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Abstract. Motivated by models of fracture mechanics, this paper is devoted to the analysis of a unilateral gradient
flow of the Ambrosio-Tortorelli functional, where unilaterality comes from an irreversibility constraint on the fracture
density. Solutions of such evolution are constructed by means of an implicit Euler scheme. An asymptotic analysis in
the Mumford-Shah regime is then carried out. It shows the convergence towards a generalized heat equation outside
a time increasing crack set. In the spirit of gradient flows in metric spaces, a notion of curve of maximal unilateral
slope is also investigated, and analogies with the unilateral slope of the Mumford-Shah functional are also discussed.
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1. Introduction

Many free discontinuity problems are variational in nature and involve two unknowns, a function u and a
discontinuity set I'" across which v may jump. The most famous example is certainly the minimization of
the MUMFORD-SHAH (MS) functional introduced in [37] to approach image segmentation. It is defined by

1/ |Vu|2dﬂc—Fj‘fN_l(F)—|—é/(u—gﬁalx7
2 Joxr 2 Jo

where Q@ C RY is a bounded Lipschitz open set, V1 is the (N — 1)-dimensional Hausdorff measure,
B > 0 is a fidelity (constant) factor, and g € L>°(Q) stands for the grey level of the original image. In the
resulting minimization process, we end up with a segmented image u : Q@ \T' — R and a set of contours
I" C Q. To efficiently tackle this problem, a weak formulation in the space of Special functions of Bounded
Variation has been suggested and solved in [22], where the set T' is replaced by the jump set J,, of u. The
new energy is defined for u € SBV?2(2) by

1
§/§Z|Vu|2dx+%N_1(Ju)—i—g/g(u—g)zdx, (1.1)

where Vu is now intended to be the measure theoretic gradient of w.

A related model based on Mumford-Shah type functionals has been introduced by FRANCFORT &
MARIGO in [27] (see also [9]) to describe quasi-static crack propagation inside elastic bodies. It is a varia-
tional model relying on three fundamental principles: (i) the fractured body must stay in elastic equilibrium
at each time (quasi-static hypothesis); (ii) the crack can only grow (irreversibility constraint); (iii) an en-
ergy balance holds. In the anti-plane setting, the equilibrium and irreversibility principles lead us to look
for constrained critical points (or local minimizers) at each time of the Mumford-Shah functional, where u
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stands now for the scalar displacement while I' is the crack. Unfortunately, there is no canonical notion of
local minimality since the family of all admissible cracks is not endowed with a natural topology. Seeking
local minimizers of such energies has consequently become a great challenge, and a lot of works in that
direction have considered global minimizers instead, see [18,15,25]. In the discrete setting, one looks at each
time step for a pair (u;,I';) minimizing

1
(u,T) = E.(u,T) ;:7/ Vul? de + NN (T),
2 Jor

among all cracks I' D I';_; and all displacements u : Q \ T' — R satisfying an updated boundary condition,
where I';_1 is the crack found at the previous time step. A first attempt to local minimization has been
carried out in [19] where a variant of this model is considered. At each time step the L?(£2)-distance to the
previous displacement is penalized. More precisely, denoting by u;_; the displacement at the previous time
step, one looks for minimizers of

(u, 1) = Ex(u, D) + Mlu = uia[lF2(q) , (1.2)

on the same class of competitors than before, where A > 0 is a fixed parameter. We emphasize that this
formulation only involves some kind of local minimality with respect to the displacement. A notion of
stability which implies another local minimality criterion has been introduced in [33]. It focuses on what
the author calls “accessibility between two states”. In the case of global minimization, when passing from
one discrete time to the next, all states are accessible. From the point of view of [19], a state u is accessible
from w;_; if and only if there is a certain gradient flow beginning at u;_; which approaches u in the long-
time limit. The main idea in [33] is that a state u is accessible from u,;_; if and only if both states can
be connected through a continuous path for which the total energy is never increased more than a fixed
amount.

While static free discontinuity problems start to be well understood, many questions remain open con-
cerning their evolutionary version. Apart from the quasi-static case, the closest evolution problem to statics
consists in finding a steepest gradient descent of the energy, and thus in solving a gradient flow type equa-
tion. A major difficulty in this setting is to define a suitable notion of gradient since the functional is neither
regular nor convex, and standard theories such as maximal monotone operators [12] do not apply. However,
using a time discretization, an implicit Euler scheme can always be defined. Letting the time step tend to
zero, the possible limits of such a discrete scheme are refered to as DE GIORGI’s minimizing movements
(see [1,21]), and can be considered as solutions of the generalized gradient flow of the underlying functional.
In the Mumford-Shah setting, this approach reduces to the minimization of the energy (1.2) exactly as in
[19] with X replaced by (26)~!, § > 0 being the time step. The minimizing movements of the Mumford-Shah
functional have been first considered in [2], and further developed in [13]. Motivated by the crack growth
model as in [19], the authors apply the iterative scheme with respect to the variable v while minimizing the
energy with respect to I" under the constraint of irreversibility. Showing compactness of the resulting dis-
crete evolution as 6 — 0, they obtain existence of “unilateral” minimizing movements of the Mumford-Shah
energy (we add here the adjective unilateral to underline the irreversibility constraint on the evolution).
In any space dimension, the limiting displacement w(t) satisfies some kind of heat equation (in the weak
sense), and an energy inequality with respect to the initial time holds. Assuming that admissible cracks
are compact and connected, they improve the result in two dimensions showing that u () solves a true heat
equation in a fractured space-time domain, and that the energy inequality holds between arbitrary times.

The Mumford-Shah functional enjoys good variational approximation properties by means of regular
energies. Constructing L?(f2)-gradient flows for these regularized energies and taking the limit in the ap-
proximation parameter could be another way to derive a generalized gradient flow for M S. It was actually
the path followed in [31] where a gradient flow equation for the one-dimensional Mumford-Shah functional is
obtained as a limit of ordinary differential equations derived from a non-local approximation of M S. Many
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other approximations are available, and the most famous one is certainly the AMBROSIO-TORTORELLI
functional defined for (u, p) € [H(Q)]? by

1 1 1
AT ()= 5 [t 9ot g [ (9024 20 - 02 ) do,

The idea is to replace the discontinuity set I' by a (diffuse) phase field variable, denoted by p : Q — [0, 1],
which is “smooth” and essentially 0 in a e-neighborhood of I'. Such energies are of great importance
for numerical simulations in imaging or brittle fracture, see [8,9]. From the mechanical point of view,
it is interpreted as a non-local damage approximation of fracture models, where p represents a damage
density. The approximation result of [5,6] (see also [29]) states that AT, I'-converges as ¢ — 0 to M S
(in the form (1.1)) with respect to a suitable topology. For the static problem, it implies the convergence
of AT.-minimizers towards M S-minimizers by standard results from I'-convergence theory. However, the
convergence of general critical points is a priori not guaranteed. Positive results in this direction have
been obtained in [26,35] for the one-dimensional case. The Ambrosio-Tortorelli approximation of quasi-
static crack evolution is considered in [30], where the irreversibility constraint translates into the decrease
monotonicity of the phase field ¢ — p(¢). The main result of [30] concerns the convergence of this regularized
model towards the original one in [25]. Motivated by the formulation of a model of fracture dynamics, a
hyperbolic evolution related to the Ambrosio-Tortorelli functional is also studied in [34], but the asymptotic
behavior of solutions as £ — 0 is left open. A first step in that direction is made in [16] where the analysis
of a wave equation on a domain with growing cracks is performed. Concerning parabolic type evolutions,
a standard gradient flow of the Ambrosio-Tortorelli functional is numerically investigated in [28] for image
segmentation and inpainting purposes.

The object of the present article is to study a unilateral gradient flow for the Ambrosio-Tortorelli func-
tional taking into account the irreversibility constraint on the phase field variable. The idea is to construct
minimizing movements starting from a discrete Euler scheme which is precisely an Ambrosio-Tortorelli
regularization of the one studied in [2,13]. As in [30], the irreversibility of the process has to be encoded
into the decrease monotonicity of the phase field variable, and leads at each time step to a constrained
minimization problem. More precisely, given an initial data (ug, pg), one may recursively define pairs (u;, p;)
by minimizing at each time ¢; ~ id,

1
(u, p) = AT.(u,p) + %”U —ui1ll72(q) (1.3)

among all v and p < p;_1, where (u;—1,p;—1) is a pair found at the previous time step. The objective is
then to pass to the limit as the time step § tends to 0. A main difficulty is to deal with the asymptotics
of the obstacle problems in the p variable. It is known that such problems are not stable with respect to
weak H'(Q)-convergence, and that “strange terms” of capacitary type may appear [14,17]. However, having
uniform convergence of obstacles would be enough to rule out this situation. For that reason, instead of AT,
we consider a modified Ambrosio-Tortorelli functional with p-growth in Vp with p > N. By the Sobolev
Imbedding Theorem, with such a functional in hand, uniform convergence on the p variable is now ensured.
We define for every (u,p) € H*(2) x WHP(Q),

1 gp—1 o
E:(u, p) :—2/9(775+02)VUI2611+/Q< 5 IVPI”+p,EI1—p|p>dx, p>N,

where o > 0 is a suitable normalizing factor defined in (2.2). Note that an immediate adaptation of [29]
shows that & is still an approximation of M S in the sense of I'-convergence.

Considering the incremental scheme (1.3) with &, instead of AT., we prove that the discrete evolutions
converge as 0 — 0 to continous evolutions ¢ — (uc(t), p<(t)) that we call unilateral minimizing movements
(see Definition 3.3). The first main result of the paper (Theorem 4.1) gathers properties of unilateral
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minimizing movements. The limiting differential equation satisfied by u. is

Ayue — div((ne + p2)Vue) =0 in Q x (0, +00),
Ou. (1.4)
5 0 on 9 x (0, 4+00),

while the irreversibility and minimality conditions for p. are

t — pc(t) is non-increasing ,
E-(ue(t), pe(t)) < E(uc(t), p) for every t >0 and p € WHP(Q) such that p < p.(t) in Q.
The system (1.4)-(1.5) is by construction supplemented with the initial condition

(u(0), pe(0)) = (uo, po) in Q.

In addition, we prove that the bulk and diffuse surface energies, defined by

05 [ Ot pu 0Tl da

and

/(v WP+ <>|p)d
t— ()" + — |1 — pe(t €L
a\ »p P p'e P

are respectively non-increasing and non-decreasing, a fact which is meaningful from the mechanical point
of view. Moreover, the total energy is non-increasing, and it satisfies the following Lyapunov inequality: for
a.e. s € [0,400) and every t > s,

Ee(u(t), p<(1)) +/ 10¢ue ()72 (0 dr < Ec(ue(s), pe(s)) - (1.6)

Note that the above inequality is reminiscent of gradient flow type equations, and that it usually reduces
to equality whenever the flow is regular enough. In any case, an energy equality would be equivalent to
the absolute continuity in time of the total energy (see Proposition 6.3). The reverse inequality might be
obtained through an abstract infinite-dimensional chain-rule formula in the spirit of [38]. In our case, if we
formally differentiate in time the total energy, we obtain

% Ee (us (t)a Pe (t)) = <8u€6 (us (t)v Pe (t)), Orue (t)> + <8p56 (UE (t)7 Pe (t))v 8,5,05 (t)> . (1'7)

From (1.5) we could expect that

<apgs (ue (t)v Pe (t)), 615,05 (t)> =0, (1'8)

which would lead, together with (1.4), to the energy equality. Now observe that (1.8) is precisely the
regularized version of Griffith’s criterion stating that a crack evolves if and only if the release of bulk
energy is compensated by the increase of surface energy (see e.g. [9, Section 2.1]). Unfortunately, such a
chain-rule is not available since we do not have enough control on the time regularity of p.. In the quasi-
static case, one observes discontinuous time evolutions for the surface energy. Since the evolution law for
pe is quite similar to the quasi-static case (see [30]), we also expect here time discontinuities for the diffuse
surface energy. Adding a parabolic regularization in p, i.e., a term of the form

1
F”P - pi—1||€vl,p(9)

in (1.3), is a way to improve the time regularity of p., and to get an energy equality. Unfortunately, it
also breaks the increase monotonicity of the surface energy, an undesirable fact in the modelling of the
irreversibility. Moreover, this energy monotonicity is an essential ingredient in the analysis when € — 0.
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As just mentioned, the natural continuation (and motivation) to the qualitative analysis of Ambrosio-
Tortorelli minimizing movements is to understand the limiting behavior as ¢ — 0, and to compare the result
with [2,13]. We stress that the general theory on I'-convergence of gradient flows as presented in [39,40]
does not apply here since it requires a well defined gradient structure for the I'-limit. A specific analysis
thus seems to be necessary. In doing so, our second main result (Theorem 5.1) states that (ue, pe) tends to
(u, 1) for some mapping t — u(t) taking values in SBV?(f2), and solving in the weak sense the equation

Ou —div(Vu) =0 in Q x (0,+00),
Vu-v=0 on 0 x (0,400), (1.9)
u(0) = ug .

In addition, using the monotonicity of the diffuse surface energy, we are able to pass to the limit in (1.5). It
yields the existence of a non-decreasing family of rectifiable subsets {I'()};>0 of © such that J,;) C I'()
for every t > 0, and for which the following energy inequality holds at any time:

K 1
E.u(®).T(0) + [ 103y ds < 5 [ [Vuol de.
0 Q

Comparing our result with [13], we find that u solves the same generalized heat equation with an improve-
ment in the energy inequality where an increasing family of cracks appears. The optimality of this inequality
and the convergence of energies remain open problems. Note that the (pointwise in time) convergence of
the bulk energy usually follows by taking the solution as test function in the equation. In our case it asks
the question wether SBV?2(2) functions whose jump set is contained in Ju(t) can be used in the variational
formulation of (1.9). It would yield a weak form of the relation

()~ =) 2 — o on i),

where u®(t) denote the one-sided traces of u(t) on I'(t). This is indeed the missing equation to com-
plement (1.9), and it is intimately related to the finiteness of the unilateral slope of the Mumford-Shah
functional (evaluated at (u(t),I'(¢))) defined in [20].

