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A look into uncertainty in structural seismic performance arising from
additional Rayleigh damping in inelastic time history analysis

P. Jehel
Laboratoire MSSMat - CNRS UMR 8579,École Centrale Paris, France
Department of Civil Engineering and Engineering Mechanics, Columbia University, New York, USA

ABSTRACT: Estimating the vulnerability of a structure subjected to a certain hazard, that is the probability
that it would not meet a given performance objective for a given hazardous event, is a key step in an overall seis-
mic risk management process. Structural performance indicators, coupled to hazard analysis, directly provide
decision-makers with readable information:e.g.the risk for a structure to collapse within a certain number of
years. This work focuses on the vulnerability assessment ofreinforced concrete moment-resisting frame struc-
tures subjected to seismic hazard, based on inelastic time history structural analyses. Structural analyses entail
numerous uncertainties that can compromise the reliability of its outcomes and, in turn, the assessment of the
structural performance. The aim of this paper is to provide insight into the uncertainty in the structural seismic
performance analysis that arises from the addition of viscous damping in the inelastic time history analyses and
to compare it to the variability that comes from the ground motion. Latin hypercube samples of random variables
are generated and the uncertainty is propagated to the outcomes of interest using Monte Carlo simulations.

1 INTRODUCTION

1.1 Background

In seismic performance-based design, engineering de-
mand parameters (EDP) are computed for a set of
ground motions and of structural models sometimes
too, and then expressed in terms of performance cri-
teria which can be easily interpreted by decision-
makers or other stakeholders. The concept of struc-
tural fragility, viz. the probability that a performance
criterium will not be met for a given loading, is also
useful for structural performance assessment (Tantala
et al. 2008). The reliability of a performance analysis
depends on the uncertainty in the EDPs, and thus on
the uncertainty in the variables involved in the struc-
tural analyses. Hwang and Huo (1994) build seismic
fragility curves of buildings accounting for several
sources of uncertainty in the earthquake-site-structure
system, among which the Rayleigh viscous damping
ratio. The relative impact of each uncertainty source
on the fragility curves is not discussed. Yet, estimat-
ing the sensitivity of the EDPs to the uncertain vari-
ables is particularly useful to identify which of them
should be focused on to effectively reduce the overall
uncertainty in the performance assessment.

Therefore, more recent studies have been dedicated
to the analysis of the sensitivity of the EDPs to sev-
eral uncertain variables pertaining to both the ground

motion and the structural model. Porter et al. (2002)
present a simple methodology to evaluate the rela-
tive contribution of each variable to the overall per-
formance uncertainty based on assembly-based vul-
nerability studies. What the authors call “pure” – also
referred to as “intrinsic” – damping, that is damping
not generated by hysteretic energy dissipation, is one
of the uncertain variables. According to experimen-
tal data corrected to eliminate the effects of hysteretic
damping in the measures, a coefficient of variation
(COV) of the damping ratio is expected to be around
0.3 to 0.4. Then in the structural model, Rayleigh
damping is used with uncertain critical damping ra-
tio described by a Gaussian distribution centered at
5% and with a COV of 0.4 (there is no mention of
whether the damping matrix is built from the initial
or the tangent stiffness). It is finally concluded, for
the high-rise nonductile reinforced concrete moment-
resisting frame building considered, that the most im-
portant contributions to the overall uncertainty in the
model performance outputs are the fragility of the
building components and the ground motion charac-
teristics, whereas the contribution of viscous damping
is shown to be significant too.

There are other studies of the sensitivity of perfor-
mance outputs to structural and ground motion pa-
rameters: with focus on local output such as curva-
ture Lee and Mosalam (2005) or on collapse assess-



ment (Liel et al. 2009), in the context of incremen-
tal dynamic analysis (Vamvatsikos and Fragiadakis
2010), where different methods for propagating the
uncertainties are investigated (FOSM, Monte Carlo
simulation), and where damping is sometimes consid-
ered as a source of uncertainty. Those papers contains
other useful references which cannot all be cited here.

