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Quantitative stable limit theorems on the Wiener space

by Ivan Nourdin*, David Nualart" and Giovanni Peccatit
Unwversité de Lorraine, Kansas University and Université du Luxembourg

Abstract: We use Malliavin operators in order to prove quantitative stable limit theorems on the
Wiener space, where the target distribution is given by a possibly multi-dimensional mixture of
Gaussian distributions. Our findings refine and generalize previous works by Nourdin and Nualart
(2010) and Harnett and Nualart (2012), and provide a substantial contribution to a recent line of
research, focussing on limit theorems on the Wiener space, obtained by means of the Malliavin
calculus of variations. Applications are given to quadratic functionals and weighted quadratic
variations of a fractional Brownian motion.
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1 Introduction and overview

Originally introduced by Rényi in the landmark paper [30], the notion of stable convergence for
random variables (see Definition 2.2 below) is an intermediate concept, bridging convergence
in distribution (which is a weaker notion) and convergence in probability (which is stronger).
One crucial feature of stably converging sequences is that they can be naturally paired with
sequences converging in probability (see e.g. the statement of Lemma 2.3 below), thus yielding a
vast array of non-central limit results — most notably convergence towards miztures of Gaussian
distributions. This last feature makes indeed stable convergence extremely useful for applications,
in particular to the asymptotic analysis of functionals of semimartingales, such as power variations,
empirical covariances, and other objects of statistical relevance. See the classical reference |9,
Chapter VIIL.5], as well as the recent survey [29], for a discussion of stable convergence results in
a semimartingale context.

Outside the (semi)martingale setting, the problem of characterizing stably converging se-
quences is for the time being much more delicate. Within the framework of limit theorems for
functionals of general Gaussian fields, a step in this direction appears in the paper [28], by Peccati
and Tudor, where it is shown that central limit theorems (CLTS) involving sequences of multiple
Wiener-It6 integrals of order > 2 are always stable. Such a result is indeed an immediate conse-
quence of a general multidimensional CLT for chaotic random variables, and of the well-known
fact that the first Wiener chaos of a Gaussian field coincides with the L?-closed Gaussian space
generated by the field itself (see [16, Chapter 6] for a general discussion of multidimensional CLTSs
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on the Wiener space). Some distinguished applications of the results in [28] appear e.g. in the
two papers |6, 1], respectively by Corcuera et al. and by Barndorff-Nielsen et al., where the au-
thors establish stable limit theorems (towards a Gaussian mixture) for the power variations of
pathwise stochastic integrals with respect to a Gaussian process with stationary increments. See
[13] for applications to the weighted variations of an iterated Brownian motion. See [3] for some
quantitative analogous of the findings of [28] for functionals of a Poisson measure.

Albeit useful for many applications, the results proved in [28] do not provide any intrinsic
criterion for stable convergence towards Gaussian mixtures. In particular, the applications devel-
oped in [1, 6, 13| basically require that one is able to represent a given sequence of functionals as
the combination of three components — one converging in probability to some non-trivial random
element, one living in a finite sum of Wiener chaoses and one vanishing in the limit — so that the
results from [28] can be directly applied. This is in general a highly non-trivial task, and such a
strategy is technically too demanding to be put into practice in several situations (for instance,
when the chaotic decomposition of a given functional cannot be easily computed or assessed).

The problem of finding effective intrinsic criteria for stable convergence on the Wiener space
towards mixtures of Gaussian distributions — without resorting to chaotic decompositions — was
eventually tackled by Nourdin and Nualart in [11], where one can find general sufficient conditions
ensuring that a sequence of multiple Skorohod integrals stably converges to a mixture of Gaussian
distributions. Multiple Skorohod integrals are a generalization of multiple Wiener-It6 integrals
(in particular, they allow for random integrands), and are formally defined in Section 2.1 below.
It is interesting to note that the main results of [11] are proved by using a generalization of a
characteristic function method, originally applied by Nualart and Ortiz-Latorre in [23] to provide
a Malliavin calculus proof of the CLTs established in [24, 28|. In particular, when specialized to
multiple Wiener-It6 integrals, the results of [11] allow to recover the ‘fourth moment theorem’
by Nualart and Peccati [24]. A first application of these stable limit theorems appears in [11,
Section 5|, where one can find stable mixed Gaussian limit theorems for the weighted quadratic
variations of the fractional Brownian motion (fBm), complementing some previous findings from
[12]. Another class of remarkable applications of the results of [11] are the so-called Ité formulae
in law, see |7, 8, 20, 21|. Reference [7] also contains some multidimensional extensions of the
abstract results proved in [11]| (with a proof again based on the characteristic function method).
Further applications of these techniques can be found in [31]. An alternative approach to stable
convergence on the Wiener space, based on decoupling techniques, has been developed by Peccati
and Taqqu in [27].

One evident limitation of the abstract results of |7, 11] is that they do not provide any informa-
tion about rates of convergence. The aim of this paper is to prove several quantitative versions of
the abstract results proved in [7, 11], that is, statements allowing one to explicitly assess quantities
of the type

E[p(0% (u1), ..., 0% (uq))] — Elp(F)]|,

where ¢ is an appropriate test function on R%, each §%(u;) is a multiple Skorohod integral of
order ¢; > 1, and F' is a d-dimensional mixture of Gaussian distributions. Most importantly, we
shall show that our bounds also yield natural sufficient conditions for stable convergence towards
F'. To do this, we must overcome a number of technical difficulties, in particular:

— We will work in a general framework and without any underlying semimartingale structure,



in such a way that the powerful theory of stable convergence for semimartingales (see again
[9]) cannot be applied.

— To our knowledge, no reasonable version of Stein’s method exists for estimating the distance
from a mixture of Gaussian distributions, so that the usual strategy for proving CLTs via
Malliavin calculus and Stein’s method (as described in the monograph [16]) cannot be
suitably adapted to our framework.

Our techniques rely on an interpolation procedure and on the use of Malliavin operators. To
our knowledge, the main bounds proved in this paper, that is, the ones appearing in Proposi-
tion 3.1, Theorem 3.4 and Theorem 5.1, are first ever explicit upper bounds for mixed normal
approximations in a non-semimartingale setting.

Note that, in our discussion, we shall separate the case of one-dimensional Skorohod integrals
of order 1 (discussed in Section 3) from the general case (discussed in Section 5), since in the
former setting one can exploit some useful simplifications, as well as obtain some effective bounds
in the Wasserstein and Kolmogorov distances. As discussed below, our results can be seen as
abstract versions of classic limit theorems for Brownian martingales, such as the ones discussed
in [32, Chapter VIII].

To illustrate our findings, we provide applications to quadratic functionals of a fractional
Brownian motion (Section 3.3) and to weighted quadratic variations (Section 6). The results of
Section 3.3 generalize some previous findings by Peccati and Yor [25, 26|, whereas those of Section
6 complement some findings by Nourdin, Nualart and Tudor [12].

The paper is organized as follows. Section 2 contains some preliminaries on Gaussian analysis
and stable convergence. In Section 3 we first derive estimates for the distance between the laws of a
Skorohod integral of order 1 and of a mixture of Gaussian distributions (see Proposition 3.1). As a
corollary, we deduce the stable limit theorem for a sequence of multiple Skorohod integrals of order
1 obtained in [7], and we obtain rates of convergence in the Wasserstein and Kolmogorov distances.
We apply these results to a sequence of quadratic functionals of the fractional Brownian motion.
Section 4 contains some additional notation and a technical lemma that are used in Section 5 to
establish bounds in the multidimensional case for Skorohod integrals of general orders. Finally, in
Section 6 we present the applications of these results to the case of weighted quadratic variations
of the fractional Brownian motion.

2 Gaussian analysis and stable convergence
In the next two subsections, we discuss some basic notions of Gaussian analysis and Malliavin

calculus. The reader is referred to the monographs [22] and [16] for any unexplained definition or
result.

2.1 Elements of Gaussian analysis

Let $ be a real separable infinite-dimensional Hilbert space. For any integer ¢ > 1, we denote by
$H%9 and H®9, respectively, the gth tensor product and the gth symmetric tensor product of §.
In what follows, we write X = {X(h) : h € $} to indicate an isonormal Gaussian process over ).



This means that X is a centered Gaussian family, defined on some probability space (92, F, P),
with a covariance structure given by

EX(h)X(g)] = (h,9)s, h,g € 9. (2.1)

From now on, we assume that F is the P-completion of the o-field generated by X. For every
integer ¢ > 1, we let H, be the gth Wiener chaos of X, that is, the closed linear subspace of L2(2)
generated by the random variables {H,(X (h)),h € 9, ||h|ly = 1}, where H, is the gth Hermite

polynomial defined by
a1 2
o 1\a 722 Y —a?)2
Hy(xz) = (—1)% 7 (e ).
We denote by H the space of constant random variables. For any ¢ > 1, the mapping I,(h®?) =
q'Hy(X (h)) provides a linear isometry between $? (equipped with the modified norm /q![|-[| 5e4)
and H, (equipped with the L?(Q) norm). For ¢ = 0, we set by convention Ho = R and Iy equal

to the identity map.

It is well-known (Wiener chaos expansion) that L?(Q2) can be decomposed into the infinite
orthogonal sum of the spaces H,, that is: any square integrable random variable F' ¢ L?(2)
admits the following chaotic expansion:

F=Y"1(fy), (2.2)

q=0

where fo = E[F], and the f, € H9?, ¢ > 1, are uniquely determined by F. For every ¢ > 0,
we denote by J, the orthogonal projection operator on the gth Wiener chaos. In particular, if
F e L*(Q) is as in (2.2), then J,F = I,(f,) for every ¢ > 0.

Let {ex, k > 1} be a complete orthonormal system in §. Given f € H? g € H®7 and
r €{0,...,pAq}, the rth contraction of f and g is the element of HOP+Ta=2r) Jefined by

[e.e]

F@rg= Y (fen®.. . ®ei)ger @ (g6 O... Q€ )ger (2.3)

1,0 =1

Notice that f ®, g is not necessarily symmetric. We denote its symmetrization by f®,g €
HO@+a=2r) - Moreover, f ®y g = f ® g equals the tensor product of f and g while, for p = ¢,
f®q9 = (f,9)s2q. Contraction operators are useful for dealing with products of multiple Wiener-
[t6 integrals.