As already discussed, the nonlinear and nonconvex structure of MS prevents us to define a classical

notion for its gradient flow. A possible approach, actually related to minimizing movements, is to make use
of the general theory of gradient flows in metric spaces introduced in [23]. Here the notion of gradient is
replaced by the concept of slope, and the standard gradient flow equation is recast in terms of curves of
mazximal slope (see [4] for a detailed description of this subject). This idea was the starting point of [20],
where the unilateral slope of M .S defined by

- +
06, () = limsup LD ZE@IUL))
v—u in L2(Q) HU _U’HLz(Q)

is investigated. By analogy we introduce the unilateral slope of the Ambrosio-Tortorelli functional

55 ) - gg y M
06,/ p) = limsup  sup Le@P) — &)
v—u in L2(Q) p<p v —ull2(q)

Then, curves of mazimal unilateral slope are essentially defined as curves for which inequality (1.6) holds
and the L?-norm of the velocity coincides with the unilateral slope of the functional (see Definition 6.2).
In other words, these generalized evolutions are L?(Q)-steepest descents of £ with respect to u in the
direction of non-increasing p’s. In our third and last main result (Theorem 6.7), we establish that any
unilateral minimizing movement is a curve of maximal unilateral slope. As a matter of fact, any curve
satisfying (1.4)-(1.5)-(1.6) has maximal unilateral slope. If one drops the energy inequality (1.6), system
(1.4)-(1.5) admits infinitely many solutions which are not in general curves of maximal unilateral slope. The
question wether or not curves of maximal unilateral slope are solutions of (1.4)-(1.5), is actually related
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with the validity of the generalized chain-rule formula (1.7). Finally, we obtain some estimates in the spirit
of [20] for the limit as € — 0 of |9&, | along minimizing movements. However, a complete asymptotic analysis
of |0&;| remains an open problem.

To conclude this introduction, let us briefly discuss some numerical aspects of our analysis. First, a
practical drawback of the implicit Euler scheme defined in (1.3) (with &, instead of AT) is that the pair
(u;, p;) obtained at each time step might not be unique since &, is not strictly convex (although it is
separately strictly convex). This lack of uniqueness may generate some troubles from the point of view of
numerical approximations. For that reason, it is of interest to consider an alternate scheme as follows: given
the initial data (ug, po), one recursively defines pairs (u;, p;) at each time ¢; by

. 1
U 1= argmin {Es(uapi—l) + 2*5”“ - Uz‘-l”iz(g) S Hl(Q)} )
pi = argmin{é’a(ui,p) cpEWHP(Q), p<piqin Q} )

It turns out that this alternate minimization scheme is precisely the algorithm used in numerical experiments
for quasi-static evolution in brittle fracture (see [8,9]). As the time step 0 tends to zero, this scheme gives
rise to the same time continuous model (i.e., limiting evolutions satisfy (1.4)-(1.5)-(1.6), see [7]). Another
difficulty for numerics is to deal with the asymptotics when both € and § tend to zero. Using the arguments
developped in this paper together with [13] and [30], one should be able to prove a simultaneous convergence
result similar to Theorem 5.1, and that the limits commute.

The paper is organized as follows. In Section 2, we provide the functional setting of the problem, and
define in details the Ambrosio-Tortorelli and Mumford-Shah functionals. In Section 3, we introduce the
implicit Euler scheme generating unilateral minimizing movements. In Section 4, we establish an existence
result for unilateral minimizing movements through a compactness result of discrete evolutions when the
time step tends to zero. Then we study some qualitative properties where we establish the heat type
equation, the unilateral minimality of the phase field, and the energy inequality. Section 5 is devoted to
the asymptotic analysis as ¢ — 0. Finally, Section 6 is concerned with curves of maximal unilateral slope
for the Ambrosio-Tortorelli functional.

2. Preliminaries

Notations. For an open set U C RY, we denote by .# (U;R™) the space of all finite R™-valued Radon
measures on U, i.e., the topological dual of the space %,(U;R™) of all R™-valued continuous functions
vanishing on OU. For m = 1 we simply write .#(U). The Lebesgue measure in RY is denoted by .Z%,
while V=1 stands for the (N — 1)-dimensional Hausdorff measure. If B; is the open unit ball in R,
we write wy = £V (B;). We use the notations C and = for inclusions or equalities between sets up to
2N ~1negligible sets. For two real numbers a and b, we denote by a A b and a V b the minimum and
maximum value between a and b, respectively, and a™ := a V 0.

Absolutely continuous functions. Throughout the paper, we consider the integration theory for Banach
space valued functions in the sense of Bochner. All standard definitions and results we shall use can be
found in [12, Appendix] (see also [24]). We just recall here some basic facts. If X denotes a Banach space,
we say that a mapping u : [0, +00) — X is absolutely continuous, and we write u € AC([0,400); X), if
there exists m € L'(0, +00) such that

¢
lu(s) —u(t)||x < / m(r)dr for every t > s>0. (2.1)

If the space X turns out to be reflexive, then any map u € AC([0, +00); X) is (strongly) derivable almost
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everywhere. More precisely, for a.e. t € (0, +00), there exists u'(t) € X such that

t —
M —u/(t) strongly in X as s —t.
—s

Moreover v’ € L'(0,+00; X), u’ coincides with distributional derivative of u, and the Fundamental Theorem
of Calculus holds, i.e.,

t
u(t) —u(s) = / u'(r)dr foreveryt>s>0.
S

If further the function m in (2.1) belongs to L?(0,+00), then we write u € AC?([0,4+00); X), and in that
case we have u’ € L%(0, +00; X).

Special functions of bounded variation. For an open set U C RY, we denote by BV (U) the space
of functions of bounded variation, i.e., the space of all functions u € L*(U) whose distributional gradient
Du belongs to . (U; RY). We shall also consider the subspace SBV (U) of special functions of bounded
variation made of functions v € BV (U) whose derivative Du can be decomposed as

Du=VulY 4+ (ut —u v, AN J,.

In the previous expression, Vu is the Radon-Nikodym derivative of Du with respect to £V, and it is
called approximate gradient of w. The Borel set J,, is the (approximate) jump set of u. It is a countably
AN~ 1_rectifiable subset of U oriented by the (normal) direction of jump v, : J, — SY~1, and u* are the
one-sided approximate limits of u on J,, according to v, see [3]. We say that a measurable set E has finite
perimeter in U if xg € BV (U), and we denote by 0*F its reduced boundary. We also denote by GSBV (U)
the space of all measurable functions « : U — R such that (—M Vu) AM € SBV(U) for all M > 0. Again,
we refer to [3] for an exhaustive treatment on the subject. Finally we define the spaces

SBV?*(U) :={ue€ SBV(U)NL*(U) : Vu € L*(U;R") and 7N 1(J,) < o0},
and
GSBV?(U) :={ue GSBV(U)NL*(U) : Vu € L*(U;RY) and 7~ "1(J,) < oo} .
Note that, according to the chain rule formula for real valued BV-functions, we have the inclusion

SBVXU)N L*(U) c GSBV?(U) (see e.g. [3, Theorem 3.99]).

The following proposition will be very useful to derive a lower estimate for the Ambrosio-Tortorelli
functional. It is a direct consequence of the proof of [10, Theorem 10.6] (see [11, Theorem 16] for the
original proof).

Proposition 2.1. Let @ C RY be a bounded open set, let {un}nen C HY () N LX(Q) be such that
SUpP,en l[Un o) < 00, and let {Ey}nen be a sequence of subsets of Q of finite perimeter in 0 such that
sup,en AN L0 E, N Q) < 0o. Assume that u, — u strongly in L*(2), and that £N(E,) — 0. Setting
Uy = (1= xB, )un € SBV?(Q) N L>®(Q), and assuming in addition that sup,,cy || Vi || 2(ory) < 00, then
u € SBV2(Q) N L>(Q) and

Un, — u strongly in L*(Q),

Uy — u weakly™ in L>®(Q),

Vi, — Vu weakly in L*(Q;RN),

2N 1(J,) < liminf V"1 0*E, N Q).

n—oo

The Ambrosio-Tortorelli € Mumford-Shah functionals. Throughout the paper, we assume that {2 is
a bounded open subset of RY with at least Lipschitz boundary. We consider p > N, 3 > 0, and g € L>(Q)
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given. For ¢ > 0 and 7. € (0,1), we define the Ambrosio-Tortorelli functional & : L(Q2) x LP(Q) — [0, +00]
by

5 [ [ (Eplwmuau—pp) dr
2 Jo © o\l P p'e
Eelu ) = 2 [u-gpas

400 otherwise,

if (u, p) € HY(Q) x WhP(Q),

where p’ :=p/(p — 1) and « is the normalizing factor given by

= (g),,/ . (2.2)

The Mumford-Shah functional £ : L2(2) — [0, 4+00] is in turn defined by

1 / 2 N-1 p / 2 . 2
— Vul|* dx + Ju) + = u—g)°dr ifue GSBVZ(Q),

E(u):=¢X 2 Q| | () 2 Q( ) @ (2.3)
400 otherwise .

It is well known by now that the Ambrosio-Tortorelli functional approximates as € — 0 the Mumford-Shah
functional in the sense of I'-convergence, as stated in the following result, see [5,29]. Let us mention that
Theorem 2.2 is not precisely a direct consequence of [5,29]. In [5], the case p = 2 is adressed, while [29]
deals with energies having the same p-growth in Vu and Vp (recall that p > N > 2). However, a careful
inspection of the proof of [29, Theorem 3.1] shows that the I'-convergence result still holds for &..

Theorem 2.2. Assume that n. = o(g). Then E. T-converges as € — 0 (with respect to the strong L?(Q) x
LP(Q)-topology) to the functional & defined by

E(u) ifue GSBVAQ) andp=11inQ,
EO(U»P) =

+o00  otherwise.

3. Unilateral minimizing movements
3.1. The discrete evolution scheme

Throughout the paper, we shall say that a sequence of time steps & := {0°};en+ is a partition of [0, +o00) if

5" >0, supd; <+4oo, and Z&i:—i—oo.
t21 i>1

To a partition § we associate the sequence of discrete times {t'};cn given by 0 := 0, ¢ := Z;Zl 87 for
i > 1, and we define the time step length by
|6] := sup &°.
i>1
To an initial datum ug € H*(2) N L>°(£2), we shall always associate (for simplicity) the initial state p§
determined by

pg = argmin & (ug,p) . (3.1)
pEWLP(Q)
Tt is standard to check that the above minimization problem has a unique solution (by coercivity and strict
convexity of the functional & (ug,-)), and it follows by minimality that 0 < p§ < 1. Given a partition & of
[0, 4+00), we now introduce the discrete evolution Euler scheme starting from (ug, p§).



Unilateral gradient flow of the Ambrosio-Tortorelli functional by minimizing movements 9

Global minimization: Set (u°,p°) := (ug, p§), and select recursively for all integer i > 1,

1 - i1
sl = gy = () € HY(Q) x WH2(9), p < i i Q} (3:2)

(u',p') € argmin{é'g(u, p) +

The well-posedness of this scheme requires some little care. Since the sublevel sets of & are clearly
relatively compact for the sequential weak H'(Q) x WP(Q)-topology, one may apply the Direct Method
of Calculus of Variations to solve (3.2). We only need to show that the constraint in (3.2) is closed, and
that & is lower semicontinuous with respect to weak convergence.

Lemma 3.1. Let {(upn, pn)}nen C HY(Q) x WEP(Q) be such that (uy,pn) — (u,p) weakly in H*(Q) x
WLP(Q). Then,

E(u, p) < lin;inf Ec(tn, pn) - (3.3)

Moreover, if for each n € N, p, < p in Q for some p € WP (Q), then p < p in Q. Finally, assuming that
Ec(tn, pn) = E(u,p) asn — oo, then (un, pn) — (u,p) strongly in H'(Q) x WP(Q).

Proof. Step 1. The sequence {(un,pn)} being weakly convergent, it is bounded in H(Q) x W1P(Q).
Therefore p, — p in €°(Q) by the Sobolev Imbedding Theorem. Hence p < p in Q whenever p,, < p in
for every n € N. Then p,Vu, — pVu weakly in L?(f2), and consequently,

Q n—oo  Jq

Since all other terms in &, are clearly lower semicontinuous with respect to the weak convergence in
HY Q) x WHP(Q), we have proved (3.3).

Step 2. Let us now assume that & (un, pn) — E(u, p). We first claim that

/(775+p2)|Vu|2dx: lim /(n8+pi)|Vun|2dx. (3.4)

Indeed, assume by contradiction that for a subsequence {n;} we have
/(775 + p?)|Vul? do < liminf/(ns + 02 )|V, > dx.
Q i—meo Jo !
Using the fact that u,, — u strongly in L?(Q), we deduce from Step 1 that
]lggo Ee(uny, pny)

gp—1

p

1
zhminff/(nﬁpg_nwnjp dx—l—liminf/ ( vpnj|p+‘f‘1_pnj|p> dx+é/(u_g)2dx
2 Jg 7 j—=oo Jo p'e 2 Ja

J—00

> E(u,p),

which is impossible. Therefore (3.4) holds. Then, combining the convergence of & (uy, pn) with (3.4), we
deduce that ||pn[lw1.r) = [|pllwir(q), whence the strong WP (2)-convergence of py,.

It now remains to show that u,, — u strongly in H'(Q). Using the uniform convergence of p,, established
in Step 1, we first estimate

[ 16 = gVl do < (s 19l 00 16 = =iy 2, 0-
Q keN n—oo
Then we infer from (3.4) that

[t AV ar= [ ot 25w P s+ [ 6= 2P s = [ 1+ 29l da.
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Consequently ||un, || g1 (o) — [[ull 1 (q), whence the strong H'(2)-convergence of uy,. |

We state below a maximum principle on the iterates {(u’, p*)};en which easily follows from minimality
and standard truncation arguments.

Lemma 3.2. For everyi € N,

[ e 0y < max{fluoll L= @), lgllLe@)} and 0<p™h <p' <1in Q. (3.5)

3.2. Generalized unilateral minimizing movements

To a partition § of [0,+00) and a sequence of iterates {(u’, p’)}ien given by (3.2), we associate a dis-
crete trajectory (us, ps) : [0,+00) — HY(Q) x WLP(Q) defined as the left continuous piecewise constant
interpolation of the (u’, p')’s below. More precisely, we set

u5(0)2u07 /06(0):/)87

and for ¢t > 0,

{Z{jg)) : Z’ if e (1] (3.6)

By analogy with the standard notion of minimizing movements, we now introduce the following definition.

Definition 3.3 (Unilateral Minimizing Movements). Let ug € H'(Q) N L>(Q). We say that a pair
(u,p) : [0,4+00) = L2(Q) x LP(Q) is a (generalized) unilateral minimizing movement for £, starting from
(uo, p§) if there exist a sequence {9y} ren of partitions of [0, +00) satisfying || — 0, and associated discrete
trajectories {(us,, ps, )} ken such that

(us, (1), ps, (1)) k::(u(t), p(t)) strongly in L?(Q) x LP(Q) for every t > 0.

We denote by GUM M (uq, p§) the collection of all (generalized) unilateral minimizing movements for &,
starting from (ug, p§).

Remark 3.4. At this stage we do not claim that the collection GUM M (ug, p§) is not empty. This will be
proved in the next section through a compactness result on discrete trajectories (see Lemmas 4.3 & 4.5,
and Corollary 4.7).

4. Existence of generalized unilateral minimizing movements

The object of this section is to provide an accurate information on the evolution laws of generalized
unilateral minimizing movements. To avoid some technicalities in the analysis, we shall restrict ourselves
to generalized unilateral minimizing movements arising from a sequence of discrete trajectories whose time
partitions {0y }ren satisfy

§itl
sup | sup -£— | < oo. (4.1)
keN \ i>1 O}

This condition is not essential and can be removed (the alternative argument, based on De Giorgi interpo-
lations, can be found in the preliminary version of this paper [7]).

