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A REMARK ON COMPACT KAHLER MANIFOLDS WITH NEF
ANTICANONICAL BUNDLES AND ITS APPLICATIONS

JUNYAN CAO

ABSTRACT. Let (X,wx) be a compact Kéahler manifold such that the an-
ticanonical bundle —Kx is nef. We prove that the slopes of the Harder-
Narasimhan filtration of the tangent bundle with respect to a polarization of
the form w?{l are semi-positive. As an application, we give a characteriza-
tion of rationally connected compact Kéhler manifolds with nef anticanonical
bundles. As another application, we give a simple proof of the surjectivity of
the Albanese map.

0. INTRODUCTION

Compact Kahler manifolds with semipositive anticanonical bundles have been
studied in depth in [CDP12], where a rather general structure theorem for this
type of manifolds has been obtained. It is a natural question to find some similar
structure theorems for compact Kéhler manifolds with nef anticanonical bundles.
Obviously, we cannot hope the same structure theorem for this type of manifolds
(cf. [CDP12, Remark 1.7]). It is conjectured that the Albanese map is a submersion
and that the fibers exhibit no variation of their complex structure (cf. [CH13] for
some special cases).

In relation with the structure of compact Kéhler manifolds with nef anticanonical
bundles, it is conjectured in [Pet12, Conj. 1.3] that the tangent bundles of projective
manifolds with nef anticanonical bundles are generically nef. We first recall the
notion of generically semipositive (resp. strictly positive) (cf. [Miy87, Section 6])

Definition 0.1. Let X be a compact Kdhler manifold and let E be a vector bundle

on X. Let wi, -+ ,wn_1 be Kdhler classes. Let

0c&céE Cc---Ccé=E (resp. Q%)
be the Harder-Narasimhan semistable filtration with respect to (w1, ,wn—1). We
say that E is generically (wy,- -+ ,wn—1)-semipositive (resp. strictly positive), if

/ c1(Eir1/E)Nwi A Awp—1 >0 (resp. > 0) for all i.
X

If wi =+ =wn_1, we write the polarization as w?_l for simplicity.
We rephrase [Pet12, Conj. 1.3] as follows

Conjecture 0.1. Let X be a projective manifold with nef anticanonical bundle.
Then Tx is generically (Hy,- -+ , H,—1)-semipositive for any (n— 1)-tuple of ample
divisors Hy,--- ,Hp,_1.

In this article, we first give a partial positive answer to this conjecture. More
precisely, we prove
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Theorem 0.2. Let X be a compact Kdhler manifold with nef anticanonical bundle
(resp. nef canonical bundle). Then Tx (resp. QY ) is generically w}_l-semipositive
for any Kdahler class wx.

Remark 0.3. If X is projective and Kx is nef, Theorem 0.2 is a special case of
[Miy87, Cor. 6.4]. Here we prove it for arbitrary compact Kdhler manifolds with nef
canonical bundles. If —Kx is nef, Theorem 0.2 is a new result even for algebraic
manifolds.

As an application, we give a characterization of rationally connected compact
Kahler manifolds with nef anticanonical bundles.

Proposition 0.4. Let X be a compact Kdahler manifold with nef anticanonical
bundle. Then the following four conditions are equivalent

(i): HY(X,(T%)®™)=0  for all m > 1.

(il): X is rationally connected.

(iii): Tx is generically w}_l—strictly positive for some Kdhler class wx .

(iv): Tx 1is generically w?{l—strictly positive for any Kdhler class wx.

Remark 0.5. Mumford has in fact stated the following conjecture which would
generalize the first part of Proposition 0.4: for any compact Kdahler manifold X,
the variety X is rationally connected if and only if

HYX,(T$)®™) =0  for allm > 1.
We thus prove the conjecture of Mumford under the assumption that —K x is nef.

As another application, we study the pseudo-effectiveness of c¢o(Tx). It is con-
jectured by Kawamata that

Conjecture 0.6. If X is a compact Kdahler manifold with nef anticanonical bundle.
Then

/ (CQ(T)()) Awp A+ ANwp—o >0,
X
for all nef classes wy, -+ ,wn_a.

When dim X = 3, this conjecture was partially solved by [Xie05]. Using Theorem
0.2 and an idea of A.Horing, we prove

Proposition 0.7. Let (X, wx) be a compact Kihler manifold with nef anticanonical
bundle. Then

(1) /}(CQ(TX)A(Cl(*KX)+EWX)n72 >0

for e > 0 small enough. Moreover, if X is projective and the equality holds for some
€ > 0 small enough, then after a finite étale cover, X is either a torus or a smooth
P!-fibration over a torus.

As the last application, we study the Albanese map of compact Kéhler manifolds
with nef anticanonical bundles. It should be first mentioned that the surjectivity
of the Albanese map has been studied in depth by several authors. If X is assumed
to be projective, the surjectivity of the Albanese map was proved by Q.Zhang in
[Zha96]. Still under the assumption that X is projective, [LTZZ10] proved that the
Albanese map is equidimensional and all the fibres are reduced. Recently, M.Paun
[Paul2] proved the surjectivity for arbitrary compact Kéhler manifolds with nef
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anticanonical bundles, as a corollary of a powerful method based on a direct image
argument. Unfortunately, it is hard to get information for the singular fibers from
his proof. Using Theorem 0.2, we give a new proof of the surjectivity for the Kahler
case, and prove that the map is smooth outside a subvariety of codimension at least
2.

Proposition 0.8. Let X be a compact Kdahler manifold with nef anticanonical
bundle. Then the Albanese map is surjective, and smooth outside a subvariety of
codimension at least 2. In particular, the fibers of the Albanese map are connected
and reduced in codimension 1.

Acknowledgements: I would like to thank my supervisor J-P.Demailly who
brought me to this interesting subject and also for his insightful criticisms and
helpful discussions during this work. Thousands of thanks to A.Horing for his very
helpful suggestions and comments on the drafts of this paper. I would also like to
thank T.Peternell for his interest in this work.

1. PREPARATORY LEMMAS

The results in this section should be well known to experts. For the convenience
of readers, we give an account of the proofs here.