In the particular case where ) = L?(A, A, ), with (A, A) is a measurable space and p is a
o-finite and non-atomic measure, one has that 7 = L2(A4, A®9, ;,©7) is the space of symmetric
and square integrable functions on A%. Moreover, for every f € $®9, I,(f) coincides with the
multiple Wiener-1t6 integral of order ¢ of f with respect to X (as defined e.g. in [22, Section
1.1.2]) and (2.3) can be written as

(f Ry g)(tl, - 7tp+q—2r) = f(tl, A 7tp—7"7 81y 737’)
Ar

X g(tp—rt1s- - tppqe2rs S15 .-, Sp)dp(s1) ... dp(sy).



2.2 Malliavin calculus

Let us now introduce some elements of the Malliavin calculus of variations with respect to the
isonormal Gaussian process X. Let S be the set of all smooth and cylindrical random variables
of the form

:g(X(¢1)7"'7X(¢n))7 (2'4)

where n > 1, g : R™ — R is a infinitely differentiable function with compact support, and ¢; € .
The Mallmvm derivative of F with respect to X is the element of L?(£2, ) defined as

DF = Zgjl( (@1),- .-, X(¢n)) &5

By iteration, one can define the gth derivative DYF for every ¢ > 2, which is an element of
L*(€,9%).

For ¢ > 1 and p > 1, D?? denotes the closure of S with respect to the norm || - |pe.r, defined
by the relation

|FIB = E[FP] +ZE(!D Fllf.).

The Malliavin derivative D verifies the following chain rule. If ¢ : R — R is continuously
differentiable with bounded partial derivatives and if F' = (Fy,..., F,) is a vector of elements of
D2 then ¢(F) € D2 and

D(F) =3 5 (F)DF.

i=1

We denote by § the adjoint of the operator D, also called the divergence operator or Skorohod
integral (see e.g. [22, Section 1.3.2] for an explanation of this terminology). A random element
u € L*(Q,9) belongs to the domain of §, noted Domd, if and only if it verifies

|E((DF,u)s)| < cu v/ E(F?)

for any F € DY2, where ¢, is a constant depending only on w. If w € Domd, then the random
variable d(u) is defined by the duality relationship (called ‘integration by parts formula’):

E(Fé(u)) :E(<DF,u>5), (2.5)

which holds for every F' € D%2. The formula (2.5) extends to the multiple Skorohod integral &7,
and we have

E (Fé§(u)) = E ((DYF,u) 5eq) (2.6)

for any element u in the domain of §7 and any random variable F' € D%2. Moreover, §7(h) = I,(h)
for any h € H4.
The following statement will be used in the paper, and is proved in [11].

5



Lemma 2.1 Let ¢ > 1 be an integer. Suppose that F' € D%2, and let u be a symmetric element
in Domd?. Assume that, for any 0 < r+j < gq, <D”F, 5 (u)>ﬁ®r € L3(Q,H%977=J). Then, for
anyr =0,...,q—1, (D"F,u)ge, belongs to the domain of 57" and we have

q

Fsi(u) =Y <z> 39 ((D"Fu) o0 ) (2.7)

r=0

(With the convention that 6°(v) = v, v € L*(Q), and D°F = F, F € L*(Q).)

For any Hilbert space V', we denote by D*P(V) the corresponding Sobolev space of V-valued
random variables (see [22, page 31|). The operator 67 is continuous from D*P($H®7) to DF~4P for
any p > 1 and any integers k > ¢ > 1, that is, we have

169 (W) lpp-ar < Crp lullprs e ; (2:8)

for all u € DFP($H®9), and some constant ¢, > 0. These estimates are consequences of Meyer
inequalities (see [22, Proposition 1.5.7]). In particular, these estimates imply that D%?($%9) c
Domd? for any integer g > 1.

The following commutation relationship between the Malliavin derivative and the Skorohod
integral (see [22, Proposition 1.3.2]) is also useful:

Dé(u) = u+ 6(Du), (2.9)

for any u € D*2(§). By induction we can show the following formula for any symmetric element
u in [D)J+k,2(53®j)

Dk () = gf (’:) (Z >z'!5ﬂ(Dkiu). (2.10)

1=0

Also, we will make sometimes use of the following formula for the variance of a multiple Skorohod
integral. Let u,v € D?%2($®7) C Domé? be two symmetric functions. Then

E(%(u)d?(v)) = E({u, D1(07(v))) geq)

q

- 2% <3)2Z'E ({07 (D)) )

2
= > <q> IIE (D9 ®9q— D) (2.11)
1

i=0
with the notation
D'y ®2q7iinlv - Z <inl<U, gj & 77€>5§®qa £k>f)®q—i <inl<va &k ® 77€>5§®qa £j>ﬁ®q—i >
k=1

where {¢;,j > 1} and {n, ¢ > 1} are complete orthonormal systems in %9~ and H*', respec-
tively.



The operator L is defined on the Wiener chaos expansion as

[e.e]
L=Y —aJg
q=0

and is called the infinitesimal generator of the Ornstein-Uhlenbeck semigroup. The domain of this
operator in L?(€) is the set

(e o]
2
DomL = {F € L*(Q) : > ¢*[JgF 721y < 00} = D**.
q=1
There is an important relationship between the operators D, ¢ and L (see [22, Proposition 1.4.3]).

A random variable I belongs to the domain of L if and only if I € Dom (6D) (i.e. F € DY? and
DF € Domd), and in this case

§DF = —LF. (2.12)

Note also that a random variable F' as in (2.2) is in D12 if and only if

o0

> ad'll fallgea < oo,

q=1
and, in this case, E (|DF|3) = X1 qq!quH%m. If § = L?(A, A, p) (with g non-atomic), then
the derivative of a random variable F' as in (2.2) can be identified with the element of L?(A4 x Q)
given by

D.F = Z qu—l (fq(',a)) y @€ A. (213)
q=1

2.3 Stable convergence

The notion of stable convergence used in this paper is provided in the next definition. Recall that
the probability space (£2, F, P) is such that F is the P-completion of the o-field generated by the
isonormal process X.

Definition 2.2 (Stable convergence) Fix d > 1. Let {F,} be a sequence of random variables
with values in RY, all defined on the probability space (Q, F, P). Let F be a R%valued random
variable defined on some extended probability space (', F', P'). We say that F,, converges stably

to F', written Fj, 5 Fif
lim £ [Zew"F”)Rd} =F {ZeiO"F)Rda} (2.14)

n—oo

for every A € R% and every bounded F-measurable random variable Z.

Choosing Z =1 in (2.14), we see that stable convergence implies convergence in distribution.
For future reference, we now list some useful properties of stable convergence. The reader is
referred e.g. to [9, Chapter 4] for proofs. From now on, we will use the symbol 2 to indicate
convergence in probability with respect to P.



Lemma 2.3 Let d > 1, and let {F,} be a sequence of random variables with values in RY.

law

1. F, AF if and only if (F,,Z) — (F,Z), for every F-measurable random variable Z.

law

2. F, X F if and only if (F,,Z) — (F,Z), for every random wvariable Z belonging to some
set & ={Z, : o € A} such that the P-completion of o(Z) coincides with F.

3. If F, X F and F is F-measurable, then necessarily F, Ly o)

4. If Fy, X F and {Y,.} is another sequence of random elements, defined on (0, F, P) and such
that Y, 5 Y, then (F,,Y,) 5 (F,Y).

The following statement (to which we will compare many results of the present paper) contains
criteria for the stable convergence of vectors of multiple Skorohod integrals of the same order. The
case d = 1 was proved in [11, Corollary 3.3], whereas the case of a general d is dealt with in |7,
Theorem 3.2]. Given d > 1, u € R? and a nonnegative definite d x d matrix C, we shall denote
by Ng(u, C) the law of a d-dimensional Gaussian vector with mean g and covariance matrix C.

Theorem 2.4 Let q,d > 1 be integers, and suppose that F,, is a sequence of random wvariables
in RY of the form F, = §%(u,) = (89(ul),...,89(ul)), for a sequence of Ri—valued symmetric
functions u,, in D?424($5%9). Suppose that the sequence Fy, is bounded in L*(Q) and that:

1. <u%,®2n:1(D“‘3Fﬂ;‘) ® h)geq converges to zero in LY(Q) for all integers 1 < j,j, < d, all
integers 1 < aq,...,am,r < q—1 such that a1 + -+ + a,, +7r = q, and all h € H&".

2. For each 1 < 1,5 < d, <u%,DqF£>ﬁ® converges in L'(Q) to a random variable 5ij, such
q

that the random matriz ¥ := (8;5) ;.4 s nonnegative definite.

Then F, 5 F, where F is a random variable with values in R® and with conditional Gaussian
distribution Ng(0,X) given X.

2.4 Distances

For future reference, we recall the definition of some useful distances between the laws of two
real-valued random variables F, G.

— The Wasserstein distance between the laws of F' and G is defined by

dw (F,G) = sup [E[p(F)] — E[p(G)]|,
p€eLip(1)

where Lip(1) indicates the collection of all Lipschitz functions ¢ with Lipschitz constant
less than or equal to 1.

— The Kolmogorov distance is

diol(F,G) =sup |P(F < z) — P(G < z)|.
Tz€R



— The total variation distance is

drv(F,G) = sup |P(F € A)— P(G € A)|.
AcAB(R)

— The Fortet-Mourier distance is

dpy(F,G) = sup [Elp(F)] — Elp(G)]].
€Lip(1),[¢lleo<1

Plainly, dw > dpas and dpy > dgo. We recall that the topologies induced by dyw, di o and
dry, over the class of probability measures on the real line, are strictly stronger than the topology
of convergence in distribution, whereas dpj; metrizes convergence in distribution (see e.g. [16,
Appendix C| for a review of these facts).