The main result of this section can be summarized in the following theorem.

Theorem 4.1. Let Q C RY be a bounded open set with €11 boundary. For an initial data ug € H () N
L>°(Q) and p§ given by (3.1), let (ue, pe) € GUM M (ug, p§) be a strong L*(Q) x LP(Q)-limit of some discrete
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trajectories {(ug, pr)tren obtained from a sequence of partitions {8y }ren of [0,+00) satisfying || — 0
and (4.1). Then, the following properties hold:

ue € AC?([0,+00); L*(€2)) N L>(0, +00; H'(Q)) N Li (0, +00; H*(Q))

pe € L*°(0, +00; WHP(Q)), 0 < po(t) < pe(s) <1 for everyt > s> 0,

and
ul = div((n. + p2)Vu) — B(u- —g) in L*(0,+o0; L2(Q)) ,
%“E =0 in L2(0, +-00; H/2(0Q)) , (4.2)

v

ue(0) = g,

with

{&(ug(t),pg(t)) < E.(uc(t), p) for everyt >0 and p € WHP(Q) such that p < pe(t) in Q, (4.3)
p=(0) = p§ - -

Moreover, t — E.(uc(t), pe(t)) has finite pointwise variation in [0,+00), and there exists an (at most)
countable set N C (0,+00) such that

(i) (ue,pe) : [0, +00) \ Nz — HY(Q) x WLP(Q) is strongly continuous;
(ii) for every s € [0,+00) \ Nz, and every t > s,

o )ope(®) + [ L) dr < Exuls) (). (4.4

The entire section is devoted to the proof of this result, and we now describe the main steps. We
first obtain suitable compactness results on discrete trajectories which prove in particular that the col-
lection GUM M (ug, p§) is not empty (Corollary 4.7). Then we consider an arbitrary element (u.,p) in
GUM M (ug, p§) arising from discrete trajectories {(ug, px)}ren and partitions {8y }ren satisfying (4.1) and
the established compactness properties. Defining the (diffuse) surface energy at a time ¢ > 0 by

p—1 a
&)= [ (Twnttp + - gt do. (45)

p

and the bulk energy

Bo(0)i= 3 [ (4 20 Ve do + J | (et =g a, (4.6)

we prove a preliminary minimality property of the phase field variable p. leading to the increase mono-
tonicity of the surface energy &.. In turn, it implies the strong W1 (Q)-continuity of ¢ — p.(t) outside a
countable set. Then we establish the inhomogeneous heat equation satisfied by u.. Exploiting a semi-group
property for this equation, we show the increase monotonicity of the bulk energy 8. and, as a byproduct,
the strong H'(Q)-continuity of ¢ — u.(t) outside a countable set. At this stage, we are able to derive
the pointwise in time strong convergence in H'(2) x W1P(Q) of the sequence {(uy, px)}ren away from a
countable set. The announced minimality property of p. as well as the Lyapunov inequality on the total
energy are essentially consequences of these strong convergences.

4.1. Compactness of discrete trajectories

We fix an arbitrary ug € H*(2)NL>(Q), and we consider the function p§ determined by (3.1). Let {8 }ren
be an arbitrary sequence of partitions of [0, +00) satisfying |dx| — 0. We write

Op = {0 tien-, t2:=0, and ti:= Zéi fori>1.

j=1
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For each k € N we consider a discrete trajectory (uy,pr) = (us,,ps,) : [0,+00) — H () x WLP(Q)
associated to d; which is obtained from (3.6). We next define for every k € N a further left-continuous
piecewise constant interpolation p; : [0, +00) — W1P() of the iterates {p} }ien setting p; (0) = p§, and
for t > 0,

pr ()= pi " ifte (67 1] (4.7)
We also consider the piecewise affine interpolation vy, : [0, +00) — H* () of the u}’s defined for each k € N
by
t—tit
3,

vp(t) ==+ (uf, —up ) ift ety !t (4.8)

We first state a priori estimates based on a (non optimal) discrete energy inequality. It is obtained by
taking the solution at time t};l as competitor in the minimization problem at time ;. An optimal energy
inequality will be proved later on (see Proposition 4.18). The higher order estimate on the sequence {uy}
is obtained by means of an elliptic regularity result postponed to the appendix (see Lemma A.1).

Lemma 4.2. There exists a constant C. > 0 (independent of k) such that
—+o0
sup [[Vug (8[| L2@) +sup [[Vor()llzr o) +/ [k ()12 () dt < C. (4.9)
>0 >0 0
Moreover, ui(t) € H*(Q) and B%Ly(t) =0 in HY2(0Q) for every t > 0, and for each T > 0,

T
| Tk @)y e < Cu (4.10)
0
for a constant Ce > 0 (independent of k).
Proof. Taking (u?l, p?l) as a competitor in the minimization problem (3.2) yields

i Lo i— i—1 -
Ee(ug, pi,) + 26! (|uk, — ug 1”%2(9) < Ee(uy, 1’Pk 1)~
k

Summing up for i =1 to j leads to
o i1 , .
Exul L)+ D o Ik — i Fa(0) < Ecluo,5)
i=1 "k
or still, for every ¢t > 0,

(). pu(0) + 5 [ Ioh(0) oy ds < £ ). (411)

The first upper bound (4.9) now follows from the expression of the energy &..
To show estimate (4.10), let ¢ > 0 be such that t € (', ¢.) for some integer i > 1. By minimality wuy(t)
solves

{—div«ne +AR0) V(1) = —vi(t) = Blux(t) —g) i HHQ), (412)

(ne + p2(t))Vug(t) v =0 in H=1/2(09).
From Lemma A.1 we deduce that uy(t) € H?(Q2) and 6%5” =0 in H'/?(99Q) with the estimate

lJur ()| 2 () < Ce(L+ [V pr ()| Lo smn)) Y ([0 (D)l L2 () + Bllur(t) — gllz2) + lur ()l a2 @) -
In view of (4.9) and Lemma 3.2, we infer that (4.10) holds. O
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We are now in position to establish a compactness result for the sequences {ux}reny and {pg tren. We
start with {px }ren and {p, }ren.

Lemma 4.3. There exist a subsequence k, — 0o and a strongly measurable map p. : [0, +00) — WHP(Q)
such that py, (t) — pe(t) weakly in WEP(Q) for every t > 0. In addition, p. € L>(0,+o00; WHP(Q)),
p:(0) = p§, and 0 < p:(t) < pe(s) <1 in Q for everyt > s> 0.

Proof. By Lemma 3.2, py : [0,+00) — L() is monotone non-increasing, and 0 < pi(t) < 1 in Q for
every t > 0. By a generalized version of Helly’s selection principle (see [36, Theorem 3.2]), we deduce that
there exists a subsequence k,, — oo and a map p. : [0, +00) — LY(Q) such that py, (t) — pe(t) weakly in
LY(Q) for every t > 0. On the other hand, since

. B
E-(uo, p§) < E-(u0,1) < || Vauol|72 gy + 3 lluo = 9ll72 () »
we derive from Lemma 4.2 that

sup [ px(t) [wir (@) < Ce,
>0

for some constant C. > 0 independent of k. Therefore, p, (t) — pc(t) weakly in WLP(Q), and pi, (t) — pe(t)
in €°(Q) for every t > 0 by the Sobolev Imbedding Theorem. In particular p.(t) € WP (Q) for every t > 0,
and by lower semicontinuity,

sup ”ps(t)”WLP(Q) < CE .
>0

Moreover, since 0 < pg(t) < px(s) < 1in Q whenever s < ¢, we deduce from the uniform convergence that
0 < pe(t) < pe(s) <1in Q for every t > s > 0.

Since p. : [0,4+00) — WLP(Q) is a pointwise weak limit of a sequence of measurable (locally) simple
functions, we deduce that p. : [0, +00) — W1P(Q) is weakly measurable, hence strongly measurable thanks
to the separability of W1P(Q) and Pettis Theorem. |

Through the same argument we obtain the convergence of the sequence {p; }ren (defined in (4.7)).

Lemma 4.4. Let {k,}nen be the subsequence given by Lemma 4.53. There exist a further subsequence (not
relabeled) and a strongly measurable map pZ : [0,+00) — W'P(Q) such that p, (t) — p (t) weakly in
WLP(Q) for every t > 0. In addition, p- € L>(0,4o00; WHP(Q)), p= (0) = p§, and 0 < p.(t) < p=(t) <
p=(s) <1in Q for everyt >s>0.

We continue with the compactness of the sequences {ug }ren and {v }ren (defined by (4.8)).

Lemma 4.5. Let {k,}nen be the subsequence given by Lemma 4.4. There exist a further subsequence
(not relabeled) and a strongly measurable map u. : [0,4+00) — H(Q)) such that uy,(t) — u.(t) and
vk, (t) = uc(t) weakly in HY(Q) for every t > 0. In addition,
(1) ue(0) = uo ;
(ii) u()ll () < masc{[uoll o 0y 9]l (e} for every t >0
(iii) ue € L°°(0,+o0; HY(2)) N LE ([0, +00); HA(Q)) ;

(iv) % =0 in L2(0, +o0; HY/2(09));
(v) ue. € AC%(]0,+00); L?(2)) and

o0 6
| 100 < 190l + lhio = gl
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(vi) v}, — ul weakly in L*(0, +o00; L*(Q)).

Proof. We start by establishing the compactness of the sequence {v}. First Lemma 3.2 yields for every
t>0,

vk, @)L= ) < lluk, (Ol (o) < max{|[uol|L<(q), g]l= ()} (4.13)
Then, combining the bounds in (4.9) together with (4.8), we infer that

sup || Vo, (t)[| L2 orvy < sup [|[Vug, (t)]220rv) < Ce, (4.14)
>0 t>0

for some constant C. > 0 independent of k,. Consequently, for every T' > 0 the set J,, v, ([0,7T]) is
relatively compact in L2(£2). On the other hand, (4.9) yields

+oo ﬂ
/0 [0k, (M 2() dr < E-(uo, p5) < E(uo,1) < [[VuollF2(omny + 5 lluo = 9llE2( - (4.15)

Since for any t > s > 0 we have

t
0k, (8) — v () 22 (ey < / 0 ()| ooy dr (4.16)

we deduce from (4.15) and Cauchy-Schwarz inequality that

¢
g
vk, (8) = vk, () 720y < (t—S)/ [V, ()12 () dr < (t=s) (HVUO%Z(Q;RN) + 5o = gllizy ) - (417)
By the Arzela-Ascoli Theorem we can find a subsequence of {k,} (not relabeled) such that
v, — ue i €°([0,T]; L*(2)) for every T >0, (4.18)

for some u. € €%1/2(]0, +-00); L?(2)). In particular, vy, (t) — u.(t) strongly in L?(Q) for every ¢ > 0, which
yields (i) since vg, (0) = uo.

On the other hand, in view of estimates (4.13) and (4.14), we obtain (%) and the fact that vy, (£) — u.(t)
weakly in H'(Q) for every t > 0. By lower semicontinuity we also deduce from (4.14) that

sup [|ue (t) || 1 ) < Ce - (4.19)
>0

We next show the compactness of the sequence {uy, }. Let us now consider an arbitrary ¢ > 0. For
cach n € N there is a unique i € N such that ¢ € (¢} ', ]. We then have ug, (t) = ug, (t}, ) = vk, (t}, ).
Consequently, by (4.17),

k() = ue(®)| L2y = vk, (t,) — ue ()] 20
< vk, (t,,) = V&, (DllL2(0) + vk, (1) — uc(t)]22(0)
< Cy/ |5kn + HU/C” (t) — U/E(t)HLZ(Q) n:))oo . (4.20)

Hence uy,, (t) — uc(t) strongly in L?(Q) for every ¢t > 0, and in view of (4.14) we infer that wuy, (t) — uc(t)
weakly in H'(Q) for every t > 0. The mappings t + uy, (t) being (locally) simple and measurable, we
conclude as in the proof of Lemma 4.3 that u. : [0,4+00) — H(Q) is strongly measurable. Moreover
ue € L%°(0, +o0; H1(£2)) by (4.19). In view of (4.10), ug, — u. weakly in L2 (0, +oc0; H?(£2)) which shows
that u. € L2 (0, +o0; H(Q)). Item (i) is thus proved.

loc

We next show that the Neumann boundary condition 2% = 0 in L?(0, +oo; HY/?(99)) holds. To this

purpose, let us fix 7' > 0 and select an arbitrary test function ¢ € L?(0,T; H*(€2)). By Lemma 4.2 we have




Unilateral gradient flow of the Ambrosio-Tortorelli functional by minimizing movements 15

9ult) — i H'/2(0Q) for every t > 0, and consequently

ov
T T

/ /(fAuE)godxdt: lim / /(fAukn)cpdxdt
0 JQ n—eeJo Ja

T T
= lim/ /Vuk"~V<pdxdt:/ /VUE-V@dxdt.
n—eJo Ja 0o Ja

From the arbitrariness of ¢ and T', we conclude that % =0 in L?(0,T; H'/?(0%)) for every T > 0 which
completes the proof of item (iv).

We next show the absolute continuity in time of w.. We note that (4.15) tells us that the functions
A, ot € (0,400) = v}, (t)]lL2(q2) are bounded in L?*(0,+00). Hence we can find a further subsequence
(not relabeled) such that Ay, — A weakly in L?(0,+oc0), for a non-negative function A € L?(0,+oc0)
satisfying

+oo 5
| A < 1Vl gmn, + o= ol

Letting n — oo in (4.16), we conclude that for every t > s > 0,

wa—MMm@s/AWW,

which shows that u. € AC?(]0, +o0); L?(£2)), whence (v).

Now, since {v}, } is bounded in L?(0,+00; L*(2)), up to a subsequence, {v, } converges weakly in
L?(0,400; L?(£2)) to some element in L?(0, +o0o; L%()) which has to agree with u’ by (4.18). This implies
that (vi) holds. |

Remark 4.6. As a consequence of (i) and (v) in the previous lemma, u. : [0, +00) — H(Q) is weakly
continuous.

As an immediate consequence of Lemmas 4.3 & 4.5, we obtain that unilateral minimizing movements

starting from (ug, p§) do exist.

Corollary 4.7. The collection GUM M (ug, p§) is not empty.

4.2. Time continuity for the phase field variable and the surface energy

For the rest of this section, we consider an arbitrary element (uc,p:) € GUM M (ug, p§) and discrete
trajectories {(ux, px)tren associated to partitions {dj}ren satisfying (4.1). Without loss of generality, we
also assume that all the results of the previous subsection do hold.

We first establish several properties of the phase field pe, starting from a (weak) minimality principle
with respect to the diffuse surface energy.

Proposition 4.8. For everyt > 0,
gp~1 a ep1 a
Vp:(O)|P + — (1 — pe(t))? | dx < —I|VplP+—(0—=p)? ) d
L (S 1vaor+ S puor ) o< [ (Z 2w+ 2052 ) ds

for all p € WYP(Q) such that p < p.(t) in Q. In particular, the surface energy &. defined in (4.5) is
non-decreasing on [0,4+00), and thus continuous outside an (at most) countable set S; C [0, 4+00).