1.2 Objectives

This paper specifically focuses on Rayleigh damping
because it is very commonly used in earthquake en-
gineering. It is often expressed as a damping ratioξ
associated to two modal frequencies at certain times
in the structural history. A first objective of this paper
is to assess how the uncertainty onξ propagates to the
outcomes of interest of inelastic time history analysis
(ITHA). In particular, we aim at assessing the sen-
sitivity of the model performance outputs toξ, and
at quantifying the contribution of an uncertainξ to
the overall dispersion in the outputs. The other source
of uncertainty considered is the ground motion, with
record-to-record and peak acceleration variability.

When performing ITHA, Rayleigh damping not be-
ing added to solely convey intrinsic structural prop-
erties (“pure” damping) yields another objective for
this paper. As stated in FEMA P692 (2009,§6.4.4),
“additional viscous damping may be used to simulate
the portion of energy dissipation arising from both
structural and nonstructural components that is not
otherwise incorporated in the model”. For instance,
in (Zona et al. 2008), Rayleigh damping is added in
the nonlinear seismic analysis of steel-concrete com-
posite frames to account for energy dissipation due
to friction between steel beams and concrete slabs,
which indeed is not explicitly introduced in the in-
elastic structural model due to a lack of quantitative
information about this mechanism. Another objective
is thus to investigate the sensitivity to the variableξ
of the energy absorbed by either the structural model
or the additional Rayleigh damping model.

1.3 Outline

In the next section, we clarify the dual very nature
of the structural and additional damping models and
recall some basics of the state of the practice for us-
ing Rayleigh damping in ITHA. Section 3 is devoted
to the description of the random variables we intro-
duce to account for uncertainty in both the seismic
loading and the Rayleigh damping model. Then, in
a fourth section, the deterministic test structure used
in the estimation of the effects of the uncertain vari-
ables in the ITHA outputs is presented. This is a re-
inforced concrete moment-resisting frame that was
tested on a shaking table. Its numerical inelastic struc-
tural model is briefly presented and a deterministic
analysis is run to assess the capability of this model
to retrieve displacement-based performance as well

as energy quantities observed during the experimen-
tal test. Then, Latin hypercube samples of the random
variables are generated and Monte Carlo simulations
are performed to propagate the uncertainty. Results of
various uncertainty and sensitivity analyses are shown
and discussed in section 5. The main results of this
work are summarized in the concluding section.

2 RAYLEIGH DAMPING IN INELASTIC TIME
HISTORY ANALYSIS

2.1 Rational definition for damping

For earthquake engineering applications, a general
form of the models used to predict a set of outputs
b from both a set of inputsa and a set of parameters
θ can be given as (see figure 1):

b = M(a,θ) = K(aK,θK) +D(aD,θD) (1)

whereK represents the structural model andD is an
additional damping model commonly used in practice
to convey, at the structural level, the effects of all the
energy dissipative mechanisms not otherwise expli-
citly accounted for inK.

Figure 1: System for earthquake engineering applications.The
modelM allows for predicting a set of outcomesb from a set
of inputsa and of parametersθ. M results from the interaction
between structural and damping sub-modelsK andD.

The discretized structural modelK takes the form:

(K) f kin(d̈n) + f int(dn) = f sei(üsei
n ) + f sta

wheref kin, f int, f sei andf sta are the inertia, internal,
seismic, and static forces vectors.d is the discrete dis-
placements vector.

Adding damping toK defines the modelM as:

(M) f kin
n + f int

n + f dam
n (?) = f sei

n + f sta (2)

where f dam is the additional damping force vector.
In most of the practical applications, the damping is
hysteretic and/or viscous, thus? = dn or ? = ḋn, but
it could take any other form, as long as equation (2)
can be effectively resolved.

Among the modelsK andD, only the structural
modelK can genuinely be qualified as “physical”. In-
deed, it is developed in consistence with the theory
of continuum mechanics. However, there is no such
a well-established theory which damping modelD



could be developed in. Nevertheless, equation (2) de-
fines a relation of duality between modelsK andD
which serves as the baseline for the following defini-
tion of a physical damping model: a model that com-
pletes the structural model for a reliable prediction of
the modelM outcomes of interest.

2.2 Rayleigh damping model

One now has to choose a damping model that would
satisfy the rational definition above. In most of the ap-
plications in earthquake engineering, Rayleigh damp-
ing is chosen, that is, in the most general form:

f dam = C(t)ḋ(t) with C(t) = α(t)M + β(t)K(t) (3)

whereM andK are the mass and stiffness matrices
and(α,β) are computed according to both two modal
frequencies at certain times in the structural history
and a targeted damping ratiôξ. Whether the initial or
the tangent stiffness matrix is used and whetherα and
β are taken as time-dependent or not has to be de-
cided regarding the consequences those assumptions
imply (Charney 2008, among others).

