m; and 7; give us the
flexibility of working with two bases that correspond to two different
actions of the 0-Hecke algebra.
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3. CLOSURE BY INTERVAL

Mixed products of operators of both types m and & are not well de-
scribed in general. But we have from Theorem 1.2 that the expansion
of (30) in the K basis is a sum over a set of permutations with co-
efficients 1 or —1 depending on the length of the permutation. The
purpose of this section is to prove that this set is closed by interval,
our first step towards the proof of Theorem 1.3.

Expression (30) can be expanded in both bases K and K. Actually,
the expansion in the K Dbasis is easier, we give it in Proposition 3.1.
Then, by a change of basis, we obtain a first description of the expan-
sion in the K basis (Proposition 3.2). This leads directly to Corollary
3.3, the main result of the Section.

The first part of the computation of (30) consists in applying the 7;
operators. This is directly given by the definition of the operators and
can be easily expressed on both bases K and K. One has

(31) Koyfoe = Kot

(32) = K¢

(33) _ Z(_l)f(u)—f(C)Ku_
7249

A reduced decomposition of w( = s;,s;, ... Sipw)—eey Corresponds to
a path in the weak order between the maximal permutation w and
(. It divides the values 1,...,n into two blocks: to the left or to the
right of k. The product 7, is reduced and applied to the maximal
permutation, and so we obtain (32), or by a change of basis (33). Now,
a reduced decomposition of (!¢, used for the product of 7 operators,
is a path in the weak order between ( and o: it rearranges the values
inside the two blocks left of k£ and right of k£ and does not contain any
transposition s,. One can apply the w1, operators starting either
from the point given in (32), or from the sum over the interval [(,w] in
(33). In this Section, we shall consider the first approach.

Proposition 3.1. Let o, k, and ¢ be as in Theorem 1.1, then

~

(34) Koo = Y K.

(zpz>o

Proof. We start from (32) and apply the 7; operators.

(35) KCWC*lo = KC Z 7ATV.

v<(lo
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This leads directly to (34), as every subword v of a reduced decomposi-
tion of (~!o is an element of & x &,,_. The permutation ( is divided
into two blocks, (1) > --- > ((k) and ((k+1)> --- > ((n). Each
operator sorts the permutation either in the left block or in the right
block. U

Note that the interval [, (] is actually the coset 0(&y x &,,_x). From
Proposition 3.1, one can obtain an expansion of (30) on the K basis
by applying a change of basis to the sum (34).

Proposition 3.2. Let Succs;k be the set of successors of o, o' = ot
where T is not a k-transposition of o. Then (30) expanded on the K
basis is equal to

(36) > ()OO,
summing over permutations v such that v > o and, Yo' € Succs;k,
v#o

Assuming this proposition, the fact that this set is closed by interval
follows immediately.

Corollary 3.3. If K, appears in the sum, then V' € [o,v], K,/ appears
in the sum.

To prove Proposition 3.2, we need the following Lemma on the
Bruhat order.

Lemma 3.4. For o, v two permutations of &,, such that v > o, and
k < n, then the intersection of the coset o(&y X &,,_x) and the interval
[0, V] is an interval of the Bruhat order.

Proof. Note that the Bruhat order is not a lattice and so, in general,
the intersection of two intervals is not an interval : we need to prove
that the intersection contains a unique maximal element.

For o € G, the coset 0(G&y x &,,_x) corresponds to permutations p
with {p1, ..., e} = {o1,...,0r}. We first describe the construction of
the maximal element, ©, and then prove that it is indeed maximal.

We set Vi = {o1,...,0%}, then I = max(v € V; ; v < 1q). Now
Vo = Vi\{in}, and 7 = max(v € V4 ; v < 1n). We continue this
construction up to 7. For the right part of the permutation, we take
Vi = {oks1,...,0,} and 7, = min(v € V,, ; v > 13,), then V,,_; =
Vo \ {7} and we continue up to 1. As an example, for o = 13245,
k =2 and v = 54123, we have v = 31524.

Firstly, as v > o, we can always construct . Indeed, for i < k, let
Umin = min(v € V;). By construction, we have that #{c; < vyin ; 1 <
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and we also have by Bruhat that #{o; < vyn ; 1 <j <k} >#{y; <
Umin 5 1 < j < k}, which tells us that vy, < v;. A similar argument
can be given for i > k. It is also clear that 7 is in the coset (S x&,,_)
and that 7 < v.

Next, let us take p € 0(6y x &,,_) with u < v and prove that
u < v. If we assume that p ﬁ v, this means there is 1 < h < n and
1 < ¢ < n such that

(37) #pu; >h; 1<j<i}>#p,>h; 1<j<i}.