Proof. Fix t > 0 and let i € N be such that t € (t; ', #.]. Consider a function p € W'P(Q) such that
p < pe(t) in Q, and define py, := p A pi(t). Then py, € WHP(Q) and py < pi(t) < pi '. By the minimality
properties of the pair (ug(t), px(t)),

Ee(ur (), pr(t)) < E(ur(t), pr) »
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and since pr < pg(t),

[ (Emntr+a-nr) as [ (Zowar+ Sa-pr) e @

p p
Let us now define the measurable sets Ay := {p < pi(t)}. By definition of pj, we have

[waiar= [ wopars [ wpwpa,
Q Ay Q\ Ay,
and thanks to (4.21), we infer that
ep~1 a a
/ IVor(t)[P dz + —— / (1= pg(t)Pde < / |VplP dx + — / (1 — pg)Pdx. (4.22)
Ay peJa Ay peJa

Since pi(t) — p-(t) strongly in LP(Q) and p < p.(t) in Q, we deduce that LN (Q\ Ax) — 0. As a
consequence,

gp—1

[ 19z [ vopda,
A Q

and xa, Vpi(t) = Vp(t) weakly in LP(€; RY) which in turn leads to

liminf/ \Vpk(t)|pda:2/ |Vpe(t)P d .
k— Ay Q

Passing to the limit in (4.22) as k — oo yields

/Q(ap‘IIVps(t)ler;(l —pe(t))l’> dx < /Q (ap—1|vpp n p%(l _p)p> dr.

p p

In particular, taking p = p.(s) with s > t leads to the announced monotonicity of the function &.. O

At this stage we do not have any a priori time-regularity for ¢ — p.(t) except that it is non-increasing,
and thus it has finite pointwise variation (with values in L!(£2)). In the following result we show that this
mapping is actually strongly continuous in W?(Q) outside a countable subset of (0, +0c) containing the
discontinuity points of the surface energy &..

Lemma 4.9. There exists an (at most) countable set R C (0,400) containing Se such that the mapping
t = pe(t) is strongly continuous in WHP(Q) on [0,4+00) \ Re. In particular, p. is strongly continuous at
time t = 0.

Proof. Let R. be the union of the set S given by Proposition 4.8 and the set of all discontinuity points
of

tn—>/Qp€(t) dx . (4.23)

Note that R. is at most countable by the decreasing property of the latter function. Let ¢ € [0, +00)\ R, we
claim that p. is strongly continuous in W1?(Q) at t. Consider a sequence t,, — t and extract a subsequence
{tn,} C {tn} such that p(t,,) = px weakly in WHP(Q) for some p, € WP(Q). Upon extracting a further
subsequence, we may assume without loss of generality that ¢,, > ¢ for each j € N (the other case t,;, <t
can be treated in a similar way). Then pc(t,,) < p-(t) in €2, and passing to the limit yields p, < p.(t) in
Q. On the other hand, by our choice of ¢ as a continuity point of the mapping (4.23), we have
/ pe(t)dz = lim [ p.(t,,)dr = / s dx
Q I Ja Q

and thus p, = p:(t). As a consequence, the limit is independent of the choice of the subsequence, and the
full sequence {p-(t,)} weakly converges to p-(t) in W1P(Q). Finally, using the fact that ¢ is a continuity
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point of &, we get that &.(t,) — &.(t), and thus ||pc(t,)|lwrr) = |lpe(t)||wrr(). We then deduce that
pe(tn) = pe(t) strongly in WHP(Q).

It now remains to show that p. is continuous at ¢ = 0. Let ¢,, | 0 be an arbitrary sequence. By Remark 4.6
we have u.(t,) — up weakly in H(Q). By Lemma 4.3, p. € L°(0, +00; W1P(Q)), and we can extract a
(not relabeled) subsequence such that p.(t,) — p. weakly in W1P(Q) for some p, € WHP(Q). According
to the energy inequality (4.11) proved in Lemma 4.2, we have & (ux(tn), pr(tn)) < E:(uo, p§) for all n € N
and all k& € N. Now we apply Lemma 3.1 to pass to the limit first as k& — oo and then as n — oo,
which yields & (ug, px) < E:(ug, p§). From the minimality property (3.1) satisfied by p§, we deduce that
E(ug, px) = E:(up, p§). By uniqueness of the solution of the minimization problem (3.1), we have p. = p§.
Moreover, we infer from the discussion above that lim, & (uc(tn), pe(tn)) = E(uo, p§), which implies that
pe(tn) — p§ strongly in W1P(Q2) by Lemma 3.1. This convergence holds for the full sequence {t,} by
uniqueness of the limit. O

Thanks to the just established continuity of ¢ — p.(¢), we deduce that p_ and p. actually coincide almost
everywhere in time whenever (4.1) holds.

Corollary 4.10. There exists an £'-negligible set M. C [0,+00) such that pZ(t) = pe(t) for every
te0,+00)\ M..

Proof. Let us consider the function ¢ : [0, +00) — [0, 4+00) defined by

0 if t €[0,t}],

L (t) = - 5t i . i i . (4.24)
t 1+62%(t—tk) if t € (ti,¢,""] with i > 1.

Notice that

sup |[€k(t) — t] < 3|6k — 0.
t>0 k—o00

Setting

pE() = pe(lu(t)) |

we infer from Lemma 4.9 that p¥(t) — p.(t) strongly in L1(Q2) for every ¢ € [0, +00) \ R.. Since 0 < p. < 1,
by dominated convergence we have p¥ — p. strongly in L'(0,T; L*(Q)) for every T > 0. Similarly, by (3.5)
we have that p, — p. and p;; — pZ strongly in L*(0,T; L*(Q)) for every T > 0. Given T’ > 0 arbitrary, we
estimate

oz = pellzro.rizr) < Nz = pillzro.rizrey + ek = pEllzr iz + l10E = pell oz @) 2. 0.

Indeed, observing that p, (t) = pr(¢x(t)) and 5 (t) < t, we deduce from (4.1) that

T T
/ o5 (8) = PE() |1 o) dt = / [k (Lr(t)) — p=(£i ()| 21 () dt
0 5t

5i+1 T
< [ sup % / 16(t) — pe(®)l gy dt — 0.
5]6 0 k:—)(X)

i>1

Hence ||pZ — pelln1 (0,501 (0)) = 0 for every T' > 0, whence p_ (t) = pc(t) for all t € [0, 400) \ M. for some
Z*'-negligible set M. C [0, +00). O
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4.3. Time continuity for u. and the bulk energy

We start proving that u. solves the inhomogeneous heat equation.
Proposition 4.11. The function u. € AC?([0,+o0); L?(2)) solves

ulL = div((ne + pg)Vue) — B(ue —g) in L?(0,+o00; L?(2)),

%128 =0 in L?(0, +o0; H/2(99Q)) . (4.25)

ue(0) = ug -

Proof. In view of (4.12), uy, satisfies

T
/ /Q (Ufcso + (e + pp)Vuk - Vo + Bluy, — g)w) drdt =0
0

for every ¢ € L*(0,T; H'(Q)) and T' > 0. Using the convergences established in Lemmas 4.3 and 4.5, we
can pass to the limit £ — oo in the previous formula to derive

T
/ / (U/5<P+(775+P§)Vus 'VQD-FB(UE—Q)QO) drdt=0.
0 Q

The proof of (4.25) is now an immediate consequence of the previous variational formulation together with
Lemma 4.5, items (3) and (v). |

We are now in position to prove the decrease monotonicity of the bulk energy B..

Proposition 4.12. Let to > 0 and set pto(t) := p-(t + to). For any wo € HY(Q) N L>®() there exists a
unique solution we € AC%([0, +00); L2(2)) N L>(0, +-00; H(2)) of
wl = div((ne + (p2*)?)Vwe) = Blwe — g) in L, ([0, +00); H1(Q)),
(= + (p*)*) V. -v =0 in L2 ([0, +o00); H=1/2(09)) , (4.26)
we(0) = wy,
and w, satisfies the following energy inequality for every t > 0,

1

to 2 2 ﬂ 2
3 [ e P VP de + 5 [ w.0) =)t

< %/Q (775 + pg(to))|Vwo|2 dxr + g/ﬂ(wo — 9)2 dr. (4.27)

In particular, for any to > 0 the function uc(- + to) is the unique solution of (4.26) with initial datum
wo = uc(tp). As a consequence, the bulk energy B, defined in (4.6) is non increasing on [0, +00), and thus
continuous outside an (at most) countable subset B of [0, +00).

Proof. Step 1, Uniqueness. Let w. 1 and w2 be two solutions of (4.26), and set z. := we 1 — wWe 2.
Then z.(0) = 0. The variational formulation of (4.26) implies that for any 7' > 0 and any test function
o€ L2(0,T; H'(Q)),
T
/ / (2L + (e + (p0)*) V2. Vo + Bzo¢) dudt =0.
0o Ja

Choosing ¢(t) := z:(t)x[o,r](t) as test function above yields

T
/ / Zlzedrdt <0 for every T > 0.
o Jo
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On the other hand, since z. € AC?(]0, +00); L?(£2)), we have ||z5(-)||2L2(Q) € AC([0,400)) and

d
%Hzg(t)HQLQ(Q) = 2/92’;@)26(15) dx for a.e. t € (0,400).

Therefore,

T
1
0> / / 2Lz drdt = §||zs(T)||%z(Q) for every T > 0,
o Ja

which shows that z. =0, i.e., we1 = we 2.

Step 2, Existence. For what concerns existence, we reproduce a minimizing movement scheme as before.
More precisely, given a sequence 7y | 0, we set 74 := ity for i € N. Taking w? := wg, we define recursively
for all integer ¢ > 1, wi € H'(Q) as the unique solution of the minimization problem
min 1/ (e + (o2 (£71))2) Vo da + é/(v —2det — [(w—wi e .
veHL(Q) | 2 QO c 2 Q 27T Q

Using the minimality of w, at each step and the fact that 0 < pfo(7}) < plo (T,i_l), we obtain that for every

integer ¢ > 1,

1 i— i g i 1 j j—1
3 [ Ot ) VP a5 [ (k=o' do+ 3o [t =i e

2 2

Let us now define the following piecewise constant and piecewise affine interpolations. Set wy(0) = w0 (0) =

wy, and for ¢t € (T,i_l,rli],

< 1/9(775+p§(t0))|vu;0|2dx+ﬁ/ﬂ(wo—g)%x. (4.28)

w(t) == w,i ,
) = ).
dp(t) == w7 (=T D) (wh —w )

By Lemma 4.9, we have o;°(t) — p'(t) strongly in W1P(Q) for all t € [0,+00) \ (—to + R.). Arguing
exactly as in the proof of Lemma 4.5 we prove that (for a suitable subsequence) wy(t) — we(t) weakly in
H(Q) for every t > 0 and W) — w. weakly in L?(0, +o00; L?(€2)), for some w. € AC?([0, +00); L*(2)) N
L%°(0, +00; H (). Then we can reproduce with minor modifications the proof of Proposition 4.11 to show
that w, is a solution of (4.26).

Since 0 < pfo(t) < 0,°(t) and wy(t) — we(t) strongly in L%(12) for every t > 0, we infer from (4.28) that
for every t > 0,

1
3 | 0t D IVunP do+ 5 [ (wo— ) da

> tmint (5 [ (e (G OPIVanF do+ 5 [ (wn(0) - 9 a )

k—o0

> %/Q (1 + (2 (£))*) [ Vwe ()| dz + S/Q(ws(ﬂ —9)’dz,

and (4.27) is proved. |
Remark 4.13. We notice that the proof of Lemma 4.9 together with Remark 4.6 show that the function
B, is actually continuous at time ¢t =0, i.e., 0 & B..

As a consequence of Lemma 4.9 and Proposition 4.12, we obtain the strong continuity in H*(Q) of the
mapping t — u.(t) outside a countable subset of (0, +00) containing the discontinuity points of &, and B..
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Corollary 4.14. The mapping u. : [0, +00) — H () is strongly continuous on [0, +0oc) \ (R. U B:).

Proof. Let us consider ¢ty € [0,400) \ (R U B;) and {t,} C [0,+00) an arbitrary sequence such that
tn — to. Since tg € Re UB. we have B.(t,) — B.(to) and pe(t,) — pe(to) strongly in WHP(Q). Therefore
Ec(ue(tn), pe(tn)) — E-(uc(to), p(to)). On the other hand u.(t,) — u.(to) weakly in H'(2) by Remark 4.6,
and the conclusion follows from Lemma 3.1. m|

4.4. Strong convergences and limiting minimality

Thanks to the equation solved by u., we are now able to improve the weak H'(Q)-convergence of the
sequence {ug(t)}ren into a strong convergence. We start proving that the bulk energy converges in time
averages.

Lemma 4.15. For everyt > s >0,
t t
lim / /(n5+pz(r))|vuk(r)|2dxdr:/ /(775—l—pg(r))\VuE(r)Pd:cdr. (4.29)
—Js JQ s JQ

Proof. Taking wug(r) as test function in the variational formulation of (4.12) and integrating in time
between s and ¢ leads to

//ng—i—pk Vg (r)|? de dr = — //vk rug(r dmdr—ﬁ//uk up(r) dz dr.

From Lemma 4.5 we have w, — wu. strongly in LZ _([0,400); L*(Q)) and v} — wu. weakly in
L?(0, +00; L?(Q2)). Therefore,

klim//n5+pk )| Vg (r)|? de dt = // r)ue(r dxdrfﬂ/ / ue (1) — g)ue(r) da dr.
—00

On the other hand, according to equation (4.25) solved by w,., we have

// P (r dxdr*ﬂ//us us()dsz*//nerps( )IVue(r)? da dr

which leads to (4.29). O

Starting from Lemma 4.15, we now localize in time the convergence of the sequence {Vuy } ey by showing
that Vug(t) — Vuc(t) strongly in L3(2) at every continuity times t of the bulk energy B.. The proof is
inspired from [13, Lemma 5].

Lemma 4.16. For every t € [0,+00) \ Be, uk(t) — uc(t) strongly in H*(Q).
Proof. Let ¢y € [0,4+00) \ Be. Since B, is continuous at tg, for every a > 0 there exists §, > 0 such that
%5@) < %E(to) + o forallt e [to - 5a,t0].