3 Quantitative stable convergence in dimension one

We start by focussing on stable limits for one-dimensional Skorohod integrals of order one, that
is, random variables having the form F = §(u), where u € D'2($)). As already discussed, this
framework permits some interesting simplifications that are not available for higher order integrals
and higher dimensions. Notice that any random variable F' such that E[F] = 0 and E[F?] < oo
can be written as F = §(u) for some u € Domd. For example we can take u = —DL™'F, or in
the context of the standard Brownian motion, we can take wu an adapted and square integrable
process.

3.1 Explicit estimates for smooth distances and stable CLTs

The following estimate measures the distance between a Skorohod integral of order 1, and a
(suitably regular) mixture of Gaussian distributions. In order to deduce a stable convergence
result in the subsequent Corollary 3.2, we also consider an element I (h) in the first chaos of the
isonormal process X.

Proposition 3.1 Let F € D2 be such that E[F] = 0. Assume F = §(u) for some u € D%2(§).
Let S > 0 be such that S?> € DY2, and let n ~ N(0,1) indicate a standard Gaussian random
variable independent of the underlying isonormal Gaussian process X. Let h € §). Assume that
¢ :R =R is C% with ||¢"]loo, |¢" loo < 00. Then:

[Blp(F+ L))~ Blp(Sn+ ]| < 50l B[2l{u,hhg| + 1w, DF)s — 8%]  (3.15)
216" oo B[, DS?)5 ]

Proof. We proceed by interpolation. Fix € > 0 and set S, = /52 +¢e. Clearly, S, € DY2. Let
g(t) = E[o(I1(h) + VtF + /1 —1Sn)], t € [0,1], and observe that E[p(F +11(h))] — E[p(Sen +



L(R)] = g(1) — g(0) = [} o ¢'(t)dt. For t € (0,1), integrating by parts yields

Jgt) = %E "(I1(h) + VEF + V1 - Sm)<¢- v?g7>]
L Y
= %E "(Ii(h) + VIF + V1 — 5677)<\/_<u h)g + (u, DF)g + b_;tn(u,DSJﬁ—S?)}

Integrating again by parts with respect to the law of n yields

Jt) = %E [ "(Iy(h) + VEF + /1 —tSen) (t*1/2<u, h)g + (u, DF)g — 52)}

+VE [ (11(h) + VEF + VT = 1Sin){u, DS

where we have used the fact that S.DS, = %DS? = %DSQ. Therefore,

[Elp(li(h) + F)] = Elp(Li(h) + Sen)]| - < %WWmEMWﬂ%HN%Dﬂﬁ—y—d]

Y1t
+11¢" lloo E[|(u, DS? /ﬁ———ﬂ
1"l E[|{u >M]O Wi

and the conclusion follows letting € go to zero, because fol i—\;’%dt = % [ |

The following statement provides a stable limit theorem based on Proposition 3.1.

Corollary 3.2 Let S and n be as in the statement of Proposition 3.1. Let {F,} be a sequence
of random wvariables such that E[F,] = 0 and F,, = 6(uy,), where u, € DY2($)). Assume that the
following conditions hold as n — oo:

1. (up, DF,) g — S% in LY(Q) ;
2. {un,h)s — 0 in LY(Q), for every h € §;
3. (up, DS?) g — 0 in L1(9).

Then, F, g Sn, and selecting h = 0 in (3.15) provides an upper bound for the rate of convergence
of the difference ‘E[@(Fn)]—E[go(Sn)] , for every ¢ of class C3 with bounded second and third
derivatives.

Proof. Relation (3.15) implies that, if Conditions 1-3 in the statement hold true, then |E[gp(Fn+
Ii(h))]—Ele(Sn+11(h))]| — 0 for every h € § and every smooth test function ¢. Selecting ¢ to
be a complex exponential and using Point 2 of Lemma 2.3 yields the desired conclusion. [ ]

Remark 3.3 (a) Corollary 3.2 should be compared with Theorem 2.4 in the case d = ¢ = 1
(which exactly corresponds to [11, Corollary 3.3]). This result states that, if (i) u, € D*?($)
and (ii) {F,} is bounded in L!(f2), then it is sufficient to check Conditions 1-2 in the
statement of Corollary 3.2 for some S? is in L' (£2) in order to deduce the stable convergence
of F,, to Sn. The fact that Corollary 3.2 requires more regularity on S?, as well as the
additional Condition 3, is compensated by the less stringent assumptions on u,, as well as
by the fact that we obtain explicit rates of convergence for a large class of smooth functions.
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(b) The statement of [11, Corollary 3.3| allows one also to recover a modification of the so-called
asymptotic Knight Theorem for Brownian martingales, as stated in [32, Theorem VIII.2.3].
To see this, assume that X is the isonormal Gaussian process associated with a standard
Brownian motion B = {Bt :t > 0} (corresponding to the case § = L*(R,,ds)) and also
that the sequence {u, : n > 1} is Composed of square—integrable processes adapted to the
natural filtration of B. Then F, = 0(up) fo un(8)dBs, where the stochastic integral is
in the Itd sense, and the aforementioned asymptotic Knlght theorem ylelds that the stable

convergence of Fj, to Sn is implied by the following: ( fo un(s)ds LR 0, uniformly in ¢ in
compact sets and (B) [ un(s)%ds — S% in L*(9).

3.2 Wasserstein and Kolmogorov distances

The following statement provides a way to deduce rates of convergence in the Wasserstein and
Kolmogorov distance from the previous results.

Theorem 3.4 Let F € D2 be such that E[F| = 0. Write F = §(u) for some u € DY2(§). Let
S e DY, and let n ~ N(0,1) indicate a standard Gaussian random variable independent of the
isonormal process X. Set

ol

A = 3<¢%E[\<u,DF>ﬁ—52H +§E[\<u,DSQ>ﬁH> (3.16)

Nor +\/?§E[|<u,DS2>5|],\/g(2+E[S]+E[|F|])} .

Then dyw (F,Sn) < A. Moreover, if there exists a € (0,1] such that E[|S|~%] < oo, then

X max{LE“(u,DF);j - 57]

dicor(F, Sn) < A= (1+ E[|S|7)). (3.17)

Remark 3.5 Theorem 3.4 is specifically relevant whenever one deals with sequences of random
variables living in a finite sum of Wiener chaoses. Indeed, in [19, Theorem 3.1] the following fact
is proved: let {F, : n > 1} be a sequence of random variables living in the subspace @%_, H,
and assume that F;, converges in distribution to a non-zero randomm variable F,; then, there
exists a finite constant ¢ > 0 (independent of n) such that

dTV(FnaFoo)<CdFM(FnaFoo)T12p <CdW(Fn7Foo)ﬁ7 n = 1. (318)

Exploiting this estimate, and in the framework of random variables with a finite chaotic expansion,
the bounds in the Wasserstein distance obtained in Theorem 3.4 can be used to deduce rates
of convergence in total variation towards mixtures of Gaussian distributions. The forthcoming
Section 3.3 provides an explicit demonstration of this strategy, as applied to quadratic functionals
of a (fractional) Brownian motion.

Proof of Theorem 8.4. It is divided into two steps.

11



Step 1: Wasserstein distance. Let ¢ : R — R be a function of class C% which is bounded together
with all its first three derivatives. For any ¢ € [0, 1], define

or(z) = /Rso(\/fy + V1 —tx)dy(y),

where dy(y) = \/%6_92/ 2dy denotes the standard Gaussian measure. Then, we may differentiate

and integrate by parts to get

wé’(w)=1—\;;/ ¢ (Viy + V1 —tx)dy(y) =—/y — Dp(Viy + V1 —tx)dy(y),
and
3/2
o' (z) = % /R(y2 — 1)’ (Viy + V1 — tx)dy(y).

Hence for 0 < t < 1 we may bound

21l
Il oo < 2 HsOHOO / iyldy(y (3.19)

and

> V2[00
16t < S22 1 e [ 152 - i) < L] \/ [ = () = 2 5.0

Taylor expansion gives that
BlplP) - Bla(P) < [ B[|e(Viy+ VI=EF) - o VTP drty)

+E Hcp(\/l —tF) — ap(F)H
< ¢ e VE /R wldy(y) + 19/ loel VI = — 1|E[|F|

< VAl {@ + E[IFI]} .

Here we used that |v/1—t — 1| =t/(v/T—t+1) <+t Similarly,

|Elp(Sn)] = Ele(SmI| < V&'l {\[ﬂLE [15m] } \/if\lw lloo {1 + E[ST} -

Using (3.15) with (3.19)-(3.20) together with the triangle inequality and the previous inequalities,
we have

|Elp(F)] = E[p(Sn)]] < \/g\/ﬂlw/\loo {2+ E[S] + E[|F|]} (3.21)
+ % {\/%E“(u, DF)g — 5% + gE[|<U,D52>ﬁ|] } :

12



Set

0= /2 24 BIS 4 BIFI)
and

V2

®r = —EUW DF)s = $*] + <= E[|{u, DS?)s].

V2r

2/3
The function ¢ — t®; + %@2 attains its minimum at ¢y = <%) . Then, if ty < 1 we choose

t = tg and if {9 > 1 we choose t = 1. With these choices we obtain
1/3 - 2/3 ox2/3
|Elp(E)] — Elp(Sm)| < [[¢/ll®y (max((27? + 29277, 3857) < |l A. (3.22)
This inequality can be extended to all Lispchitz functions ¢, and this immediately yields that
dw (F,Sn) < A.
Step 2: Kolmogorov distance. Fix z € R and h > 0. Consider the function ¢p, : R — [0, 1] defined
by

1 fx<z
op(x) = 0 ifx>z+h
linear if z< oz <2z+h,

and observe that ¢y, is Lipschitz with ||}, [|c = 1/h. Using that 1(_ .} < ¢n < Lo 24p) as well
as (3.22), we get

P[F < z] — P[Sn < 7]

N

E[(ph(F)] - E[l(—oo,z](sn)]

Elen(F)] = Elpn(Sn)] + Elen(Sn)] = E[1(—o0,21(Sn)]
A
T

N

+ Plz< Sn<z+h)].
On the other hand, we can write
[ <Sn<z+h]

__1 [2,2+h) (87)dPs (s)dx

V2 /R2
1 / iP5 )/(Z+h)/s zzd 1Ps(s) z/s zzd
= — (s eTx—i-/ Ss/ e 2dx
V 27T R+ z/s (z+h)/s

«a 22 l1-a
’h‘ /|S|_adPS (/6 2(1a)dx>

< IhIO‘E Bl

N

22 l-« 2 1-«
because (fR e 20-a dm) <\/1 -« fR % dy> < V2w, so that
A (63
< 2 S|

13



Hence, by choosing h = Aa;ﬂ, we get that

PIF < 2] — P[Sn < 2] < A+ (1 + E[|S]7)).
We prove similarly that

P[F < 2] — P[Sn < 2] = —Aw+ (14 E[S]7)),

so the proof of (3.17) is done.
|

3.3 Quadratic functionals of Brownian motion and fractional Brow-
nian motion

We will now apply the results of the previous sections to some nonlinear functionals of a fractional
Brownian motion with Hurst parameter H > 3. Recall that a fractional Brownian motion (fBm)
with Hurst parameter H € (0,1) is a centered Gaussian process B = {B; : t > 0} with covariance
function

E(ByBy) = = (" + 2 — |t — 5.