We may assume that ¢ < k, otherwise we can have a similar proof by
working on right factors. Obviously, this means that {y; ; 1 < j <
i} #{7; ; 1 <j <i} and more precisely, there is 1 < ¢ < such that
pe >k and pp € {7 ; i < j < k}. We take p, minimal. Now we have:

(38) fe < Vj = pe SV

for 1 < j <. We already had that p, < 7; implied p, < v;. Then,
it pe < wvj, as py € V; and v; is maximal among v < v; in Vj}, we have
pe < ;. From (37) and (38), we can now prove

(39) > 1< <iy >y > 1<5<i}

(40) =#{vj > 1<j<i}

which contradicts the fact that p < v. The equality is given by (38).
Now, as we have taken p, minimal, if ; > hin (37) and p; € {7 ; 1 <
j' <}, then p; > py which proves the first inequality. So we cannot
have (37) and 7 is maximal.

O
Proof of Proposition 3.2. By a change of basis in the sum (34), one has

(41) ST Ku= Y Y (),

(Zu>o (Zuzovzp
(42) => oK,
v>o
where
(43) c= Y (=1t
u<v
o<p<(

By [14], ¢, is a sum of values of the Mébius function of v and pu. Lemma
3.4 tells us that ¢, is always a sum over an interval. Consequently, we
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have ¢, # 0 only when this interval is reduced to a single element o,
i.e., when there is no p such that o < p < ¢ and p < v. It is sufficient
to test only the direct successors of o in [0, (] which correspond exactly

to Succs, .

O

4. SUM OVER CHAINS OF THE k-BRUHAT ORDER

In this Section, we give a more precise description of the enumeration
of Theorem 1.2. We explain how the list of transpositions can be
reduced to the size of the maximal chain and how the order is a linear
extension of a partial order on transpositions. Then, we give a new
proof of the Theorem based on the formula of Theorem 1.1 and on the
study of the mixed product of & and 7 operators (30). We also prove
some properties of the enumeration that will be used in the proof of
our main result in Section 5.

4.1. Description.

Definition 4.1. Let 0 € G,, and 1 < k < n. Let W, be the list of
k-Bruhat transpositions of o, endowed with a total order on its trans-
positions defined by:

(44)  (a,b) < (d',b) & o(a) > o(d") or (a =ad and o(b) < a(V'))

Note that the relation < depends on the permutation ¢ and so we
can only compare transpositions within a given list W, ;. We shall see
that a partial order on transpositions, not depending on o, can also be
defined, and that < is a linear extension of this partial order.

The following Proposition is an alternative formulation of Theorem
1.2 as explained in Section 4.2. We shall give a direct proof of it in
Section 4.3.

Proposition 4.2. If W, = (11 <72 < -+ < Ty), then

(45) Kyfruce1y = €,

where

(46) C=K,-(1—7)-(1—=m)(1—7n)
and

K, if 7 is a Bruhat transposition of u,

0 otherwise.

(47) Ku'T:{
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In other words, &, is a signed sum over subwords of W, which are
valid paths starting from ¢ in the Bruhat order graph. We call such a
subword simply a wvalid path. For example: if 0 = 1362|54, k = 4, then
W, = ((2,6),(2,5),(4,6),(4,5)) and

(48) €i362p51 = Kizeapsa (1—(2,6))(1—(2,5))-(1—(4,6))-(1—(4,5)).

When expanded, €, can be represented as a tree which is a subgraph
of the Bruhat order (Fig. 1).

+K1362/54
@8 25 p.
—Kuae2i53 —Kise23a —Kizeasz —Kizes)24
9r
(251 (1,6)
+K1562143 +HK1a6352 + 1465123 + 156324 +K1365)42
(4,6)
—Kis6312 —Kisea23  —K1ae5)32

+ K 1564132

Figure 1: The set 61362|54.

4.2. Partial order on k-transpositions. Theorem 1.2 uses a differ-
ent order than Definition 4.1, but both orders are linear extensions of
the following partial order.

Definition 4.3. We define a partial order on k-transpositions by
(49) (a,c) < (a,b) if b<c,
(50) (a,c) < (b,c) if a <b.

Lemma 4.4. The order < defined in Definition 4.1 is a linear exten-
sion of <.

Proof. Let W, be as in Definition 4.1, and 7,7’ € W, with 7 < 7',
If 7= (a,c) and 7 = (a,b) with a < b < ¢, we have that o(b) < o(a)
or o(b) > o(c) because T is a Bruhat transposition for 0. As 7 = (a, b)
is also a Bruhat transposition for o, then o(a) < o(b) which makes
o(b) > a(c),soT <71\

If 7= (a,c) and 7" = (b, ¢) with a < b < ¢, we still have o(b) < o(a)
or o(b) > o(c). And as 7" = (b, ¢) is a Bruhat transposition for o, then
o(b) < o(c) which makes o(b) < o(a), so T < 7. O
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Corollary 4.5. Let 7,0 € W,y If 7 = (a,d), 0 = (a,c), then 7 < 0
implies ¢ < d. And if T = (a,c), 0 = (b,c), then T < 0 implies a < b.

The proof is immediate. Lemma 4.4 and Corollary 4.5 will both
contribute to the proof of our main result in Section 5.