Let us fix a > 0 arbitrary. Since & (ul, pi) < E(ul ', pk) and pi < pi~' in Q for each integers k and
i > 1, we infer that the function

t— %/Q(ng—kpi(t))\Vuk(t)de—i—g/(uk(t)—g)2dx

Q
is non-increasing on [0, +00), and thus

b (; [ 1+ o Funtto) o+ 5 [ o g)zdx>

< [1 (5 [ onvaopans ] [ wo-g2a) a
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By Lemma 4.15 and the strong convergence of uy, to u. in L2 ([0, 4+00); L?(Q2)), we infer that

loc

%nmam<;[}m+pﬂm»wmudew+§/

k—o0 Q

(ur(to) — 9)° dl")
< lim . (;/Q(naeri(t))Wuk(t)Fd“'g/

k—=oo Jio—s,, Q

waw—gfm)dt

/% B () dt < (Bo(to) + )3
to—0a

Dividing the previous inequality by d, and using the strong convergence of ug(ty) in L?(Q2), we derive in
view of the arbitrariness of o that

limsup/(na+p§(to))|VUk(to)\2d$ < /(776+P§(t0))\vue(t0)|2d$~
Q Q

k—o0

As in the proof of Lemma 3.1 we obtain

[0+ P2 Vus(to)? do < timint [ (r-+ (00 V1)
Q o JQ

Combining the last two inequalities we conclude

k—o0

lim Mﬁw%wWw%WMZ/Wﬁw%MW%%W®~ (4.30)
Q Q

Finally, using (4.30), the weak convergence of py(to) to pe(to) in W1P(Q), and the weak convergence of
uk(to) to us(to) in H(Q), we can argue as in the proof of Lemma 3.1 to show that uy(tg) — uc(to) strongly
in H1(Q). m|

We now derive the (strong) minimality property for p(t) at all times, and as a byproduct, the W (Q)-
convergence of {pg(t)}ren at all continuity points of the bulk energy. We would like to stress that the proof
of the minimality property of p. strongly relies on the fact that the surface energy in the Ambrosio-Tortorelli
functional has p-growth with p > N (which ensures the convergence of the underlying obstacle problems).

Proposition 4.17. For every t > 0 the function p.(t) satisfies

E(us(t), pe(t)) < E(us(t),p) for all p € WHP(Q) such that p < p-(t) in Q. (4.31)
In addition, if t € [0,400) \ Be then

pe(t) = argmin {& (uc(t), p) : p € WHP(Q) such that p < pZ (t) in Q}, (4.32)
and pr(t) — pe(t) strongly in WHP(Q).
Proof. Let us fix an arbitrary ¢ > 0. Since uy(t) — u.(t) weakly in H*(£2), we can find a (not relabeled)
subsequence and a nonnegative Radon measure y € .# (RY) supported in Q such that
Vup () 2LV Q — |[Vu ()]PLV L Q + p

weakly* in .# (R™). Then we consider the functionals 7 and F defined on WP (Q) by

E(ur(t),p) if p < pr(t), 5s(ue(t)7p)+%/(ne+p2)du if p<pz(t),

and F(p) = [2)

Fr(p) = {

+00 otherwise , +00 otherwise .

Note that by the Sobolev Imbedding WP(Q) — ¥°(Q), the functional F is well defined on the space
Wie(Q).
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Step 1. We claim that Fj I-converges to F for the sequential weak W1P(Q)-topology. For what concerns
the lower bound, if {px} C W1P(Q) is such that lim infy, Fy(pr) < oo and py, — p weakly in WP(Q), then
for a subsequence {k;} we have lim; Fy (px,) = liminfy, Fy(pr), and pr, — p in €°(€2) by the compact
imbedding W1P(Q) — €°(Q2). Consequently p < pZ (t) in €, and

[V 0F do o [ #9uPdes [ 5 da.
Q Q Q

Since the remaining terms in the energy Fj are independent of k and lower semicontinuous for the weak
WP ()-convergence, we deduce that

F(p) < liminf Fr(pr) -
k—o0

To show the upper bound, it is enough to consider p € W1P(Q) satisfying p < p-(t) in . Let us set
ps = p— 6 where § > 0 is small. Since p; (t) = p2 (t) uniformly in 2, we have ps < p, (t) in Q whenever k
large enough (depending only on ¢). Hence,

lim limsup i (55) < F(3).

0 koo
and we obtain from {js}s>0 a suitable recovery sequence for p through a diagonalization argument, which
completes the proof of the I'-convergence.

Step 2. Since

pu(t) = argmin Fi(p),

pEWLP ()
and pg(t) — pe(t) weakly in WHP(Q), we infer from Step 1 that
p(t) = argmin F(p). (4.33)
pEWLP ()

Let us now fix an arbitrary p € W1P(Q) such that p < p.(t) in Q, and set p* := pA0. Then p™ € WHP(Q),
0 < pt < pe(t) in Q, and & (uc(t), pt) < E(uc(t), p). Since p* < p.(t) < pZ (t) in ©Q, we have F(p:(t)) <
F(p™*) which leads to

1

Ec(ue(t), pe(t)) < Eclue(t), pe(t)) + 5 /Q<p§<t) = (p7)*) dpn < Ec(us(t), p7) < Ec(uc(t), p)

and (4.31) is proved.

Next we observe that if ¢ € [0, +00) \ Be, then g = 0 by Lemma 4.16. Hence F(p) = E:(u.(t), p) for every
p € WLP(Q) such that p < p-(t) in Q, and (4.32) is a consequence of (4.33). From the I'-convergence of
Fi. to F we also have min Fr — min F, and thus

E-(ur(t), pr(8)) — E(uc(t), pe(t)),

and the strong convergence in W (Q) of px(t) follows from Lemma 3.1. |

4.5. Energy inequality

We are now in position to establish the Lyapunov type inequality between almost every two arbitrary times.
The argument below is inspired from [13, Proposition 3]. It formally consists in taking u. as test function
in the variational formulation of (4.25). Since we do not have enough time regularity, we will make this
argument rigorous by working at the time-discrete level and approximating u. by a sequence of smooth
functions.

Proposition 4.18. For every s € [0,400) \ B. and every t > s,

& (uc(t), p:(1)) +/ luz ()12 () dr < E-(us(s), p(s)) -
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Proof. Let us fix ¢ € €2°(Q x (0,T)) arbitrary. We define for each integers k¥ > 0 and ¢ > 0,
e

) = g [ o).

At a step i+ 1, we can test the minimality of the pair (u H'l, p?’l) against the competitor (uf + 5’“ opL).

It yields

i+1

5( i+1 z+1)

7pk; ||U’

257F — w720y < E(uj, pk)

. . . . . Z 2
w7 [ [+ G090 Dot + 80k - ot + B o

HO? [ (VAP + 5(6h)?) de
Q
According to Jensen’s inequality, we get that

1+1

Ec(uy™, o) + o ™ — uillie ) < E=(uks pk)
20y,

7+1 2
/ / {ng (pi)2)Vul - Vo + B(ul, )¢+¢ }dxdr

+ |5k|/ / |ng5|2 + Bd)z) dx dr.

Let us consider the time-shift function ¢, : [0, +00) — [0, 4+00) defined in (4.24). Setting u, (t) := up(¢x(t))
we rewrite the previous inequality as

pitl

1 k . .
o g [ Ik o dr < el )
1+1 ¢2
A R S R A

Z+1
+ \ékI/ / (Vo[> + Bo?) dudr. (4.34)
Let us now fix s € (0,+00) \ Bz and ¢t > s. Given k, we consider the two integers j > i > 1 such that

se (t7 ¢i] and t € (271, ¢]]. Tterating estimate (4.34), we are led to
k olk koo lk

0. pul0) + 5 [ I oy < - (un(s). ()

+ |6k|/ / (IVo|* + B¢?) dadr. (4.35)
0o Ja
As in estimate (4.20), we have
lug (1) = ue ()| 22(0) < CVIOk| + [Jvr (1) — ue(r)|| L2 k:>>00

for every 7 > 0. On the other hand, sup,s [lu, (7)||g1 () < oo by Lemma 4.2. Therefore u, (r) — uc(r)
weakly in HY(Q) for every r > 0. Since p-(r) = pe(r) for a.e. r > 0 by Corollary 4.10, we infer that
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pr (r) = pe(r) weakly in WP(Q) for a.e. r > 0. In particular, p; (r) = p-(r) uniformly in 2 for a.e. 7 > 0.
Using those convergences, the uniform bound 0 < p, <1, Lemma 3.1, Lemma 4.16, and Proposition 4.17,
we can pass to the limit in & in inequality (4.35) (invoking Lebesgue’s dominated convergence theorem) to
get

Ex (e (1), pe(t) /nu )2y dr < Ex(u(), pe(s))

2
+/S/Q[(775+,03)VUE-V¢+B( )¢+¢}dmdr

Using equation (4.25), we now infer that

E.(uc (1), po(t) /llu (1) 22 gy dr < E-(ue(s), pe(s //[ o+ ]dmdr

By density, the previous inequality actually holds for any ¢ € L?(0,T; L?(€2)). Choosing ¢ = u. yields the
announced energy inequality. O

5. Asymptotics for unilateral minimizing movements in the Mumford-Shah limit

The main goal of this section is to analyse the behavior of a unilateral minimizing movement as e tends
to zero. We prove that in the limit € — 0, we recover a parabolic type evolution for the Mumford-Shah
functional under the irreversible growth constraint on the crack set similar to [13]. The result rests on
the approximation of the Mumford-Shah functional by the Ambrosio-Tortorelli functional by means of
I-convergence proved in [5,6,29]. The main result of this section is the following theorem.

Theorem 5.1. Let &, | 0 be an arbitrary sequence, ug € HY(Q) N L>°(Q), and py" determined by (3.1).
Let {(ue,, , pe, ) }nen be a sequence in GUMM (ug, pg"). Then there exist a (not relabeled) subsequence and
u € AC%([0,+00); L2(2)) such that

pe, (t) = 1 strongly in LP(QY) for everyt >0,
ue, (t) — u(t) strongly in L*(Q) for everyt >0, (5.1)
ul — u' weakly in L*(0,400; L*(12)) .
For every t > 0 the function u(t) belongs to SBV2(2) N L>=(Q) with
[u()l| Lo (@) < max{|uollL=(e), l9ll=@} (5:2)
and Vu € L*>(0,+o00; L?(Q;RY)). Moreover u solves

v =div(Vu) — B(u—g) in L*(0,+oo; L2(Q)),
Vu-v =0 in L?(0, +o0; H=1/2(0Q)),
u(0) = ugp ,
and there ezists a family of countably SN~ -rectifiable subsets {T'(t)}s>0 of Q such that

(i) T(s) CT(t) for every 0 < s < t¢;
(ii) Juwy C T(t) for every t > 0;
(iii) for everyt >0,

3 | IVuF do+ 2 0) 45 [ o) -9 do+ [0 ds

1
S*/ \VUOlzderﬁ/(uO—g)de-
2 Ja 2 Ja
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This section is thus essentially devoted to the proof of this theorem. To this purpose, we consider for the
rest of the section a sequence €, | 0, and an arbitrary sequence {(ue, , pe,, ) tnen in GUM M (ug, p§).

5.1. Compactness and the limiting heat equation

We start by proving compactness properties for the sequence {(uc, , pe, ) }nen-

Proposition 5.2. There exist a (not relabeled) subsequence {u., }nen and a function uw €
AC?([0,+00); L*(Q)) such that (5.1) holds. In addition, u(t) € SBV?(Q) N L>(Q) with (5.2) for every
t >0, and the mapping t — Vu(t) € L2(Q;RY) is strongly measurable with Vu € L>(0, +o0; L2(Q; RY)).
Moreover, for every t > 0 and any 0 < §; < dy < 1, there exists s, = s, (t,01,02) € (01,02) such that the
set By, = {pe, (t) < sp} has finite perimeter in Q, i, (t) == (1 — xg, Jue, (t) € SBVZ(Q) N L>(Q), and

Te, (t) — u(t) strongly in L*(8),

e, (t) — u(t) weakly* in L>=(),

Vi, (t) — Vu(t) weakly L?(;RY).
Finally, for any open subset A C €,

AN Ty 1 4) Stimint B[ (1 e, (007 Ve, (0)] do.
n oo A

(5.3)
/ |Vu(t)|2 dz < lim inf/ (ne, + p?n(t))Wugn(t)|2 dx .
A n—oo g

Proof. Step 1. We first derive a priori estimates from the energy inequality obtained in Proposition 4.18.
Indeed according to that result together with the minimality property (3.1) of pg", we infer that for every
t>0,

«

P'en

1 p—1
1 / (0, + 2, () Ve, (O do+ =2 / Ve, ()P du +
Q Q

. | a=pe. i

t
b 6V oy s < € (0 p) < e, (w0 1) < [ Va4 [ (o= g do. (5.0
0 Q Q

Then, applying Young’s inequality and using (2.2), we obtain

gp—1 a B
[ Wt = [0 peoyde= Y [ Q= p 0P T 0lde, (659
from which we deduce the following uniform bound
o [0 s + [ (e + 02, @) Ve, OF do+ [ (1= pe 0 Vo, (0] da < Cov - (56)

for some constant Cy > 0 independent of ¢, and ¢.

Step 2. We now establish the weak convergence of {u, } and the bound (5.2). Recalling that 0 < p., <1,
the fact that

pe(t) = 1 strongly in LP(Q) for every t >0,

is a direct consequence of (5.4). According to items (v) and (i7) in Lemma 4.5, the sequence {u.,} in
uniformly equi-continuous in L?(2), and for each ¢ € [0, +00), the sequence {u., (t)} is sequentially weakly
relatively compact in L?(€). Therefore, according to Ascoli-Arzela Theorem, we can find a (not relabeled)
subsequence and u € AC?(]0, +00); L2(£2)) such that wu., (t) — u(t) weakly in L?(Q) (and also weakly* in
L*>(Q)) for every t > 0, and u. — u weakly in L*(0,4o00; L*(2)). In particular, (5.2) follows from item
(#i) in Lemma 4.5.
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Step 8. We now examine more accurately the asymptotic behavior of the sequence {u. _ } asin [5,6,29], and
prove (5.3). Let us fix ¢ > 0, 0 < §; < d2 < 1 and an arbitrary open subset A of . According to the
BV-coarea formula (see [3, Theorem 3.40]),

[0 e @ Voo do = [ (1= sy Y@ i, (0 < s} 1) ds
A 0

2/662(1s)pI%N1(6‘*{p5n(t)<s}ﬂA)ds. (5.7)

Consequently, by the mean value theorem there exists some s,, = s, (t, 01,02, A) € (1,02) such that

P
0= e 0P Vp ] do = 22N 00 0 ), (5.8)
A
where E,, := {p., (t) < sp} N A. Note that from (5.4) we have
.,?N(E)<¥/(1—p W) dr < —25 L 0asn— oo (5.9)
T (M =sa)r Jg - T (102 7 '

for some constant C' > 0 independent of n.
Let us define the new sequence

e, (£) = (1 — X e, (1), (5.10)
By (5.9) we have
l[te,, (8) = tie,, (D)l 2(a) < Nlue, (D)l (@)\/ LN (En) = 0 (5.11)

as n — oo, from which we deduce that ., (t) — u(t) weakly in L?(A). On the other hand, according to [3,
Theorem 3.84] we have ., (t) € SBV?(A) N L>=(A) with

Jﬂen(t) 6 3*En,
Vi, (t) = (1 — xg, )Vue, (1),
e, (D) Lo () < max{|[uol| Lo (); l9llL=()} -

By the energy estimate (5.6) together with (5.7) and (5.8),
~ 2 1 2
[Vite, ) z2ary) < Sj/ﬂps” ()| Vue, (1)

and

C
N—-1 N—1/a% op
i t = n ~ .
AN (o, NA) S AN BN A) < g
2 %1

We are now in position to apply Ambrosio’s compactness Theorem in SBV (see Theorems 4.7 and 4.8
in [3]) to deduce that u(t) € SBV?(Q) (by arbitrariness of A), and that

e, (t) — u(t) strongly in L?(A),
U, (t) = u(t) weakly™* in L>(A),
Vi, (t) — Vu(t) weakly L?(A;RY).