Lemma 1.1. Let (X,w) be a compact Kihler manifold of dimension n and let E be
a torsion free coherent sheaf. Let Dy, -+, Dy,_1 be nef classes in HY1(X, Q) and let
A be a Kdhler class. Let a be a sufficiently small positive number. Then the Harder-
Narasimhan semistable filtration of E with respect to (D1 +a-A,- - ,Dp_1+a-A)
is independent of a.

Remark 1.2. If A has rational coefficients, Lemma 1.1 is proved in [KMMO4].
When A is not necessarily rational, the proof turns out to be a little bit more com-
plicated. We begin with the following easy observation.

Lemma 1.3. In the situation of Lemma 1.1, let we take k € {0,1,2,--- ,n} arbi-
trary. Then we can find a basis {e1, -~ ,es} of H**(X,Q) depending only on AF,
such that

(i): AF =" \; - e; for some \; > 0.
i=1
(ii): Let F be a torsion free coherent sheaf. Set

Dt = Z D;, - D,,--- D, foranyt e N,
i1 <ip<--<ig
and
(2) ai(F) = c1(F)- D" F 1. e,.

Then the subset S of the set Q of rational numbers such that
S:={a;(F)| FCE,ie{l,---s}}

is bounded from above, and the denominator (assumed positive) of all elements of
S is uniformly bounded from above. Moreover, if {F:}+ is a sequence of coherent
subsheaves of E such that the set {c1(F;) - D"~*=1. Ak}, is bounded from below,
then {c1(F;) - D"F=1. Ak}, is a finite subset of Q.
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Proof. We can take a basis {e;}5_, of H**(X, Q) in a neigborhood of A¥, such that

Ak = Z)‘i -e; for some \; >0
i=1

and (e;)®* can be represented by a smooth (k, k)-positive form on X (cf. [adg,
Chapter 3, Def 1.1] for the definition of (k, k)-positivity), where (e)** is the pro-
jection of e in H**(X R). We now check that {e;}_, satisfies the lemma. By
construction, (i) is satisfied. As for (ii), since e; and D; are fixed and c¢;(F) €
HY“Y(X,Z), the denominator of any elements in S is uniformly bounded from above.
Thanks to (2), we know that S is bounded from above by using the same argument
as in [Kob87, Lemma 7.16, Chapter 5]. For the last part of (i¢), since

c1(Fy) - DR AR =N ai(F) - N,

K2

we obtain that {>" a;(F) - A}t is uniformly bounded. Since A; > 0 and a;(F;) is

uniformly upper bounded, we obtain that a;(F;) is uniformly bounded. Combining
this with the fact already proved that the denominator of any elements in S is
uniformly bounded, {c;(F;)- D"~*~1. A*}, is thus finite. The lemma is proved. O

Proof of Lemma 1.1. Let {ap};':{ be a decreasing positive sequence converging to

0. Let F, C E be the first piece of the Harder-Narasimhan filtration of F with

respect to (D1 +ay, - A, ,Dyp_1 +ap - A). Set D* := > D;, -D;,---D
11 <tg<---<ip

[0

Then

n
cA(Fp) AN(Dr+ap- AYA -+ AN (Dot +ap- A) =Y (a)" -1 (F,) AD"F 1A AR,
k=0

By passing to a subsequence, we can suppose that rank F, is constant. To prove
Lemma 1.1, it is sufficient to prove that for any k, after passing to a subsequence,
the intersection number {c;(F,) A D"~*=1 A A*}, is stationary when p is large
enough .

We prove it by induction on k. Note first that, by [Kob87, Lemma 7.16, Chapter
5], the set {c1(F,) A D""#=1 A A*}, ;. is upper bounded. If k = 0, since

ca(Fp) AN(D1+ap-A)N---AN(Dp_1+ap-A)

rank(F,)
> kafcl(E)A(Dl+ap-A)/\---A(Dn_1+ap-A),
and 1ir£1 a, = 0, the upper boundedness of {c1(F,)AD"*~LAAF} | implies that
p——+o00

the set {¢1(Fp) AD™ '}o2, is bounded from below. Then (ii) of Lemma 1.3 implies
that {c1(Fp) A D”fl}g":1 is a finite set. By the pigeon hole principle, after passing
to a subsequence, the set {c;(F,) A D"7'}>2 is stationary. Now we suppose that

n fact, if F C E is always the first piece of semistable filtration with respect to the polarization
(D1 +4+ap-A,--+,Dn_1+ ap - A) for a positive sequence {ap}zﬁg converging to 0, and G C F
is always the first piece of semistable filtration for another sequence {bp};;’g coverging to 0, the
stability condition implies that
3) rank(G) - ¢1(F) - D* - A"7k=L = rank(F) - ¢1(G) - D* - An—FL

for any k. Therefore G has the same slope as F with respect to (D1 4+a-A, -+ ,Dp_1+a-A) for
any a > 0. Then F =G.
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{c1(Fp) A D"=t=1 A At} is constant for p > pg, where t € {0,--- ,k —1}. Our aim
is to prove that after passing to a subsequence,
{ea(Fp) A DT A AR
is stationary. By definition, we have
ca(Fp)AN(D1+ap-A)N---AN(Dp_1+ap-A)

>c1(Fpo) N(D1+ap-A)AN--- AN (Dp_1+ap- A) for any p > po.
Since {c1(F,) A D"7t=1 A At} is constant for p > po when t € {0,--- ,k — 1}, we
obtain

(4) c1(Fp) AD"TFTEA AR 43 (ap)’ - e (Fp) A DRI A AR >
i>1
c1(Fpo) AND"ETEA AR 13 () - 1 (Fpy) ADMTETITEA ARE
i>1

for any p > po. Therefore the upper boundedness of {c1(F,) A D"=F=171 A AkFiY
implies that {c; (FP) A D"~F=1 A Ak ;j‘f is lower bounded. Therefore

{cr(FP) AD" R A AR
is uniformly bounded. Using (ii) of Lemma 1.3, {c1(FP) A D" F=1 A AF}ES s a
finite set. By the pigeon hole principle, after passing to a subsequence,

{e1(Fp) ADF7E . AF pel
is stationary. The lemma is proved. (I

By the same argument as above, we can easily prove that

Lemma 1.4. Let (X,w) be a compact Kahler manifold and let E be a torsion free
w-stable coherent sheaf. Then E is also stable with respect to a small perturbation
of w.