The order used in Theorem 1.2 is given explicitly in [8, Theorem
4.3] where the combinatorial interpretation of (12) in terms of Bruhat
chains was already proved for Grothendieck polynomials in one set of
variables. It is as follows:

(51) (a,b) <" (¢,d) < b>d or (b=d and a < c).
It is clearly a linear extension of the partial order <.

Proposition 4.6. Let <" be any linear extension of <. We define W,
and &, ;. just as Wy and €,y by replacing < by <'. Then €, = €, ;.

Proof. Let us notice that if 7 and 8 are two k-transpositions that are
not comparable by <, they commute. So if w' =7/ <"--- <7/ isa
subword of W, one can just reorder its transpositions for < instead
of <, w=m, <---<m,. Now, wis a subword of W, and w = w'
when seen as a permutation. O

It is now clear that if one takes a chain as in Proposition 4.2 and
reorder it in terms of <’, one obtains a chain as in Theorem 1.2. The
other way around is not obvious as the list of transpositions described
in Theorem 1.2 contains all k-transpositions whereas the ones in W,
depend on the permutation o. But the list of transpositions of Theorem
1.2 can actually be reduced to W, .

Lemma 4.7. All transpositions appearing in the chains of Theorem
1.2 are Bruhat transpositions for the permutation o.

Proof. Let 71 <’ --- <’ 7, be a chain of Theorem 1.2. Let us suppose
that 7; = (a, b) is not a Bruhat transposition for o. It means that there
exists ¢, a < ¢ < b with o(a) < o(c¢) < o(b). This order is not changed
by the transpositions 7y, ..., 7;_1. For1 <j <i,weseto’ =om ... 71
and we suppose that we still have o'(a) < 0'(c) < o'(b). If 7; = (a,y),
then b < y so a < ¢ < y and o'(¢c) > o'(y). If 7, = (c,y), then
c < b < yando(b) > 0(y). We cannot have 7, = (y,c) because
7 < 1. It 1, = (y,b), then y < asoy < c<band o'(c) < d'(y).
By this, we have that 7; is not a Bruhat transposition for o7 ... 71
which contradicts the definition of the chain. U

The fact that each permutation is obtained by exactly one chain is
given by [8, Proposition 4.8]. In [1, Algorithm 3.1.1], Bergeron and
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Sottile describe an algorithm that give a a saturated chain between
two permutations in the k-Bruhat order. It is compatible with the
partial order on transpositions we defined and can be used to obtain
the unique chain of transpositions corresponding to each permutation.
Another algorithm is also described in [9, Algorithm 4.9] that could be
used in that purpose. Both algorithms should allow for a direct proof of
the property that each permutation in the interval [0, 7] is associated
with a chain of the Lenart-Postinikov enumeration of Theorem 1.2.
We have shown this property algebraically in Corollary 3.3. It is not
enough to prove Theorem 1.3 as one also needs to prove that each
permutation of the sum is contained in the interval. This will be done
in Section 5.

4.3. Direct proof. We can prove Proposition 4.2 by applying the m;
operators to the sum over an interval given in (33). First let us see:

Proposition 4.8.

(52) Cop = Z(—l)““*“of(u.

1244

Proof. We know that the sign of each element K, of the sum € is
given by (—1)“W=49. So we can consider &, as a set and the definition
gives us that €, C [(,w]. We only have to prove the reverse inclusion
[va] C e(,k'

Let p € [(,w]. We first prove that u > (. Proposition 2.3 implies
that p and ¢ satisfy Condition (i) of Theorem 2.6: for a < k, the left
factor of size a of p is greater than the left factor of size a of ¢ and
¢(1,...,k) is antidominant, so ((a) < u(a). For b > k, one uses that
the reordered right factor of size n — b of i is smaller than, or equal to,
componentwise, the reordered right factor of size n — b of (. Condition
(ii) of Theorem 2.6 is also satisfied as for a < b, ((a) < ¢(b) implies
that a < k < b. Consequently, we have p >y C.

By using [1, Algorithm 3.1.1], one obtains a chain of the k-Bruhat
order between p and (. The order on the transpositions is the one
described in Definition 4.1, and so if each transposition given by the
algorithm is in W¢ ;, we obtain a subword. The process is recursive, it
starts from p and chooses a transposition (a,b) such that, a < k < b,
p(a) > p(b) and ((a) < ¢(b). As we have ((i) < ((a) for a < i <k,
and (i) > ((b) for k < i < b, then (a,b) is a k-Bruhat transposition of
¢ and is in We¢ . O

From (33) and Proposition 4.8, we now have
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(53) Kwﬁwgﬁg—lg = @C,kﬂ'g—lg.

We can prove Proposition 4.2 by induction on the length of the prod-
uct me-1,-.

Proposition 4.9. Let 0 € &,,, and let us assume that (45) holds. Let
s; be a simple transposition such that i # k and os; < o, then

(54) Ga,kﬂ-i = Gasi,k-
First, let us note the fact:
Lemma 4.10. &,,, xNE, . = 0, and more precisely Vv € €, 1, v # 0.