In view of (5.11) we deduce that u., (t) — u(t) strongly in L?(Q) for each t > 0 (again by arbitrariness of
A). Next Proposition 2.1 yields

2N (Jyy N A) < liminf N~ 1(0*E, N A).

n— oo
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Combining this inequality with (5.8) we get that

n—oo

(85 — 0)A™ " (uy N A) < liminf /A (1= pe, (1) Ve, (O] de,

and the first inequality of (5.3) follows by letting §; — 0 and J — 1.
For what concerns the bulk energy, we have

/ (e, + 02, ()| Ve, (D] d > 2 / Ve, (1) de > &2 / Ve, ()2 de
A

A\E, A\E,,

Since @, (t) = (1 — x&, )ue, (t), we have Vi, (t) = (1 — xg, )Vue, (t) = Vu(t) weakly in L2(4;RY), and
thus

Jim inf / (e + 92 (1) Ve, ()2 da > 82 lim inf / Vi, (1) de > 52 / V()] dx,
n—oo [ 4 " n—oo [ 4 A
and the second inequality of (5.3) follows by letting §; — 1.

Step 4. It now remains to prove the strong measurability in L?(;R™) of ¢t — Vu(t), and that Vu €
L>(0, +00; L2(;RN)). Given t > 0 and 0 < §; < 83 < 1 arbitrary, let us consider as in Step 3 the set FE,,
and the function 4., (t) € SBV?(Q) given by (5.10) with A = Q. Then,

(e, +p2,(t)(1 = xB,)Vue, (t) = (1, + p2 (1) Vi, (t).

Note that this last sequence is bounded in L?(Q; RY). Since p., (t) — 1 strongly in LP(2) with 0 < p., < 1,
and Vi, (t) — Vu(t) weakly in L2(; RY), we deduce that

(e, + P2 (1) (1 = XE, ) Vue, (t) = Vu(t) weakly in L*(Q;RY). (5.12)

On the other hand, from the a priori estimate (5.6), the Cauchy-Schwarz inequality, and (5.9), we infer
that for every ® € €>°(Q;RY),

| e 2, @)V, (0 @
E,

< [y ([ (e, + 62, @)1V, (07 dm)m ([ a0 dx)m

n

< (]l ) |/ CoL e, )LV (En) 0. (5.13)

By (5.6) and the boundedness of p., , the sequence {(n., + pe, (t)?)Vue, ()} is thus bounded in L2(£;RY),
so that (5.12) and (5.13) yield

(Ne,, + P2 (1)) Ve, (t) = Vu(t) weakly in L*(Q;RY). (5.14)

Finally, Lemmas 4.3 and 4.5 ensure that, for each n € N, the mappings t — (1., + pe,, (£)?)Vue, () are
strongly measurable in L?(£2;RY). Hence t + Vu(t) is weakly measurable in L?(Q; R"), and thus strongly
measurable owing to Pettis Theorem. The fact that Vu € L>(0, +o0; L*(Q;RY)) is a consequence of the
second relation in (5.3) together with the uniform bound (5.6). O

Our next goal is to pass to the limit as €, — 0 in the inhomogeneous heat equation solved by wu.,,.
Proposition 5.3. The function u solves the generalized heat equation

o = div(Vu) — B(u—g) in L?(0,+o00; L?(Q2)),
Vu-v=0 in L*(0, 4+o00; H-Y/2(09)),
u(0) = up.
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Proof. By Proposition 4.11, u,, is the solution of the following variational formulation: for every T' > 0

T
/ / (ul, &+ (e, + p2,) Ve, - V6 + Blue, — 9)6) drdt =0 for all € L*(0,T; H'(%)).
0 Q

According to Proposition 5.2, u. + B(uc, —g) — '+ B(u— g) weakly in L?(0,T’; L*(£2)), so that it remains
to pass to the limit in the divergence term. Thanks to (5.14), for a.e. t > 0 we have

/Q (M, + P2 (1)) Vue, (t) - Vo(t)dr — [ Vu(t) Ve(t)dz,

n— oo Q

and by the dominated convergence theorem, we deduce that

T T
/ / (Me,, + P2 )Vue, - Vodrdt — / / Vu - Vodzdt.
0 Q 0 Q

n—o0

Hence, passing to the limit as €,, — 0 in the variational formulation yields

T
/ / (u’qb—l— Vu-Vé+ B(u— g)¢) dedt =0 forall ¢ € L*(0,T; H(Q)).
o Ja

Finally, the initial condition u(0) = wg is a consequence of the fact that w., (0) = ug together with the
strong convergence in L?(2) of ue, (0) to u(0). O

5.2. Limating crack set and the energy inequality

Our main goal is now to pass to the limit as ,, — 0 in the energy inequality established in Proposition 4.18.
We first notice that Theorem 2.2 and Proposition 5.2 (with A = Q) immediately imply that for every ¢ > 0,

Ew®) =5 [ [Ful) do+ AN ) + 5 [ (ult) = 9)? do < liminf €, (ue, (0), 2, (1)
Q Q n—oo
We emphasize that this lower bound only involves the measure of the jump set of u(t). It will be later
improved in Proposition 5.7 by replacing J,,;) by a countably ¢’ N=L_rectifiable set I'(t) containing Ju(ry and
increasing with respect to t. This monotonicity property of the crack acts as a memory of the irreversibility
of the process characterized by the non-increasing property of ¢t — p.  (t) together with the non-decreasing
property of the diffuse surface energy &, established in Proposition 4.8.

To prove the assertion above, we fix an arbitrary countable dense subset D of [0,400), and we consider
for each t € D and n € N the bounded Radon measure

nt) = <p Ve, () + —2( —p5n<t>>p) 2V Q.

n

By the energy inequality (5.4), we infer that the sequences { ., (t) }nen are uniformly bounded with respect
tot € D. Then, a standard diagonalization procedure together with the metrizability of bounded subsets
of . (RY) yields the existence of a subsequence (not relabeled) and a family of bounded non negative
Radon measures {u(t)}+ep (supported in Q) such that

pin(t) = p(t)  weakly* in . (R™) for every t € D.

We first claim that the mapping ¢ € D +— pu(t) inherits the increase monotonicity of the diffuse surface
energy.

Lemma 5.4. For every s andt € D with 0 < s <t we have

pu(s) < p(t) .
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Proof. Let us fix s and t € D with 0 < s < t. Let B C RY be an arbitrary Borel set, and K ¢ B C A
where A is open and K is compact. Let us consider a cut-off function ¢ € €>°(R¥;[0,1]) such that ¢ =1
on K and ¢ = 0 on RY \ A, and let us define

P = Cpe, (8) + (1 = C)pe,, (5)-

Note that p, € WHP(Q), and since t > s, we have p, < pe, (s) in Q. As a consequence of the minimality

property established in Proposition 4.8, we have

gp—1 a gp—1 a
~—|Vpe, ($)|F + 1-— Ensp>dx§/<" on P+ 1—Anp)dx.
(e - g9 (o val + 1= )

Since Vi, = (Vpe, (t) + (1 —)Vpe, (s) + (pe, (t) — pe, (s))VC, there exists a constant C' > 0 (independent
of n) such that

/ IV pnlP de < / (Ve (1) + (1= OV per ()
Q Q
+C /Q V¢ (9., (5) = pen (8) (1 + [V, ()P~ + [V e ()P~ + VP e (8) — pen ()7L d

< /Q (Ve )7 + (1= OIVpe, (5)I) da + C(L+ Ve, (D iy + V0o ()1 o ieny) -

where we used Holder’s inequality and the fact that 0 < p., < 1. Hence,

i (5)(RY) < / Cdpnt) + / (1= O) dpin(s) + Cen!
RN RN
+ CePIP ([P PV (D7 oy + 18PV pe () b)), (5.15)

and passing to the limit as n — oo yields

@) < [ cdut) = [ Cauts) + () (®).

From this inequality we deduce that
/ Cdps / Cdp(t) < p(t)(A).

Taking the supremum among all compact sets K C B, the infimum among all open sets A D B, and using
the outer-inner regularity of the measures p(s) and p(t) leads to p(s)(B) < u(t)(B). O

We can now define a family of increasing cracks for times in the countable dense set D.

Lemma 5.5. There exists a family of countably 5~ -rectifiable subsets {f‘(t)}teD of Q such that

o T'(s) CI(t) for every s < t with s, t € D;
o Jus) c f(t) for everyt € D and 0 < s < t;
w(t) > AN-VLD(t) for every t € D.

Proof. For t € D, let us define the upper density of u(t) at = by

pO)(Br(2) _ pu(t)(Br(z))

= lim sup
rN—1 PN-1

O*(t,x) := limsup ————=—=-
r—0 WN-1

r—0 WN -1

for all z € RY, and the Borel set

K(t)={zeRY:0%(t,z) > 1} C Q.
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Note that the monotonicity property established in Lemma 5.4 ensures that D > ¢t — ©*(¢,x) is non-
decreasing for every x € Q. Consequently,

K(s) C K(t) for every 0 < s < t with s,t € D.
Moreover, from standard properties of densities (see [3, Theorem 2.56]) we infer that for every t € D,
ANTILK(E) < plt). (5.16)

Let us now fix t € D and s € [0,#] (not necessarily in D), and let A and A’ C RY be open sets such that
A C A’. We consider a cut-off function ¢ € €>°(R";[0,1]) such that ( =1 on ANQ and ¢ =0 on RV \ A’
Arguing exactly as in the proof of Lemma 5.4, we obtain inequality (5.15) from which we deduce that

A < [ Cln(s) < [ Caualt) + CEPI, (517)
RN RN
for some constant C' > 0 independent of n. By (5.5) and (5.3), we infer that

Hminf p, (8)(A) > AN (T N A).

n—o0

Passing to the limit in (5.17) then leads to
A g0 A < [ cautt) < ulo)a).
RN

Taking the infimum with respect to all open sets A’ containing A yields
u(t)(A) > ,%”N_l(Ju(s) NA) for every open set A.

In particular, since J,(5) is countably 7’ N—=1l_rectifiable, we infer from the Besicovitch-Mastrand-Mattila
Theorem (see [3, Theorem 2.63]) that ©*(¢,z) > 1 for #N1-a.e. x € Jy (), and hence

Jus) C K(t) for every s € [0,1]. (5.18)

The Borel sets {K(t)}+cp have all the required properties, except that they might not be countably
AN~ Lrectifiable. However, since sV ~1(K(t)) < +oo by (5.16), it is possible to decompose each K(t)
into the union of a countably N ~1-rectifiable set I'(¢), and a purely N ~L-unrectifiable set K (t) \ I'(¢)
(see e.g. [3, page 83]). This decomposition being unique up to " ~!-negligible sets, and J, () being
countably 7N ~L.rectifiable, we deduce from (5.18) that

Jus) C I'(t) foreveryte D and s € [0,1].

Moreover, for s,t € D with s < t we have I'(s) C K(s) C K (t), and since I'(s) is countably N ~!-rectifiable
we finally conclude that I'(s) C I'(t). |

We now extend our definition of crack set for arbitrary times. We set for each ¢ > 0,

rt):= () IL(r)nQ.

Lemma 5.6. For everyt > 0, the set I'(t) is countably N ~-rectifiable, and it satisfies

o I'(s) CI'(t) for every 0 <s <t;
o Juu) CT(t) for every t > 0.
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Proof. Clearly {I'(t)};>0 is a family of countably s ~l-rectifiable sets satisfying I'(s) C I'(t) for every
0 < s < t. Moreover, for t > 0 we have

AN T \T@#) = AN Ty () T(7)

T>t, TED
=" U (G \Tm) | < > 2N (‘]“(“ \f(T)) -0
T>t,7€D T>t, 7€D

since Jy 1) C ['(7) for all 7 € D such that 7 > ¢ by Lemma 5.5. Consequently, Juwy CT(t). O

We are now in position to improve the energy inequality by replacing the jump set of wu(t) by the
increasing family of cracks I'(¢) constructed before.

Proposition 5.7. For every t > 0,

3 [ IVuFde+ a0+ 5 [ o) =92 do+ [0 ds

Sl/ \Vu0|2dx+é/(u0—g)2dx.
2 Jo 2 Ja

Proof. Step 1. We first consider the case t € D. According to the energy inequality in Proposition 4.18,
we have

1 t
3 (e 22 OV, (OF da i 0®Y) 4 5 [ 1,0 = 002wt [t (6) e ds < o).
0

Since pun (t) = p(t) weakly* in . (RN) and u(t) > #N-1L T'(t) by Lemma 5.5, we have
lim inf g2, () (RY) > p(t)(RY) > 27N H(T(1)).

n—oo

On the other hand the second inequality in (5.3) with A = Q yields
liminf [ (9., + pe, ()| Vue, (t)* dz > / \Vu(t)|? dz .
Q Q

Therefore,
1 2 N—1/F ﬂ 2 ¢ / 2
3 QIVU(t)I dz + 27 (L) + 5 Q(U(lt)—g) dz + ; [u' ()22 () ds

<timint {5 [ (e, 4 9o, 02T, OF ot 1 OF) + 5 [ (0= 92+ [l 9oy ds -

n—oo
Then, by the minimality property (3.1) of pg", we have

= 1+ En 1
e, (uo, py") Sgan(uo,l):Tn/£2|Vuo|2da:+§/Q(uo—g)2dx—> §/Q|Vu0|2dx+§/ﬂ(uo—g)2dx,

which leads to

3 [ IV do+ 2 E0) 45 [ o) -9 do+ [ @) ds

1
< 7/ \Vu0|2dx+é/(uo—g)2dx. (5.19)
2 /o 2 Jo
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Step 2. We now extend the inequality above to the case where ¢t > 0 is arbitrary. In that case, there exists
a sequence {t;} C D such that t; — t with ¢; > t. By (5.19) we have

SHP{HU ML) + IVult)l 2@y + N (Jue,)) } < o0,

since Jy () C ['(t;) by Lemma 5.5. On the other hand, u € AC?(0,4o00; L?(2)) by Proposition 5.2, and
thus u(t;) — u(t) strongly in L?($2). Applying Ambrosio’s compactness Theorem (Theorems 4.7 and 4.8
in [3]), we deduce that Vu(t;) — Vu(t) weakly in L*(Q; RN). Since I'(t) C T'(t;) for all j € N, we finally
conclude that

t
3 [ VP do 4o 10w + 5 [ ) -9 de+ / 0/ (5) 3
t
< liminf { / |Vu(t;)? de + N1 ﬂ/ d:c—|—/ Hu’(s)||2L2(Q) ds} ,
j—00
which, in view of (5.19), completes the proof of the energy inequality. O

Remark 5.8. Note that the limiting bulk and surface energies are continuous at time ¢t = 0, i.e.,

. 1 2 é N2 _1/ 2 é/ —q)?
ltlfél 2/Q|Vu(t)| dx + 2/9(u(t) g)*dx = 5 Q|Vuo| dx + 5 Q(uo 9)dx,

: N—-1 _
lim =1 (1(1)) = 0.

and

Indeed, arguing as in the previous proof (Step 2), we obtain that Vu(t) — Vug weakly in L2(Q;RY) as
t — 0. Since u € AC?(0, +o0; L(2)), we then infer from the energy inequality that

1/ |Vu0|2dx+ﬂ/(uog)zdeIimsup{ /|Vu )2 do + 2N 5/ }
2 (9] 2 (9] t—0
>hmsup{ /|Vu( |2dx—|—6/ da:}
t—0
>hm1nf{ /|Vu |2dx+6/ da:}

zf/ |Vuo\2dx+§/<uo—g>2dx,
2 Jq 2 Jq

and the conclusion follows.