Proof. Using (ii) of Lemma 1.3 (by taking D; = 0, A = w), we obtain that

— L
sup rank(F)

is strictly smaller than the slope of E. Therefore F is also stable with respect to a
small perturbation of w. (I

/ c1(F)Aw™ | F a coherent subsheaf of E with strictly smaller rank }
b'e

Remark 1.5. If the Kdihler metric w € H*(X,Z), the lemma comes directly from
the fact that the set

{/ c1(F) Aw™ YF a coherent subsheaf of E with strictly smaller rank }
X

takes value in Z.
We recall a regularization lemma proved in [Jacl0, Prop. 3].

Lemma 1.6. Let E be a vector bundle on a compact complex manifold X and F
be a subsheaf of E with torsion free quotient. Then after a finite number of blowups
X > X, there exists a holomorphic subbundle F of ©*(E) containing 7*(F)
with a holomorphic quotient bundle, such that w.(F) = F in codimension 1.
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We need another lemma which is proved in full generality in [DPS94, Prop. 1.15].
For completeness, we give the proof here in an over simplified case, but the idea is
the same.

Lemma 1.7. Let (X,w) be a compact Kdhler manifold. Let E be an extension of
two vector bundles Eq, Fo

0—-F —F— Ey— 0.
We suppose that there exist two smooth metrics hi, ho on Ey and Fs, such that

. n—1 . n—1
(5) iOpn, (E1) Aw > oy Idp, and iOp,(F2) Aw
w™ w™
pointwise. Then for any € > 0, there exists a smooth metric he on E such that
1O, (E) Aw™ ™t

wn

> co - 1dg,

> (min(cy, e2) —€) - Idg,

and

(6) [i0n(E)|[oe < C - ([[i®n, (E1) [ o + [[iOh, (E2)l| L)
for some uniform constant C' independent of €.

Proof. Let [E] € H'(X,Hom(Fs, E1)) be the element representing F in the exten-
sion group. Let Fy be another extension of F; and Es, such that [Es] = s - [E],
where s € C*. Then there exists an isomorphism between these two vector bundles
(cf. [adg, Remark 14.10, Chapter V]). We denote the isomorphism by

ps : B — B
Thanks to (5), if |s| is small enough with respect to ¢, we can find a smooth metric
hs on Ey satisfying

iOn, (Es) Aw™ !

(7) n
w

and

(8) [i©n, (Es)llzoe < C - ([[iOn, (E1)|[ £ + [[iOn, (E2)|| o)

for some uniform constant C' (cf. [adg, Prop 14.9, Chapter V]). Let h = ¢%(hs) be

the induced metric on E. Then for any o € F,

(9) (iOn(E)o,a)n (o5t 0iOn, (Es)ps(), )

(o, ), (o, ),

> (min(cy, c2) —€) - Idg,

(101, (2)pu(0), ga(0))n.
(ps(a), os(@))n,
Combining this with (7), we get
(iOh(E)a, a)p Awn™?
(o, a)p - w™

> (min(cy, ) —€) - 1dg .
Moreover, (9) implies also (6). The lemma is proved. O

We recall the following well-known equality in Kéhler geometry.
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Proposition 1.8. Let (X,wx) be a Kdahler manifold of dimension n, R be the
curvature tensor and Ric be the Ricci tensor (cf. the definition of [Zhe00, Section
7.5]). Let 1Oy, (Tx) be the curvature of Tx induced by wx. We have

i@wx (Tx) A\ w?{l

n
Wx

(

U, V)wy = Ric(u,D).

Proof. Let {e;}!_; be an orthonormal basis of T’x with respect to wx. By definition,
we have

<i®wx (Tx) A\ w?{l
wx

U)oy = O (00 (Tx)u,v)(ei &) = > Rles, &, u,0).

1<i<n 1<i<n
By definition of the Ricci curvature (cf. [Zhe00, Page 180]), we have
Ric(u,v) = Z R(u,7,e;,€).
1<i<n
Combining this with the First Bianchi equality
Z R(ei,éi,u,ﬂ) = Z R(U,E, €i,éi),
1<i<n 1<i<n

the proposition is proved. (I

2. MAIN THEOREM
We first prove Theorem 0.2 in the case when —K x is nef.

Theorem 2.1. Let (X,w) be a compact n-dimensional Kihler manifold with nef
anticanonical bundle. Let

(10) 0=&cCcé&E C---Ccé=Tx
be a filtration of torsion-free subsheaves such that £;11/E; is an w-stable torsion-free

subsheaf of Tx /&; of mazximal slope . Let

_ 1 X X n—1
lu’(gl"rl/gz) - rank(5i+1/5i) /)( Cl(gl"l‘l/gl) ANw

be the slope of Ei11/&; with respect to w"~1. Then
w(iv1/E) >0 Jor all i.

Proof. We first consider a simplified case.
Case 1 : (10) is regular, i.e., all &;, Eiv1/E; are vector bundles.
By the stability condition, to prove the theorem, it is sufficient to prove that

(11) / a(Tx/E) AWt >0 for any 1.
X

Thanks to the nefness of —Kx, for any € > 0, there exists a Kéhler metric w, in
the same class of w such that (cf. the proof of [DPS93, Thm. 1.1])
(12) Ric,, > —ewe,

2Using (i) of Lemma 1.3 (by taking D; = 0 and A = w), one can prove the existence of such
a filtration by a standard argument [HNT75].
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where Ric,,, is the Ricci curvature with respect to the metric w.. Thanks to Propo-
sition 1.8, we have
i0,, (Tx) Awr™!

n
w€

(

Then (12) implies a pointwise estimate
1Oy, (Tx) ANwl!
we

a,a),, = Ricy, (o, @).