Proof. If i < k, let us consider |[pou-1(v1,...,v)|y for v € &, 4,
i.e., the number of values greater than or equal to o(i) in left fac-
tors of size ¢. This number is constant on &, , and is equal to
1Poiy—1(0(1),...0(i))]y—1 as os;(i) = o(t + 1) < o(i). And so, by
Proposition 2.3, v cannot be greater than ¢. The same argument ap-
plies when ¢ > k, by considering the number of values smaller than or
equal to o(i + 1) in right factors of size n — i. O

Proposition 4.9 is a consequence of these two lemmas:

Lemma 4.11. We have the following implications:

(1) Let w = 15, ... 7, be a subword of Wy such that w is a valid
path starting from o in the Bruhat graph, and us; % o where
w=ow. Then,

UJ/ = (SiTil 3i)<3iTi25i) R (siTiTSi)
is a subword of Wy, 1 and is a valid path in the Bruhat graph
starting from os;.

(2) Conversely, if w' = ty...t, is a subword of W, and a valid
path starting from os; in the Bruhat graph, then

w = (sitlsi) e (Sitr8i>
is a subword of W, 1, and a valid path in the Bruhat graph start-
g from o.
Lemma 4.12. Let p € €, with ps; > o, then us; € €, 4.

Proof of Lemma /4.11. Implication (2) is trivial: it is immediate to see
that if a transposition t is a k-Bruhat transposition for os;, then s;ts;
is a k-Bruhat transposition for o. Besides, the order on transposi-
tions is not changed, and so if ¢;...%¢, is a subword of W, then
(sit18:) ... (sitrs;) is a subword W, .
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Now, let w = 7, ... 7;, be a valid subword of W, ;, with 1 = ocw such
that ps; # o. For the purpose of the proof, we suppose that ¢ < k. We
mostly use Proposition 2.3, the same proof can be made for ¢ > k by
comparing right factors instead of left factors.

We first prove that for all permutations i that appear in the chain
between ¢ and p given by w, we have fis; # 0. As us; # o, there is at
least one left factor of us; that is not greater than the corresponding
factor of 0. However, all left factors of u are greater than the factors
of 0. The only factor that is different between p and us; is {1,...,i}
and so we have

(55) psi(l,...,4) # o(1,...,4) with
(56) wsi(1, .. 08) ={u(1), ... pw(i—1),u(i+ 1)}

As [i <j p, we know that fi(j) < p(j) forall j < kand so fis;(1,...,7) #
o(l,...,1).

We can now prove that for all transpositions 7 of w, we have o7(i) >
or(i +1). We know that o(i) > o(i + 1) and ¢ < k, so the only
transposition we have to consider is 7 = (i + 1,b). The transposition 7
is in w, let us say between two permutations v and /. We know that
V's; # o which gives {V/(1),...,V/ (i = 1),/ (i+ 1)} # {o(1),...,0(i)}.
As V' >y o, we have V/(j) > o(j) for j <i— 1 and necessarily, v(b) =
V(i+1) < o(i).

Let us suppose that o(b) > o(i). Then, there is a transposition
(¢,b) in w such that o(c) < o(i) < o(b) which implies ¢ > i. But
as (¢,b) < (i + 1,b), we have o(i + 1) < o(c¢) < o(b) which implies
¢ < i+ 1 and leads to a contradiction. So we have o(b) < (i), i.e.,
or(i) > o7(i+1).

It is now easy to check that for each transposition 7 of w, s;7s; is
a valid Bruhat transposition for os; and so (s;7;,8;)...(s7;.8;) is a
subword of W, . The fact that this is a valid path comes from the
already given property that if v and v/ = v7 are two permutations of
the chain, we have /(i + 1) < v(i¢). This makes s;7s; a valid Bruhat
transposition for vs;.

U

Proof of Lemma 4.12. We use Proposition 3.2 which is true on &,
by our induction hypothesis. We show that if y € &, there is no
o’ € Suces;* such that o’ > pus;, which means ps; € €,. This is trivial
for p > ps;.
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Let us suppose p < us; and o’ € Suces;® such that o’ > ps;. As for
Lemma 4.11, we set i < k without loss of generality. We have o’ = o7
with 7 = (a, b) a non-k Bruhat transposition.

Firstly we show that we necessarily have a < i < b. All left factors
of pus; are greater than the left factors of o’. There is at least one left
factor of p that is not greater than the same one of ¢’ and the only one
possible is {1,...,i}. Besides, we have pu(1,...,i) > o(1,...,4) and so
o(l,...,i) #d(1,...,1).

Now we have:

(57) {i<a;0() <o®)}={j<a; pQi) <o)}

As p(j) > o(j), it is clear that we have an inclusion. If it is a strict
one, then there is ¢ < a with o(¢) < o(b) and u(c) > o(b). This
means that a transposition (¢, d) has been applied with ¢ < b < d and
o(c) < a(b) < o(d) which is not possible.