DO | —

Notice that for H = % the process B is a standard Brownian motion. We denote by &£ the set of
step functions on [0,00). Let $ be the Hilbert space defined as the closure of £ with respect to
the scalar product

(Ljo.: Ljo,8)) 5, = E(BsBy).

The mapping 1 — B: can be extended to a linear isometry between the Hilbert space $)
and the Gaussian space spanned by B. We denote this isometry by ¢ — B(¢$). In this way
{B(¢) : ¢ € H} is an isonormal Gaussian process. In the case H > %, the space §) contains all
measurable functions ¢ : Ry — R such that

[ [T 1o letlie - sP-asin < o,
0 0

and in this case if ¢ and ¢ are functions satisfying this integrability condition,
[ee] o0
(p.¢) g =H(2H — 1) / / p(s)(t)|t — s 2dsdt. (3.23)
0 0

Furthermore, L%([O, 00)) is continuously embedded into $). In what follows, we shall write

cy =+/HQ2H-1I'(2H —1), H>1/2, (3.24)

. 1
and also c1 :=1lim, 1 cg = —=.
2 Hiz “H =73

The following statement contains explicit estimates in total variation for sequences of quadratic
Brownian functionals converging to a mixture of Gaussian distributions. It represents a significant
refinement of |25, Proposition 2.1] and [27, Proposition 18§].

14



Theorem 3.6 Let {B;:t > 0} be a fBm of Hurst index H > % For every n > 1, define

n1+H 1
A= — /t"—l(B%—Bf)dt.
0

Asn — oo, the sequence A, converges stably to Sn, where 1 is a random variable independent
of B with law N(0,1) and S = cy|Bi|. Moreover, there exists a constant k (independent of n)
such that

1-H

dTV(AnaSn) < kTLiT, n =1

The proof of Theorem 3.6 is based on the forthcoming Proposition 3.7 and Proposition 3.8,
dealing with the stable convergence of some auxiliary stochastic integrals, respectively in the cases

H =1/2 and H > 1/2. Notice that, since limy 1 cp =c1 = %, the statement of Proposition
2 2

3.7 can be regarded as the limit of the statement of Proposition 3.8, as H | %

Proposition 3.7 Let B = {B; : t > 0} be a standard Brownian motion. Consider the sequence
of Ito integrals

1
Fn = \/ﬁ/ tnBtdBt, n 2 1.
0

Then, the sequence F,, converges stably to Sn as n — oo, where 1 is a random variable independent

of B with law N (0,1) and S = ‘B—\/%l, Furthermore, we have the following bounds for the Wasserstein

and Kolmogorov distances
drol(Fn, Sn) < Cyn7,

for any v < %, where C is a constant depending on vy, and
dw (F,,Sn) < Cn*%,

where C' is a finite constant independent of n.

Proof. Taking into account that the Skorohod integral coincides with the It6 integral, we
can write Fj, = 6(up), where u,(t) = /nt"Bi1jy1)(t). In order to apply Theorem 3.4 we need
to estimate the quantitites F ({(un,Dan — S?]) and E (|{un, DS?)g |). We recall that § =
L?*(R4,ds). For s € [0,1] we can write

1
D.F, = \/is"B, + / 4B,
S

As a consequence,
1 1 1
(Un, DFy)g = n/ 52"B§ds +n / s" B, (/ t"dBt> ds.
0 0 s

15



1

n

1
o 52”E(\B§—Bﬂ)d5+' o

2n/ "V1—sds + —— (2n+1)

From the estimates

d

BZ

1
n/ s*"B2%ds — > <
0 2

<

d +¥
T o+ 1)

[ e
< \/%+ 4n,

\/ 1 — s2ntlds

and
1 1
nE(/ s" By </ t"dBt> ds) < /
0 s 2’1’L—|—
< )
(n+ 5)\/271—1— \/ n
we obtain
2 \/5 1
On the other hand,
1
1
n, DS%e | =vn E B/ "Bgds| | < vn < —. 3.26
o= ([ o) < 5 < -
(3.27)

Notice that
n 1
B(R) < L < o
2n+2 7 V2
Therefore, using (3.25), (3.26) and (3.27) and with the notation of Theorem 3.4, for any constant

1 2
1 1 V2 \° 2 1 1 ’
Co=3|— ﬂ+—>+— \ﬁ<2+—+—> :
0 <\/27T < 4 3 ) ( 0 VT2
ng we have A < Cn~ . Therefore, dy (F,,Sn) <

there exists ng such that for all n >
n > ng. Moreover, E[|S|™%] < oo for any o < 1, which implies that

C < Cy, where

Cn_é for

dKol(Fna 577) < C’yn_’ya
for any v < 75. This completes the proof of the proposition [ |
As announced, the next result is an extension of Proposition 3.7 to the case of the fractional

Brownian motion with Hurst parameter H > 3
16



Proposition 3.8 Let B = {B; : t > 0} be fractional Brownian motion with Hurst parameter
H > % Consider the sequence of random variables F,, = §(uy,), n = 1, where

un(t) = n"t" Byl 4 (t).

Then, the sequence F,, converges stably to Sn asn — oo, where 1) is a random variable independent
of B with law N(0,1) and S = cyg|By|. Furthermore, we have the following bounds for the
Wasserstein and Kolmogorov distances

dKOl(Fn7 ST]) < C’y,Hnifn

for any v < %, where C g 1s a constant depending on vy and H, and

1-H

dw (Fy, Sn) < Cpgn™ 3,

where Cyr is a constant depending on H.

Proof of Proposition 3.8.  Let us compute

1
D,F, =ns"By +nt / t"dBy.

s

As a consequence,

1
(Un, DF,) g = ||un\|% +nH <un/ t"dBt>
: i)

As in the proof of Proposition 3.7, we need to estimate the following quantities:

en=FE (‘”unH% - Sz‘) )

1
op=F ( nt <un,/ t"dBt>
: 9

We have, using (3.23)

and

)

1 t
en < HQRH-1)*ME (‘2/ / s"t" By By(t — s)*"?dsdt — T'(2H — 1)B?
0 JO

)

1 t
< H(2H - 1)n*'E (‘2 / / s"t"[BsB; — BI](t — s)QH_zdsdtD
0 JO

1 t
+H(2H — 1) [2n*7 / / s"t"(t — s)* 1 2dsdt — T'(2H — 1)'
0 JO

= ap+ by.
We can write for any s <t

E(|BsB; — B}|) = E(|BsB; — BsB1 + BB — B|) < (1 - )" + (1 — s)" < 2(1 — s)".

17



Using this estimate we get

1t
an, <4H(2H — 1)n2H/ / s(1 — s)H (t — 5)H 1 2dsdt.
0o Jo

For any positive integers n, m set

/ / 17t = o) Pdsdt = T(n+2H)(n +m+ 2H) (3:28)

Then, by Hélder’s inequality

H
an < 4H(2H —1)n2Hp- nH </ / s"t"(1 3)2H2dsdt>
= 4H@2H — 1)n*" ol (ppn — prsin)”

Taking into account that

T(n+1)(n(2H + 1) + 4H?)
Pnn = Pn+ln = )
I'n+2H)2n+ H)(n+2H)(2n + 1+ 2H)

—2H and

. This implies that a,, < Cgn~H,

and using Stirling’s formula, we obtain that p,, ,, is less than of equal to a constant times n
Pnn — Pn+1,n 18 less than or equal to a constant times np2H-1
for some constant C'; depending on H.

For the term by, using (3.28) we can write

by = H(2H — 1)I(2H — 1) ‘ 207 e 1 1) ‘ :

L(n+2H)(2n +2H)

which converges to zero, by Stirling’s formula, at the rate n=!.

On the other hand,
1 1
s" B, ( / r"dBr> It — s]2H-2dsdtD
t

0 0
1 1 1 2\ 711/2
< H(2H—1)n2H/ / s E</ r"dB, )
0 0 t

[t — s|*H2dsdt. (3.29)
We can write, using the fact that L%([O, 00)) is continuously embedded into ),

1 2 1 . 2H CH
E / r"dB, < Cy (/ rﬁdr> <—7- (3.30)
t t (% + 1)

Substituting (3.30) into (3.29) be obtain &, < Cgn~H, for some constant Cf, depending on H.
Thus,

6, = H(2H —-1)n*"E <

E ([(un, DF,)s, — S?|) < Cpn ™.

18



Finally,

1
E(‘(un,D52>;j D = nff E( 5"B3|t—s|2H_2dsdt‘>

1
< s — S|2H2d8dt' < Cynf 1.