(13) > —¢-1dp, .

Taking the induced metric on Tx /&; (we also denote it by w.), we get (cf. [adg,
Chapter V])
Z.@we (Tx/gz) AN w?’l

n
wC

(14) > —c-Tdpy e, -

Therefore

/ c1(Tx /&) Awl™t > —rank(Tx /&) - e/ wy.
X

X
Combining this with the fact that [w.] = [w], we get

(15> /X Cl(TX/Ei) /\Wnil = /X Cl(Tx/Si) /\w?il > 705,

for some constant C. Letting ¢ — 0, (11) is proved.

Case 2: The general case B

By Lemma 1.6, there exists a desingularization = : X — X such that 7*(Tx)
admits a filtration:

(16) 0CE1CE2C"'C7T*(T)(),

where E;, E;/E;_1 are vector bundles and 7.(E;) = &; outside an analytic subset
of codimension at least 2. Let 1 be the slope with respect to 7*(w). Then

(17) [(Ei/Eim1) = p(&i/Ei-1)

(cf. [Jacl0, Lemma 2] ), and E;/F;_; is a 7*(w)-stable subsheaf of 7*(Tx)/E;_1
of maximal slope (cf. Remark 2.2 after the proof).
We now prove that ji(E;/F;_1) > 0. Thanks to (13), for any € > 0 small enough,
we have
1O, (T (Tx)) A (T¥we) L
(T we)™

Z —€- IdTr*(Tx)v

which implies that
O (T (Tx)/Ei) A (T we)"
(T we )™

(18) Z —€- Idﬂ'*(Tx)/Ei .

By the same argument as in Case 1, (18) and the maximal slope condition of
Ei+1/EZ‘ in 7'r*(1_')(>/E'Z implies that

1
(Eiy1/E) = ———— B /E)AT*u™ !t > —C
,U/( +1/ ) I'a,nk(EZ'+1/Ei) /)Z Cl( +1/ ) W - €
for some constant C' independent of e. Letting ¢ — 0, we get u(E;+1/E;) > 0.
Combining this with (17), the theorem is proved. O

Remark 2.2. In the situation of (16) in Theorem 2.1, we would like to prove that
E;/E;_1 is also stable for m*w + ewg for any € > 0 small enough.
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Proof of Remark 2.2. Let F be any coherent sheaf satisfying

(19) E;,_ 1 CFCE; and rank F < rank F;.
It is sufficient to prove that
1
2 S E;_ * )" < (B B
@) T [ B A ) < /Bin)

for a uniform ¢ > 0, where 1 is the slope with respect to 7*(w) as defined in
Theorem 2.1.
Thanks to the formula

/~ ca(F)AT*(w)" ! = / c1(ma(F)) Aw™
X X
Lemma 1.4 and the stability condition of &;/&;—1 imply that the upper bound of
the set )
{m /)2 c1(F/Ei—1) AT*w" Y| F satisfies (19)}
is strictly smaller than (E;/E;—1). Combining this with the fact that

/~ c1(F) Awi At (w)r—st
X
is uniformly bounded from above for any s, (20) is proved. O

We now prove Theorem 0.2 in the case when Ky is nef.

Theorem 2.3. Let (X,w) be a compact Kahler manifold with nef canonical bundle.
Let

(21) 0C&ECE C--CE=0%

be a filtration of torsion-free subsheaves such that E;41/E; is an w-stable torsion-free
subsheaf of Tx /E; of maximal slope. Then

/ c1(Eir1/E:) N w1 >0 for all 1.
X

Proof. The proof is almost the same as Theorem 2.1. First of all, since Kx is nef,
for any € > 0, there exists a smooth fonction . on X, such that

Ric,, +i00. < ew.
By solving the Monge-Ampere equation
(22) (W +i00p)™ = W™ - e Ve,
we can construct a new Kéhler metric w, in the cohomology class of w:
We := w + 100,

Thanks to (22), we have

Ric,, = Ricy, +i00v, + €i00p.

< ew + €100, = €ewe.
We first suppose that (21) is regular, i.e., & and &;41/&; are free for all i. Let

a € Q , for some point 2 € X with norm ||a/[,, = 1 and let o* be the dual of «
with respect to we.. Then we have also a pointwise estimate at x:

: w 0 n—1 : w T n—1
(0 (Ox) Ao o a) = (- 1© (Tx) Nwe o, o)
we' we'
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= — Ric,, (a*,a") > —e.

By the same proof as in Theorem 2.1, [y ¢1(&i+1/&) A w1 is semi-positive for
any i. For the general case, the proof follows exactly the same line as in Theorem
2.1. Il

3. APPLICATIONS

As an application, we give a characterization of rationally connected compact
Kahler manifolds with nef anticanonical bundles.

Proposition 3.1. Let X be a compact Kdahler manifold with nef anticanonical
bundle. Then the following four conditions are equivalent

(i): HY(X,(T%)®™) =0 for allm > 1.

(il): X 4s rationally connected.

(iii): Tx is generically w?{l strictly positive for some Kdhler class wx .

(iv): Tx is generically w?{l strictly positive for any Kdahler class wx .

Proof. The implications (iv) = (i4i), (i4) = (i) are obvious. For the implication
(#91) = (i1), we first note that (zi¢) implies (i) by Bochner technique. Therefore X
is projective and any Kéhler class can be approximated by rational Kéahler classes.
Using [BMO01, Theorem 0.1], (¢i%) implies (4).