We also have:

(58) {i<a; pG) <o®)} ={j<a; psi(j) <o)}

Ifa<i,wehave {j <a; u(j)} =1{j<a; psi(j)} and (58) is true.
If a =1, we have o(i + 1) < o(i) = o(a) < o(b) so (i) < o(b) because
of (57). And, as b > i + 1, the argument used to prove (57) says that
ws; (i) = p(i + 1) < o(b) which proves (58). So now we have:

(59)  #{j<as psi(j) <o)} =#{j <a; olj) < o)}
(60) —#j<as o(j) <o)} +1,

which by Proposition 2.3 says that us; ¥ ¢’ and leads to a contradic-
tion.

O

Proof of Proposition 4.9. One consequence of Lemma 4.11 is that

(61) Cosio= | D () WHIK, [ m.
ne€s i
usiFo
Indeed, all elements K, in the above sum are sorted by the operator
m; because ps; # o implies that ps; < p. Implication (1) of Lemma
4.11 tells us they are sent on elements of €, , and implication (2) tells
us that they cover the whole sum. Now, we have:
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(62) eo,kﬂ—i = éasi,k + Z (_1)[(“)7“0)]’(!‘7@'.

.U“Geo',k
us; >o

By Lemma 4.12, the second part of the sum is equal to 0, as for each
element K, its paired element K, also appears in the sum with an
opposite sign. Let us assume that ps; < w, then by definition of 7,
K,m = K,,, and K,,m = K. O

To illustrate this proof, one can draw the following example (Fig. 2).
Each elements of €, (on the left) is either paired by s; to an element
of €, (on the right) or to another element of €, .

+K1362)45
VRN
+K1362/54 —Ki462135 —K1364)25
P AN
—Kueoi53  —Kiseoza —Kiseasz —Kises)a + K 146325

— \
+Kis62143 +HKae3p2  +HKiaesp3 +HKise324 +K1365)42
\

—Kisesjiz  —Kiseaes —Kiaes|s2

+K1564/32

Figure 2: €369547m5 = 1362045

Also, €, 1 is actually a conjugate subtree of €, ;.. The transpositions
of Wy = (71, ...7m) are the root branches of the tree. Proposition 4.11
tells us that W, i is a conjugate subword of W, ;: only transpositions 7
where s;7s; is still a Bruhat transposition of os; are kept. The operator
m; "cuts” branches out of the €, tree and reduces its size exponentially
(Fig. 3).

5. INTERVAL STRUCTURE OF &,

By Corollary 3.3, we have that &, is closed by interval, i.e., if
p,v € €, with v < p, then [v,u] C €,,. To prove that &,y is an
interval, we now have to show that there is a unique minimal element
and a unique maximal element. The minimal element is by definition
o and it is unique. The maximal element can only be oW, s, i.e., the
permutation where all transpositions of W, ; have been applied. It is



20 VIVIANE PONS

+ K 1362045
+K1362/54 —Kuae2i35  —K1364)25
~ XN AN
—Kueos3 —Kiseoza —Kiseasz —Kizesja +K1463)25

x|
+Kis62143 +HR1a6352 R 1a6s)23 T H1s6324 R 1365)42
\
—Kis6342 —Kisea23  — K1465(32

+K1564/32

Figure 3: Cutting branches

the only element with maximal length ¢(o) + |W, x|. So the proof of
Theorem 1.3 will be completed if we prove the following Lemma:

Lemma 5.1.
(63) \V/M € Ga,ku 2 < 7](0-7 k)
where n(o, k) = oW, .

To prove Lemma 5.1, we need to study more precisely the structure
of @mk.

Definition 5.2. Seeing W, = (11 < -+ < T,) as a word on transpo-
sitions, let w = 7, ... 7, be a subword of W, . We say that w is not
compatible if:

(1) w contains (a,c)(b,d) as a subword with a < b < ¢ < d,

(2) (a,d) € W, and (a,d) ¢ w.

Otherwise, w is called compatible.

Note that if w contains a subword (a, ¢) < (b, d) as in condition (1),
then if there is a transposition(a,d) € W, x, we always have (a,d) <
(a,c) < (b,d) because of the order on transpositions (see Lemma 4.4).

In Theorem 1.2 as well as in Proposition 4.2, the enumeration is only
given in term of the Bruhat order. Now we state our key proposition
which gives a direct, Bruhat-order free, description of the enumeration.

Proposition 5.3. If w is a subword of W, 1, w s compatible if and only
if w is a valid path in the Bruhat order starting at o, ie., ow € €, .

Definition 5.2 and Proposition 5.3 rely on the order on transpositions
of W, given in Definition 4.1. We use the total order for convenience
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and clarity of the proof. But the crucial arguments come from the
partial order defined in Definition 4.3 and a similar description of non
compatible subwords could be given for any other linear extension of
the partial order.