Some other practical aspects of Rayleigh damping:
(i) Adding a small amount of damping, sayξ̂ < 0.5%,
is often necessary to guarantee the good convergence
of the overall resolution algorithm;
(ii) Usual practice for reinforced concrete low-rise
frames consists in targeting a damping ratio of about
5% for the dominant structural modes. This is larger
than the 0.5% to 1.5% of “pure” damping classi-
cally observed for low-amplitude oscillations, which
implies that using Rayleigh damping for represent-
ing mechanisms “not otherwise incorporated in the
model” or poorly described by the structural model
is common practice in ITHA.

3 RANDOM VARIABLES

3.1 Ground motion dataset

To account for record-to-record variability of the seis-
mic loading, we select a dataset in the PEER ground
motion database with its Web application (PGMD
2011), so that the selected ground motions are consis-
tent with i) the likely earthquake scenarios and ii) the
soil properties in the region where the design ground
motion was recorded,viz. the Cascadia subduction
zone, and iii) exhibit good match with the target de-
sign spectrum in the most important period range.

The Cascadia subduction zone is an active seismic
area that has been observed for several decades (Silva
et al. 1998, Wiest et al. 2007, among others) and it
has been reported that three types of earthquakes are
produced in this zone:
(i) Shallow crustal earthquakesdue to surface faults
in the American continental plate with magnitudeMw

larger than 7.0 and hypocenter depth less than 30 km;

(ii) Thrust interplate or interface earthquakesgener-
ated by differential motion in the interface between
the two plates. Such earthquakes happen offshore
with surface hypocenter, generally with depth less
than 30 km. In the Cascadia subduction zone, a large
event of this kind is likely to be produced with mag-
nitudeMw = 8.3± 0.5;
(iii) Intraplate or intraslab earthquakesoccur deep
within the Cascadia subduction zone (depth> 40
km).
For depth larger than 100 km, no seismic activity has
been observed.

As far as the soil properties in this region are con-
cerned, the geologic profile of the station where the
design ground motion was recorded is detailed in ta-
ble 1 (Silva et al. 1998).

Table 1: Geologic profile for the Olympic Highway Test Lab
strong-motion recording site in Washington.vs is the shear wave
velocity andρ the density.

Depth Geology Description vs ρ
(m) (m/s) (kg/m3)
0-3 Fill Loose sand. 165 1500

Medium dense
3-12 Deposits fine to 220 1500

medium sand.
Interbedded

very stiff to hard
12-20 Deposits sandy silt and 270 1500

very dense silty fine
to medium sand.

20-41 Deposits (Like just above.) 330 1500

The PEER database is currently limited to recorded
time series from shallow crustal earthquakes. The ini-
tial acceptance criteria used for the search of ground
motions are as follows: moment magnitudeMw ∈
[7.0,9.0], Joyner-Boore distanceRJB ∈ [0,150] km,
closest distance to rupture planeRrup ∈ [0,150] km,
and average shear wave velocity in the top 30 me-
ters of the sitevs30 ∈ [0,200] m/s. With these cri-
teria, approximately 20 earthquakes were identified.
To increase the number of different recoding sta-
tions, we proceeded to a second search with the range
of allowed moment magnitudes extended toMw ∈
[6.0,9.0] and finally selected 20 ground motions.

Equal probability is attributed to every ground mo-
tion in the dataset.

3.2 Peak acceleration of the ground motions

Displacement-based EDPs such as the interstory drift
generally strongly depends on the horizontal peak ac-
celeration of the ground motion. Besides, probabilis-
tic seismic hazard often is expressed in term of PGA
or spectral acceleration in a given geographical re-
gion. In other words: uncertainty in PGA is both an
accessible data and expected to cause uncertainty in
the EDPs. We therefore add PGA as another source
of uncertainty in our analysis.

Every ground motion is first normalized to
PGA = 1 g and then scaled to a value between 0.1



and 0.4. The scale factor is random and computed as:

λa = 0.1 + 0.05(Na − 1) with Na ∼ dU(1,7) (4)

wheredU(n), n ∈ N, is the discrete uniform probabil-
ity density function.