Notice that in this case E ({(un, DF,)s — 5?|) converges to zero faster than E (|(un, DS?)s D
As a consequence, A < C Hn%, for some constant C'; and we conclude the proof using Theorem

3.4. [ |

Proof of Theorem 3.6. Using 1t6 formula (in its classical form for H = %, and in the form discussed
e.g. in [22, pp. 293-294] for the case H > 1) yields that

S(B]—BY) = 8 (B1()) + 51— 1)

(note that 0 (B.1p1)(-)) is a classical Ito integral in the case H = 1). Interchanging deterministic
and stochastic integration by means of a stochastic Fubini theorem yields therefore that

’I’LH

2H +n’
In view of Propositions 3.7 and 3.8, this implies that A, converges in distribution to S7. The
crucial point is now that each random variable A, belongs to the direct sum Hy & Ha: it follows

that one can exploit the estimate (3.18) in the case p = 2 to deduce that there exists a constant
¢ such that

dTV(Anasn) CdW(Arusn) (dW(Fn,SW) +dW(An7F ))

A,=F,+H

U\\»—l

where we have applied the triangle inequality. Since (trivially) dw (A, F) < 2}} & < nH—1
we deduce the desired conclusion by applying the estimates in the Wasserstein distance stated in
Propositions 3.7 and 3.8. u

4 Further notation and a technical lemma

4.1 A technical lemma
The following technical lemma is needed in the subsequent sections.

Lemma 4.1 Let ny,...,n4 be a collection of i.i.d. N(0,1) random Uarmbles, Fiz aq,...,aq0 € R
and integers ki, ...,kq = 0. Then, for every f : R% — R of class Ck»k (where k=ki+-+kq)
such that f and all its partial derivatives have polynomial growth,

k
E[f(a1nt, .., agna)ni® -+ - n5]
[F1/2] lka/2] d
B SRS 3| (Y
_ | '
D0 o (2204

g1+ +ka—2(j1++ja)
x B

flaim, ---,Oédnd)] :

k1—2j1 ka—2jq
Ox] -0z

19



Proof. By independence and conditioning, it suffices to prove the claim for d = 1, and in this
case we write 71 = 1, k1 = k, and so on. The decomposition of the random variable n* in terms
of Hermite polynomials is given by

LT
k __ : .

7=0
where Hj,_9j(x) is the (k — 2j)th Hermite polynomial. Using the relation E[f(an)Hj_2;(n)] =

oF=2 E[f*=27) (am)], we deduce the desired conclusion. ]

4.2 Notation

The following notation is needed in order to state our next results. For the rest of this section we
fix integers m > 0 and d > 1.

(i) In what follows, we shall consider smooth functions

D R™ SR (Y1, ey Ui Ty ees a) > PYL ooy Yrmi T1 s ey L) (4.31)
Here, the implicit convention is that, if m = 0, then v does not depend on (y1, ..., ym). We
also write
0
= — k=1,..,d.
wl‘k 8.%'k1/}’ ) )

(ii) For every integer ¢ > 1, we write <7 (q) = <7(¢;m,d) (the dependence on m,d is dropped
whenever there is no risk of confusion) to indicate the collection of all (m + ¢(1 + d))-
dimensional vectors with nonnegative integer entries of the type

alD = (ky, .o kgsan, ey msbij, i=1,.q, j = 1,...,d), (4.32)
verifying the set of Diophantine equations

ki +2ky+---+qky = q,
ar+ -+ am + b1+ +big k1,
boy + -+ by = ko

byt + -+ b = kg

(iii) Given ¢ > 1 and @ as in (4.32), we define

|
C(a®) = 1

T T o d (4.33)
[Ty ™ IS el T TT5=q bij!
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(iv) Given a smooth function 1 as in (4.31) and a vector a!? € o7 (q) as in (4.32), we set

K1+ +kg
(@) 0
oy =

8y(11 ) ayama bi1+-- +bq1 L aled-f—----f—qu (434)

The coefficients C'(a(?9)) and the differential operators 9°”| defined respectively in (4.33)
and (4.34), enter the generalized Faa di Bruno formula (as proved e.g. in [10]) that we will
use in the proof of our main results.

(v) For every integer ¢ > 1, the symbol #(q) = #(q; m,d) indicates the class of all (m+q(1+2d))-
dimensional vectors Wlth nonnegative integer entries of the type

/B(q) = (kla ---,kq;ala ooy A b’/lj?b;,j =1,...,q, 7 =1, ""d)’ (4'35)
such that
a(ﬂ(q)) = (k17 "'7kq;a17 .. am7b, b;,j 1= 17 - q, ] = 17 "'7d)7 (436)
is an element of <7(q), as defined at Point (ii). Given 89 as in (4.35), we also adopt the
notation
q
b/| == ZZbU, b := ZZb;;, bajl == b, G=1,...d. (4.37)
i=1 j=1 i=1 j=1 i=1

(vi) For every @ € %(q) as in (4.35) and every (I1,...,lg) such that I, € {0, ..., |bl,]/2]},
s=1,...,d, we set

(q) (q a4 b/ —|—b” |b ||
W(BD; 1y, . 1) = Cla(8 HH( )H%W' eann STy
s=1 o5 s/t

where C(a (@) is defined in (4.33), and

§Ib1=2(11-+-+a)

8(5(Q);11,...,ld) — 80(5(q))

*

- T (4.39)

where a(39) is given in (4.36), and 923 ig defined according to (4.34).

(vii) The Beta function B(u,v) is defined as

1
B(u,v) :/ N1 — )t u,v > 0.
0
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5 Bounds for general orders and dimensions

5.1 A general statement

The following statement contains a general upper bound, yielding stable limit theorems and
associated explicit rates of convergence on the Wiener space.

Theorem 5.1 Fiz integers m >0, d > 1 and g; > 1, j =1,...,d. Let n = (n1,...,m4) be a vector
of i.i.d. A(0,1) random variables independent of the isonormal Gaussian process X. Define
¢ =maxj—1, . qq;. Foreveryj=1,....d, consider a symmetric random element u; € D244 (5245,
and introduce the following notation:

- F} = (5qj(u]‘), and F = (Fl,...,Fd),'

— (81, ..., 8q) is a vector of real-valued elements of D944, and
S = (S1m; -, Sana)-

Assume that the function ¢ : R™*% — R admits continuous and bounded partial derivatives up to
the order 2¢ + 1. Then, for every hy, ..., hy € 9,

[Elp(X (h1), o, X (A ); F)] = Elp(X (h1), ., X (A ); S - )|

d 2
<% 2. ‘ 9 aa
ki1 Tl CC]'

SDH E [[(D%Fj,up)gea — 1j=1S7|] (5.40)

LIvg:1/2]  Llbegl/2]
(ar)ily .. 0 )

L2 Z Z Z Z W (B); 1y, )‘ - (5.41)
k L glar) e By (qp,) 11=0 1q=0 >
d a d
< E HS“"-'S\*”S <uk,h?“ ® - @ hEwm ®® {(Dz‘Fj)@ab;j ® (Dzsj)®b;;.}> ’
s=1 i=1 j=1 §9%

where we have adopted the same notation as in Section 4.2, with the following additional conven-
tions: (a) Bo(q) is the subset of #(q) composed of those B(qx) as in (4.35) such that bj; =0 for

J=1,.d, (b)) W(B; 1y, .. 1) == W(BW): 1y, ... 1) x B(V| + 1/2; || + 1), where B is the

Beta functwn,

5.2 Casem=0,d=1

Specializing Theorem 5.1 to the choice of parameters m = 0, d = 1 and g > 1 yields the following
estimate on the distance between the laws of a (multiple) Skorohod integral and of a mixture of
Gaussian distributions.

Proposition 5.2 Suppose that u € D?34(H29) is symmetric. Let F = 69(u). Let S € D949,
and let n ~ N(0,1) indicate a standard Gaussian random variable, independent of the underlying
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isonormal process X . Assume that o : R — R is C291 with ||[p®)|| oo < 00 for any k =0,...,2q+
1. Then

| El(F)] = Elp(Sn)]| < %H@"Hoo E[|(u, DF)s, — %]
LI6"11/2]

+ > N7 cqriry H¢(1+\b'|+2\b”|—zj>u
i=0 >

(b b")EQ,bly=0

N [S\b//‘_Qj ‘<u7 (DF)(X)b/l R ® (Dq—lF)®b;_1 Q (DS)@)b’l’ @ ® (DqS)®bf;>

I

where Q is the set of all pairs of q-ples b' = (b, by, ..., by) and V" = (bf,...,by) of nonnegative
integers satisfying the constraint by + 20 + - -+ + qby + b] + 205 + - + qb) = q, and cqy v j are
some positive constants.

f_)®ll

In the particular case ¢ = 2 we obtain the following result.

Proposition 5.3 Suppose that u € D*8(H*) is symmetric. Let F = 6%(u). Let S € D*8, and
let n ~ N(0,1) indicate a standard Gaussian random variable, independent of the underlying
isonormal process X. Assume that ¢ : R — R is C° with ”(P(k)Hoo < oo for any k =0,...,5.
Then

|Blo(F)] ~ Elp(Sm)]| < 5l lloo B[}, D*Flge — 5]

] + E[S |(u, DF ® DS) ye2]]
)

Taking into account that DS? = 25DS and D?S? = 2DS ® DS + 25D?S, we can write the
above estimate in terms of the derivatives of S2, which is helpful in the applications. In this way
we obtain

< toe 2[J 0P

+E (8% + )| (u, (DS)%2) 1.

] v E [s ‘(u,D25>ﬁ®2

for some constant C.

|Blo(F)] ~ Blo(Sn)l| < 510" oo B[, D*Fgoq — 7]

| + B [|(w, DF @ DS)ges]]

} ) . (5.42)

Notice that a factor S~2 appears in the right hand of the above inequality.

+0321?§5lw(“”°°<E [ (DF)2);0

+E[(572+1) [(u, (DS)*) 5.

} +E H<u D*S),.
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5.3 Casem>0,d=1

Fix ¢ > 1. In the case m > 0, d = 1, the class #(q) is the collection of all vectors with nonnegative
integer entries of the type B9 = (ay, ..., am; b, b, .. . b, b)) verifying

ap + -4 am + (b7 +07) + - +q(b, + b)) = q,
whereas %o(q) is the subset of %(q) verifying b, = 0. Specializing Theorem 5.1 yields upper
bounds for one-dimensional o(X)-stable convergence.