We first prove the following lemma:

Lemma 5.4. Let w = 7, ... 7;, be a subword of W, which is a valid
path, and T = (a,b) € Wyy, T > 7. Then,

(64) ow(a) < ow(b)
Proof. Note that o(a) < o(b) by definition of 7, and as 7 > 7;,, it has

not yet been applied. Let 6 € w be a transposition with w = w'fw”.
We set 0’ = ow’ and we suppose that

(65) o'(a) < o'(b) and o'0(a) > o'0(b).
If 0 = (z,b), as 0 < 7, then o(z) > o(a). We also have o’(z) > o(x)
and o'(a) = o(a) (no transposition on a has yet been applied), so

0'0(b) = o'(x) > o'(a) and (65) cannot be true. So # = (a,y). We have
0 < 17 = (a,b), so by Corollary 4.5, we have y > b. As # is a Bruhat
transposition for ¢/, we have either o/(b) < o'(a) or o’(b) > o'(y) =
d'0(a). Both relations contradict (65) and so such a transposition ¢
does not exist. 0

Proof of Proposition 5.3. First, let us prove that if w = 7;,...7, is a
subword of W, and is not a valid path, then w is not compatible.
Let w; be the longest left factor of w which is a valid path. Then
w = wyTwy with 7 = (b,d) not a valid Bruhat transposition for ow.
By Lemma 5.4, ow;(b) < ow;(d) so there is ¢ such that b < ¢ < d and

owy(b) < owi(c) < ow(d)
(66) Vv IA
a(b) o(d)

First, let us recall Theorem 2.6 and notice that ¢ > k. Indeed, we
have that 7 is a Bruhat transposition for ¢ so o(c) < o(b) or o(c) >
o(d). In the first case, we read in (66) that o(c) < ow(c) so ¢ < k.
But as o(c) < o(b), any transposition (c,x*) is after 7 = (b,d) and
then ow;(c) = o(c) which is not possible. Therefore, we have that
o(c) > o(d) > owy(d) > ow;(c) which implies ¢ > k.

Let (a,c) be the last transposition acting on position ¢. We know
that (a,c) exists because o(c) # ocw;(c). We have wy = ws(a, c)ws.
Also, as o(c) > o(d) and (a,c) < (b,d), then a # b and we have
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owy(d) > ows(a) > owsy(b)
(67) A v I
o(d) o(a) a(b)
The vertical relations come from the k-Bruhat order between o and
ows and the horizontal ones from (66). We claim that

(68) o(c) > o(d) > o(a) > o(b) and
(69) a<b<c<d.

We already have o(c) > o(d) and we can read in (67) that o(d) >
o(a). Also (a,c¢) < (b,d) gives o(a) > o(b) and so (68) is true. To
prove (69), we only have to show that a < b. It is done by saying that
(b, d) is a Bruhat transposition for o, then because of (68), we cannot
have b < a < d.

By (68) and (69), we have that (a, ¢)(b, d) is a subword of w as defined
in Definition 5.2, Condition 1. Now, (a, d) is also a Bruhat transposition
for 0. Indeed, if there is a < x < d such that o(a) < o(x) < o(d),
then either x < ¢ and (a, ¢) is not a Bruhat transposition, or z > ¢ > b
and (b, d) is not a Bruhat transposition. So (a,d) € W, and because
owsy(d) > o(a), then (a,d) ¢ w and Condition 2 of Definition 5.2 is
also satisfied, w is a non compatible subword.

Now, let w be a non compatible subword of W, j from Definition 5.2,
we prove that w is not a valid path. By definition, w contains at least
one subword (a, ¢)(b, d) satisfying conditions (1) and (2) of Definition
5.2. We chose one where the transposition (a, c) is minimal. We write
w = wi(b,d)w}, and we prove that if w; is a valid path, then (b, d) is
not a Bruhat transposition for ow.

We have that (a,c) € wq, so w; = wy(a, c)wh. We show that

o) < ola) < o(d)

I IA Y
owy(b) < ocws(a) < ows(d).

(70)

The relation o(b) < o(a) < o(d) is immediate as, by definition,
a < b < dand (a,d),(b,d) € W,, which by Lemma 4.4 gives us
(a,d) < (b,d). Relations o(a) < owy(a) and o(d) > owsy(d) come
from the k-Bruhat order. Any transposition acting on b is such that
(b, %) > (a,c) so the value in position b has not been changed. There
only remains to prove cws(a) < ocws(d). Any transposition 7 of ws is
such that 7 < (a,d). Indeed, if (a,z) € w with (a,d) < (a,z) < (a,c),
we have by Corollary 4.5 that ¢ < # < d and then (a,z)(b,d) satisfy
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conditions (1) and (2) of Definition 5.2. We have taken (a, ¢) minimal,
so such a transposition (a, z) does not exist. Now we can apply Lemma
5.4 and we have cwq(a) < ocws(d). If we set o' = ows(a,c), we now
have

(71) b<c<d and o'(b) < o'(c) < o'(d).

We claim that this relation is preserved through wj. If so, then (b, d)
is not a Bruhat transposition for cw; and the result is proved. We
show recursively that if w) = wsTw} with o' := ocws(a, ¢)ws satisfying
(71), then o'7 still satisfy (71).