If our objective were to perform a seismic risk anal-
ysis and not only a structural performance study, seis-
mic hazard curves should be used here instead of
a uniformly distributed scale factor. For the sake of
illustration, we mention that according to the 1985
seismic zoning map of the National Building Code
of Canada, ground motions with horizontal PGA be-
tween 0.16 g and 0.23 g is likely to be observed with
a probability of exceedance of 10% in 50 years in the
Canadian Cascadia subduction zone.

3.3 Target damping ratiôξ

The last random variable considered is the tar-
get damping ratioξ̂ characterizing the amount of
Rayleigh damping in the simulation (sub-modelD).
This variable can both have an influence on the per-
formance EDPs (outcomes of modelM) and on the
behavior of the interrelated structural sub-modelK.
The two damping ratios needed to build the Rayleigh
damping matrix are taken as equal in the range
[1%,10%] without assuming any knowledge on the
actual value:

ξ̂[%] = 1+
9

50
(Nξ − 1) with Nξ ∼ dU(1,50) (5)

Rayleigh damping can be introduced either at the
level of the whole structure or at the level of the struc-
tural elements. The second option should be retained
because there is no reason to assign the same damp-
ing ratio to structural elements which only have few
in common. In other words, the hypothesis of per-
fect spatial correlation of the damping ratios does not
hold. Indeed, as already mentioned, we do not limit
our analysis to the sub-modelD solely representing
“pure” damping but also as an ad hoc source of energy
dissipation in addition to the energy dissipation com-
ing from the nonlinear mechanisms in the sub-model
K. If only “pure” damping were at stake, this would
not be worth considering this correlation except for
composite structures composed by elements made of
different materials. The analysis outcomes can be af-
fected by this obvious correlation between damping
ratios pertaining to different structural elements. As
previous evidence of the potential effects of space cor-
relations in ITHA performance outputs, one can cite
the work of Stefanou and Fragiadakis (2009).

4 DETERMINISTIC NUMERICAL INELASTIC
SIMULATION

4.1 Description of the structure

The test structure considered to estimate the effects
of the selected random variables on the performance

outputs of ITHA is depicted in figure 2. It was de-
signed at a reduced scale of1/2 according to the pro-
visions of the National Building Code of Canada and
of the Canadian concrete standard. The structure was
assumed to have a nominal ductility, that is a design
base shear computed with a reduction factorR = 2.
Four concrete blocks were used to simulate concen-
trated gravity loads in every beam span; they were
designed so that their center of gravity coincide with
the center of gravity of the supporting beam. These
latter additional masses induced service cracks. The
total weight of the frame was 95 kN, its fundamen-
tal periodT1 = 0.36 s was measured preliminary to
the seismic excitation. Mode 1 is preponderant in the
sense that it accounts for 91% of the total mass. The
detailed presentation of the design assumptions and
parameters can be found in (Filiatrault et al. 1998).

Figure 2: RC frame structure tested on the shaking table atÉcole
Polytechnique in Montreal. Dimensions are in [mm].

The N04W component of the accelerogram
recorded in Olympia, Washington on April 13, 1949
was selected for the test program and scaled to a peak
ground acceleration PGA= 0.21 g. The feedback
record of the acceleration measured on the shaking
table during the test is shown in figure 3 along with
the corresponding elastic response spectrum with 5%
viscous damping ratio.

Figure 3: Acceleration time history recorded on the shakingtable
during the test and corresponding elastic response spectrum with
a critical viscous damping ratio of 5%.

4.2 Structural modelK

Fiber beam/column elements implemented in the
framework of a displacement-based finite element



method with Euler-Bernoulli kinematics are used to
model the response of the structural elements of the
frame. The finite element mesh of the RC frame is
shown in figure 4. The structure is assumed fixed at its
base. Rigid end zones are added to model the beam-
to-column connections and rebar slip in surrounding
concrete is not represented. These later hypotheses
are questionable because the beam-to-column con-
nections exhibited inelastic behavior during the test.