We now prove that (i) = (iv). Let w be any Kéhler class. Let
(23) 0cé&céE c---Ccé=Tx
be the Harder-Narasimhan semistable filtration with respect to w™ 1.
(iv), it is sufficient to prove

To prove

/ CI(TX/gs—l) Aw’ 1 > 0.
X
Recall that Theorem 2.1 implies already that
/ Cl(Tx/gsfl) A\ w"fl Z 0
X
We suppose by contradiction that
(24) / c1(Tx/Es—1) Aw™ ™t = 0.
X

Let a € HY1(X, R). We define new Kéhler metrics we = w+ea for |¢| small enough.
Thanks to [Miy87, Cor. 2.3], the w”~!-semistable filtration of T'x is a refinement
of (23). Therefore, Theorem 2.1 implies that

/ 1(Tx/Es—1) N (w+ )" 1 >0
b'e
for |e| small enough. Then (24) implies that
/ c1(Tx/Es—1) ANw™ 2 Aa=0 for any o € H"'(X,R).
b's

By the Hodge index theorem, we obtain that ¢;(Tx/Es—1) = 0. By duality, there
exists a subsheaf 7 C Q% such that

(25) Cc1 (]:) =0 and det F C (T)*()® rank J-'.
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Observing that H'(X,Ox) = 0 by assumption, i.e., the group Pic’(X) is trivial,
hence (25) implies the existence of an integer m such that (det F)®™ is a trivial
line bundle. Observing moreover that (det F)®™ C (T%)®™ T ank” then

HO(X, (Tx)#m ) # 0,
which contradicts with (7). The implication (7) = (iv) is proved. O

Remark 3.2. One can also prove the implication (iii) = (ii) without using the
profound theorem of [BMO1]. We give the proof in Appendiz A.

The above results lead to the following question about rationally connected man-
ifolds with nef anticanonical bundles.
Question 3.3. Let X be a smooth compact manifold. Then Tx is generically w™ -
strictly positive for any Kdahler metric w if and only if X is rationally connected
manifold with nef anticanonical bundle.

As a second application, we study a Conjecture of Y.Kawamata (cf. [Miy87,
Thm. 1.1] for the dual case and [Xie05] for dimension 3.)

Conjecture 3.4. If X is a compact Kdahler manifold with nef anticanonical bundle.
Then

/ CQ(TX)/\wl/\~~~/\wn,2 >0
X
for all nef classes wy, -+ ,wp_1.

Using Theorem 2.1 and a more refined argument as in [Miy87, Thm.6.1], we can
prove

Proposition 3.5. Let (X,wx) be a compact Kahler manifold with nef anticanonical
bundle and let wx be a Kdhler metric. Then

(26) /X CQ(TX) A\ (Cl(—Kx) + wa)n_2 >0

for any € > 0 small enough.

Proof. Let nd be the numerical dimension of —Kx. If nd = 0, then ¢;(Kx) = 0.
It is well know that (26) holds in this case (cf. [Miy87] or [Kob87]). From now on,
we suppose that nd > 1. Let

(27) O=FyCFC...CF=Tx

be a stable filtration of the Harder-Narasimhan semistable filtration of Tx with
respect to the polarization (c1(—Kx) + ewx )" ! for some small € > 0. By Lemma
1.1, the filtration (27) is independent of € when ¢ is sufficiently small. By Theorem
2.1, we have

(28) c1(Fi/Fic1) A (e (=Kx) +ewx)" >0
for any ¢ and € > 0 sufficiently small. Then

c1(Fi)Fic1) AM=Kx)" A (wx)" 174 >0 for any i.
Since

201 (Fi)Fic1) AM=Kx)" A (wx)" 17 = (=K x)™M A (wx)" 1704 =0,

K2
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we obtain

(29) c1(Fi)Fic1) AM=Kx)" A (wx)" 1 =0 for any .
Combining (29) with (28), we obtain

(30) c1(Fi/Fict) A (—Kx)" LA (wx)" ™4 >0 for any 1.

Combining this with the stability condition of the filtration, we can find an integer
k > 1 such that

(31) c1(Fi)Fis)) A(=Kx)" 7P A (wx)" ™ =a; > 0 for i < k,
and
Cl(fi/]:ifl)/\(*Kx)ndil /\(wX)nfnd =0 for i > k.
We begin to prove (26). Set r; := rank(F;/F;—1). By Liibke’s inequality (cf. the
proof of [Miy87, Thm. 6.1]), we have

(32) CQ(Tx) A (*KX + ewX)"72

1 _
> (a(~Kx)* =Y —ei(Fi/Fia)) (- Kx + ewx)" ™
P
There are three cases.

Case (1): Y. r; > 2 and nd > 2 . Using the Hodge index theorem, we have 3
i<k

(33) (@® A (—Kx +ewx)" D((—Kx)?> ANM(~Kx + ewx)"2)
<(aA(=Kx)A(=Kx +ewx)"?)%,

for any a € HV (X, R). If we take o = ¢1(F; /Fi—1) in (33) and use (32), we obtain

(34) co(Tx) A (—Kx +ewx)" ™2 >

i (cr(Fi/Fici)) N(—Kx) AN (—Kx + ewX)n72)2
(—Kx)2 A (—Kx + ewx)n2

_ 2 _ n—2__
Cl( Kx) /\( Kx+€wX) Z "
i<k
Now we estimate the two terms in the right hand side of (34). Using (31), we have

cl(=Kx)* N(=Kx +ewx)" 2 = (D a;)e" ™ 4+ O(e" ™)

i<k
and
Z 1 (a(F/Fis) N(—Kx) N (—Kx + cwy)"2)?
i<k (—Kx)?2 N (—Kx + ewx )2

_ 1 ( a_g) . 6nfnd + O(enfnd).
Z'Lgk ai i<k T
Since > r; > 2, we have
i<k
1 a?
a; > =—— () ).

Therefore co(Tx ) A (=K x +ewx )"~ 2 is strictly positive when e > 0 is small enough.

3Tt is important that a? A (—Kx + ewx )™~ 2 maybe negative.
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Case (2): >.ri =1 and nd > 2 . In this case, we obtain immediately that

i<k
r1 =1 and k = 1. Moreover, (31) in this case means that

c1(Fr) A (=Kx)™ A (wx)" 7 >0,

and
(35) A(Fi)/Fis)) ANM=Kx)" A (wx)" ™™ =0 for i > 2.
Set s be the smallest integer such that

1 (Fo/Fi) A(—Kx)™ 7% A (wx)" 4=t > 0.
Taking « = ¢1(F;/Fi—1) in (33) for any ¢ > 2, we get
(36) c1(Fi)Fii1)* A(er(—Kx) + ewx)" 2

< (@(F/Fia) ANM=Kx) N (Ex + ewx)"?)?