We have (a,¢) < 7 < (b,d). If 7 = (b,y), then by Corollary 4.5,
y >d > c. As 7 is a Bruhat transposition for ¢’ and ¢’(c¢) > ¢’(b) then
o'(c)>ad'(y). f 7= (y,c) or (y,d), then y < a < band so ¢'(b) < o'(y)
because 7 is a Bruhat transposition for ¢’ and o'(b) < o’(c) < o’'(d).
In any case, 0’7 satisfy (71). O

Lemma 5.1 is a direct consequence of Proposition 5.3.

Proof of Lemma 5.1. Let p € €, 4, p # n(o, k). We prove that there
exists 1 € &, with i a direct successor of p. This is enough to prove
Lemma 5.1 as, if i # n(o, 1), we can apply the algorithm recursively to
find a direct successor of ji and so on. At each step, the length of the
permutation is increased by one, so the process stops after £(n) — ¢(u)
iterations.

For y1 = ow with w a subword of W, ;, and p # n, let us set 7 € W, 4,
7 ¢ w with 7 minimal, i.e, 7 is the first transposition of W, ; which is
not in w. Then we define w = urv, where w = uv such that w is still a
subword of W, (7 is greater than the transpositions of u and smaller
than the transpositions of v). Note that ur is actually a left factor of
W, 1 because 7 is minimal among the transpositions that are not in w.
We set 1 = ow.

We prove by Proposition 5.3 that w is a valid path. Let us suppose
that w is a noncompatible subword. Then we have (a,d) < (a,c) <
(b,d) all in W, with (a,d) ¢ @ and (a, ), (b,d) € @. This is also true
for w. Indeed, w = urv with ur a left factor of W, ;. Which means
that (a,d) ¢ ur implies 7 < (a,d) < (a,c¢) < (b,d). The conditions on
(a,d), (a,c) and (b,d) are still satisfied by w = uv which contradicts
the fact that w is a valid path. So w is also a valid path.

Then (1) = (o) +|w| = l(o)+|w]+1 = l(n)+1 and i = pv~ 7T =
16 where 6 is the conjugate of a transposition, i.e., a transposition. So
[ is a direct successor of . U
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Here is an example of the algorithm p — i described in the proof
applied on p = 1365[42 for &;36954 drawn in Fig. 1.

1= o = (1362]54)(46)(45) = 1365[42
py = fip = (1362]54)(26)(46)(45) = 1465|32
po = fiy = (1362]54)(26)(25)(46)(45) = 1564|32 = 1

Remark 5.5. If W, ;. contains (a,d)(a,c)(b,d) as a subword, then we
can find noncompatible subwords. We say that W, contains a conflict
pattern. In particular, this implies that o contains the permutation
pattern 21|43 as we have o(b) < o(a) < o(d) < o(c). But the con-
verse implication is not true. As an example, the permutation 213|54
contains the permutation pattern but as (1,5),(1,4), and (2,5) are not
Bruhat transpositions, W, does not contain the conflict pattern.

Remark 5.6. Proposition 5.3 also gives us information about the size
of the interval. If Wy, 1s of size m and does not contain any conflict
pattern, then |€, | = 2™. Besides, the number of non compatible sub-
words due to a specific trio (a,d) < (a,c) < (b,d) is 23, so when W,
contains only one conflict pattern, we have |&,| = 2™ — 2™ 3. As an
exzample, |€362054| = 24 — 21 = 14. More generally, we have to perform
an inclusion-exclusion algorithm. If the number of conflict patterns is
high, the inclusion-exclusion algorithm can take much longer to com-
pute than the actual generation of €,y. The permutation 4321|8765
contains 36 conflict patterns and one should compute billions of inter-
sections of conflict patterns whereas the size of €, is only 6902. But
the algorithm can be used efficiently on large permutations with few
conflict patterns.

6. OTHER PARABOLIC SUBGROUPS

When we compute & ,m-1,, we apply operators m; where i # k, i.e.,
an element of the parabolic subgroup generated by {m1, ..., Tp_1, Tri1,
..., T, }. Proposition 4.2 can be generalized to other parabolic sub-
groups.

Definition 6.1. Let 0 € S, and 1 < k] < ky < -+ < k,,, < n.
By convention, we set kg = 0. Then the block B;i(c) for 0 < i <
m is the word [o(ki—1 +1),0(ki-1 +2,...,0(n)] and W is the list of
transpositions
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(kica+1L,n), (kia+1L,n—=1),..., (ki + 1,k + 1),
(ki—l + 2,77,), (ki—l + 2,7’L - 1)7 ey (ki—l + 2,]{37, + 1)7

ey

(72) (‘ki,n),(ki,n— 1),y (ki ki +1)).

We define Wiy, ... k) to be the concatenation of the lists W for m >
1 Z 1 i.e., W(kl ,,,,, km) = (Wm, ce ,Wl).