Proposition 5.4 Suppose that u € D?349($29) is symmetric, select hy,...,h,, € 9, and write
X = (X(h1),.e; X(hm)). Let F = §9(u). Let S € D94, and let n ~ N(0,1) indicate a standard
Gaussian random variable, independent of the underlying Gaussian field X. Assume that

C:R"XR =R (Y1, ey Ymy, ) = @Y1y oo, Y, T)
admits continuous and bounded partial derivatives up to the order 2q + 1. Then,

|E[e(X, F)] — Elp(X, Sn)]|
Ll o2 L16”1/2)
§HW¢H E[|{u, DIF)geq — Z Z W

BqEﬁo (@) 3=0
olal HLHIY | +2[0"|—25
Dy Oy D HV 2= 2; ¥

o0

q
<“’ B e e QYD) e <D@'s>®*’7}>
H®4q

i=1

xE | SW'1-%

|

where |a] = ay + -+ + ap,.

5.4 Proof of Theorem 5.1

The proof is based on the use of an interpolation argument. Write X = (X (hq), ..., X(hy,)) and
g(t) = Elp(X;VtF ++1—tS -n)], t € [0,1], and observe that E[p(X;F)] — E[p(X;Sn)] =
g(1) — g(0) = 1 g (t)dt. For t € (0,1), by integrating by parts with respect either to F' or to 7,
we get

gt) = E [%«k(x; VIF +1—1S-n) <& __Skk >]

Vi V1—t

E |:90:vk (X; VEF + V115 - 7) <5qk%k) - jfL_ktﬂ

N | —
[]=

k=1

Il
DO | —
[]=

k

- o Dl e T ), ]

1

<=

d
ZE[ O(X;VEF +/1—1tS - n)Sk]

k=1

l\?l»—\
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Using the Faa di Bruno formula for the iterated derivative of the composition of a function with

a vector of functions (see [10, Theorem 2.1]), we infer that, for every k =1, ..., d,

(D% 0y, (X5 VEF + VI =18 - 1), up) o
— Z C(alm)) 3(04(‘“6))%1c (X;VEF +V1—tS )

alk) e/ (qx)

@ d
x(h§ @@ b (R QD! (VEF; + VT = 5m)

i=1 j=1

For every i =1, ...,qx, every j = 1,...,d and every symmetric v € % we have

(D WVEE; + VI=ESm) ™ 0) o,

b
_ bij u/2 (bij—u)/2, (bi;—u) 1 \Qu i ®(b;; —u)
- §_0<u>t (1= &) Es= 2= ((DF Ry @ (D7) v>ﬁ®%.

Substituting (5.44) into (5.43), and taking into account the symmetry of wuy, yields

E [( D%y, (X; VIF +VT— 18 1), uk>ﬁ®qk}
_ Z C( (qk))t\b’|/2 1_¢ b”\/QHH <b/ +b//>

Blar) € B(qy,) 1=1j=1
T b
B |02 o, (X VIF + VI — 1S -n) [[ 0"

J=1

(5.43)

uk>5§®qk .

(5.44)

q; d
X <uk,h?“1 ®---®h%“M®®{ B ® (Disj)®b2;}> :
5®qk

and this sum is equal to

.

B(qk)@@o(qk) i=1j5=1

d /!
B 020", (X VAR + VT 1S m) [ n) ™!
7j=1

q d
x<uk,h?al®---®h§am®®{w &% ® (D'S,) b}>
f)®qk

=1 j=1

d
82
+2VIE [axkaxl P(X; VIF + VT 1S - n)(D*F, “’“”’”]
=1

= D(k,t) + F(k, ).
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Since

< (5.40),

d d
1 1 0?
— Y Fkt)— =Y E|=—oX;VtF+vV1—-1tS -n)S?
2\/%5:1 (k1) =5 > [(%zsﬂ( ViF + n) k:|

k=1

the theorem is proved once we show that

1 Kt
NG ;/0 |D(k,t)|dt

is less than the sum in (5.41). Using the independence of 7 and X, conditioning with respect to
X and applying Lemma 4.1 yields

;1

d
B 02", (X VIF + VT =18 ) [[ )™
j=1

i=1 j=1

9 d
’ <“’“ Wt e i Q@ (DE) T @ <Disj>®b'5f}>
57)®qk

Lbgyl/2] Lbgyl/2] a

b//s"
=D Hle (b2, = 21!

[1=0 ld 0 s=1

qr d
- <“’f W @@ hi Q@ (DR @ (D)™ }>

i=1 j=1

f)®qk

d
1! ( )
s [ =g e (X Vi 4 VTS n)] ,
s=1

and the desired estimate follows by using the Cauchy-Schwarz inequality, and by integrating
|D(k,t)| with respect to t. ]

6 Application to weighted quadratic variations

In this section we apply the previous results to the case of weighted quadratic variations of the
Brownian motion and fractional Brownian motion. Let us introduce first some notation.

We say that a function f : R — R has moderate growth if there exist positive constants A,
B and a < 2 such that for all x € R, |f(z)| < Aexp (Blz|¥). Consider a fractional Brownian
motion B = {B; : t > 0} with Hurst parameter H € (0,1). We consider the uniform partition of
the interval [0,1], and for any n > 1 and k = 0,...,n — 1 we denote AB}/, = B(ry1)/n — Bi/n;
Ok/n = Lik/n,(kt1)/n) a0d €k n = (g /-

Given a function f: R — R, we define

n—1
Up = n?H=1 Z f(Bk/n 5](?/2,1
k=0
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We are interested in the asymptotic behavior of the quadratic functionals
) n—1 L n—1
Fo=n2""3 3" f(Bism) [(AByj)? —n 2] =n2 -3 % F(Bryn) L2055 7)- (6.45)
k=0 k=0

6.1 Weighted quadratic variation of Brownian motion

In the case H = %, the process B is a standard Brownian motion and, taking into account that
B has independent increments, we can write

F, = 6%(uy). (6.46)

Then, applying the estimate obtained in the last section in the case d = 1, m = 0 and ¢ = 2,
we can prove the following result, which is a quantitative version of a classical weak convergence
result that can be obtained using semimartingale methods (see, for instance, [9]).

Proposition 6.1 Consider a function f : R — R of class C® such that f and his first 6 derivatives
have moderate growth. Consider the sequence of random variables F,, defined by (6.45). Suppose

that E[S™%] < oo for some o > 2, where S = w/2f01 12(Bs)ds. Then, for any function ¢ : R — R
of class C° with ||¢®)||o < 0o for any k =0,...,5 we have

_ (i) -3
|Elp(Fy)] E[so(Sn)]ISC%l%II@ loom™ 2,

for some constant C which depends on f, where n is a standard normal random variable indepen-
dent of B

Proof.  Along the proof C will denote a constant that may vary from line to line, and might
depend on f. Taking into account the equality (6.46) and the estimate (5.42), it suffices to show
the following inequalities.

E (|(un, D*Fp) 2oy — S°|) < % (6.47)
E ([(un, DFE*) 20.112)]) < % (6.48)

E ([(un, D(5*)%%) 120.12)]) < % (6.49)

B ([un Do) < = (6.50)

E ([{un, DF, ® D(S*)) 120.12)]) < % (6.51)



The derivatives of F;, and S? have the following expressions
1
D) = 4 [ (7B
1
DSY) = 4 [ (47 4+ 1) (B L g,
0

n—1 n—1
DF, = QﬁZf(Bk/n)Il(5k/n)5k/n+\/EZf/(Bk/n)Iz(@?fn)Ek/m

n—1

n—1
k=0

We are now ready to prove (6.47)—(6.51).

Proof of (6.60). We have

E H<un,D2Fn>L2([O’112) - S2H g 2E

1 1
= 2(B.,) — 2(By)d
(B | rmoas

1

+E Z f(Bim)f' (Bl/n)f2(5l/n)

0<k<I<n—1
= QE(’An‘) + E(’Bn’)

For the second summand we can write

1
BB = — SN BB (Byn)F(Bip) (B ) (652 (672 )]
" 0<k<l<n—10<i<j<n—1

= = XS BB BBy B 67 E)

0<k<i<n—10<i<j<n—1

+% o E[fBim)f (Bim) (" (Bym))*12(5772)]

0<k<j,l<n—1

0<k<j,I<n—1

The last term is clearly of order n~!, whereas one can apply the duality formula for the first two
terms and get a bound of the form Cn=2. To estimate E(|A,]), we write

(k+1)/n

Using that E|(f2(
get that E(|A,|) <

k/n) — f2(Bs)|) < % for s € [k/n, (k + 1)/n], for some constant C, we easily
< C
=
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Proof of (6.61). We have

?
L

(tn, DF2?) 12(01p2) = T S (Broyn) 11 (61 yn)?

fm

<k<l<n-—1

Vn Z F(Bryn) £ (Buym) f' (Bjm) T2(0}75) 2357, )-

n
0<k<l,j<n—1

wa\

Similarly as in the previous step, by considering F [(un, DF ®2>%2 (0.1 ]2)} and then applying the
product and duality formulas, we get that E[(un,DF® )2 < Cn~!, from which (6.61)

L£2([0,1 ]
follows. (10119

Proof of (6.62). We can write
n—1
(tn, D(S*)®*) 2 j0,12) = 16\/52f(3k/n)
k=0

< TN BGE, Toaetnn) oo
It is clear that (1p/n (k41)/n2> Lj0,s]x[0,6)) £2([0,1]2) < n~2, so that (6.62) is well in order.

Proof of (6.63). We have

n—1 1
(tn, D*(S)) 12(0,112) = 4V Y F(Biyn) /0 (f + L") (Bs) Ok ms Lo,6]) 22(p0,17) 45
=0

Because (0k/n, 1jgg) r2(j0,1])) < n~!, estimate (6.63) holds obviously true.

Proof of (6.64). We have

(un, DF & D(S2)>L2([071]2)

= 82/ (FF)(Bs) 2 (Bieyn) 11 (61 /n) (O s Lio,8]) 120,17 45
+4 ) /ff )f (B jn) ' (Bijn) 12 (81/n%?) {8y 1, L10.5)) 12 (0,17 45
0<k<i<n—1

Here again, by considering E[(un,DF ® D(52)>L2([0 112) ] and then applying the product and

duality formulas, we get that E[(u,, DF, ® D(S2)>L2([o 1t )] < Cn~2, from which (6.64) follows.
The proof is now complete. [ |
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6.2 Weighted quadratic variation of fractional Brownian motion

Suppose that B = {B; : t > 0} is a fractional Brownian motion with Hurst parameter H € (%, 3).
We make use of the following lemma from [11].