- (7Kx)2 AN (7KX + ewx)”*Q
(enJrsfndfl)Q

(1 + O(l)) —_ 62s+n7nd —2 + O(€2s+n7nd 72) for i > 9.

en—nd
Similarly, if we take a = 3" ¢1(F;/Fi—1) in (33), we obtain
i>2
(37) O er(FfFicn)? Aler(—Kx) + ewx)" ™2 < mmmd =2,

i>2
Combining (36), (37) with (32), we obtain
CQ(Tx) A (7KX + 6&]}()"72

> (ar(-Kx)*=) %01 (Fi/ Fim1)*=(e1(=Kx) =Y er(Fi/ Fim1))?)(— K x +ewx )"

; T ;
i>2 i>2

= 201(—Kx) A (Z Cl(]:i/]:i—l)) A (—KX + wa)an

i>2
1
O =a(F/F)’ + O a(Fi/Fi)?) AM=Kx + ewx)" >
i>2 T i>2
> 6n—lﬂd—i—s—l _ 6n—nd+25—2-

Let us observe that by (35) we have s > 2. Therefore c2(Tx) A (—Kx + ewx )" >

is strictly positive for € > 0 small enough.
Case (3): nd = 1. Using (32), we have

1
a(Tx) A (—Kx +ewx)"™2 > =) —e1(Fi/ Fio1) (- Kx +ewx)" 7>

By the Hodge index theorem, we obtain
CQ(Tx) A (7KX + 6&]}()"72

1 . . - K - K n—2)\2
> lim _Z_(cl(]:z/]:z DA (—Kx +twx) AN(—Kx + ewx)" %) -
t—0+ p T (7KX + th)2 A (*KX + EwX>"72

Let us observe that by (29) we have
C1 (]:Z/.szﬁ A (*Kx) AN (wX)n—Q =0 for any 1.

Then
CQ(TX) A\ (—KX + ewx)"d



14 JUNYAN CAO

1 (te" 2 (Fi/ Ficr) Awi )2
th*z_' 2(6 20;( o Z21) X n)*l*
t—0+ ri 2" 2w + ten 2 (—Kx)wy

O

It is interesting to study the case when the equality holds in (26) of Proposition
3.5. We will prove that in this case, X is either a torus or a smooth P!-fibration
over a torus. Before proving this result, we first prove an auxiliary lemma.

Lemma 3.6. Let (X,wx) be a compact Kaihler manifold with nef anticanonical
bundle. Let

(38) O=FyCcFC...CF=Tx

be a stable filtration of the Harder-Narasimhan semistable filtration of Tx with
respect to (c1(—Kx) + ewx)" ™! as in (27). If X is not a torus and

(39) /X co(Tx) A (c1(—Kx) + ewx)" 2 =0

for some € > 0 small enough, we have

(1) nd(—Kx) = 1.

(13) (Fi/Fiz1)™™ is projectively flat for all i, i.e., (F;/Fiz1)*™* is locally free and
there exists a smooth metric h on it such that i©(F;/Fi—1)** = a; - Id for some
a; € HYY(X,Z). Moreover, «; is nef and proportional to c1(—Kx).

(440) co(Fi/Fiz1) = 0 for all i, and (38) is regular outside a subvariety of codi-
mension at least 3.

Remark 3.7. We first remark that for a vector bundle V of rank k supported
on a subvariety j : Z C X of codimension r, by the Grothendieck-Riemann-Roch
theorem, we have

cr(3(V)) = (=1 (r — 1)k[Z].
Therefore for any torsion free sheaf £, we have co(E) > ca(E**) and the equality
holds if and only if € = E** outside a subvariety of codimension at least 3.

Proof. If nd(—Kx) = 0, then Kx is numerically trivial. In this case, we know that
(39) implies that X is a torus (cf. for instance, [Tia00, Thm 2.13]). From now on,
we suppose that nd(—Kx) > 1. By the proof of Proposition 3.5, the equality (39)
implies that the filtration (38) is in the case (3), i.e., nd(—Kx) = 1. Then

(40) /X Cl(—Kx)2 A\ (Cl(—Kx) + wa)n_2 =0.

By the proof of Proposition 3.5, the equality (39) implies also that the filtration
(38) also satisfies:

(41) /x c1(Fi)Fic1)* Aer(=Kx) + ewx)" "2 =0.

Moreover, (39) implies that the equality holds in (32), which implies that, (cf. the
proof of [Miy87, Thm 6.1, Cor 4.7])
(42)

| ea((Fi/Fica) " INer (—Kx) pewx)" ™ = /X c2(Fi/ Fima)Ner (—Kx)+ewx )" "2 = 0.

We now check (i) and (éi4). By [BS94, Cor 3], (42) and (41) imply that
(Fi/Fiz1)** is locally free and projectively flat. The first part of (i7) is proved.
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For the second part of (i), since (F;/Fi—1)** is projectively flat, there exists an
a; € HY(X,Z), such that ¢1(F;/F;—1) = rank(F;/F;—1) - ;. By (29), we have

/X Cl(*KX) A Cl(]:i/‘/—'.ifl) A (Cl(fKX) + ewX)n72 =0.

Combining this with (40) and (41), by the Hodge index theorem %, we obtain that
c1(Fi/Fi—1) = a; - c1(—Kx) for some a; € Q. By Theorem 2.1, we have

Cl(]:i/]:i—l) A\ (Cl(—Kx) + GWX)n71 > 0.
Therefore a; > 0 and «; is nef. (i7) is proved. As for (iii), by (¢) and (i), we obtain
that co((F;/Fi—1)**) = 0. Combining this with (42) and the Remark 3.7, we get
(#41). |
Using an idea of A.Horing, we finally prove that

Proposition 3.8. Let (X,wx) be a projective manifold with nef anticanonical bun-
dle. We suppose that [y co(X) A (c1(—Kx) + ewx)" "2 = 0 for some € > 0 small
enough. Then after o finite étale cover, X is either a torus or a smooth P'-fibration
over a torus.