6. Curves of maximal unilateral slope for the Ambrosio-Tortorelli functional

In the spirit of [4], we introduce in this section the notion of L?(£2)-unilateral gradient flow for the Ambrosio-
Tortorelli functional in terms of curves of maximal unilateral slope, accounting for the quasi-stationnarity
and the decrease monotonicity constraint on the phase field variable p. To this aim, we first define the
unilateral slope of £ by analogy with the unilateral slope of the Mumford-Shah functional, see [20]. Then
we prove that (generalized) unilateral minimizing movements provide specific examples of curves of maximal
unilateral slope. We conclude this section with a preliminary step toward the asymptotic behavior of the
unilateral slope as ¢ — 0, and a discussion on the related results of [20].
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6.1. The maximal unilateral slope

Definition 6.1. The unilateral slope of &. at (u, p) € HY(Q) x W1P(Q) is defined by
A+

(E(u, p) — E(v, p))

||U*UHL2(Q)

v—u in L2(2) p

|0 |(u, p) ;== limsup Sup{ peEWP(Q), p<pin Q} .

The functional |0&| is then extended to L?(Q) x LP(Q) by setting || (u, p) := +oo for (u,p) & H'(Q) x
Whe(Q).

The unilateral slope being defined, we can now define curves of maximal unilateral slope for the Ambrosio-
Tortorelli functional.

Definition 6.2. We say that a pair (u,p) : (a,b) — L*(Q) x LP(Q) is a curve of mazimal unilateral
slope for &. if u € AC?(a,b; L*()), p is non-increasing, and if there exists a non-increasing function
A (a,b) = [0,400) such that for a.e. t € (a,b), E (u(t), p(t)) = A(t), and

1 1
N(t) < _iHul(t)HQL?(Q) - §|355|2(U(t)7p(t)) : (6.1)
This definition is motivated by the following proposition which parallels [4, Theorem 1.2.5].

Proposition 6.3. If (u,p) : (a,b) — L*(Q2) x LP(Q) is a curve of maximal unilateral slope for &, then
lw' (t) || 2y = |0 |(u(t), p(t)) for a.e. t € (a,b). (6.2)

Moreover, if t — E:(u(t), p(t)) is absolutely continuous on (a,b), then

E( / |/ (r ||L2 (@ dr = E-(ul(s), p(s)) for every s and t € (a,b) with s <t.

Proof. Let A be as in Definition 6.2. Since A is non-increasing, A has finite pointwise variation in (a,b).
Let us consider the set

A= {t € (a,b): E(u(t),p(t)) = A(t), A and u are derivable at t},

and observe that Z1((a,b) \ A) = 0.
Let t € A. Since X is non-increasing, we have \'(¢) < 0, and thus

O = X0 = i MONO) gy Eul0:p(0) = Elalo)ols)

Using the fact that p(s) < p(¢) when s > ¢ (by the non-increasing property of ¢ — p(t)) and the strong
L?(§2)-continuity of u, we infer that

(E-(u(t), p(t)) — E-(u(s), )" l[u(s) — ult)|z2(a)
t

< |0&c| (u(t), p(1)) v’ (B) ]| 2 -

[N (#)] < limsup sup

slt s€A p<p(t) Ju(s) — U(t)HLQ(Q) §—
On the other hand, |N'(t)| > %Hu’(t)H%Q(Q) + 110&.12 (u(t), p(t)) by (6.1), and (6.2) follows as well as the
fact that \'(t) = —||u’(t)\|%z(9)~

Finally, if ¢ — E.(u(t), p(t)) is absolutely continuous on (a,b), then for every s,¢ € (a,b) with s <,

£ (u(t), p(t)) — Ex(u(s), p(s)) = / N(r)dr = — / ' () 2y

S

which completes the proof of the proposition. O

We state below necessary and sufficient conditions for the finiteness of the slope, as well as an explicit
formula to represent it.
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Proposition 6.4. Assume that Q has a €%t -boundary, and let D(|0E.|) be the proper domain of |0E|.
Then,

D(|0&.|) = {(u,p) € H*(Q) x WhP(Q) : % =0 in H/?2(8Q), and
Ea(u,p) < E-(u, p) for all p € WYP(Q) such that p < p in Q} . (6.3)
In addition, for (u,p) € D(|0&|),

|0€:(u, p) = ||div((ne + p*) V) = Blu — )| 12,
and
ull 20y < Ce(1+ IVpllLomn)) T (101 (u, p) + Bllu — gll2() + llullmr()) »
where v € N is the smallest integer larger than or equal to p/(p — N), and C. only depends on 1., p, N,
and 2.

Proof. Step 1. Let us consider a pair (u, p) such that |0&.|(u, p) < co. For ¢ € HY(Q) with ¢ # 0, we
estimate

_ - 1
|0&:|(u, p) > lim sup Ee(u, p) = E(u—dp,p) >
0 Ollellzze) Tellz

(/52(775+P2)Vu-v<pdx+ﬂ/Q(u—g)<pda;>. (6.4)

By density of H'(Q) in L?(Q) and the Riesz representation Theorem in L*(2), we deduce that there exists
f € L%() such that

/(na+p2)Vu-V<pdx+ﬁ/(u—g)<pdx= fodr
Q Q Q

for all ¢ € H'(Q). Hence u solves (A.1) with f = f — B(u — g). We then infer from Lemma A.1 that
u € H?(Q), and that 9% = 0 in H'/2(09). Next, taking ¢ € H'(Q2) such that ||¢||z2(q) = 1, integrating by
parts in (6.4), and passing to the supremum over all such ¢’s yields the lower bound

98- (u. p) > [[div((n: + p)Vr) — Blu— 9)]| 2 gy -
We now claim that the following minimality property for p holds:
Eo(u, p) < E(u,p) for all p € WHP(Q) such that p < pin Q. (6.5)

Since |0&.|(u, p) < +oo we can find sequences {v,} C H'(Q) and {p,} C WHP(Q) such that v, — u
strongly in L%(Q),

pn = argmin {E(v,, p) : p€ WHP(Q), p< pin Q}  for each n € N,

85(1}7“ pn) < 55(“7 P) ’ (66)
and
86 ) - ge ny Mn
lim sup (1, p) (Vn, pn) < |0&|(u, p) . (6.7)
n—00 l|vn — U||L2(Q)

By (6.6) the sequence {Vw,} is uniformly bounded in L?(Q;RY). Hence, for a suitable subsequence (not
relabeled),

Vo, 22N Q — [VulPLV L Q+p
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weakly* in .# (R™) for some nonnegative Radon measure p € .# (RY) supported in . Let us now consider
the following functionals on W1?(€2) defined by

N1 . e oA
E(vn,p) i p<p, R 5E(u,p)+*/,(na+p2)du if p<p,
i and F(p) := 2 Jg
400 otherwise, 400

Fn(p) = {

otherwise .

A similar argument to the one used in the proof of Proposition 4.17 (Step 1) ensures that F,, T'-converges
to F for the sequential weak W1 (Q)-topology. Since the sublevel sets of F,, are relatively compact for the
sequential weak WP (2)-topology (uniformly in n), we infer from the I'-convergence of F,, towards F that

ge(vvupn) = erngl(lﬂ) Fn — WIP;?Q)]:

On the other hand, by (6.6) and (6.7) we have E:(vp, pn) = E(u, p) from which we deduce that

E(u,p) = WIP})?Q)_F =min {F(p): p€ W'P(Q), p< pin Q} .

We conclude from this last relation that ;1 = 0 and that (6.5) holds.

Step 2. Conversely, we show that if a pair (u, p) belongs to the set in the right hand side of (6.3), then
|0 |(u, p) < 00 and [0 |(u, p) < |[div((ne + p*)Vu) = Bu = )| 12 (-
Consider a pair (u, p) € H%(Q2) x W'P(Q) satisfying 2% = 0 in H'/2(92) and
56 (u7 P) § 58 (’LL, ﬁ)

for all p € WHP(Q) such that p < p in Q. Note that u € WL () for every r < 2* by the Sobolev Imbedding,
and since p > N, the product Vu - Vp belongs to L?(Q2) and p € L>(). Hence,

div((ne + p*)Vu) = (e + p*)Au +2pVp - Vu € L*(),
and consequently, it is enough to check that
10&:|(u, p) < [|div((ne + p*) V) = B(u = 9)]| 2 -
Consider a sequence {v,} C H(Q) converging strongly to u in L?(£2) such that

(ge’;‘(ua P) - gs(v’ru ﬁ))+
[vn — ullL2(0)

|0 |(u, p) = 1Lm sup{ peWLP(Q), p<pin Q} ,

and let
pn = argmin {E. (v, p) : p € WHP(Q) such that p < pin Q}.
Then
sup (£, p) — E-(un, M) < (E(uyp) — Ecvnpn)) T
so that

(ga(ua P) - gs(vna pn))+
||Un - U||L2(Q)

|0€2|(u, p) = lim_ (6.8)
If for infinitely many n’s we have & (vy, pn) > E:(u, p), then |0&|(u, p) = 0 and there is nothing to prove.
Hence we can assume without loss of generality that & (vn, prn) < E:(u, p). In particular, {p,} is uniformly
bounded in W1P(Q), and {v,,} is uniformly bounded in H(2). As a consequence, for a subsequence v,, — u
weakly in H(Q) and p, — p. weakly in WP(Q). From Lemma 3.1 we infer that p, < p in €, and

E(u, py) < lirr_1>inf Ee(Vn, pr) < limsup & (vp, pn) < E(u, p) . (6.9)
n—oo n—00
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By the minimality property of p, we have that £ (u,p) < &.(u,px) which leads to & (u, p) = E(u, p«).
By uniqueness of the minimizer (due to the strict convexity of &.(u,-)), we deduce that p, = p. Then
Lemma 3.1 and (6.9) with p, = p shows that p, — p strongly in W?(Q).

We now estimate

Es(u,p) - 55(1)”,/)”) < Ss(u,pn) - Ss(vn»pn)

S/Q(ng+pi)Vu~(Vu—an)dx—i-,@/ﬂ(u—g)(u—vn)dm

. /Q<u — ) (div((n: + p2)Vu) — Blu - g)) d.

Note that in the last equality, there is no boundary term since g—fj =0in HY 2(09). Moreover, since

u € H%(Q) and p, € WIP(Q), we have div((n. + p2)Vu) € L?(Q). Applying Cauchy-Schwarz Inequality
we obtain

Ee(u, p) — E(vn, pn)

et < fdiv( + ) V) = Bl =)o)

Since H2(Q2) < W1r(Q) for every r < 2* and p,, — p strongly in W1P(Q), we get that
div((ne + p7) V) = (e + ) A+ 29, Vo - Vo — (e + p*) Au+ 2pVp - Vu = div((. + p*) V)

strongly in L?(£2). Hence

lim & (u; /J) - & (Unv pn)

< ||div((ne + p*)Vu) — B(u — 2/0n.
n—oolvg —ullrz(g) 1div((ne + p") V) = Blu = g)ll 220

Together with (6.8), this last estimate gives the desired upper bound for the slope |0 |(u, p).
Step 3. Let (u, p) € D(|9&.|). By the previous steps, f := —div((n. + p*)Vu) + B(u — g) € L*(Q) and u

solves (A.1) with f = f — B(u — g). Applying Lemma A.1 we find that
ull 2 < Ce(1+ Vol o))" (1 fllz2@) + llull ()
< C(1+ IVpllpoomrn)) T (10 (u, p) + Bllu — gll2 ) + llullar@)) »

and the proof is complete. O

The expression of the slope and the characterization of its domain provided by Proposition 6.4 enables
one to show the lower semicontinuity of |0€.| along sequences with uniformly bounded energy.

Proposition 6.5. Assume that Q has a €Y1 -boundary. Let {(un, pn)}nen C L2(Q) x LP(Q) be such that
sup,en e (Un, pn) < 00 and (un, pn) — (u, p) strongly in L*(Q) x LP(Q). Then,

|0 |(u, p) < lirginf |0 |(tny pr) -

Proof. Let us assume without loss of generality that lim inf,, |0&|(un, pr) < 00, and extract a subsequence
{nk} such that

lim inf |0& |(un, pr) = lim |0&|(un,, , P, ) -
n—00 k—o0 )

Since & (un,, pn,) is uniformly bounded with respect to k, we deduce that the sequence {(un,,pn,)} is
uniformly bounded in H'(Q) x W1P(Q). Moreover (uy, , pn,) € D(|0&.]), and as a consequence of Propo-
sition 6.4, we deduce that {u,, } is uniformly bounded in H?(), and that ang =0 in H'/2(09Q). Whence
Pny, — p weakly in WHP(Q), u,, — u weakly in H%(Q) for a (not relabeled) subsequence, and % =0in

H'?(99). By the Sobolev Imbedding we get that p,, — p in €°(Q), while u,, — u strongly in H'(Q).
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Thanks to the uniform convergence of p,, to p, we may argue as in the proof of Proposition 4.17 (Step 1)
to show that the sequence of functionals F, : WP (Q) — [0, +00o] defined by

A~ ge(unk)ﬁ) lf ﬁ S Pnk Ll
Fi = 6.10
«(7) {Jroo otherwise , ( )

[-converges (with respect to the sequential weak W1P(Q)-topology) to the functional F : W1P(Q) —
[0, +00] given by

~ gf(ua[)) 1f[)Sp7
F(p) = { . (6.11)
+00 otherwise .

Since

pu, = argmin Fi(p),
PEWLP(Q)

and p,, — p weakly in W1P(Q), we infer from the I'-convergence of F, toward F that

p= argmin F(p).
PEWLP(Q)

By the expression of the domain of the slope provided by Proposition 6.4, we infer that (u, p) € D(|0&]).