Lemma 6.2 LetH<2 Letn>1and k=0,...,n—1. We have
(a) ‘(1[%7 3k/n>;)‘ <=M for any t € [0,1].

(b) supyepo] > r—o ‘< 0,4]> (9k/n ‘ = as n tends to infinity.

(c) For any integer q > 1, we can write

Z ‘( i /s (9k/n ‘ = O0(n*~21)  asn tends to infinity. (6.52)
k,j=0

The next result is an extension of Proposition 6.1 to the case of a fractional Brownian motion
with Hurst parameter H € ( I 2) and it represents a quantitative version of the weak convergence
proved in [12].

Proposition 6.3 Consider a function f : R — R of class C° such that f and his first 9 derivatives
have moderate growth. Consider the sequence of random variables F,, defined by (6.45). Suppose

that E[S™%] < oo for some a > 2, where S = \/fol 1%(Bs)ds. Set

[e.e]

1 2
on=75 Y (p+1P"+[p—1P7 —2p*)".

p=—00
Then, for any function ¢ : R — R of class C° with Htp(k)Hoo < oo forany k=0,...,5 we have

[Elp(F)] ~ Elp(onsn)]| < C max [l oz, (6.53)

for some constant C' which depends on f and H, where n is a standard normal variable be inde-
pendent of B.

Proof.  Along the proof C' will denote a generic constant that might depend on F' and H. Notice
first that the equality (6.46) is no longer true in the case H # % For this reason, we define

G, = 82 (up), and we claim that the difference F,, — G,, is smaller than a constant times n2—2H
in D?2. That is,

E[|F, —Gn)?] < Cn'™4 (6.54)

E[|DF, — DG,|3]] < Cn'™*" (6.55)

E[|D*F, — D*Gy||3e]] < Cn'™*H. (6.56)
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In order to show these estimates we first deal with F,, — GG,, using Lemma 2.1, and we obtain
F, -G, = ZH__ 225 Bk/n 6k/n) <€k/na6k/n>5:J

+n2H7% Z f”(Bk:/n) <6k/n7 (Sk:/n>52:J
k=0

Using the equality
8 (f'(Br/n)ok/n) = f'(Bryn) 1Ok sn) = " (Bryn) (b jns Ok jn) s, »

yields

n—1

1
Fn — Gn = n2H 2 Z 2f,(Bk/n)Il(5k;/n) <€k/n7 5k/n>ﬁ
k=0

n—1
H—1 2
2 Z f”(Bk/n) <6k/na 5l<:/n>5:J
k=0
= 2M, — R,.
Point (a) of Lemma 6.2 implies
E[R%] < Cnt41, (6.57)
On the other hand,
E[M;] = n* Z £ Bjm ' (B n) 11 (3 /n) Ty (k)] (€5 s G ) g (/s Ohpm )y
7,k=0
and using the relation
L (05n) Ty (O )] = T2(8 /@01 /) + (G ms O sm)s
and the duality relationship (2.5) yields

E[Mz] < nt-1 Z ]/n’(sk/n 55| + |< €j/ns ]/n> <€k/na5k/n>5§| + |<€j/na5k/n>5§<€k/na5j/n>5ﬁ”
7,k=0

Finally, applying points (a) and (c) of Lemma 6.2, and taking into account that 2H is larger than
4H — 1 because H < %, we obtain

E[M?] < Cn*H! (n172H +nPn ) = 0 (7 4 n174H) < COntH, (6.58)
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Then, the estimates (6.57) and (6.58) imply (6.54). In a similar way, (6.55) and (6.56) would
follow from the expressions

n—1

DF, - DG, = n2H7% Z 2f”(Bk:/n)Il (5k/n) <6k/n7 516/n>5:J €k/n
k=0
n—1

+n2H_% Z 2f/(Bk/n) <6k/n’ 6k/n>5 6k/n
k=0

n—1
1
_nQHii Z f”/(Bk:/n) <€k/n7 5k/n>52§ €k/n
k=0
and

n—1

_1
D2Fn - DQGn = nZH 2 Z 2f”/(Bk/n)Il (5k/n) <6k/n7 5k/n>y,) 6§/2n
k=0

n—1
1 ~
+n2H7§ Z 2fl/(Bk/n) <6k/na 6k/n>f) 5k/n®€k/n
k=0

n—1
_1 2
—n*72 N D (Bgn) (et ms Okym)g o’

Notice also that from point (c) of Lemma 6.2 we deduce

Elllun|3) = n* Z Bjjn) f'(Breyn)l (0 s Oeyn)sy < C. (6.59)
7,k=0

Taking into account the estimates (6.54), (6.55), (6.56) and (6.59), the estimate (6.53) will
follow from (5.42), provided we show the following inequalities for some constant C' depending on
f and H.

E (|(un, D*Fp)ge2 — 03 S%|) < Cn22H, (6.60)
E (|(un, DFP?)ge0|) < Cn22H, (6.61)
E (|{un, D(S? ®2>5§®2D < Cni M (6.62)
2 i-2H
ny ® X ; .
E (|{un, D*(S?))ge2|) < Cn? (6.63)
E (|(un, DF, ® D($?)ge2|) < Cnz 2. (6.64)
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As in the case of the Brownian motion, the derivatives of F}, and S? are given by the following
expressions

1
D(s?) = / (1B 10y ds,

DY) = [P I B
L n—1 L n—1
DF, = 2n2H_§ Z f(Bk/n)Il((Sk/n)(sk/n + nZH_§ Z f,(Bk/n)IQ((SE/Qn)Ek,ny
k=0 k=0
n— n—1
k=0 k=0

n—1
_1
R ST B B2 )62,
We are now ready to prove (6.60)-(6.64).

Proof of (6.60). We have

|<un,D2Fn>5®2 — U%{SZ|

n—1
< 2n4H_1 Z f(B]/n)f(Bk/n)<5j/na6k/n UH/ f2
=0
ntfl Z F(Bjjn) ' (Bieyn) 11 (1 /) (05 frs O ) 540 /s €1y )
7,k=0
! Z F(Bja) " (Brp) 1205 73) 0 s €1 jn)
7,k=0
[ An| 4 4B + C.
We have
n—1
EB) = n*2 > E[f(Bjj)f (Bum) I (Bijn) I (Bim) (0 m) 11 (81)]
G i=0

X {05 /1> Ok /n) 5405 /s €k f) 5 (i rs Ot/ ) (0 s €1/m) 5+

The product formula for multiple stochastic integrals yields

L (O ) 11 (810) = T2(83)n®01/) + <5k/n75l/n>5
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As a consequence, using that [(d;/,, €x/n) 5] < n~2 by point (a) in Lemma 6.2, and applying the
duality formula for I5, we obtain

n—1
EB2l < Cn*72 3" (8 /ms Otm) (0ijns O1yn)s |
7,k,i,0=0
X{ sSup |<5k/n71[078}> <5l/n7 Os |+‘<5k/n751/n> ‘}
s,t€[0,1]

Finally, from (a) and (c) in Lemma 6.2 we get
. 2
E[B}] < Cn™? Z |65 r> O )|
k=0

n—1

+Cn4H_2 Z ‘ <5j/n7 5k/n>ﬁ <52/n7 5l/n>.6 <5k/"’ 5l/n>ﬁ‘
ki l=0

< C (n74H _{_n72H)‘

Taking into account that 2H is larger than 4H — 1 because H < %, we get the desired estimate.
For the second term we have

n—1

E[C?] = nBH72 Z E[f(Bj/n)f”(Bk/n)f(Bi/n)fl/(Bl/n)IQ(5](?/) (552)]
G i=0

X <5j/n’ Ek/n>52§ <6z/na 6l/n>52§'

The product formula for multiple stochastic integrals yields
~ 2
(5}?/1) (5}?2) = 14(5;?/2,1 5}?2) + 412(0k/n@01/n) Ok /ms Oty ) g + 2 (O /ms O )

As a consequence, by points (a), (b) and (¢) in Lemma 6.2 and using the duality relationship we
get

n—1

E[CEL] < Cn8H72 Z <5j/na 6k/n>%<5z/n, El/n>,26 (n—BH + n74H ‘<5k/na 6l/n>5§| + <5k/na 6l/n>,%j)
ki 1=0

s€[0

2
n—1

< Oonti? Sup Z\ 8;/n> 1j0,9)) 9| Z(H_SHJF TSk s 1) | + (Okjns S1ym)3)
k=0

< C(TL74H—}—TL 1— 2H+TL 1).

This leads to the desired estimate.
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To estimate E(|A,|), we write

n—1
- 2
2ntH =1 Z f(Bj/n)f(Br/n) <5j/n75k/n>f)
jvk:O

1 2
= 57 D TBy)f(Biyn) (k= + 127 + |k = j = 1P — 2l — 1)
jvk:O
oo (n—=1)A(n—1—p)

= Z S FBy) fBapym) (p+ 1P+ p— 12— 2]p2H)”.

p—*oo Jj=0vV—p

If we replace f(B(j1p)/m) by f(Bj/n) we make an error in expectation of (p/n)", so this produces
a total error of n=. On the other hand, the series

3" (o + 1P + p — 127 — 2[p|2H)?
[p|>n

converges to zero at the rate n* =3 Tt remains to estimate

(k+1)/
—ZF (Biyn) / 2B ds—Z /k " [P2(Bup) - 2(B))]ds.

Using that E[|f2(Bk/n) — fA(By)|] < Cn~ for s € [k/n, (k + 1)/n], we easily get the desired
estimate for E(|A,]).