Proof. If X is a torus, the proposition is proved. From now on, we suppose that X
is not a torus. Let

(43) O=FoCFH C...C F=Tx

a stable filtration of the Harder-Narasimhan semistable filtration of T'x with respect
to (c1(—Kx)+ewx)" ! asin (27). Let Z be the locus where (43) is not regular. By
Lemma 3.6, we have codimxZ > 3 and nd(—Kx) = 1. Moreover, (ii) of Lemma
3.6 implies that T'x is nef on any smooth projective curve in X \ Z.

By the condition nd(—Kx) = 1, we know that Kx is not nef. Then there exists
a Mori contraction ¢: X — Y. Since nd(—Kx) = 1 and —Kx is ample on all
the ¢-fibres, we see that all the -fibres have dimension at most one. By Ando’s
theorem [And85] we know that ¢ is either a blow-up along a smooth subvariety of
codimension two or a conic bundle. There are three cases.

1st case: p: X — Y is a blow-up along a smooth subvariety S of ¥ and
codimyS = 2. Let E be the exceptional divisor. Then a general fiber F' of
¢: E — S does not meet Z, since codimxZ > 3. Therefore Tx|r is nef. On
the other hand, since F' = P!, we have a direct decomposition

Tx|r =Tg|lr ® Ng/x|r = Te|r © [E]|F.

Since [—E]|F is strictly positive, T'x|r must contain a strictly negative part. We
get a contradiction.

2nd case: ¢: X — Y is a conic bundle with a non-empty discriminant A C Y.
Let C C X be an irreducible component of a general fiber of ¢: p~1(A) — A.
Then Tx|c is not nef (cf.[And85, Thm 3.1, Lemma 1.5]). On the other hand, it is
known that codimy A =1 (cf. for instance, [Sar82]). Since C' is a general fiber over
A, we obtain that C N Z = (). Therefore T'x|c is nef. We get a contradiction.

4In fact, let Qo, 8) = [ aABA(c1(—Kx)+ewx)? 2. Then Q is of index (1,m). Let V be the
subspace of H1'1(X,R) where Q is negative definite. If Q(a1, 1) = Q(a2,a2) = Q(a1,az) =0
for some non trivial a1, ag, then both a1 and ag are not contained in V. Therefore we can find a
t € R, such that (a1 —taz) € V. Since Q(a1 — taz, a1 — taz) = 0, we get a1 — tag = 0. Therefore
« is proportional to as.
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3nd case: p: X — Y is a smooth Pl-bundle. By [Miy83, 4.11] we have
¢« (K%) = —4Ky,
so K% = 0 implies that Ky = 0. By the condition

/ c2(X) A (er(—Kx) + ewx)" 2 =0,
X

we obtain that c2(Y) = 0. Therefore, after a finite étale cover, Y is a torus. The
proposition is proved.
O

Remark 3.9. In general, if [y c2(X) A (c1(—Kx) + ewx)""2 = 0, We cannot
hope that X can be covered by a torus. In fact, the example [DPS94, Example 3.3]
satisfies the equality co(X) = 0 and X can not be decomposed as direct product
of torus with P*. Using [DHPOS], we know that X cannot be covered by torus.
Therefore we propose the following conjecture, which is a mild modification of the
question of Yau:

Conjecture 3.10. Let (X,wx) be a compact Kdhler manifold with nef anticanon-
ical bundle. Then fX co(Tx) A w?{Q > 0. If the equality holds for some Kdhler
metric, then X 1is either a torus or a smooth P'-fibration over a torus.

Remark 3.11. If one could prove that Tx is generically nef with respect to the
polarizations (c1(—Kx )+ ew,w, -+ ,w) for any ¢ > 0 small enough, using the same
arguement as in this section, one could prove this conjecture.

As the last application of Theorem 2.1, we give a new proof of the surjectivity of
Albanese map when X is a compact Kéahler manifold with nef anticanonical bundle.

Proposition 3.12. Let (X,w) be a compact Kahler manifold with nef anticanonical
bundle. Then the Albanese map is surjective, and smooth outside a subvariety of
codimension at least 2. In particular, the fibers of the Albanese map are connected
and reduced in codimension 1.

Proof. Let
(44) 0Océ&céE c---Ccé=Tx

be a filtration of torsion-free subsheaves such that £;1/&; is an w-stable torsion-free
subsheaf of T'x /&; of maximal slope.

Case 1: (44) is regular, i.e., all & and E;/E;—1 are locally free

In this case, we can prove that the Albanese map is submersive. Let 7 €
H°(X,T%) be a nontrivial element. To prove that the Albanese map is submersive,
it is sufficient to prove that 7 is non vanishing everywhere. Thanks to Theorem 2.1
and the stability condition of &;/&;_1, we can find a smooth metric h; on & /&1
such that

i@hi (51'/51'_1) Awn™1
wn

for some constant A; > 0. Thanks to the construction of {h;} and Lemma 1.7, for
any € > 0, there exists a smooth metric he on Tx, such that

iOn (Tx) A wnl

wn

= A - Idg, /e,

(45) Z —€- IdTX,
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and the matrix valued (1,1)-form i©,_(Tx) is uniformly bounded. Let h* be the
dual metric on T%. Then the closed (1, 1)-current

7 —
T, = %88111 ||7'Hi:

satisfies
(1On: (TX)T, T)p
71

(46) T.> -

Since O, (Tx) = 'O, (Tx), (45) and (46) imply a pointwise estimate
(47) T.AW" > —ew™.