The uniaxial constitutive laws used to model steel
and both confined and unconfined concrete fibers are
also shown in figure 4. The inelastic model used to
represent the salient features of the materials cyclic
behavior has been developed in the framework of
thermodynamics with internal variables and is pre-
sented in (Jehel et al. 2010). The set of parameters has
been identified to fit experimental monotonic curves.
From the computational point of view, because hard-
ening and softening laws are modeled as linear, there
is no need for local iteration when the internal vari-
ables – the memory of the materials – are updated, ex-
cept for transitions between hardening and softening
regimes, which makes the resolution procedure robust
and efficient.
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Figure 4: Finite element mesh (dimensions in [mm]) and mate-
rial constitutive laws for the inelastic structural modeling. [bot-
tom left] Confined and unconfined concrete behavior laws. [bot-
tom right] Steel constitutive law.

The loading time history consists in two phases: i)
static dead load is first applied step by step and then
kept constant; ii) the seismic loading is applied. A first
validation check of the inelastic structural model is
carried out by simulating a free vibration test. Before
dead load is applied, the elastic fundamental period of
the structure is computed asT ela

1 = 0.28 s; then, due
to the inelastic behavior of the structure, the elongated
period is evaluated asT ini

1 = 0.36 s when dead load is
completely applied. BothT ela

1 andT ini
1 coincide with

the experimental values.

4.3 Rayleigh damping modelD

For all the ITHA that will be run in the following, the
Rayleigh damping model is build with tangent stiff-
ness matrix and designed according to the procedure
presented in (Jehel et al. 2013) so that the effective
modal damping ratios remains as close as possible to a
targeted damping ratiôξ while structure deteriorates.

4.4 Energy quantities

The following energy quantities will be considered:
Hysteretic energy: EH =

∫ T

0

∫
Ω
σ : ǫ̇ dΩ dt;

Damping energy: ED =
∫ T

0
f dam · u̇ dt;

Total energy: Etot = EH +ED.

4.5 Numerical vs. experimental results

For this modeling of the experimental test, a targeted
damping ratioξ̂ = 2% is used. For this simulation
as well as for all the simulations in the next sec-
tion, Newmarkβ-method withγ = 0.5 andβ = 0.25
with a time step of5.10−3 s is employed. Computed
displacement-based performance outcomes and en-
ergy quantities are summarized and confronted to ex-
perimental data in table 2 and figure 5.

Table 2: Experimental and numerical results.MRD is the max-
imum roof displacement,MISDR the maximum inter-story
drift ratio, andEtot the total energy absorbed by the system.

MRD (mm) MISDR (%) Etot (N.m)
Exp. 48.9 2.0 2850
Num. 43.3 1.7 2822
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Figure 5: Comparison of experimental and numerical results.
EH is the energy absorbed by the sub-modelK, ED is the en-
ergy absorbed by the additional Rayleigh damping sub-modelD

designed with targeted damping ratio isξ̂ = 2%.

5 UNCERTAINTY AND SENSITIVITY
ANALYSES

The structural model will remain unchanged all along
the following uncertainty and sensitivity analyses and,



consequently, all the probabilistic quantities hereafter
discussed have to be understood as conditional to the
modelK.

5.1 Uncertainty analysis

Two Latin hypercube samplesS1 and S2 of size
N = 1000 of the random variables are generated from
the probability spacesP1 andP2 (McKay et al. 1979).
The random parameter for ground motion record-
to-record variability is denoted as GM#. The events
in P1, resp. inP2, are the triplets (GM#, PGA,̂ξ),
resp. the (N e+2)-tuple (GM#, PGA, [̂ξe, e= 1, ..,N e])
whereN e is the number of elements in the finite el-
ement mesh of the modeled structure. The random
variables are considered as independent, although at-
tenuation laws could for instance provide indication
about how the distance to rupture plane – the GM#, in
turn – is correlated to PGA. Also,P1 describes per-
fectly spatially correlated damping ratios, whereasP2

accounts for spatially independent damping ratios.
Uncertainty is propagated to the model outputs

with Monte Carlo simulations. The uncertainty analy-
sis of the maximum interstory drift ratio (MISDR) is
shown in figures 6 for sampleS1 and in figures 7 for
sampleS2 (figures on next page). The distributions
are slightly different and, in the following, only the
results obtained with sampleS1 will be discussed.