Proof of (6.61). We have

<un, DF7?2>-"_)®2

n—1
_3
4n6H 2 Z f(B]/n)f(Bk/n)f(Bl/n)Il(5k/n)Il(5l/n)<5]/n75k/n>ﬁ<5]/n75l/n>ﬁ
. d=0

n—1
Hﬁ% Z f(B]/n)f(Bk/n)f (Bl/n)Il(ék/n)IZ(él/n)<5j/na5k/n>ﬁ<5j/n=€l/n>ﬁ
jkl*O

6H77 Z f ]/n Bk/n)f/(Bl/n)IZ((s]?/n) (5§n)<5]/n7 6k/n>~6 <5j/n7 6l/n>5’J
7,k,1=0
=4A, + 4B, + C,,.

Similarly as in the previous step, we have to consider E[(un,DF ©2) ﬁm] and then apply the

n
product and duality formulas. Since the computations are more involved here, we are going to

use some helpful notation. Set
S5 = F(B; /) f (Bijn) f (Biym),

L5 = F(Bjn) f(Bim) ' (Bijw),
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and
OIE = F(Bjn) F (Byn) ' (Bijn)-

Also set B x = (0j/ns O /n)sy and ajy = (3, Ljog)55- The term A,, can be decomposed as follows:

An = Arlz + A?w
where
5 n—1
_3 k.l =
Arll S Z q)z;f 12(5k/n®5l/n)5j,k/8jvl7
G l=0
and
5 n—1
_3 ikl
A2 = pSH=3 Z )% BriBjkBii
J,k,1=0
Then,
n—1
_ kel K ~ =
B((A)?) =n3 N B0 1 (8 @010 ) T2 (81t yn @0y 1)) 8550 B0 e B
j7k7l7j/7k/7l/:0

By the product formula for multiple stochastic integrals, we can write

I2(61/n®8113) 12 (01 10 @6y j10) = Ta((01e /@01 /0) (O yn @0y 1))
+ Bk 12(81/n R0y 1) + Breir 12 (81 @0k 1) + Bt T (84 @01 1) + Bt Lo (8 @03 1)
+B i Biir + By Bu g -

As a consequence, we obtain

n—1
1y2 12H—
B((4a)) < On ’ Z mﬂ%’fﬂ%lﬁjhk’ﬂj’,l’ { Sup ‘Oék,tocl,tozkhtaz/,t
Jik,lg' k! 1'=0 te[0,t]

+ B | sup |auzap | + | BBy }
t€[0,t]
< C(n ' 12

2H

In fact, taking into account that £, = n=*" py(j — k), where

(17 4+ 127 + 5 — 122 — 152,

DN | =

pu(j) =

and that 37 |pr(j)] < oo, because H < 3, we obtain

n—1 n—1
S BiBiBiwBie] < 0N on( = R)pu (i — Deu(’ — K)pu (i’ = 1)
j7k7l7j/7k/7l/:0 j7k’l’j/’k/7l/:0
< C’I’L278H.
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So, for the first summand we obtain the power 12H —3+2—8H —8H = —1—4H, for the second
one 12H —3+2—-8H —6H = —1 — 2H and for the third one 12H —3+2—-8H —4H = —1. For
the term A2 we obtain

n—1
232 12H -3 ikl x5 kL
E((47)°) = n > BRI B1B) kBB By ke By v
j7k7l7j,7k,7l,:0
n—1
12H—
Cn 3 Z | Bre1 81,185,181 1 By e By v

j7k7l7jl7k,7ll:0

N

<Cn~ L

Consider now the term B,,. The product formula for multiple stochastic integrals yields
L (8 ) T2(8772) = L3(8k/m @072 ) + Bready (81/m)-

Thus, the term B,, can be decomposed as follows

where
5 n—1
_3 ikl >
B% = nGH 2 Z @i”z’ Ig((sk/n@)(sf?i)ﬁj,kaj,l/n?
k=0

and

n—1
2 6H—3 j kel
By =n®""2 N SN (61/n) Bra Bkt -
j,k,l=0

Then, we can write

n—1
E(BY?) = n®1% N E@I S 18,005 I (G D657,
j7k7l7j/7k/7l/:0

X B,k Byt 1 1
By the product formula for multiple stochastic integrals,
13(5k/n®6§i)13(5k//n®6§/2n) = 16((5k/n®5§i)®(5k’/n®5§/2n))
+% [ﬂk,k/h(fsf??@fsﬁfn) + B La (87159 (O n @611 )
B0k L (k1 @010 ) D07 1) + B Ta((Ok 0 @610 ) D) (ks /0 @811 /)
+g [5k,k'ﬁl,l'12(5z/n®5lf/n) + Brotr B 12(81 /@0y 1)

+Br1r B0 1o (81, @0y 1) + /Bl%l’IZ(ék/néék’/n)]
+9(Br kB + Br B Bl
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We can write the above expression as
13(5k/n®5§i)13(5k//n®5§/2n) = WELR 4 9[By w BRy + Brw B Bur),

where \I/fl’l’k/’l/ is the sum of the terms that contain multiple integrals. Then, by the duality
relationship we obtain

okl g 3’ kU g kLR —8H
E[® 5 @) ) Ut < On o0,

Therefore, using points (a) and (c) in Lemma 6.2 we obtain

2

n—1
E((B))?) < a3 37854l (Sup Z!mﬂ)
Jik tel0.t] =g
n—1
+CnBH 3 Z (185187 1 B B | + | B3,k By e Brar Buw Brrr|)
j7k7l7j/7k/7l/:0
< C (n_1 + n_QH) .
On the other hand,
n—1
E((B%)?) = p!?-3 Z E[‘Pﬁlkzl‘bj Y lIl(5l/n)11(51//n)]Bk.l5j,k04j,z/nﬁk/,z/ﬁj/,k'Oéj/,z//n-
]7k‘7l7j,7k,7ll:0

From the equality

L1(61) 1 (0 ) = T2(81/0 @0y 1) + Brars

and applying the duality relationship we obtain
kel x5 KU _
BlOg @) 16 B[ < € (07 + 1B

Consequently, using points (a) and (c¢) in Lemma 6.2 we obtain

2

n—1
R D Zm)
5,k=0 =0
n—1
+CnB 3 Z | BB B v B B | < C (n~' +n~21).
j7k7l7jl7k,7ll:0

Finally, consider the term C,,. By the product formula for multiple stochastic integrals
(5@1) (5632) = 14(5}?/2,1 56?2) + A5 (8 @010) Bra + 283
and we make the decomposition

C, =Cl 44C% + 203,
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where

n—1

1_  6H-2 gkl ®2 ®2
Cn =n 2 Z (I)n,?) I (5k/n®5l/n)aj»k/"ajvl/"’
J,k,1=0

(2 St Z 15 T2 G @01 ) Btk 1

jik,1=0
and
n—1
C3 = nb—2 Z <I>i;’,’§,’lﬁ£,laj7k/naj,l/m
j,k,1=0
Then,
n—1
B(C?) = o %7 B L B 16, B6,)
jikdgt k=0
KOGk /n G K QG e
We can write, using point (c¢) in Lemma 6.2,
n—1
E((CH?) < a3 Y sjujp(E[q%’g’@;;f ARV AR )| B
kLK /=0

By the product formula of multiple stochastic integrals and the duality relationship we deduce

n—1
S |Eerel L s g, B3R,
kK /=0

< Cn4712H

+C Z 0 (| Bl Bt Buw | + Br e Brur)

-
n—1
+C Z (182 1 Bry + 1B Bror Buwe Br | + Bit B ) -
k, k" lI'=0
Point (c) of Lemma 6.2 yields

n—1

> (IBrwBriBuw| + BiwBr]) < CnP=H

kLK1 =0

and

n—1

Z (182 1Bty + 1B Brw Buw Bl + By Bias) < Cn?81

k,1Kk =0
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Therefore,
E((ch?) <cC (niQH +n71).

On the other hand,

n—1
BE(C2)?) = a8 N BN 5 (610 @010) T2 (G3 fn B0y )]
j7k7l7j/7k/7l/:0

X Bl 1k fn .1 Br! 1t et i 17 -

In this case, it suffices to use the Holder inequality and the equivalence of the LP norms on multiple
stochastic integrals to obtain

ikl KLU _
Bl@2N 01 5 1y (8 /@01 ) L2 (O 10 @01 1) | < O,
Then,
2 2
n—1
E((C2?) <Cn* =3 [ 1Bl o Z\am <Cn7h.
k,1=0 0.1] =0
Finally,
n—1
— kol KU
E((CE)Q) = e Z E[‘I)] (I)J ]5k lﬁk’ 2O kO 1 n O k! In Ol 1t I
j7k7l7j/7k/7l/:0
2 2
n—1 n—1
< CnBH—3 Z ﬁl%,l sup Z|aj,t| <COn™h
k,l=0 t[0,1] 55

Proof of (6.62). We have

D n = 160245 180 [ [ B0 B
’ ? k=0 " 0 70

X Ok /n> L10,5) 5 Ok /> Lj0,1)) dsdl.

Then, we can write, using points (a) and (b) of Lemma 6.2,

E H<unaD(52)®2>5®2H < CnQH_% sup Z| 6k/n’ Os <6k/na1[0,t]>5§| < CTL_%
s,t€[0,1] .=

Proof of (6.63). We have
<umD2(S2)>5ﬁ®2 :4n2H Zf Bk/n / f/2 +ff”)( ))<5k/n71[0,s}>.%jds'
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As a consequence, applying points (a) and (b) of Lemma 6.2 yields

n—1
1

E [[{tn, D*(5%))ge2|] < On*=3 sup > (8, 1po,)% < On 2.
s€[0,1] .20

Proof of (6.64). We have

(tn, DF, @ D(S?)) o2

n—1
= 83 FBy)  (Bipi) Ty i) (63 Bty / 1) (B (6, o)
§,k=0

n—1

+4 Z f(Bj/n)f (Bk/n)IQ(ék/nxéj/na6k/n> / (ff)( )< j/nal[O s]>ﬁds

J,k=0

Considering F [(un, DF, ® D(52)>%®2] and then applying the product and duality formulas, we
get that E[(u,, DF, ® D(52)>%®2] < Cn'~*1 | from which (6.64) easily follows. This completes

the proof of the proposition. [ |
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