As an example, if o = 43|2|836|57 (k1 = 2, ks = 3, k3 = 6), th
431283657, B = 2|83657, By = 836|57 and Wy = ((4,8
(5,7),(6,8),(6,7)), W2 = ((3,8), (3,7),(3,6), (3,5), (3,
(1.7), (1.6), (1,5). (1.4), (1,3), (2,8), (2,7), (2.6), (2.5). (2.4), (2. ))

Proposition 6.2. fFor c € G, and 1 < k; < ko < --- < k,, < n,
let ¢ = ((o,ky,...,kny) be the element of the coset 0(Sg, X Sy, X
Cry—ty X =+ X &g, ) with mazimal length. Then

(73) Kwﬁ-w(j'n—(*lo - QEU,(ku ..... km)
where
(74) €O',(k?l ..... knL) = Z(_1>|w|KUw

summing over subwords of the list Wiy, .. k) that correspond to valid
chains of the Bruhat order starting at o.

Besides, the sum is cancellation free, the coefficients are 1, and the
summing set is closed by interval.

Note that when m = 1, the enumeration is the one described in
Proposition 4.2, in this case the summing set has a unique maximal
element. This is not true in general when m > 1. As an example,
for ¢ = 25|14|63, k; = 2, ks = 4, one obtain two elements with
maximal length: 362541 = 251463(3,6)(4,5)(1,3)(2,4) and 461532 =
251463(4,5)(1,6)(1,5)(2,4).

First, the fact that €, , .. is closed by interval can easily be proved
by a generalization of Proposition 3.2.

Proposition 6.3. Let Su(:cs;(k1 """ km) be the set of successors of o,

o' = ot where T is not a k;-transposition of o for 1 <i < m. Then we
have:

75 Ko froeTe-1y = —1)f-U |,
( ¢T¢
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summing over permutations v such that v > o and, Vo' € Succs;(kl’“"k’"),

v ;f o'. In particular, the set of permutations of the summation is
closed by interval.

Proof. The proof is completely similar to that of Proposition 3.2. One
just has to see that Lemma 3.4 can be generalized to cosets of the
form o(Sg, X Spypy X Gpyky X +++ X &, ). This can be done by
induction as we have 0(&y, X &) D 0(Sky, X Spypy X Sppy) D
DO‘(le XGkg—kl X XGn—km)- [

Proof of Proposition 6.2. The proof is done by induction on m. When
m = 1, it corresponds to Proposition 4.2. Now, let (' be the element of
0(Gky X Cpyety X Opypy X -+ X S, ) with maximal length. The
inversions of ¢’ contain the inversions of { and so, {’ > ( for the right
weak order. This means that any reduced decomposition of w(’ is a
prefix of a reduced decomposition of w( and we have:

(76) Kwﬁ-wﬁﬂ-g“*la = wﬁ-wf’ﬁ-(’*lg'n(*la-

All operators 7; in @e—1. are such that ¢ > k,,_;. Also, there is no
operator 7., in the product m¢-1,, so operators m; with ¢ < k,,_4
commute with operators m; with ¢ > k,,,_; and with operators of 7z,
and we can write

(77) Kofructie-te = (Kuftuem i) (frgmaenZim=y).

We have ﬂéff:‘l) = p-15 where 6 = [0(1),0(2), ..., 0(kn-1), (' (km_1+
1),¢"(km—1+2),...,{’(n)]. The product (ﬁgx_lcﬁ(fkm’l)) only acts on

¢lo

the block ,,(o), one can use Proposition 4.2 by ignoring the left factor
of size k,,_1 of 0. We have

(78) Kyfucmeie = Y (=D K fuomeo16T5-10

u
summing over subwords u of W, that are valid chains in the Bruhat
order starting at 0. Now, as m¢-15 and m5-1,, contain only operators
m; with respectively ¢ < k,,_1 and ¢ > k,,,_1, the product is still reduced
and

(79) Koo = 3 (=DM K fuomeig,.
We now obtain (73) by induction.

By Proposition 6.3, we know that the coefficients of the different
permutations are either 1 or —1 depending on the length. This tells us
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that the sum is cancellation free and that each permutation is obtained
in exactly one chain.

As an example, let us see the computation for o = 12|463|5, k; =
2, ko = 5. We have ¢ = 21/643|5 and ¢’ = 21|6543. The result is
illustrated by Fig. 4.

(80) K TtoeTe—15 = Kesa321 TaT3 Mo T T4 T3 Mo T4 T5 T3
(81) = (K6543217T47T37T27T17T57T47T37T2 7T1)(7T47T5 73)
(82) = Ko16543m1 (T4 T5T3 — Ty — T5T3 + T3)
(83) = Cio635 — Cioa653 — Cio5634 + C12/5643
+ K 12146305
_— N
—K12/563)4 —Kiouue53 —K1314625 — K14)2635
+K1o5643 T K13p5624 T K 1502634 + K 1314652+ K14j2653 +K1413625
SN T N N
— K13)5642 — K14j5623 — K15)2643 — K 1513624 —K14j3652

I S

+K14p5632 + K 153642 +K 1504623
\
—K15)4632

Figure 4: The set €gj463/5.
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