From the established convergences of (uy,, pn, ) we deduce that

div((ne + pi, ) Vn,) = (1 + pn, ) Aty + 200, V- Vi,
= (= + p*)Au+2pVp - Vu = div((n. + p*)Vu)

weakly in L?(Q). Using now the expression of the slope given by Proposition 6.4, we conclude
lim inf |0& |(tn, pn) = lim |0&|(tn, s Pry)
n—oo k—o0
= lim (v (e + p3,)Vum,) — Blotn, — 9)ll 2oy
—00

> ||div((n. + p*)Vu) — B(u — g)|lr2(0) = [0E:|(u, p)

which ends the proof. O

For completeness (and possible future investigations), we finally prove that the energy is continuous
along convergent sequences with uniformly bounded slope.

Proposition 6.6. Assume that Q has a €' -boundary. Let {(un, pn)tnen C L*(Q) x LP(2) be such that

Sug{ga(umpn) + ‘agaKunvpn)} < 00,
ne

and (un, pn) — (u, p) strongly in L?(Q) x LP(Q). Then E-(un, pn) — E:(u, p) as n — oo.

Proof. Arguing as in the proof of Proposition 6.5, we have u,, — u weakly in H2(Q2) and p,, — p weakly
in WHP(Q) with (u, p) € D(]0&|). By the Sobolev Imbedding, p, — p in €°(Q) and u,, — u strongly in
H(Q). Hence the functional F,, : W1P(Q) — [0, +00] defined by (6.10) (with n in place of ny) I-converges
(with respect to the sequential weak W1P(Q)-topology) to the functional F : WP (2) — [0, 4+00] given by
(6.11). By the convergence of the minimum values, we infer that

Ec(un, pn) = wiin Fn — WI}};I(E)F = &(u, p),

and the proposition is proved. O
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6.2. Existence of curve of unilateral maximal slope

The main result of this section asserts that (under a mild assumption on 99) any unilateral minimiz-
ing movement is actually a curve of maximal unilateral slope for the Ambrosio-Tortorelli functional. For
simplicity, we shall use again assumption (4.1) on discrete trajectories. We refer to [7] for the general case.

Theorem 6.7. Assume that Q has a €% boundary, and let (ue,p.) € GUMM (ug, p5). If (ue,pe) is a
strong L?(Q) x LP(Q)-limit of some discrete trajectories {(uy, px) }xen obtained from a sequence of partitions
{8k ren of [0,+00) satisfying |6x| — 0 and (4.1), then the mapping (ue, pe) : [0, +00) — L2(2) x LP(Q) is
a curve of mazximal unilateral slope for &..

Proof. Let us define for each k¥ € N and ¢ > 0, Ax(t) := E-(ug(t), pr(t)). By Lemma 4.2 the function
Ak ¢ [0,400) — [0, +00) is non-increasing and bounded uniformly with respect to k. By Helly’s Theorem
for monotone functions we can find a (not relabeled) subsequence of {k,} such that

Ak, (1) = A(t) for every t >0,
for some non-increasing function A : [0,4+00) — [0, +00). Then we infer from Lemma 4.16 and Proposi-
tion 4.17 that
A1) = E:(ue(t), pe(t)) for every ¢ € [0, +00) \ B .
Repeating the proof of Proposition 4.18 yields for any 0 < s < ¢,

A(t) + / el () 2y dr < A(5)

According to Propositions 4.11, 4.17 and 6.4, we have [0&|(u(r), pc(7)) = |[ul(7)||12(q) for a.e. r > 0.
Consequently, if ¢ is a point of derivability of A,

I I
N0 =76 < =5 [ I ey dr 5 [ 108 Plur) o) dr
and the conclusion follows by dividing the previous inequality by ¢ — s > 0 and sending s — t. O

Remark 6.8. It turns out that any curve (uc,p:) : [0,+00) — L*(Q) x LP(Q) such that u. €
L (0, +o00; HY(Q)) N AC?(0, +00; L2(Q)), p- € L>=(0,+00; WHP(Q)), t = p.(t) non-increasing, and satis-
fying (4.2)-(4.3)-(4.4) is a curve of unilateral maximal slope.
Remark 6.9 (Non-uniqueness for the system of PDE’s). Let us consider a given curve of unilateral
maximal slope (ug,p:). We are going to construct a different solution (@, p:) from (u.,pe) of system
(4.2)-(4.3). To this aim, let us assume without loss of generality that ¢ = 1 is a point of continuity of
t — E(uc(t), pe(t)), and that p.(1) # 0. Choose p5 € WHP(Q) such that 0 < p§ < p.(1) and different from
pe(1). Denote by p$ the unique solution of

min {€(uc(1),p) : p € WHP(Q), p < p5 in Q},
and let (ve,0.) € GUM M (u.(1), p7). Considering the new curve (@, pc) defined by

_ o ) (ue(t), e (1)) ifo<t<l,
(#e(), (1)) = {(vg(t— 1),0.(t—1)) ift>1,

we have

. € AC?(]0,400); L*(R2)) N L>=(0, +00; H'(Q)),

pe € L™(0, +o0; Wl’p(ﬂ)), 0 < pe(t) < pe(s) < 1foreveryt>s>0,

and (@, pe) solves the system (4.2)-(4.3). However, one can check that energy inequality (4.4) fails. In
particular it is not a curve of maximal unilateral slope.
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6.3. Relation with the unilateral slope of the Mumford-Shah functional

In [20], a notion of unilateral slope of the Mumford-Shah functional has been introduced. In that paper,
the Mumford-Shah energy is slightly different from the one we consider here (see (2.3)). It is rather given
on pairs (u, K) by

1
Ei(u, K) ::§/Q|Vu|2da:+<%”N71(K)+§ Q(u—g)Zda:,

where u € SBV?(2) and K is a subset of Q satisfying .#V 1 (K) < oo and J, C K. The related unilateral
slope of &, is then given by

* 7K  Ox 7K v *
|0€|(u, K) := limsup (Eu(u, K) = & (v, KU Ju))
v—u in L2(2) ||U - U’HLZ(Q)
In [20], the authors proved that if |0€.|(u, K) < oo, then div(Vu) € L?(2), and that a weak form of

%:O on K

holds, where v denotes a unit normal vector field on K. They also obtained the inequality |0&,|(u, K) >
|[div(Vu) — B(u — g)l|L2(q), and that equality holds if v and K are smooth enough. By means of an explicit

counterexample, they have shown that |0&,| is not lower semicontinuous for any reasonable notion of
convergence. In view of this result, they have introduced a notion of relaxed slope corresponding to a lower
semicontinuous envelope of |0&,| with respect to a suitable sequential topology. More precisely, the relaxed
slope |0&,| is defined for a pair (u, K) in the domain of &, by

|0E.|(u, K) := inf { hnH_I)IOI<1>f |0E. | (un, Kn)},
where the infimum is taken over all sequences {(un, K,,)}nen such that u,, — u strongly in L?(Q), Vu, —

Vu weakly in L?(Q;RY), and K,, o%-converges to K (see [15, Definition 4.1] for a precise definition). They
established that if |0€.|(u, K) < oo, then there exists f € L?(€2) such that

—div(Vu) = f in L2(9),
|Vu|? — div(uVu) < fu in 2(Q), (6.12)
Vu-v=0 in H=1/2(09).

Again, there is an inequality |0€.,|(u, K) > [|div(Vu) = B(u—g)|| 12(a), and equality holds in some particular
cases. Note that, in the case where v and K are smooth enough, the first line in (6.12) implies the continuity
of % across K, and the second one is then a weak reformulation of

n _.Ou

—uT) = >
(u u)ay_O on K,

+

where u™ are the one-sided traces of u on K according to the orientation v.

In our context, the analogy between the definitions of the unilateral slopes |0€.| and |0&,| is quite clear,
and it was actually one of the motivations to introduce |0 |. In view of the relation between the Ambrosio-
Tortorelli functional and the Mumford-Shah functional in terms of I'-convergence, a very interesting issue
would be to find a precise relation between |0€.| and the asymptotic behavior as ¢ | 0 of |9&.|. Even if we do
not pursue this issue here, we prove for completeness that a conclusion similar to [20, Proposition 1.3] holds
for |0&,|. For simplicity we only state the result in terms of the asymptotic limit obtained in Theorem 5.1.

Proposition 6.10. Assume that Q has a €Y' boundary. Let u € AC?([0,+00); L2(2)) be the limiting
curve obtained in Theorem 5.1. Then, for a.e. t > 0, we have

Idiv(Vu(t)) — B(u(t) — g)2(@) < liminf |-, | (s, (1), e, (1) < o0, (6.13)
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and

(Vu(t)]? = div(u(t)Vu(t)) < —u(t)div(Vu(t)) in 2'(Q).

Proof. From Proposition 6.4 and (4.25) together with (5.4) and Fatou’s lemma, we first deduce that

/0 - liminf |0, [* (ue, (t), pe,,(t)) dt < liminf /O 0, Pl (1), (1) dt < C,
for a constant C' > 0 independent of n. Hence there exists an #!-negligible set £ C (0, +00) such that
linrr_ligf 0., | (uc, (), pe,, (t)) < oo fort € (0,400)\ L.
Let us now fix t € (0,4+00) \ £ and extract a subsequence (depending on t) such that
Tim (€., (e, (1), pe,, () = liminf 0., |(u, (0) . (1)

By Proposition 6.4, the sequence {div((nsnj + pgnj (t))Vugnj (t))} is thus bounded in L*(f2), and in view
of (5.14) we deduce that

div((7e,, + pﬁnj (1) Ve, (1)) = div(Vu(t)) weakly in L*(9). (6.14)

Then (6.13) follows from the convergences in (5.1), and the lower semicontinuity of the L?(£2)-norm.
Using again Proposition 6.4, we next notice that

/ (ne,, + P2, (1)) [Vue, ()P dx + / te, () (ne, + p2, (1)) Ve, (t) - Vo d
Q Q

= [, A (e, + 52, (0) Vi, 0) s

for any nonnegative function ¢ € 2(Q), and the conclusion follows from (5.14) and (6.14). O

A. Appendix

The goal of this appendix is to prove the auxiliary elliptic regularity result used in the proof of Lemma 4.2
and Proposition 6.4. We would like to stress that the following result strongly relies on the fact that the
dissipation energy has p-growth with p > .

Lemma A.1. Assume that Q has a €*'-boundary. For f € L*(Q) and p € WIP(Q), let u € H(Q) be a
solution of

—div((ne + p*)Vu) = [ in H(Q), (A1)
(e + p*)Vu-v =0 in H=1/2(99) . '
Then u € H?(), ? =0 in HY?(09), and
v

ull z2) < Ce(1+ IVpll Loamny)” (122 ) + lullar @)
where v is the smallest integer larger than or equal to p/(p — N), and C. only depends on ne, p, N, and Q.

Proof. Step 1. We claim that

0
a%:o in H=1/2(0Q). (A.2)
To prove this claim, we first rewrite the equation as
2p
—Au = Vp - Vu+ in 2'(Q). A3
u= Vo Vut i (@) (A.3)



Unilateral gradient flow of the Ambrosio-Tortorelli functional by minimizing movements 41

Hence Au € L(Q)) with ¢ := 2p/(p + 2) by Holder’s inequality. Then we observe that ¢’ :=¢/(¢ — 1) < 2*
since p > N, so that H1(Q) — LY (Q) by the Sobolev Imbedding. Hence the linear mapping

pec H(Q) — /Q (Vu- Vo + (Au)p) dx

is well defined and continuous. Consequently, u admits a (weak) normal derivative % on 0f2 which belongs
to the dual space H~'/2(0), and for any p € H(Q),

0
<8Z’ %089> = / (Vu- Vo + (Au)p) dx
(E-12(00),H1/2(00)  Jo

® 2p
= + 2Vu-V<> d:c+/ <Au+ v ~Vu> dz .
/Q(ng 7) n- + p? Q et f v

We observe that in the second equality above, we have used the fact that nsi;ﬂ € H'Y(Q) whenever
© € H(Q). Indeed,

® Vo 2ppNp 2
V = — e L7 (Q),
(776 + ,02> Ne + P2 (775 + ,02)2 ( )

since ¢ € L2 (Q), p € L>®(Q), and Vp € LP(Q) with p > N. In view of (A.1) we have

® fe
+ QVU-V( )da?: dx,
/9(776 P) 775+,02 9776+p2

2p fe
Au+ Vp~Vu)<pdx:— dz ,
/Q< N + p? QN + p?

and by (A.3),

from which (A.2) follows.
Step 2. We now prove that u € H?(2). By the previous step, u € H'(Q) satisfies

Ay € L1(Q),
0
ai: = 0in HY/2(09).
By elliptic regularity (see e.g. [32, Proposition 2.5.2.3 & Theorem 2.3.3.6]), we deduce that u € W2 (Q)
with g == q = 1%, and
l[ullw2.90 @) < C(l|Aul|Lao ) + [l Lo ()
for some constant C' > 0 only depending on N, p, and Q. Observing that the function t — t/(n. + t?) is
bounded, we derive from (A.3) and Holder’s inequality that

[ullw2.0 ) < Ce(IIfllL2() + IVl e I Vull L2myy + [JullL2@)
< Ce(L+IVollee@rny) (1 L2y + llullar @) »

where we used the fact that gy < 2. By the Sobolev Imbedding, we have u € W14 (©), and thus Vu-Vp €
L1 (Q) with

111 _ 2Np

o %, e, q SN CoprAN
Note that ¢ > 2 if and only if p > 2N, so we have to distinguish the case p > 2NN from the case p < 2N.
Case 1). Let us first assume that p > 2N. Then Vu - Vp € L?(Q) with

IVu - VpllL2q) < ClIVu- VollLa ) < ClIVollr@rm) VUl Lo g.mvy < CIVAl e @y [ullwz0 ) -
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Using again (A.2)-(A.3) and the elliptic regularity, we infer that « € H?(Q) with the estimate

||U||H2(ﬂ) < C(HAUHL2(Q) + ||U||L2(Q))
< Ce(I1fll2@) + IVoll Loy lullwza0 ) + llullL2())
< C-(1+ IVollpern)* (1 L2y + llull g o)) -

Case 2). If p < 2N then ¢; < 2, and we have u € W29 (Q) by (A.2)-(A.3) and elliptic regularity, with the
estimate

[l yw2.01 () < CE(Hf||L2(Q) + Vol e ) llullwz.90 ) + ||U||L2(Q))
< Ce(L+ 1VpllLe)? (122 ) + lulla @) - (A.4)

In particular, Vu € L% () by the Sobolev Imbedding since q; < 2 < N. We then continue the process by
setting
T 11 9Np

— = -+ , e, ;= - ;
qi P G ¢ (N —-20)p+2(i+1)N

as long as ¢;—1 < 2, that is ¢ < ~. Since ¢,—1 > 2, iterating estimates of the form (A.4) we obtain
||UHH2(Q) < CE(Hf||L2(S2) + ||VP||LD(Q;RN)||U||W2~%—2(Q) + ||U||L2(sz))
< C.(L+IVpllprrn))” (1fl L2 ) + llull g @) »

and the proof is complete. O
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