We suppose by contradiction that 7(z) = 0 for some point € X, By Lemma
1.7, i©y, (Tx) is uniformly lower bounded. Therefore, there exists a constant C
such that T, + Cw is a positive current for any e. After replacing by a subsequence,
we can thus suppose that T, converge weakly to a current 7', and T + Cw is a
positive current. Since 7(z) = 0, we have

V(T + Cw,z) > 1 for any e,

where v(T, + Cw, z) is the Lelong number of the current 7, + Cw at z. Using the
main theorem in [Siu74], we obtain that (T + Cw,z) > 1. Therefore there exists
a constant C7 > 0 such that

/ (T4 Cw) AWt > Cy - 22 for r small enough,
Ba(r)

where B, (r) is the ball of radius r centered at z. Then

/ TAW™ >0

x

for some neighborhood U, of x. Therefore

(48) lim [ T.Aw™ ' >0.
e—0 U,

Combining (47) with (48), we obtain

lim [ T. Aw™! > 0.
e—=0 Jx
We get a contradiction by observing that all T, are exact forms.
Case 2: General case B
By Lemma 1.6, there exists a desingularization 7 : X — X, such that 7*(Tx)
admits a filtration:
OCElCEQC"'Cﬂ'*(Tx)

satisfying that E;, F;/FE;_1 are vector bundles and 7. (E;) = &; on X \ Z, where Z
is an analytic subset of codimension at least 2. Let 7 € H°(X,T%) be a nontrivial
element. Our aim is to prove that 7 is non vanishing outside Z.

Let 2 € X \ m='(Z). Let U, be a small neighborhood of 2 such that U, C
X \ 771(Z). We suppose by contradiction that 7*(7)(z) = 0. By [BS94], there
exists Hermitian-Einstein metrics he ; on E;/E;_1 with respect to 7w + ewg, and
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{i®. . (Ei/E;-1)}c is uniformly bounded on U, °. Combining this with Lemma

1.7, we can construct a smooth metric h. on 7*(Tx) such that

1O (1" (T'x)) A (T*w + ewg )"t
(T*w + ewg)"

and i©y, (7*(Tx)) is uniformly bounded on U,. Let T, = 500 |n*(7)|?.. By

the same argument as in Case 1, the uniform boundedness of i®,_(7*(Tx)) in a

neighborhood of x implies the existence of a neighborhood U, of 2 and a constant
¢ > 0, such that

(49) Z —2Ce - IdT(*(TX))

li T * ~n—1> .
lim . N (M (w) Fewg)" T > ¢

Combining this with (49), we get
. * _\n—1 >
213(1) )}Tﬁ/\(ﬂ' (W) +ews)" " >c,

which contradicts with the fact that all T, are exact. Therefore 7 is non vanishing
outside Z. Proposition 3.12 is proved. O

APPENDIX A. A BOCHNER TECHNIQUE PROOF

We would like to give a proof of the implication (¢i¢) = (i¢) in Proposition 3.1
without using [BMO1, Thm 0.1].

Proof. By [CDP12, Criterion 1.1], to prove the implication, it is sufficient to prove
that for some ample line bundle F' on X, there exists a constant Cr > 0, such that

(50) HO(X,(T5)®™ @ FO%) =0 for all m, k satisfying m > Cp - k.
Thanks to the condition (#ii), there exists a Kéhler class A, such that for the
Harder-Narasimhan semistable filtration with respect to A
0=FpCFLC--CF,=1Tx,
we have
/LA(.Fi/J_'.ifl) 2 C for all i,

for some constant ¢ > 0. Moreover, for the Harder-Narasimhan filtration of (T'x )®™
with respect to A, m - ¢ is also a lower bound of the minimal slope with respect to
the filtration.

We now prove (50) by a basic Bochner technique. After replacing by a more
refined filtration, we can suppose that

(51) OC(SoCElC"'CSS:(Tx)@m

is a filtration of torsion-free subsheaves such that £;11/&; is an w-stable torsion-free
subsheaf of Tx/&; of maximal slope for simplicity. Let w be a positive (1, 1)-form
representing ¢ (A).

5Tn fact, [BS94] proved that he,; and h;ll are CL%_uniform bounded in Ug. Since Uy is in
X\ Z, we := m*w + ewy is uniformly strict positive on Uz. By [Kob87, Chapter I, (14.16)] and

X
Hermitian-Einstein condition, we obtain that Ay, (he,i);,% is uniformly C* bounded on Uz, where
A, is the Laplacian with respect to we and (hei)jk = hei(ej,ex) for a fixed base {ey} of

E;/E;_1. The standard elliptic estimates gives the uniform boundedness of i©®;_,(E;/E;—1) on
Up.
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If (51) is regular, then there exists a Hermitian-Einstein metric on every quotient.
Since pa(€;/Ei—1) > ¢-m, thanks to Lemma 1.7, we can construct a smooth metric
hon (Tx)®™, such that
iO(TE™) Awh1 L mec

wn - 2
Let 7 € HO(X, (T%)®™ @ F®F). We have
(iOp ((T%)®™ @ FO*)1, 7) Awn ™1
wn '
Let Cr be a constant large enough with respect to ¢. If m > Cp - k, (52) implies
that

Id.

(52)

(53) Au(lITllh-) = 1Dy * —

/ 1D, 7IPw™ = (1O (TR)®™ @ FEF)r, 1) Aw" ™ > eal|7 ][50
X

for some constant ¢; > 0. Observing moreover

[ il en <o
X

we get 7 = 0. _
If (51) is not necessary regular, by Lemma 1.6, we can find a resolution 7 : X —
X such that there exists a regular filtration
OCElCEQC"'Cﬂ'*(Tx)
and
s (a)(Ei/ Ei1) = pa(&i/Ei-1) > c-m.
Thanks to the strict positivity of ¢, if € is small enough,
c-m
(54) pe(Ei/Ei—1) = 5
where fi¢ is the slope with respect to 7*(A) 4 ewg. Thanks to Remark 2.2, E;/E;_;
are also stable for 7*(A) 4+ ewg when € small enough. Therefore there exists a
smooth Hermitian-Einstein metric on every quotient E;/E;_;. Using Lemma 1.7,
(54) implies the existence of a smooth metric he on 7 (Tx )®™, such that
1O, (1 (Tx)™) A (1 (@) + ewg)"™ ! m-c
(m*(w) + ewg)™ 4
for € small enough. Using the same Bochner technique as in (52) and (53), applied
to 7" (T'x) with respect to 7*(A) + ewg, we get
HO (X, m*((T5)®™ @ F®%)) =0 for all m, k satisfying m > Cp - k.
(50) is thus proved. O

for any i,

Id

(55)
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