5.2 MISDR sensitivity

From figure 8 (figure on last page), the following
trends can be observed: i) The absolute variability in-
creases with PGA; ii) The variability inMISDR due
to the Rayleigh damping ratio is generally much less
significant than the variability due to PGA, except for
some records (e.g.GM# = 8 or GM# = 17).

Figures 9, 10 and 11 also provide insight into the
sensitivity ofMISDR to the three random variables
considered in this study. The clear linear correlation
betweenMISDR and PGA, which is usually as-
sessed in the preliminary study to structural vulner-
ability analysis, is also observed here in figure 9. In-
deed, the mean ofMISDR linearly increases with
PGA, and the relatively small COV(MISDR|PGA)
– compared to the overall COV observed in fig-
ure 6 – provides good confidence in the computed
means. COV(MISDR|PGA) being approximately
half COV(MISDR) also shows that PGA is an
important contributor to the overall uncertainty in
MISDR. Figures 10 and 11 show that GM# and
ξ̂ less importantly contribute to the uncertainty in
MISDR. Same conclusions are drawn in the studies
of Porter et al. (2002) and Lee and Mosalam (2005).

Focussing now on figure 11, one may jump to the
following intuitive conclusion when looking at the
mean E(MISDR|ξ̂): the larger the Rayleigh damp-
ing ratio, the smaller theMISDR. Although actually

a general trend, this is however to be taken with cau-
tion for two reasons: i) the number of data computed
for a givenξ̂ is around 20 only, and ii) the large dis-
persion of the data (COV(MISDR|ξ̂) is large) entails
small confidence in the mean.
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Figure 6: Distribution of the maximum interstory drift, as well as its mean and COV convergence assessment for sampleS1.
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Figure 7: Distribution of the maximum interstory drift, as well as its mean and COV convergence assessment for sampleS2.

5.3 Energy sensitivity

The observation of energy quantities is used to pro-
vide insight into the sensitivity of the interrelation
between modelsK andD to the random variables.
The mean values E(Etot|ξ̂) in figure 12 shows that
the total amount of energy absorbed by the modelM
is weakly correlated to the Rayleigh damping ratio
(E(Etot) = 2408 N.m for sampleS1 and to 2364 N.m
for S2). This again has to be taken with caution be-
cause the means are computed with only 20 values
that, besides, exhibit large scatter (COV(Etot|ξ̂) is to
be compared to the overall COV(Etot) which is equal
to 0.98 for sampleS1 and to 1.01 forS2, which also
shows that the main contribution to the overall vari-
ability of Etot comes from the ground motion). Nev-
ertheless, the small influence ofξ̂ on Etot is in ac-
cordance with the observations of Léger and Dussault
(1992). With much less scatter (approximately 5%<
COV(DER|ξ̂) < 25%), figure 13 shows that the share
of the total energyEtot absorbed by modelD tends to
increase witĥξ.

6 CONCLUSIONS

In this paper, the impact of random variables on
the performance outcomes of seismic inelastic time
history analyses of a reinforced concrete moment-
resisting frame is investigated. The random variables
considered describe uncertainty in the seismic ground
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Figure 12: Total energy absorbed by the modelM throughout
ITHA w.r.t. increasing Rayleigh damping ratio. Scatter is due to
the variability in GM and PGA.

motion and in the Rayleigh damping model added in
the simulations to account for the energy dissipative
mechanisms not otherwise represented in the struc-
tural model. Latin hypercube samples of the uncorre-
lated random variables are generated and Monte Carlo
simulations are run to propagate the uncertainty. Ef-
fects of spatial correlation of the Rayleigh damp-
ing parameters are briefly investigated. In the case
of perfect correlation between the damping proper-
ties, the following observations have been made: i)
the variability in the maximum interstory drift ratio
(MISDR) is mainly due to the variability in the peak
acceleration of the ground motion; ii) however, for a
few ground motion records, the Rayleigh damping ra-
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Figure 13: Ratio of the energy absorbed by the Rayleigh damp-
ing modelD throughout ITHA w.r.t. increasing Rayleigh damp-
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tio can be a very important contributor to the vari-
ability in MISDR; iii) the correlation between the
total amount of energy absorbed by the model and the
Rayleigh damping ratio tends to be weak; iv) the share
of the total energy absorbed by the damping model
tends to increase with the Rayleigh damping ratio.
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